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Combo Viscoelastic-Plastic Modeling and Rutting of 

Asphaltic Mixtures 

A. ABDULSHAFI and KAMRAN MAJIDZADEH 

ABSTRACT 

Constitutive equations used in solving the 
boundary value problem of flexible pavements 
employ linear elastic or viscoelastic 
theory, Accordingly, permanent deformations 
are calculated based on elastic or visco
elastic deformation laws. Advances in the 
field of constitutive modeling of materials 
indicated the need to develop a constitutive 
relationship that better replicates as
phaltic mixture responses under various 
loadin<J and environmental conditions. Tn 
this paper a one-dimensional combo visco
elastic-plastic constitutive model composed 
of Burger-type mechanical elements connected 
in series with a friction slider is used. 
The friction slider is the mechanical repre
sentation of plasticity with a Drucker-

Prager yield criterion. This model is solved 
under creep phase loading conditions, and 
the solution is used to develop a rutting 
model that incorporates a densification 
phase represented by a relaxing spring. 
Within the verification of the constitutive 
model a true yield line has been identified 
and used instead of the Mohr-Coloumb failure 
1 ine. The two developed models are supple
mented by appropriate experimentation phases 
to identify and numerically evaluate the 
relevant parameters. Experimentation is 
based on actual existing routine methods, 
with proper adjustments, modifications, or 
extensions to comply with proper evaluation 
of the model parameters, and kept as simple 
as possible to encourage wider user accep
tance. An example using actual data is 
worked out and compared with results ob
tained from the VESYS III structural subsys
tem program. 



iii -

20 

Flexible pavements have traditionally been designed 
as multilayer elastic systems, in which each layer 
is assumed to be isotropic and homogeneous. Alterna
tively, the design could be based on an equivalent 
full-depth asphaltic concrete layer constructed by 
using layer equivalency concepts. Design techniques 
are based on analytical study of quasi-static algo
rithms with loading conditions of a slow-moving ve
hicle. 

Design approaches based on performance were in
troduced in the early 1970s and are based on design
ing a flexible pavement to gua rd a g a inst functional 
or structural failures. Functional failures are more 
subjective in nature because they are associated 
with road user riding quality. Structural failures 
ar e dominantly caused bv rutting (or permanent de
formation) or fatigue cracking (l,1>• These observed 
distress failures introduced a set of empirical lab
oratory-evaluated equations that were then raised to 
the phenomenolngir.;,,l lPVPl hy correlating their co
efficients with the material constitutive system 
constants and loading conditions. In addition, mech 
anistic models have been proposed and applied to the 
design, thereby contributing to a better understand
ing of the damaging mechanisms involved, especially 
for fatigue cracking (3-5). 

Advances in the fields of material characteriza
tion and fracture mechanics necessitated more 
research i nves t i qa t ions in t he area of flexible 
pavement structural failures, particularly t he de
velopment of constitutive relationships that better 
replicate material responses such as viscoelasticity 
a nd v iscoplastic i ty (i.e. , viscous-elasic-plastic 
elements combined in any configuration) with and 
without yield surfaces, which describe cracking 
mechanisms such as elastoplastic fracture mechanics. 
Viscoelastic characterization of asphaltic materials 
has been investigated ( 6-9) , and computer programs 
that input the creep compliance or relaxation mod 
ulus have been implemented (10,ll). Viscoplasticity 
with yield surface as a constitu t i ve relationship 
has been developed in the field of solid mechanics 
(12-15) and has recently been applied to soils (16). 
~R~ting and fatigue are major field problems. 

Rutt i ng h as been e xte nsively s t udied at t he empiri
cal and phenomenological levels (1_,.!l_, 17-19), with 
no attempt to characterize the asphalt mix as other 
than linear elastic or viscoelastic. Accumulations 
or f.'~l·ff1aneni:. UefoLmaLiof1 were c a l c ula t ed by using 
elastic and viscous deformation laws. Thus it is not 
surprising that unsatisfactory correlations with ac
tual field performance still exist: however, these 
r.orrelations cou l d be i mproved if concepts such as 
those previously cited were used. 

The objective of this paper is to attempt to 
bridge part of the existing gap in correlation be
tween laboratory and field performance by outlining 
and discussing the development of a viscoelastic
plastic constitutive relationship to characterize 
asphalt mixtures and to predict rutting. The fatigue 
problem will be addressed separately in a future 
paper. 

VISCOELASTIC-PLASTIC MODELING OF ASPHALTIC MIXTURES 

The total strain of asphaltic mixtures under a sin
gle impulse load can be decomposed into a recover
able part (elastic and viscoelastic) and a nonre
coverable part (viscous and plastic). By using 
vectorial notations, this is written as 

!., (t) = ~E + !.,ve)recoverable + (~v + f PL)nonrecoverable (I) 

··'----n 11 ,;;;; J,. ,;;;; 

dt) total strain response vector: 

~E 

Evp (t) 

~PL 
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elastic strain vector (time independent), 
recoverable: 
viscoelastic strain vector (time depen
dent), recoverable: 
viscous strain vector (time dependent), 
nonrecoverable: and 
plastic strain vector (time indepen
dent), nonrecoverable. 

