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Bus, Taxi, and Walk Frequency Models That Account for 

Sample Selectivity and Simultaneous Equation Bias 

JESSE JACOBSON 

A 2·yeu user·tlde subsidy experiment that provided the handicapped and the 
elderly with discounted coupons to be used on buses and taxis was conducted 
in a small northeastern metropolitan city. The effect of the user-side subsidy 
experiment on bus end taxi travel by the elderly population is described. As 
expected, the subsidy experiment increased the number of trips taken by bus 
and by taxi. Furthermore, able-bodied elderly persons who do not own auto· 
mobiles and handicapped elderly persons who are either employed or students 
are more likely to purch11e discounted bus coupons than the population of 
elderly penon1 as a whole. Also, the number of walk trips was not affected by 
the number of bus and taxi trips taken. Therefore, people who have partici· 
pated In the subsidy program have enjoyed a net increase in mobility (in the 
form of additional bus and taxi trips) because bus and taxi trips have not 
simply replaced walk trips. 

Starting in July 1978 and for 24 consecutive months 
thereafter, the u.s. Department of Transportation 
(DOT) conducted an experi~ent of user-side subsidies 
for public transportation in Lawrence, Massachu
setts, a small metropolitan city north of Boston. A 
select group of individuals--the elderly ( 65 years 
and older) and the handicapped of all ages--was eli
gible to receive financial assistance in the form of 
a reduced bus fare (the regular bus fare for elderly 
and handicapped persons was $0.15, but only $0.0l if 
project coupons were used) and a 50 percent discount 
on taxi rides (the discount was limited to $1.25 per 
ride and $20 per month). To establish eligibility 
individuals were to register at a downtown office, 
which was also the only location where discount cou
pons for bus and taxi rides could be purchased. 

In conjunction with the experiment, a sample of 
individuals · who were eligible to receive the assis
tance was contacted and asked to report sociodemo
graphic information and to record a diary of travel 
for May 1978 and May 1979 (before the experiment and 
during the tenth month of the experiment). Although 
the total sample included both elderly and tra.nspor
tation-handicapped persons, only the subsample of 
the elderly (handicapped and able-bodied persons) 
was selected for this study. From this group, 130 
completed returns were available1 48 percent of 
these returns were from transportation-handicapped 
persons, and 40 percent of the returns were from in
dividuals who chose to become project users. 

The purposes of this paper are to measure the 
travel impact of the experiment on the elderly popu
lation and to understand the reasons that attracted 
some of the eligible population to purchase dis
counted coupons and to use bus and taxi for their 
travel. 

There is a problem in measuring the impact of the 
project because the purchase of the discounted cou
pons is prompted by expected benefits and other ex
ogenous factors that are not fully measurable. If 
the incidence of these factors was known, the vari
ables that identify them could be used in the analy
sis. Unfortunately, these variables are often not 
known or measured1 thus in this paper a method to 
represent their effect is presented. 

In the following sections two models that measure 
bus and taxi trip frequency, and a model that mea
sures the number of walk trips, are presented. The 
latter model is used to determine whether walk trips 
are being replaced by bus or taxi trips. 

PROBLEM OF SELF-SELECTION TO TREATMENT 

Although the goal of this research is to measure the 
effectiveness of the project in increasing travel 
mobility, it is recognized that the inevitable limi
tations of the data generate issues that the model 
has to deal with explicitly. This is so, in partic
ular, because the choice of becoming a project user 
(i.e., registering in the project and purchasing the 
discount coupons) rests entirely on the individuals 
who participate in the survey. Therefore, a defini
tion has to be found for the following dichotomous 
variable for individual t, 

1
1 if individual purchases discounted coupons 

di= 
0 otherwise 

and for the following model of travel demand, 

where 

Yt • number of trips taken by individual ti 
B ~ column vector of coefficients1 

Xt • column vector of independent variables1 
o • a scalar, which is the coefficient of the 

dichotomous variable dti and 
Et m stochastic component of the model. 

(!) 

(2) 

At first glance it would appear that 6 would rep
resent the effect of the project. However, those 
who became project users did so because, as a gen
eral rule, they expected their travel demand to be 
higher than otherwise, and those who chose not to 
become users did so because they did not expect 
their travel to increase by becoming users. In 
other words, the benefits that users derive from 
purchasing the discounted coupons are larger than 
the benefits foregone by nonusers. This implies 
that dt and Et are correlated1 thus the model 
of trip generation that was proposed could not be 
estimated either by ordinary regression or by con
ventional cross-classification, a method that as
sumes, much like ordinary regression, independently 
distributed stochastic components. 

