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Geotechnical Centrifuge Modeling of Soil Erosion

D. J. GOODINGS

ABSTRACT

Geotechnical centrifuge modeling has been
used to special advantage in instances where
the nature of a geotechnical phenomenon has
not been entirely understood and where in-
teraction of several effects makes standard
analyses difficult to apply. The influence
of surface erosion on slope instability is
one such condition, but it is important to
determine if these events are modeled in
similarity. This question is addressed in
this paper with an examination of the scal-
ing laws for laminar seepage, turbulent sur-
face flow, initiation of erosion and rate of
sediment transport in centrifuge models
built of either cohesionless or cohesive
soils to scale 1/N. These scaling lanes are
then compared to the laws for conventional 1
g models. The conclusions are: (a) turbulent
surface flow and laminar seepage can be mod-
eled correctly in the centrifuge model if
permeability is reduced by a factor of N;
this similarity cannot be achieved in a 1 g
model; (b) erosion of coheslonless soil that
results from overflow can be modeled cor-
rectly in the centrifuge and in the 1 g
model provided all particles are reduced in
size by a factor of N (this cannot be
achieved, however, when emerging seepage is
the dominant source of flow in either case);
(c) in cohesive soils, initiation of erosion
may be correct in the centrifuge model, but
is not expected to be so in the 1 g model
(it is unlikely that sediment transport is
correctly modeled in either case); and (d4)
one erosion feature peculiar to centrifuge
models is that erosion may be achieved ei-
ther by increasing flow at constant acceler-
ation, or by decreasing acceleration at con=-
stant flow.

Geotechnical centrifuge modeling has been used to
special advantage in instances where the nature of a
geotechnical phenomenon has not been entirely under-
stood--especially where interaction of several ef-
fects makes standard analyses difficult to apply. In
interpreting model results in terms of prototype
events, it is important to be familiar with the
scaling laws governing each effect to determine if
those laws are compatible. Soil erosion is one of
several effects that may alter slope stability and
therefore is of interest to the slope modeler; how-
ever, there are questions concerning its scaling
laws in the centrifuge model, Considered in this
paper are those scaling relationships comparing,
where applicable, modeling 1laws relating a full
scale prototype to a conventional 1 g reduced scale
model, to the laws for a centrifuge model, examining
laminar seepage, turbulent surface flow, initiation
of erosion, and subsequent sediment transport,

LAMINAR FLOW

1 g Models

In a conventional 1 g model of prototype soil, the
laminar flownet that will develop as a result of a
difference in boundary water conditions will be
identical to that of a geometrically similar proto-
type that is N times larger in all dimensions and
boundary conditions. The rate of head loss per unit
length will be similar, and if the prototype soil is
used in the model, then the seepage velocities, v,
will be related as

Vm =Vp 1)

where the subscripts m and p refer to model and pro-
totype, respectively. Because rates of seepage dis-
charge per same unit width in model, 9y, and pro-
totype, q,, are calculated as q = vd, where 4 l1is
the depth of seepage in the flownet, and all depths
in the model will be 1/N that of the prototype, then

Qm/qp =1/N )
The times, t, for seepage to occur between two geo-
metrically similar points in the model and prototype
will be

tm /tp = 1/N (3
solely as a result of the decrease in all distances

in the model.

Centrifuge Models

Laut (1) noted that in models experiencing laminar
flow at 1 g, subjected to an increase in self-weight
of N times but still maintaining laminar flow, an
increase in velocity will occur, such that

VNg & NVl g (4)

This was interpreted by Pokrovsky and Fyodorov
(2) as an increase in Darcy's coefficient of permea-
bility, k, because k is directly proportional to the
unit weight of the permeant, which is normally water
in the geotechnical context. Such an increase in
self-weight, however, will have no effect on the
shape of the flownet, which for laminar flow is de-
pendent on the problem geometry only, provided the
geometry of the boundary conditions, including the
upstream and downstream water levels, remains un-
changed. This increase in velocity will mean that
the time for flow to occur between two points in the
centrifuge model, which correspond geometrically to
two points in a prototype of the same soil, but with
all dimensions W times larger, will be reduced such
that

tm /tp = 1/N? ®)
as a combined result of the velocity increase, and

the reduction in model dimensions. This increase in
Vm by a factor of N also will mean that