Because plastic strains are preceded by elastic 
or viscoelastic response, it is instructive to rear
r a nge the t erms in Equat i on 1 a s fo llows : 

(2) 

where, in this equation, c,,,.. represents both the re-~·-
coverable and nonrecoverable parts of the viscoelas
tic strain response and ~EP represents an elastic re

~n~~r~hlP Strain rP~pnn~P ~~~n~i~tP~ wj~h nnnre
COVerable plastic strain response. In fact, this 
arrangement lumps the time-dependent response in a 
viscoelastic element and the time-independent re
sponse in an elastoplastic element. In the following 
sections, a viscoelastic-plastic constitutive model 
will be developed based on this strain decomposition. 

Elastic-Plastic Strain Response 

It is generally assumed that plastic deformation 
(yielding) does not commence before the stress path 
reaches a surface in the stress space called the 
yield surface. The total elastic-plastic strain re
s ponse f or a stre ss sta te on the yie l d surface i s 
made up from the contributions of an elastic re
sponse within the yield surface added to the plastic 
response. Mathematically stated, 

!, EP=fE+~PL (3) 

Further, at any stress level, the total stress is 
related to the elastic strain through Hook's law as 
follows: 

( 4) 

where cr is the total stress vector and ~E is the 

e l-:1...stic constitutivf:' rn;,t:ri )( . Ry substituting Equa 
tion 4 into Equation 3, it can be rearranged to ob
tain 

(5) 

The next step is to eliminate the plastic strain 
response in a similar manner; however, this requires 
understanding the assumptions of the theory of plas
ticity. The four cornerstones of the classical 
theory of plasticity are based on the existence of a 
yield condition, a surface hardening condition, a 
flow rule, and a hardening rule, as discussed in the 
following list (l through 4). 

1. The yield condition is a scalar function to 
determine the onset of plastic deformation. It can 
be written in the form (~): 

/

<0 no yielding 
F(~ , ~ .~PL, k) = f(~, ~.yd- <k> = 0 onset of yielding (6) 

>0 unattainable 

where 

Pi2,~,~PL'~} - y~~,~ ~~"~;~4nni 

cr = any stress state on the yield sur
face, 

---
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K prestress state that generated the 
present yield surface, 

£PL plastic strain, 
-k = yield parameter, 

f(o,K,£pr) = loading function, and 
- - -<k> = yield parameter that can be a func

tion of the plastic strain. 

The loading function is usually chosen referenced 
to the invariant stress space. In multidimensional 
stress space, the vector argument of the loading 
function allows much freedom in choosing its form to 
suit the required material characteristics. For ex
ample, if plastic flow is not affected by hydro
static stress, as in the case for most metals, then 
the loading function could be expressed in terms of 
the second invariant deviatoric stress, J 2 • If, on 
the other hand, plastic flow is affected by both 
shear stress and hydrostatic stress, as is usually 
the case in soils and asphalt mixes, then the load
ing function would more appropriately be expressed 
in terms of both the first and second invariants of 
stress. Further, the loading function serves as a 
test for whether or not plastic deformation occurs. 
For F = o, the current stress state is on the yield 
surface, and for an increment of stress do (which 

could be in a direction different from that of the 
outward normal to the yield surface, n), the equa-

tion is 

1

>0 plastic loading 
(af /a a)· da = 0 neutral loading 

- - - <0 elastic (or viscoelastic) unloading 
(7) 

where af/aa is the gradient of the loading function; 

its direction is in the direction of the outward nor
mal to the yield surface, ~-

2. The surface hardening condition is the law 
that describes the movement of the yield surface 
during plastic deformation in the stress space. The 
yield surface translating in space as a rigid body 
is kinematic hardening; if it dilates or contracts 
without either change in shape or translates in 
space, it is isotropic hardening. Various movements 
of the yield surface can also be described, such as 
anisotropic hardening ( same as isotropic but with 
change in shape) or universal (mixed) mode hardening 
where both isotropic and kinematic hardening are in 
effect. 

3. The flow rule is the relationship between the 
stress and strain during plastic yielding. The di
rection of the plastic strain can be normal to the 
yield surface (associated flow rule) or can be in
clined to this surface (nonassociated flow rule). 
Because plastic strain is a vector in multidimen
sional space, then its inclination is hypothesized 
to be due to the fact that not all the loading func
tion is effective in pulling the yield surface, but 
only a part of it. The acting stress is also a vec
tor in multidimensional space that can be decomposed 
into effective and noneffective stress vectors. The 
effective stress vector can evidently have a unit 
normal in a direction different from that of the 
whole stress vector. 

4. The hardening rule is the mathematical ex
pression that provides the value of the hardening 
function or coefficient as a measure of thermody
namic state variable, namely, work h~rdPning and 
strain hardening. The choice between the two is a 
matter of experimental or calculable convenience. 

Because the onset of plastic deformation only 
needs an increment of stress on the yield surface, 
it is more sensible to deal with the incremental 
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theory of plasticity. In fact, all of the preceding 
equations could be obtained in compliance with this 
theory by replacing o, £, t, and so forth by their 

corresponding increments do, d£, dt, and so forth. 

The plastic strain increment could be written as 

(8) 

where~ is the magnitude of plastic strain increment, 
and m is the unit vector in the direction of the 

plastic strain increment. Based on Prager's assump
tion (21), the effective stress vector (n • do) is 

related to the magnitude of plastic strain increment 
by the following equation: 

>..=(I /H)({ · d£;) (9) 

where ~T is the transpose of the yield surface out

ward normal and H is the hardening parameter that 
could be found experimentally, as will be shown 
later. Substituting Equation 9 into Equation A yields 

By some mathematical manipulations (22-24), the fol
lowing can be obtained: 

(I I) 

where 

Equation 11 is the elastic-plastic constitutive 
equation in multidimensional stress space. 

