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Multiregional Input-Output Model: A Further Extension 

CHONG K. LIEW AND CHUNG J. LIEW 

A multimodal, multioutput, multiregional variable input-output (MMMVIO) 
model is introduced to evaluate the economic impact of an improvement to a 
transportation facility. The distinguishing feature of the MMMVIO model over 
conventional multiregional input-output models is its flexibility. The MMMVIO 
model i1 a prico and cost-sensitive model, whereas conventional input-output 
models fall to share these properties. Regional coefficients, trade coefficients, 
modal split, and 1he composition of primary and secondary outputs become 
endogenous variables under the MMMVIO model. The conventional input-output 
modelt astllme that regional coefficients and trade coefficients are fixed, re­
gardless of changes in either input cost or output price, and each industry pro­
duces.a single output. The model split has never been considered explicitly 
within the context of the conventional input-output model. The MMMVIO 
model alleviates these unrealistic assumptions. 

The conventional multiregional input-output models 
developed by rsard (1), Moses (~l, Leontief and 
Strout (3) , and Polenske ( 4) ace able to descc ibe 
the industrial transaction, -trade flows, industrial 
output, income, and employment in regional and in­
dustrial details. However, the input-output model 
assumes that: 

l, Each industry in each region produces a 
single outputi 

2. Regional input-output coefficients are fixed 
regardless of changes in output prices, input costs, 
tax structure, or transportation costs; 

3. Neither input costs nor output prices nor 
transportation costs would affect the industry's 
decision on output, input mix, employment, income, 
transport modal choice, and trade structure (conven­
tional input-output models fail to respond to cost 
and price changes); 

4. Trade coefficients are independent of trans­
portation costs and input costs; and 

5. Transport modal choice has never been fully 
explained by conventional input-putput models. 

To make the input-output model more flexible, we 
introduce a mult i modal, multioutput, multiregional 
variable input-output (MMMVIO) model, which is not 
based on such unrealistic assumptions as imposed on 
conventional input-output models. The MMMVIO model 
assumes that each industry in each region may pro­
duce more than one output. The multioutput and 
multiinput relation is specified by the production 
frontiers. Under the MMMVIO model, the regional 
input-output coefficients become endogenous to the 
model. A change in output prices, tax structure, or 
transportation costs affects riot only the input-out­
put coefficients but also the trade coefficients. 
The MMMVIO model assumes that profit maximization 
guides every bus i ness decision on outputs, input 
mix, employment, income, modal choice of shipment, 
and trade flows. 

The MMMVIO model is derived from the duality 
between production and price ftontiers. The price 
frontiers are obtained from the dual relations. 
These price frontiers ate exptessed in terms of 
input elasticities, transportation costs, wage 
rates, service prices of capital., tax rates, and 
technical progress parameters. The equilibtium 
prices obtained from the price frontiers determine 
regional input-output coefficients, trade coeffi­
cients, and modal split of commodity shipment. The 
usual output, income, and employment of each indus­
try in each region are determined by the balance 
equations. 

A- derivation of MHMVIO is given in the next sec-

tion, and a brief description on the usefulness of 
the model is discussed afterwards. 

MMMVIO MODEL 

Consider an economy that has m regions and n indus­
tries, Each industry produces a primacy output and 
several secondary outputs. Each commodity is 
shipped to each region by one of g shipping modes. 

Industrial outputs in each region are produced by 
a linear logarithmic production frontier, i.e., 

{3L!nYL + :E (3f·lnYf· - ti· - :E :E :E a1rk1nx1rk - 'llnU 
JJ JJ j-:foj IJ IJ OJ k S j IJ IJ J J 

- 5jlnKJ = 0 (!) 

Note, unless otherwise stated, :E = :E , :E = :E , ~ = .:E , and .:E. = .L. 
( 

g m n ") 
k k=J S s=' l I 1=1 FfJ l1l 

where 

r Yjj amount of primary output j produced 

by industry j in region r, 

Y~. amount of secondary output i pro­
l.J 

duced by industry j in region r (i * j), 

amount of commodity i produced 

in region s and delivered to industry j in 

region r by shipping mode k, 

r 
aij' 

Lr = labor employed by industry j located 
J 

in region r, and 

K~ • service of capital employed by in­
J 

dustry j located in region r. 

r srk r and 
r 

aoj' aij , y , 6j are parameters of the 

production frontier, and it is assumed to be a linear 
homogeneous function, i.e., 

13JrJ. + L f3[J· - :E :E :E afJrk - rfJ· - 5Jr = 0 G = I, ... n; r = I, ... m) (2) 
ifj k s i 

•rhe commodity i produced by all industries in reg ion 
s is demanded by industries and final users of all 
regions, and the shipment of the commodity is made 
by transportation mode k: 

:E :E :E X1fk + :E :E F''k = :E yi. 
k T j lj k r J j IJ 

(3) 

The profit maximization with Equations 1-3 yields 
the following solutions. (Note: the full mathemati­
cal derivation is available from the authors.) 

(forifj) (4) 

(5) 

(6) 

(7) 

r is the equilibrium price commodity P. of 
J srk 

produced in region r, and Ci is one plus the 

uni-t cost of delivering commodity i from re9ion s to 
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region r by shipping mode k. c~rk is 
l. 

called 

the transportation cost factor in this study. 
FrO!ll Equations 1, 2, 4-7, we obtain the 

frontiers that can be conveniently presented 
m;atrix form: 

(B - S) lnp = -Ylnw + Slnv - Bln(l - t) +Wine+ A0 

where 

lnp • (l'1p.l) 
(nm,l) 

lnp 

and 

(nm,nm) - II ~~ 'a2 '-~ II I .,,... I 
I /' I 
I ,; ' I 
0,... ... em 

~ -

S ~ Al + . • • + AP. 

lnpt' • 
(n,l) 

and 

a" -
(n,n) 

and 

0
srk ... 