Um = qp 6)



Pokrovsky and Fyodorov (3) noted that according
to the basic laws of kinematics, the time for mass
soil movements to occur in the model will be less
than the time for a similar movement in the proto-
type by a ratio

tm/tp = 1/N (@]

This ratio is in conflict with the ratio of times
for laminar seepage in Equation 5. Although in many
cases the time for seepage and the time for mass
soil movement need not be modeled in similarity,
particularly in soils with very low permeability,
there may be instances where this is an important
requirement. According to Hazen's observation, for
granular soils where Dyg is greater than 0.1 mm,
less than 3 mm, and the coefficient of uniformity is

less than 5, kaD1n. This presents an oppor-

tunity to bring these two time scales into similar-
ity by reducing Djq:

Dio,, /D10y, = 1WN ®)

which, in turn, will reduce soil permeability and
seepagde velocity, so that at 1 g

kp = kp/N ©)
and at Ng

Ve = ¥p (10)
tm/tp = 1/N an
and

Gm/qp = 1/N 12)

This technique, commonly applied in modeling, will
only be allowable from the geotechnical point of
view if there are no significant changes to the den-
sity, cohesion, and friction of the soil., It will
not affect the laminar flownet configuration pro-
vided the problem geometry (including the boundary
water levels) remains unchanged.

TURBULENT FLOW

When seepage emerges from the soil, or when runoff
or overtopping occurs, turbulent flow usually pre-
vails, and the Chezy equation will now govern steady
surface flow:

V=(8g/f)!? R s} 13)
where

g = earth's gravitational acceleration;

f = a dimensionless coefficlent of roughness;

R = the hydraulic mean radius and is equal to the

depth of flow, d, when the channel width is
much greater than the depth; and

S¢ = the slope of the energy line, which for
steady uniform flow is equal to the soil
slope inclination, S.

This coefficient of roughness, £, may be propor-
tional to (Re}lfq, logjg(Re), or logyg (d/Dgg), where
Re is the Reynolds number, depending on whether the
flow is hydraulically smooth, rough, or turbulent
(4), but relatively large variations in values of
Re, d, and Dgg will have very small effects on
velocity, so that £ may be considered constant. In
terms of flow rate, for steady uniform flow, which
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overtopping or runoff may be idealized as, gq = vd,
and according to Equation 13,

q= (Sg/f)ln d3/2 sl/2 (14)

The correctness of modeling surface flow (in in-
stances where gravity is important) 1s measured by
two dimensionless parameters: the Reynolds number,
Re, which defines the nature of the flow as laminar,
turbulent, or transitional, and the Froude number,
F. These parameters are defined as ’

Re =Vd/v (15)
in which v is kinematic viscosity, and

F=V?gd (16)

1 g Models

In a conventional 1 g model, which 1s geometrically
similar but has dimensions 1/N that of the proto-
type, hydraulic similitude will be maintained if
Fp = P, and if the values of Rep and Re indicate
the same flow regime by falling into the same rather
wide range of values of Re associated with each re-
gime, Equation 16 requires that for that 1 g model

VZ /gdm = gk /gdd = o}/ed] amn

If the rates of discharge in model and prototype
are dictated by Equation 2, as they would be if the
source of the water were laminar seepage, then ac-
cording to Equation 17,

dm/dp = 1/N?3 18)
P

and from Equation 13,

Vm/Vy = 1/N!3 19)

Times for surface flow between geometrically similar
points in model and prototype will then be related as

ten [ty = 1/N/3 20)

This relationship is in conflict with the scaling
of time for seepage flow in Equation 3., Only in a
full scale model with vy = o in seepage and
surface flow will those two time ratios be equal.