Model Development for Asphaltic Mixtures 

To devise a simple test to obtain the required pa
rameters that characterize the elastic-plastic re
sponse behavior of asphalt mixes, Equation 11 must 
be reduced to a one-dimensional equivalent. Figure 1 

r 
-1 

Visc oela s tic/ 9 lasti c re1resentation 

d" 

.-oo~~~~.~,,:,-~~v;~~~·~•~.~~~~~l!llill-~~-oo--+ 
dn C 

·2 
p 

'E ' o 

Ela s to-Pl2stic renr esentation 

I y 

Viscoelasti c Three-rar11rieter re1resentntion 

FIGURE I One-dimensional mechanical models. 
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shows a one-dimensional mechanical model representa
tion. The following assumptions are made: 

2. 

(a) Yield parameter: isotropic hardening, 
K = K0 + 6K 

(b) Loading function: 
(i) Von Mises--f(~) = /;f'i_" 
(ii) Drucker-Prager--f(o) = aI1 + ~ 

Associated flow rule: n = i 
3. Hardening parameter 

plastic work, H = H(Wpl, 
is a function of the 

where 

K - yield p~r~met e r (measure the curr~1~L 
cone or cylinder radius): 

K0 = cone or cylinder radius at initial on
set of plastic deformation; 

t.K • incremen t of inc rease in c one or c y lin 
der radius due to plastic strain in
crement, 

I 1 octahedral normal stress= 1st stress 
invariant = (1/3) (01 + 02 + 03): 

J2' = 2nd reduced stress invariant= 
(1/6) [ (01 - 02) 2 + (02 - 03) 2 

+(0 3 -01)']: 
01,02,03 principal stresses; and 

n ~ scala r n1 ul tiplier that measures the 
rate of increase of the cone radius 
along the hydrostatic stress line (the 
cone c en t e r line). 

Note tha t if a= 0 , the Druc ke r -P r ager yield 
condition reduces to that of Von Mises. In conclu
sion, a Drucker-Prager yield condition is the gen
eral case, where a, K, and H(Wpl must be found 
experimentally to uniquely define an asphalt mix 
con s t itutive equation . Cylinderical triaxial tests 
could be used for that purpose. The stress path of 
this test fixes a point on the yield surface where 
Von Mises, Tresca, Drucker-Prager, and Mohr-Coloumb 
yield surfaces intersect. Thus the use of the Mohr
Coloumb yield criterion to obtain parameters for any 
of t he p rev ious y ield conditions is justified. Fig
ure 2 shows a Mohr-Coloumb failure line that can be 
expressed mathematically as 

r = C + o tan </i (I 2) 

FIGURE 2 Mohr-Coloumb stress state graphical representation. 
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where 

T = shear stress at failure, 
__ ,._ - - J - - J - • - - - - - • 
._._,,,coJ..v,, J..1t1-CL'-'Cl:-''-r 

a= normal stress at failure, and 
~ angle of internal friction. 

Because it is known that 

and by substituting Equation 13 into Equation 12 and 
doing 9ome rearr<!luyluy , 

a1 - ((1 - cos 28)/(1 + cos 20)] a3 - [(2C sin 28)/(1 + cos 28)] = 0 (14) 

t 'or stress states typical of that found in triaxial 
tests, 02 = 03, 

Substituting Equation 15 into assumption b-ii of the 
yield condition gives 

(16) 

The triaxial test previously cited is not currently 
considered in routine asphalt testing. Thus it is 
desirable to find the two model parame t e rs (a and 
K) from other inde pendent tests that are routinely 
performed, such as direct compression and indirect 
tension tests. If it is assumed that asphalt mixes 
are a un imodulat material, and by setting 03 = 0 
and using some mathematical manipulations (~, then 
Equat ion 16 will be reduced to 

(17) 

where -01 and +01 are t he compressive and tensile 
ultimate stresses , respectively , ann sgn (ai l denotes 
the sign of the major principal stress (uniaxial 
stress in this case). A major criticism of this 
scheme is using the Mohr-Coloumb failure line as a 
yielding line. Fortunately, actual yield points in 
tension and compression of asphalt mixes can be 
found by using creep test data. The third quantity 
to be determined is the hardening parameter, H. For 
a one-dimensional model, do= do1; dcpL = dcpL; n 

' . ~ m = n1 • Hence by substituting these in Equation 10, 

where do1/dcpL is the instantaneous slope of the 
RtreRs-plastic strain curve, and 

n1 = 2[a +y3 sgn(a1 )] /v'6(2a2 + 3) (19) 

The procedure for determining the plasticity param
eters a, K, and H(Wpl is as follows: 

1. The stress-plastic strain curve is estab
lished from appropriate tests by deducting all other 
strains from the total strains. 

2. The slope of the curve is found at selected 
appropriate points, and these values are multiplied 
by nf to get H. 

3. Values of the plastic work done (Wp = 0 JEa1ac 
= area under the a - £pL curve) is found, and the 
curve-fitting H versus WP is established. 