As mentioned previously, if it was possible to 
measure all the variables that determine project 
participation, the variables could be incorporated 
in the analysis explicitly. However, because some 
of these variables are unmeasured, it is necessary 
to consider dt as being an endogenous variable. 
Thus the estimation of a model that recognizes this 
endogenicity, which is also called selectivity bias, 
is presented. The theoretical justification for 
such a model is straightforward, and the reader is 
referred to the extensive literature on the subject 
(!,,!) for more detail. 

BUS FREQUENCY MODEL 

Purchase of discounted coupons for bus travel is 
clearly a major factor in the frequency with which 
individuals take bus trips. However, as discussed 
earlier, the use of the variable that represents the 
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observed purchase decision in the model could yield 
inconsistent estimates of the project effect because 
of the likely presence of sample selectivity. Ac
cordingly, the bus frequency model is estimated by a 
two-stage procedure first proposed by Maddala and 
Lee (3). The procedure requires estimation of a 
probit model of the decision to purchase discounted 
bus coupons, and estimation of a model (which incor
porates as an independent variable the expected 
value of the dependent variable of the probit) of 
bus trip frequency. 

The probit model of purchase of discounted bus 
fares is estimated from data on the actual purchase 
of these fares in May 1979. The observed dependent 
variable of the model is equal to one if bus coupons 
were purchased (in May 1979) and zero otherwise. 
The probability of purchasing discounted bus coupons 
(i.e., the expected value of the dependent variable) 
is equal to e(y'Ztl, where Zt is a column 
vector of independent variables, y is a column 
vector of coefficients, and ~ (.) is the cumulative 
of the standard normal distribution. The estimated 
coefficients (y) , together with some goodness-of
f it measures, are given in Table 1. Although the 
probit was formulated as a single.,-equation model, 
different coefficients were estimated for able
bodied and transportation-handicapped persons. 

Table 1. Probit estimates of use of bus coupons. 

User 

Able-bodied person 
Constant 
Zero automobiles in household 
Bus trips in May 1978 

Transportation-handicapped person 
Constant 
Employed or student 
Bus trips in May 1978 

Asymptotic 
Coefficient t-Statistic 

-0 .945 3.2 
0.711 1.7 
0.0678 2.5 

-0.856 3.1 
2.09 2.9 
0.281 3.6 

Noto : Loa·llkoUhood with culniatcd coot'!iolonu ; - 50. 16, log·llk•llhood wllh 
co n.111.011 alonci a - 74 .86. 10,·llkti llhood ndo 1uub ttc (4 df) l:I. 49.4, number or 
obaorvacJons ~ I JO. 8$ .~ percent of 11mple wa• coneotly clmqlfled, 10 .B parccmt 
of.Nn\plG'WH cirro na:ously elu.1tned H nonwor, and 3.8 parc0-1u ot sample w.1111 
e.rrone.ouJly cla.ui.nad 111 user. 

For able-bodied elderly persons, automobile own
ership (a zero-one variable) was found to affect the 
purchase of bus coupons significantly, whereas for 
transportation-handicapped persons, the most impor
tant variable was that of employment and student 
status, again a zero-one variable. The log-likeli
hood ratio statistic is equal to 49.4, a value that 
allows rejection, with a l arge level of conf i dence, 
of the hypothesis of no e ffect of the independent 
variables. 

The second-stage model--a limited dependent vari
able model of the number of bus trips.,--is estimated 
from bus trips reported in the May 1979 diary sur
vey. As discussed earlier, instead of including a 
zero-one variable for actual coupon purchase (or 
nonpurchaeel ~ thP- ~rnh~hili~y ~f ~~i~~ ~ ~~~je~t 

user is included in this model, i.e., the expected 
value of the dependent variable from the probit 
model. Thia ensures that the coefficient for the 
bus coupon purchase variable is donsistent because 
sample selectivity is accounted for. A single-equa
tion specif ication i s again used fo r t he groups of 
able-bodied and transporta.tion-handicapped persons. 
The est imated coefficients a r e given i n Table 2 . 

To teat the effectiveness of the program, further 
statistical tests are performed on the subsample of 
actual project users. Specifically, the expected 
number of bus trips of project users, had they been 
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Table 2. Estimates of May 1979 bus trips (limited dependent variable 
modal). 