(n,n) [
or~ ,.nk] 11 ,,, n! 

l , ~ ~, I 
erk ' 'Jlrk 
l.n nn 

y • diagonal matrix of y;; 
(mn,mn) 

•diagonal matrix of 6;; 
(mn,mn) 

lnv :::ic mn component vector of lm .. •;; 

lnv ,. mn component vector of lnv;; 

ln(l-t) • mn componenl vector of ln(l-c;); 

W • (Wl, w2 , , • • Wg) 
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wk 

(ma,nmm) 
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-
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and 

and s"k 
(n, ti111l 

lnc • ( . nel ,._ .. ,, D (nmm,l) lnck • (lnc~l k) 

A "' nm component vector of Ar. 
0 O]o 

I 
I llk lnc 

n 
I 
1 mmk 

lnc1 
I 

l~c~r.ik 

price 
as a 

(8) 

(Note that tne figures inside the parentheses indi­
cate the size of the matrix.) 

The price frontier (Equation 8) is expressed in 

terms of local wage rates 
[ 

(vj), 

r (wj)' regional ser-

vice price of capital effective tax rates 

(tj>, transportation cost factor by each 
k c srk 

(C~r ) , input-output elasticities Caj' aij , 

6rj); and.technical progress parameters (ar .) • 
OJ 

mode 
r 

Yj' 
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The equilibrium prices (Pr) of the model are 
j 

determined by the price frontier equation (Equation 

8). The above equilibrium prices solve the output 

coefficients s 
and (dij) the primary input 

coefficients srk 
i.e., (ai j ) : 

(9) 

(10) 

Di!iding Equation 3 by the 
(Yjj), the following balance 

primary output 
equation is 

obtained, i.e., 

~ d' Y'1 l: sr r I i lJ · Ji - , t A;; · Y;; = F, 

where 

ft.ff = ~k affK and Ff= E ~Ff'". 
k r 

(11) 

A matrix form of Equation 11 is as follows: 

(D-A*)Y= P 

where 

n 
(nm,nm) s (s s) D • d - ---- d ll , / ln 

: '/ : 
I /' I 

S
1
"' ' S

1 
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• A 
(nm, nm) ~

ll __ Aid •nd 

!'..,,/'I 
; ,,. , ' 
ml" ' C2:) 
--- A 

y 

(nm,l) 
F 

(nrn. l) r:i 1 ··· .. · rn 
The balance equation (Equation 12) determines the 

primary outputs of each industry in each region (Yi. 
once the primary outputs (Y) and the equilibrium 

prices (P) are determined, the secondary products 
[ 

(Yij 

(x&rk) 
ij , 

capital 

for i"'j) , 

labor 

dema nds 

Equations 4-7. 

intermediate purchases 

demands r 
(Lj)' and 

are determined by 

The output produced by industry j in region r 
r (Y.j) is computed a& 

regional input-output 

are 

equation: 

o!.' = ~ (X!r k)/ \fl· 
"""lj k lj •J 

identified by the 

(13) 

coefficients 

following 

(14) 
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The regional technical coefficient is 

the sum of the regional input-output coefficients 

over regions, i.e., 

(15) 

The trade coefficients by each mode 

are computed as 

(16) 

Note that this definition of trade coefficients 
coincides with that of Moses (2), except that Moses 
did not break down the transport modal split, i.e., 

tff = aff /(f a1f) = Xff /(f Xf{). 

Following Moses (2), it is assumed that each 
industry in region r -consumes some fraction of the 
import of commodity i from region s so that the 
trB~~ coefficients of the transportation mode k 
(tij ) are the same regardless of the 

final users, i.e., 

(17) 

We impose this property by averaging the trade 
coefficients over industries, i.e., 

(18) 

the 

An improvement of a transportation mode reduces 

transportation cost factor (C~rk), which 
1 

changes 

trade 

regional 

coefficients 
sr 

(Aij)' and cients 
srk H ti >· 

industrial 

(t~rk), 

modal 

outputs 

regional 

choice 

POTENTIAL USEFULNESS OF MMMVIO MODEL 

r 
(Yij)' 

coeffi­
k 

(ti 

The MMMVI O model is capable of determining the fea­
sibility of constructing new transportation systems 
such as highways, waterways, bridges, or railways. 
The model can be employed to evaluate the existing 
transportati on system, measure the economl.c impact 
of an energy crisis, appraise the development impact 
of rail abandonment, and predict the economic condi­
tions of a region that has a sustained shortage of 
essential resources. 

The MMMVIO model is an extension of the multire­
gional variable input-output (MRVIO) model that has 
been in operation since 1979. The basic input data 
of the MMMVIO are the same as those of MRVIO. MRVIO 
was employed to evaluate an existing waterway (5,6), 
to appraise the feasibil ity of a new waterway -Ill, 
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to measure the development impact of a water short­
age (.!!_) , to evaluate the pollution impact of the 
relocation of an industry (9), and to assess the 
growth i.mpact of an energy crisis (10). The sources 
of the data and the computer progrciiiiS for the MRVIO 
model are described in the reports cited. 

The MMMVIO model requires additional data besides 
those employed for MRVIO. The Make of Commodities 
by Industry (Survey of Current Business, April 1979) 
can be used to identify the primary and secondary 
products. The modal-split information may require a 
sample survey of commodity shipment. A rough esti­
mation on the modal split can be made by using the 
1972 Transportation Margin Tape (from the U.S. De­
partment of Commerce) , which identifies the trans­
portation margin of goods delivered by each mode. 
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