4. This will give H (Wpl, which is the rP.quired 
hardening parameter. 

5. The values of the a and K parameters could 
be obtained from creep test data (22) as well as in
direct tension and uniaxial compressive strength 
tests. 

--
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Substitute Equation 18 into the incremental equiva
lents of Equations 3 and 4 to get 

where 

CEP = elastic-plastic compliance= (J/E2) + <nr/H(Wp)> 

and 

IO if a < ayield 

<nr/H(Wp)> = 
n ?/H(W p) if a ;;, a yield 

(20) 

Equation 20 is the governing equation for the re
sponse of the elastic-plastic element. 

Viscoelastic Strain Responses 

Figure 1 includes the one-a imensional viscoelastic 
element to be solved. The governing differential op
erator equation is easily found to be (~ ) 

(21) 

where d/dt is the time derivative. Because creep 
tests will be used for model verification, then by 
imposing incremental creep phase loading conditions, 
da1 = dcr = const., Equation 21 will yield the 
following solution: 

where 

(22) 

viscoelastic compliance (t/n2l + (l/E1) 
{1 - EXP [-(E1/n1)t]}, 
time scale, 
uniaxial elastic spring coefficient, and 
viscous coefficients of the corresponding 
dashpots. 

Equation 22 is in the form of the required visco
elastic strain response. 

Viscoelastic-Plastic Strain Response 

Substitute Equations 20 and 22 into Equation 2 to 
obtain 

where CvEP is the viscoelastic-plastic compliance, 
that is, 

Equation 23 represents the mathematical relationship 
of the viscoelastic-plastic mechanical model for 
asphalt mixes, where the parameters E1, E2, n1, n2, 
«, K, n 1 , and H(Wpl could be found experimentally. 

Rutting or Permanent Deformation Model 

Rutting is defined as the accumulation of permanent 
deformation in the wheel path and is caused by one 
or more of the following mechanisms: densification, 
viscous flow, and plastic deformation. If no inter
action is assumed among these mechanisms, then the 
one-dimensional mathematical relationship that de
scribes the permanent deformation will be 

where 

23 

(24) 

permanent total deformation; 
permanent deformation due to densifica

tioni it could be represented by an in
series mechanical relaxing spring with 
constant ~

0
i 

time-dependent viscous permanent deforma
tion; and 
time-independent plastic permanent defor
mation. 

By using the relevant elements of the visco
elastic-plastic model, Equation 24 could be written 
as 

where 

CP = {(J/Ep
0

) + (t/1J2 ) + < [nf/H(Wp)] >}, 

l 
ac in uniaxial compression 

a1 = 
a1 in uniaxial tension, 

Ep
0 

= densification spring modulus, and 
))2 = coefficient of viscosity of the in-series dash pot. 

(25) 

Equation 25 represents permanent deformation 
caused by a constant stress-loading condition acting 
for an arbitrary time t. An immediate permanent de
formation due to densification will occur and may or 
may not be accompanied by plastic deformation, de
pending on the magnitude and sign of the stress. 
Contrary to that, the permanent viscous deformation 
\s effective only after a time step is de.fined . On 
the other hand, experimental testing for rutti~g es
tablishes the relationship between the permanent de
formation per cycle (£pl and the number of cycles (N) 
at the measured values of £p by procedures found 
elsewhere in the literature (l.!_,.!2_,li). The general 
form of this relationship is 

where 

£ I 

Pace 
Kl 

N 

m 

(26) 

average accumulated permanent deformation 
per cycle, 
accumulated permanent deformation, 

£pat N = 1, 
number of cycles at measured permanent 
deformation, and 
slope of the log £p - log N relation
ship. 

By substituting £p' = £(t) - £VER• 
total deformation and £VER is 
recoverable deformation, then 

where £(t) is the 
the viscoelastic 

Then substitute £VER 
arrange terms to get 

(27a) 

a 1/E' in Equation 27a and re-

(27b) 

Finally, substitute Equation 27b into Equation 25 to 
get 

(28) 
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where 

I (E 'l Ep0 ) + (E 'lT12)t + nf [E 1H(Wp)] if a> a yield, t > 0 
!F 'I F .. ) + (F 'In, ) t if" < " , ,, t < n 

E tEp0 1f a < ayield, t - 0 
J<..2la,tJ = 1 · ·· •o· - . ,•s•- -

(E /Ep0 ) + nf [E 1H(Wp)) if a> ayield, t = 0 
E '= retarded olustic creep modulus= 1/((1 /E2 ) + (1/Ei) {1 -

EXP [(- E1 / l)t)} ). and 

No = design number of load repetitions. 

Recalling the principle of exhaustion of ductility, 
then c(t) could be found from any monotonic 
s;trPRR-Rtrr1in rlia')ram s1.1<:-h a<; th0'>e routinely usi<.'rl 
in asphalt mix testing. The important contribution 
here is that K2 (o, t) in Equation 28 reflects the 
effects of the different constitutive mechanisms to 
tho occumulntion of a rut depth that, in turn, r~ 
tionalize decision alternatives. For example, if the 
contribution of densification is more dominant than 
that of the viscous and plastic deformations, then a 
decision on raising the compaction level of the as
phalt mix pavement is rationalized. Similarly, if 
plastic deformation is dominant, then a decision to 
reduce contact stress or stiffen the mix with admix
tures could be made. On the other hand, if viscous 
deformation is dominant, then consideration can be 
given to improving the asphalt cement (AC) viscosity 
by mixing grades or using additives. And if the 
ranges of K1 and m can be established, then a 
d es ign scheme fer rutting could be implemented. In 
the next section an example is presented to show 
numerically how the procedure given in this section 
is used in calculating the laboratory-evaluated 
permanent deformation. 