If, instead, a requirement that dm/dp = 1/N
for surface flow were imposed on this 1 g model, and
the Froude numbers in model and prototype were made
equal, then the velocities of surface flow in model
and prototype would be related as

Vin/Vp = 1/N!/2 @1)
tm /tp = 1/N'/? 22)
and

Qn/qp = 1/N¥2 (23)

This will only be acceptable in instances where
overflow rather than emerging seepage will dominate
surface flow, and the implications with respect to
erosion will be discussed later.

Centrifuge Models

Examine a centrifuge model, again geometrically sim-
ilar, but with soil altered according to Equations 8
and 9, and with model surface flow rate controlled
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in keeping with Equation 12. For the Froude numbers
to be equal

g% /Ngdi = g3 /gd3 (24)
from which
dn/dy = 1/N 25)

for either emerging seepage or overflow depths. Ac-~
cording to Equation 13

Vm =V, (26)
and
tm/tp = 1/N 27)

which is identical to Equation 11 for scaling times
for seepage events. Unlike the conventional 1 g
model, then, the centrifuge model can satisfy simul-
taneously the requirements for hydraulic similitude
and for scaling time of laminar seepage and turbu-
lent surface flow, provided the values for Re indi-
cate the same flow regime, with the understanding
that

Rep /Rep = 1/N (28)

These equations have been developed for steady
uniform flow, where Sg = S, which is more charac-
teristic of overflow conditions but Goodings (5)
demonstrated that these equations will also be cor-
rect for steady nonuniform flow, which describes the
nature of emerging seepage.

IMITATION OF EROSION

Emerging seepage, overflow, or runoff may cause soil
erosion. Shields (6) examined initiation of erosion
in cohesionless soils in essentially horizontal
beds, which is relevant to riverbed erosion. He de-
fined the boundary shear stress of the moving water,
Tor to be

To = Pw8d S¢ (29)

and the critical shear stress, 1., which must be
exerted on the particles for dislodgment of a par-
ticle to occur, is

e = Fsg(os = pw) D (30)
where
Fg = an entrainment function, also written as

/4,
pg = the density of the soil solid,
py = the density of water, and
D = the representative particle size.

Shields found that when 15 > 15, erosion was initi-
ated.

Several experimentalists concerned themselves
with determining values for Fg, where
F; = ow d5/(ps - pw) D (31)

which they found to be a function of the particle
Reynolds number, Re*, defined for steady uniform
two-dimensional flow as

Re* = (7o/pw)'? D/v=(gdS)"? D/v (32)

The plot of the relationship between Fg and Re*
is called the Shields dlagram, and is shown in Fig-

ure 1. There is some scatter in the development of
this graph because packing will have some effect in
protecting particles against the full boundary shear
force of the flowing water, and the frictional re-
sistance of particles will vary according to mate-
rial properties. This curve, however, accounts for
the effects of turbulent velocity fluctuations, up-
lift, strong velocity gradients, and the different
characteristics of laminar and turbulent flow. This
function dominates the initiation of erosion, but it
is noteworthy that the variation of Fg with Re* is
small, becoming negligible for turbulent flow over
coarse particles when Re* exceeds 500 (7).

In most rivers the slope of the bed is so flat
that the assumption that it is horizontal is accept-
able. In the case of a soil slope, however, the in-
clination may be too great to ignore. A steep in-
cline makes particles less stable and the initiation
of erosion easier. The effect of the slope is accom-
modated in the critical value of the entrainment
function by a slope factor, so that the critical
value of Fg is reduced to Fg', where

F,' = Fy[1/cos § (tan ¢ - tan )] (33)
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FIGURE 1 Shields diagram [after Shields (6)].

In this equation, B is the slope angle and ¢ is
the angle of frictional resistance of the soil par-
ticle.