User 

Ablt>-bodied person 
Constant 
Probability of being a user for 

individuals who are neither students 
nor employed 

No. of bus trips in May 1978 
Transportation-handicapped person 

Constant 
Probability of being a user 
No. of bus trips in May 1978 

a 

Note: y• = X'~ + e 

-{o if y • <o.s 
Y - y• othorwiJe 

Coefficient 

-6.07 
28.7 

0.791 

-10.1 
23.4 

0.630 
10.4 

Asymptotic 
t-Statistic 

2.5 
2.2 

1.9 

3.9 
4.3 
4.2 

10.6 

and log·llJ<•Ullood with e1Umated coefnclents = - 270.36, lo~·llkellhood with 
consta nts 11111ono = - 31 8,01 , 1og-like1ihood n.Uo st1tlltic (4 df) = 95.3, and num
ber or ob.serv1ttom1.::;: 130. 

nonusers, is compared with the actual number of bus 
trips taken. Because the distribution of the number 
of trips is truncated normal, the probability that 
the expected number of bus trips (conditional on 
nonpurchase of the project coupons is lower than the 
actual number of bus trips) is written as (X'B - µ)/ 
a, where e is a column vector of coefficients, X 
is a vector of independent variables, µ is the ac
tual number of bus trips taken in May 1979, and a 
is the standard deviation of the underlying non
t runcated distribution of the stochastic component 
of the model. For the subsample of program users, 
this probability averages 80 percent, and the Pear
son's P ~ is 252 . 90 with 70 df, a value that 
clearly permits te jection of the null hypothesis of 
no-project effect on bus travel. Note also that the 
mean number of bus trips for the individuals who 
purchased discounted bus coupons in May 1979 is 
16.51, whereas the mean expected number of bus trips 
for the same individuals, had they been nonusers, is 
4.70, a difference of approximately 12 monthly trips. 

TAXI FREQUENCY MODEL 

The estimation of a probit model of taxi coupon pur
chases did not yield acceptable results. Specifi
cally, standard statistical tests pointed to the low 
explanatory power of the model. Several different 
specifications of the probit model were tested, but 
those also met with little success. Although it 
would have been possible to investigate the failure 
of the probit formulation to yield a satisfactory 
model, doing so ·would have been beyond the scope of 
this research. As a consequence, the two-stage pro
cedure adopted for the bus frequency model was re
placed by a simpler model. This model, which mea
sures the monthly taxi trips taken, includes as an 
independent variable the actual purchase (or nonpur
chase) of taxi coupons in May 1979 (a zero-one vari
able) and not the expected value from a probit model. 

~t is recogn1zea tnat the coefficient estimate of 
the coupon purchase variable will be biased because 
of its endogenicity. However, it should be men
tioned that this endogenicity is expected to be much 
less severe in the taxi model than in the bus model, 
particularly because the subsidy is only SO percent 
(versus 93 percent for bus trips) and it is more 
limited in availabi lity (the maximum taxi subsidy is 
$1.25 per trip and ll20.00 per month per person). 
Accordingly, although the model presented in the 
following paragraphs has some evident l i mi tations, 
it was decided to include it in this paper for com
pleteness. 
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The taxi frequency model, like the inodel for bus 
travel, is a limited dependent variable model. As 
for the previous model, the taxi trip rate cannot be 
negative, and 79 of the 130 persona in the sample 
(61 percent) did not take any taxi tripe in May 
1979. In addition to the zero-one variable for in
dividuals who purchased taxi coupons, the number of 
household automobiles haa, as expected, a signifi
cant effect on taxi trip frequency (see Table 3). 

Table 3. E1timate1 of May 1979 taxi trips (limited dependant variable 
modal). 

Item 

Constant 
No. of household automobiles 
No. of taxi trips in May 1978 
Purchased taxi coupons (I if yes, 

0 otherwise) 
0 

Nole : y• = X'll + • 
r={o lfy" <o.5 

y• otherwiao 

Asymptotic 
Coefficient t-Statistic 

-7.S4 
3.48 
0.812 
9.10 

6.91 

4.6 
2.1 
8.5 
5.3 

9.6 

and 101-Ukellhood with eallmated coefftclenl1 = -199.56, lo1·lfkellhood with 
con1C1nt 1lone = -247.JS. 101·UkeUhood ratio 1t1tlltlc: (3 df) = 95.6, and num· 
bor ot obaarvaUou llJ. JJO. 