EXPERIMENTATION 

Materials, Specimen Preparation, and Testing Program 

This phase consisted o f five laboratory-prepared re
cycled asphalt concrete mixes and their respective 
extracted field cores. Specific information on the 
mixes is given in Table 1. 

The percentage of rejuvenator in the mix was se
lected on the basis of constructing viscosity design 
nomographs, which were used by targeting at a blend 
of 2000 poises absolute viscosity at 140°F to obtain 
the required percentage of rejuvenator (26). A total 
of 295 laboratory samples were prepared- to conduct 
various tests, such as 

1. Diametral modulus of resilience (MR) 
Marshall-sized samples at 40°, 70°, and 100°F; 

2. Indirect tensile strength (ortl using 

TABLE 1 Mix Information 

Mix No, Location State 

1 SR-91 Florida 

2 I-94 Michigan 

3 M-SS{a} Michigan 

4 M-SS{b} Michigan 

s M-SS{c} Michigan 

on 

the 
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same type samples and test temperatures as used for 
MR; 

3. Unconfined compressive strength on 4 X 

4. Incremental static compression rutting-creep 
test on 4 x 8-in. cylinders at 40°, 70°, and 100°F; 
modification is included (22) to account for deter
mination of the friction element parameters in com
pression; and 

5. Incrementa l static indirect tension rutting
creep test on cylinderical discs 4 in. in diameter by 
2.5 in. in height at 70°F; modification is included 
('-?.) tn M·<:-n11nt for determination of the friction 
element parameters in tension. 

The test results from these series of tests are sum
murized in To.Lli::"s 2 auU 3. 

MODEL VERIFT~A~IONS 

Verification of Viscoelastic-Plastic Model 

Elasto-Plastic Unit 

Characterization of this model requires determining 
the yield condition parameters (a and K) and the 
hardening coefficient H. This is done as follows. 
First , the yield condition parameters are deter
mined. '!'he data in Table 1 summarize the results ob
tained on mixes 1 through 5 and give the MR, ort• and 
qu values for the laboratory-fabricated samples and 
the two extracted field core assignments (1s t as
signment taken immediately after construction and 
2nd assignment take n o ne year lat e r) . Te s t s were 
conducted at 40°, 70°, and 100°F for the MR and ort• 
The following example uses the Florida mix (mix 1). 

Step 1: Direct Application of Classical Theory of Plasticity 

Use Equation 17 to obtain 

!
- 802 psi compression 

±01 =3K0 /[o,+y'3 sgn(a1)] = 
+ 160 psi tension 

Then the following is obtained: a= 1.156, K0 = 154 
psi, and arctan a = 49.1°. Then substitute Equa 
tion 19 to get 

! 
0.9802 in tension 

nf = 
0.039 in compression 

Mix Proportions Rejuvenator 

Reclaimed New Agg. Type, % / %aged Asphalt 
% % 

65 35 AER, 38% / 62% 

85 15 AC-5, 81% / 19% 

so so AC-20, 54% / 46% 

so Sil AC-20, 45% Cyclogen, 1U% 
/ Aged Asphalt, 45% 

so so Sulfur, 60% / 40% 

... --
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TABLE 2 Test Results Summary (au, MR, qu, I) 

MIX No . 1 MIX No. 2 MIX Illa - 3 MTX llln ~ MTY • .., c 

LAB FIELD FIELD 
LAB 

FIELD FIELD 
LAB 1s~I~'st 2n~I~'st 1st ass. 2nd ass. 1st ass. 2nd ass. LAB LAB 

40°'1 243. 42 306-19 274. 40 232.02 291-8 238-48 3US.23 3U3. 4U i:35°4U 231-19 

70't 160. 71 62-58 58-83 109-98 57-25 55.95 113-97 61-93 Sb.SU 1U4.65 2i:9. 75 
OJTpSi 

1oo't -39.57 15. 74 16-93 19.79 9-28 26-5 15-19 16. 58 11 -13 17,1U 3-567 

40't 1-352 2-61 2.27 1-304 2.97 2.82 1-146 3.74 3.33 LJ.418 3-567 

rn 709' 0-607 o. 706 1.07 0-541 0.92 u.,:12 0-26 u.93 1-26 u.c4ii c-U18 

X 106psi 
1oo<r 1. 2!i6 0-203 u.303 0-193 0,061 0,123 U, 1(]4 0,033 0-145 U,168 U,U37 

qu 763 521l 706 '132 565 484 546 8113 48U ti13 

Inmersion q * 802 585 719 539 564 700 470 657 438 1UU4 

Compress, 
psi I% 95 'lO 98 80 100 69 100 100 1W 81 

qu = unconfined compressive strength after immersing in water 

q* = unconfined compressive strength 

I = qu / q* = index of retained strength 

TABLE 3 Strain from Uniaxial Compression Creep Tests (x 10·3 in.fin.) 

Stress 
t = 1,0 t sec, = 3 , 0 sec ~ t = 10,0 sec. 

psi 
c t r t et 

EC era ePI e 
C c Po CPL e CPO CPL C 

20 ,563 1,14 0,0 -625 1,14 o.o -813 1.14 o.u 

Hence, 

40 

60 

80 

120 

160 

e 
PL 

1.12 2-28 0,0 1.25 2-28 0,0 1-63 2 -28 

1,69 3 . 52 o.o 1,88 3.52 a.a 2,44 3 . 52 

2,56 5-895 , 31 2,81 5,895 , 31 3,52 5-895 

4,68 6 . 0 1,31 s.01 6 , 0 1-26 6,08 6 . 0 

7,31 6-0 2,81 7.7 6 , 0 2, 7 9-23 6 , 0 

plastic strain= et - J{t} x o - epo 

J{t} = {{64.25 + 0,00475t} - {9,73e-O.Ul8St + 8,97 x 

e-0,13658t + 1be-0.4688t}} microin,/in/p,s.i. 

u.u 

u.o 

,27 

1 ,2 

2. 73 

(29) 

Step 2: Modification to Step 1 

Step 1 assumes that yielding commences when o ~ ±o 1 
(maximum compressive or tensile strength of the ma
terial). Intuitively, however, yielding starts at 
some level of o < 1011, Consequently, a yield value 
of the material in both tension (oyptl and compres-

sion (oypcl should be obtained and substituted in-

t = 30 sec. t = 1UU sec, t = 1UUU sec . Aver. 

" t " t · t Valu, 
r CPO e C '1>o e r CPO e 

CPL C PL C PL C PL 

.9 1,14 o.o 1-063 1 , 14 u.u 1.375 1 , 14 U,li U,U 

1,8 2.28 u.u 2.13 2-i:b U,Ll 2, 75 2,28 Ll,U U,U 

2. 7 3.52 u.o 3,19 3 , 52 u.u 4-13 3 ,!,2 u.u U, U 

3-89 5-895 .23 4.4 5.895 . 15 !,.6 5-89'' .l, -2c 

6 .35 6 , 0 . 95 7.u 6 , U .112 9,U 6,U . 74 1,U4 

9.81 6 , 0 2,61 w.s 6,U 2.u 13-59 6 , U 2-!i~ c!,60 

stead of ±01, These values for asphalt concrete are 
found by plotting the relationship between the 
steady-state creep rate (Essl of the creep data under 
different stress levels versus the stress. 

The rationale for using this method to find the 
yield point of asphalt mixes is based on the find
ings of many investigators regarding factors affect
ing creep. One of the simplest relationships between 
stress and steady-state strain rate, found to apply 
for certain metals and alloys, is of the form 

Ess:::;; Ao" (30) 



---
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where £ss is the steady-state creep strain rate and 
A,n are the material constants that are stress de
pendent. 

- • - • • - . ,.. t . - - --- -~ "I 
\ld..J.Ut:b UL. 1l IICIVt:: UO:::t::11 1. t:::pu1. LCU .LIi \..UC:: .L t.4••'=1~ ._.._._ ..,_ 

to 10. Asphalt mixes at low stress and strain levels 
are considered linear viscoelastic, that is, n = 1 
and Ao= constant. However, at high stress levels it 
becomes nonlinearly stress dependent. For a visco
elastic-plastic system, the friction slider repre
sents the element that possesses material nonlinear
ity. Consequently, a plot of ~ss versus o should 
reveal the stress at which nonlinearity occurs; that 
is, the friction slider element activated. This 
stress level is termed the yield point, oyp• Figure 

3 shows the ;ss - o relationship; as expected, the 
coefficient of the in-series dashpot of the fitted 
Burger mechanical model does not change value up to 
a stress level of 60 psi. This substantiates the 
previous linear viscoelasticity hypothesis of as
phalt mixes. The same plot is made for the indirect 
tension creep tests where this test was found to be 
sufficiently sensitive to the stress level, such 
that this finding could not be detected. Back extrap
olation to Ess = 0 gave the following values: 

crypt= 3 psi,oypc 75 psi. 

Using these values instead of ±o 1 gives 
K0 = 3.33 psi, arctan o = 57.9°, and 

1
0.911 7 in tension 

n? = 
0.00145 in compression 

0 = 1.599, 

Such results are not compatible with those obtained 
under Mohr-Coloumb failure criteria. Determining the 
hardening coefficient will be done after determining 
the viscoelastic model parameters. 

Determination of Viscoelastic Unit Parameters from 
Rutting-Creep Tests 

Compression and tension rutting-creep tests were 
conducted on 4 x 8-in. (diameter x height) cylinders 
and 4 x 2.5-in. (diameter x height) discs, respec
tively. Test results are given in Table 3 and 

in Figu.res ~ and 5, 
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for different stress levels. A mechanical model for 
the 20-psi stress level is found by using the non-
1 inear SAS regression program. From these fittings, 

pendent on stress level. For stress levels of 20, 
40, and 60 psi, the in-series dashpot and spring 
constants are identical, but Kelvin element con
stants vary. The SAS program was used to fit the 
creep data by an equation of the form 

e(t) = oW0 + ~1 * t + ~2 [I - EXP (-~3 t)] f (31) 

which corresponds to a Burger model type response 
under creep loading conditions. The SAS program gave 
the following result: 

e(t) = (a/ 106) 129.55 + 0.00475 i + 1.73 [I - EXP (- I 949.6t)]f (32) 

from which the mechanical Burger model coefficients 
are 

2.105 x 10 8 psi-sec, E2 
2.958 x 10 8 psi-sec, E1 

3,384 X 105 psi. 
5,767 X 10 5 psi. 