To test the effectiveness of the program in in
creasing taxi travel, statistical tests identical to 
the ones used for the bus travel model are applied 
here. Specifically, Pearson's PA (which has a 
value of 167.92 for the aubsal'llple of the 30 individ
uals who are taxi coupon purchasers) a·llows rejec
t ion of the null hypothesis of no increase in taxi 
travel because of project participation. The analy
s ia also indicates that the mean nu111ber of taxi 
trips taken in May 1979 by taxi coupon purchasers is 
8.6, whereas the expected value conditional on non
purchase is 3.45 taxi trips for the same group of 
individuals, a difference of approximately 5 trips 
per month. 

WALK TRIPS FREQUENCY MODEL 

Although vehicular trips in general, and bus and 
taxi trips in particular, increased as a result of 
the user-aide subsidy, it was hypothesized that some 
of the new vehicular trips might have replaced what 
were formerly walk trips. TO teat this hypothesis a 
walk frequency model that includes bus and taxi trip 
frequency as explanatory variables ia estimated. 

Because bus and taxi trips are endogenous to the 
walk trips model (i.e., the models for each travel 
mode are part of a system of structural equations), 
it was decided to use the expected trip rates from 
the models presented in the previous two sections as 
instruments instead of using the observed trip rate 
for bus and taxi trips. 

The specification chosen for the estimation is 
again a limited dependent variable model. As for 
the previous models, the walk trip rate cannot" be 
negative, and 17 of the 130 persona in the sample 
(13 percent) did not take any walk trips in May 
1979. The coefficient estimates for the model are 
given in Table 4. If bus and taxi trips were actu
ally replacing potential walk trips, the coeffi
cients of the frequency of bus and taxi trips would 
be negative (and statistically significant). The 
results, however, reveal these coefficients to be 
positive and not statistically different from zero, 
which indicates that the hypothesis of modal substi
tution is unlikely to be valid. , 

Tabla 4. E1timate1 of May 1979 walk trips (limited dependent variebla 
model). 

Item 

Constant 
Expected no. of bus trips in May 1979 
Expected no. of taxi trips in May 1979 
No. of walk trips in May 1978 
0 

Noto : y• = X'jl+ • 

r~{O lfy• < 0.5 
y• oth•rwlM 

Coefficient 

0.40 
0.15 
0.43 
0.79 

20.7 

Asymptotic 
t-Statistic 

0.13 
0.85 
1.3 

18.0 
15.0 

and 101-Ukellhood with e!llmated coefftclonta • -515.862, lo1·Ukellhood wilh 
con!lent alone= -602.458 , log-Ukollhood ratio 1t1tilllc (3 di)= 173.19, and num
~r of obutvallo111 • 130. 

CONCWSIONS 
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The models presented in this paper have confirmed 
quite strongly the a priori hypothesis regarding 
travel by bus, taxi, and walk. The large increases 
in bus and taxi travel observed in May 1979 by those 
individuals who purchased discounted coupons can be 
directly attributed to the project. Also, it was 
ehown that the increase in bus and taxi trips was 
not achieved at the expense of walk trips. Rather, 
the .additional bus and taxi trips were trips that 
would have not been taken in the absence of the sub
sidy project. 

The data in Table 5 further confirm the findings 
of the models. Note in particular the increase (be
tween 1978 and 1979) in bus trips for bus subsidy 
users (i.e., for those individuals who purchased bus 
coupons), and the increase in taxi trips for taxi 
subsidy users. These increases are much larger than 
the increases for the sample as a whole and for the 
subsample of nonusers of the program. 

Table 5. Trip rates by mode and project participatior. status. 

Project Participation Status 

Project 
Usen, Taxi Project Project 

Month All Sample and Bus Bus Usen Taxi Users 
Mode and Year (n = 130) (n = 49) (n = 35) (n z 30) 

Bus May 1978 3.52 7.18 9.97 8.27 
May 1979 6.22 12.82 16.51 11.77 

Taxi May 1978 2.43 3.69 3.83 5.33 
May 1979 3.22 5.51 4.37 8.6 

Walk May 1978 40.27 49.27 54.54 42.9 
May 1979 37.12 44.98 49.69 39.93 

All May 1978 109.05 100.00 103.63 100.67 
modes May 1979 106.69 99.61 104.14 99.37 