To determine the hardening coefficient H from 
fitting creep data by a Burger model, the creep com
pliance in uniaxial compression J (t) is calculated 
at the lowest stress level (20 psi) and by the lin
earity assumption; this creep compliance is indepen
dent of stress level. At higher stress levels, plas
tic deformation occurs and can be calculated from 
Equation 33, although a slightly different approach 
was adopted in the calculations in Table 3: 

where 

c(t) 

Ep 
EpL 

£Po 
0 

J(t) 

total deformation, 
permanent deformation, 
plastic deformation, 

(33) 

permanent deformation due to densification, 
stress level, and 
creep compliance evaluated at the lowest 
stress level below the yield point. 

The stress-average plastic strain relationship is 
given in Table 3 and is shown in Figure 6. The hard
ening coeffic i ent is calculated and the results are 

creeo test on cylinrlers 
(uniaxial conoression1 

creeo test on 1iscs 
( i nri rect tens inn) 

4 

SLec.1dy :it.di.~ ,~e11 f:cti.c, (
55 

( l11/i11/s1::c) 

FIGURE 3 Steady-state deformation rate versus stress level curve. 
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summarized in Table 4. The fitted equation is found 
by nonlinear SAS regression as 

Summary of Example of Viscoelastic-Plastic Modeling 

The model is summarized as follows: 
J..JfW \ ~ ,10 ':t7h- () '1tl':tW- () ()()()d(W2 (14) 
-- , V" . . - - -

e(t) = al[l/(3.384 x W)] + [t/(2 .105 x 10")] 

This is plotted in Figure 7. + [1/(5.567 x 105
)] (I - e- 1949

·
6

~ + <[nr/H(Wp)] >I 
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c:: . 
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"' 
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20 
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Pennanent ~efonnat1on, 
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4 

(1n/1n x 10-3) 'r 
FIGURE 6 Permanent deformation versus stress level curve. 

TABLE 4 Hardening Coefficient as a Function of Plastic Work Done 

Stress level {psi} 20 40 60 80 120 160 

H X 103 {psi} - -- -- 45.59 29, 72 16,09 

-3 -- -- - 16,06 98,06 327,b6 WP x 10 {psi} 
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FIGURE 7 Hardening coefficient versus plastic work done curve. 
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where 

H(Wp) = 

n?/H(Wp) = 

49.38- 0.243\Vp + 0.00043W~ 

I
O ac < 75 and a1 < 3 psi 
0.9117/1-l(Wp a1 ;, 3 psi 
O.OOJ4S/Jl(Wp) ac;, 75 psi 

RUTTING MODEL VERIFICATION 

The rutting model requires determination of the per
manent deformation versus number of cycles, in ac
cordance with the dynamic series in VESYS II-M and 
the function K2 (a,t). The case of axial compres
s ion on 4 x 8-in. (diameter x height) samples is 
considered here. Test results are shown in Figure B 
on log-log scale, where the required relationship is 
found to be 

Log Ep = 0.13 + 0.285 log Nin.fin. x 10-s (36) 

from which the following is obtained: 

(37) 

Therefore, Equation 37 gives m = +0.715 and k1 = 1.35 
x 10-' in./in. 

The second step is to get £ (t) from monotonic 
testing or from creef test data (Table 3) at t = 100 
sec: £ (t) = 10.445 x 10-' in./in. 

The third step is to find the function K2 (a,t). 
This was done in the viscoelastic-plastic model with 
a yield surface model. The function is found to be 

E '= 3.0656 x 105 psi 
K2 (a ,t) = I (J /Ep

0
) + [1 /(2 .105 x 108

)) t + [0.00145/ H(Wp)) f x 3.0656 x 105 

For a= BO psi representing the contact pressure of 
the design vehicle, Ep = 5.7 x 10 5 psi (using Figure 
6) and H(Wp) = 45 x 109 psi (using Table 4). Ther:
fore, k 2 (a,t) = (0.53 + 0.145 + 0.01) = 0.693. This 
indicates that 77. 6 percent of the total permanent 
deformation is due to densification, 1.5 percent due 
to plastic deformation, and 20.9 percent due to vis
cous deformation. Then substitute Equation 28 to get 

€pace= 0.693 [10.445 X 10-3 - (1.35/105 )N1- 0 ·715 ] in.fin. 
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For N = 840,000 cycles, £Pace= 0.678 percent, and 
accordingly, a 10-in.-thick pavement, it is expected 
to accumulate 0. 0678 in. permanent deformation due 
to direct compression on the surface after 840,000 
load repetitions. Such a result is compatible with 
those obtained by using the VESYS III structural 
subsystem program given in Table 5. The laboratory 
densification phase includes sources of error fac
tors such as seating and conditioning that do not 
occur or match those in the field, however. 

CONCLUSIONS 

1. A combo viscoelastic-plastic model has been 
developed to characterize asphalt mixes. The model 
parameters are easily found by simple adjustments, 
modifications, or extensions of existing routine 
testing schemes. Among the findings when developing 
this model were the following: (a) a true yield 
surface could be found and used instead of that of 
the Mohr-Coloumb failure surface, and (b) as a con
sequence of (a) and specific to the tested mix, 
yielding occurs at about 75 psi in compression and 3 
psi in tension at 70°F. On this basis it is recom
mended that stress levels of less than 3 psi be used 
to find the MR. Further, plastic deformation should 
be accounted for in characterization because actual 
stress levels on pavement surfaces exceed 75 psi. 

2. A Drucker-Prager true yield surface was iden
tified and its parameters found experimentally. 

3. A rutting model based on the viscoelastic
plastic characterization has been developed. The ex
ample illustrated the application of this model to 
predict rutting of laboratory-prepared asphalt 
mixes. Among the conclusions is that permanent de
formation due to densification is better included in 
rut depth calculations based on laboratory and field 
measurement simulations. Further, densification per
manent deformation could be represented by an elas
tic relaxing spring. 

4. Test methods that use the incremental static 
series do not differentiate between densification 
and the rest of nonrecoverable deformation. However, 
a procedure was established in this work to accom
plish that. Differentiating quantitatively between 
densification, viscous, and plastic deformation is 

.o,1,1 ______ .,..10 ..... -----,~o!'!o------:,~o~oo-----~,'::"oo~o:-=o:------,;.,o:":\'loooo 

~unher of load a~olications 

FIGURE 8 Rutting dynamic test series. 
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TABLE 5 Rut Depth in Inches, Using VESYS III 

l LI m;11 inn ·-
in 20 years 

~ 6 8 10 
r 

1/2 , 036 .032 .029 

2 , 057 ,056 , 054 

12 , 086 ,083 -082 

20 ,097 ,094 , 092 

expected to rationalize decision alternatives for 
field problems, and hence, to implement asphaltic 
mix design. 
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Evaluation of Tests for Characterizing the Stiffening 

Potential of Baghouse Dust in Asphalt Mixes 
DAVID A. ANDERSON and STEVEN M. CHRISMER 

ABSTRACT 

Since the enactment of the 1970 Clean Air 
Act many asphalt plants have been forced to 
install baghouse dust collectors. Often this 
dust is added to asphalt concrete mixtures. 
The dust can stiffen mixes, thereby making 
them hard to compact, or it can act as an 
extender, thus causing bleeding and tender
ness. There are no accepted specification 
tests for controlling the stiffening or the 
extending effects of baghouse dust. A vari
ety of simple test procedures were evaluated 
for possible use for specification or qual
ity control purposes to control stiffening. 
The customary physical properties of the 
dust, such as pH, shape, and gradation, do 
not predict stiffening. Two types of test 
procedures--fractional voids and consis
tency--were correlated with stiffening as 
measured by the increase in viscosity or 
softening point caused by the addition of 
dust to asphalt cement. Fractional voids in 
dust-asphalt mixtures were calculated from 
the bulk volume of dust compacted with im
pact and vibratory compaction and by consol
idation in fluid media. Consistency tests 
included the kerosene, balling and crum
bling, and bi tum in number tests. The best 
correlation with stiffening ratio was ob
tained from the fractional voids as deter
mined from the dry impact compaction. This 
test procedure is acceptable for process 
control and acceptance proceduresi the other 
test procedures are not acceptable. The best 
means of determining the stiffening effect 
is to determine the stiffening directly with 
capillary viscometry. However, before either 
the fractional void test or the direct mea
sure of stiffening is included as a specifi
cation criteria for stiffening, they must be 
determined through correlation with field 
performance. 

Since the enactment of the 1970 Clean Air Act the 
operators of many asphalt concrete plants have found 
it necessary to install secondary dust-collection 
systems. These systems collect the fine dust that 
would otherwise be released from the exhaust gas to 
the atmosphere. Filter fabric dust collectors are 
the most commonly used secondary collection systems. 
They are usually referred to as baghouses, and the 
collected dust is called baghouse dust. Baghouse 
dust may be extremely fine (1 µm to 30 µm) or it 
may contain a wide range of particle sizes (1 µm 
to 300 µm), according to the configuration of the 
plant (l). Finer dust is produced when a cyclone or 
other type of primary collector is used in series 
with a baghouse. The cyclone collector effectively 
removes dust larger than 30 µm, thereby stripping 
the coarser fraction from the dust collected in the 
baghouse. Therefore, baghouse dust from different 
plants can vary widely in gradation. 

Baghouse dust often presents a disposal problem, 
and in many plants it is common to add baghouse dust 
to the asphalt concrete. Some paving technologists 
are reluctant to do this because they believe that 
the dust can adversely affect the quality of the as
phalt concrete. For example, baghouse dust can act 
as an asphalt extender, thus reducing the design as
phalt content. If the addition of baghouse dust is 
not accounted for in the mix design, bleeding and 
tenderness can result (],]). 

Other problems that have been attributed to the 
improper use of baghouse dust include poor compac
tion and raveling resulting from excessive stiffen
ing of the asphalt concrete (4-6). Concern about the 
stiffening effect of baghouie- dust has led many 
highway agencies to restrict its use (7). Other 
agencies have adopted or are considering test pro
cedures that are intended to control the use of bag
house dust ( 8) • These test procedures are designed 
primarily to- control mixture stiffening caused by 
baghouse dust. 

The purpose of this paper is to report on a lab
oratory evaluation of several test procedures that 
measure the stiffening of asphalt cement that re
sults from the addition of a fine mineral dust. The 