Walk trips are mostly unaffected by program use, 
which confirms the findings of the model of walk 
trips. Note that only bus subsidy users take a 
larger number of walk trips than other groups. 
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Effect of Sample Size on Disaggregate Choice Model 
Estimation and Prediction 

FRANKS. KOPPELMAN AND CHAUSHIE CHU 

Sampling error is one of several types of error in econometric modeling. The 
relationship between sampling error and sample size Is well known for both es
timation and prediction. The objactive of this paper is to provide an empirical 
foundation for using these relationships to guide researchers and planners In the 
determination of sample size for model development. Analytic relationshlp1 
are formulated for sample size, precision of parameter estimates, replication of 
parent population, and replication of an alternative (transfer) population. Ap
P.li«;11tion of these relationships to an empirical case Indicates that the sample 
si~s required to obtain reasonably precise parameter estimates are substantially 
la:i'ge1 than the sample sizes generally considered to be needed for disaggregate 
iiiodel estimation. Nevertheless, these sample sizes appear to be adequate for 

•obtaining reasonably accurate replication of observed choice behavior in the 
parent population. The corresponding results for prediction to a different pop
talitlon are complicated by the issue of intrapopulatlon transferability. Al· 
th"iliigh the results reported in this paper should be validated in other contexts, 

· it appenrs that accurate estimation requires the use of samples that aro sub
., rtantlally larger thnn formerly believed. Samples on the order of 1 ,000 to 
:o 2,000 observations may be needed for estimation of relatively simple dlsaggre· 

gate choice models. Although some reduction in this requirement may be ob
tained by Improved sample design, it is unlikely that the final sample require
ments can be reduced to less than 1,000 observations. 

Econometric model development is subject to errors 
in sampling, model specification, and measurement 
(1,2). In this paper the effect of sampling error 
is -examined for model parameter estimates, predic
tion to the parent population, and transfer predic
tion to alternative populations. Sampling error can 
be avoided only by observation and analysis of the 
entire population. In practice, the resources 
needed to collect data for an entire population and 
to analyze such extensive data are not available. 
Thus there is concern with tt.e magnitude of the er
rors that are introduced by use of samples of the 
population. 

The precision of parameter estimates for a given 
model structure depends on the estimation method 
used, the multidimensional distribution of the ex
planatory variables of the model, the range of ob
served behavior, the quality of model specification, 
and the sample size of the estimation data set. 
Maximum likelihood estimation obtains consistent 
estimators of the parameters of disaggregate choice 
models and provides estimates of the precision with 
which ~odel parameters are estimated !J-2>· 

The relationship between parameter precision and 
sample size is well known. The variance-covariance 
matrix of estimated parame.ters in linear models is 
inversely proportional to sample size (1,_!). The 
variance-covariance matrix of maximum likelihood 
estimated parameters for quantal choice models is 
a:11ymptotically equal to the negative inverse of the 
Hessian of the log-likelihood function (3,7). The 
asymptotic expectation of this matrix is- inversely 
proportional to sample size. Thus the error var
iance-covariance matrix for maximum likelihood esti
mations for quantal choice models is also inversely 
proportional to sample size. 

Prediction accuracy describes how well the choice 
model replicates observed population behavior. Pre
diction performance of discrete choice models is a 
function of the validity of model theory, the valid
ity of the derived model structure, the quality of 
model specification, the quality of variable mea
surement and prediction, and the accuracy of esti
mated parametus (~) • As noted earlier, precision 
of model parameter estimates is proportional to 
sample size. It follows that the portion of predic
tion error attributable to errors in parameter esti
mation is inversely proportional to sample size. 
Specifically, the expected squared prediction error 
caused by errors in parameter estimates is inversely 
proportional to sample size (5, p. 189). Models 
estima.ted from large samples are more likely to ac
curately describe the behavioral process in the gen
eral population, and consequently such models will 
have satisfactory prediction performance. Thus it 
is expected that increased sample size in model es
timation will yield improved prediction precision. 
When excessively small samples are used, both param
eter estimates and parent population predictions 
will be highly variable. 

Transferability of disaggregate discrete choice 
models is based on the argument that choice models 
describe the underlying behavioral response mecha
nisms or decision rules of decision makers in the 
selection among available alternatives (9,10). If 
the behavioral response or decision ruleB Of deci
sion makers is constant across contexts, models that 
describe this behavior will be transferable. Kop
pelman and Wilmot (11) define transferability of 
choice models as •the degree of success with which 