Emerging seepage will also act to destabilize
particles, increasing erodibility. Oldenziel and
Brink (8) used the work of Martin and Aral (9) to
demonstrate that erosion will occur at a lower level
of boundary shear stress in the presence of seepage.
They redefined Equation 31 to include that effect:

Fg =p,, dS/(ps - pw — SF/g)D (349

SF is the seepage force per unit area perpendicular
to the slope, equal to

SF = ¢y (dy/dy) (35)

where ¢ is an empirical constant between 0.35 and
0.40, and dh/dy is the hydraulic gradient perpendic-
ular to the slope (8).

1 g Models

In modeling erosion of cohesionless soils, similar-
ity of the particle Reynolds numbers of the model
and prototype is not critical, provided the values
of the entrainment function, Fg, are equal. In a



conventional 1 g model, erosion will occur at a
depth of flow

d> F (o5~ pwlpw) DS (36)

I1f Fsm = Fg_and if the depth of model flow is 1/N

that of fufi scale flow, then for initiation of ero-
sion to be observed at the same time in the model as
in the prototype, every D in the model must be 1/N
as large as in the prototype. In cases where steep
slopes and emerging seepage may also be important
factors, the prototype and model entrainment func-
tions will remain equal provided the geometries of
the two slopes and the flownets are identical and
the angles of particle friction are the same, so
that the slope factors (Equation 33) and the seepage
forces (Equation 34) are equal in model and proto-
type.

Centrifuge Models

These requirements for similarity must also be satis-
fied for the same model subjected to an increase in
self-weight on the centrifuge, if the initiation of
erosion is to be correctly modeled. Equation 36 ap-
plies equally to the centrifuge model, with the same
provision that if dm/dp = 1/N, then all values of D
in the model should be 1/N those in the prototype
when Fsm = B In substituting Equation 36 into

Equation 14,

dm > (BN/D2 F (o - py/pw)¥? (D/S)? (37

This equation emphasizes that to initlate erosion in
a centrifuge model, the modeler has the option to
either increase the surface flow, qp, holding the
model at a constant N, or to decrease the self-
weight, N, at a constant qg.

The initiation of erosion of cohesive soils from
surface flow is a subject that has not received as
much attention as erosion of cohesionless soils.
With the exception of dispersive clays, the natural
cohesion of the soil gives it much greater resis-
tance to erosion than that predicted from the
Shields diagram, although not to an extent that ero-
sion is no longer a problem, A few authors have ex-
amined the problem, 1in an effort to establish some
relationship between the so0il properties and the
boundary shear stress necessary to initiate erosion:
Smerdon and Beasley (10) looked for relationships
between boundary shear stress and plasticity index
and the percentage of clay in a soil; Flaxman (11)
attempted to draw some relationship between the
product ToV and unconfined compressive strength,
and was also concerned with the importance of perme-
ability, although permeability may be more a useful
indicator of particle size and soil structure than a
significant property in itself; and several authors
[for example, Grissinger and Asmussen (12)] believed
that chemical and environmental factors were most
important. The conclusion that can be drawn from
their work and others has indicated, however, that
resistance to erosion of cohesive soils varies
greatly, but that no critical shear stress rela-
tionship exists for those soils in the same way that
one exists for cohesionless soils (7).

Such a conclusion makes comment on critical pa-
rameters for modeling erosion in cohesive soils more
difficult. If plasticity index, percentage of clay,
unconfined compressive strength, permeability, or
chemical and environmental factors are important, it
is apparent that the prototype soil must be used in
the model and prepared to duplicate its in situ con-
ditions in every respect. There exists a problem,
however, in conventional 1 g modeling of the initia-
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tion of erosion in that 1, in the model must
equal that in the prototype to be correct. In a
model with slopes of the energy line equal to that
in the prototype, this will only occur if the depths
of surface flow are also equal, which is to say, the
model must be full scale. In the centrifuge model,
however, the same obstacles do not exist: if the
depth of flow in the model equals 1/N that in the
prototype, then velocities and rt, will be equal.
According, then, to the as yet inconclusive research
on initiation of erosion in cohesive soils, erosion
will be modeled correctly on a centrifuge model but
not on a conventional 1 g reduced scale model,

SEDIMENT TRANSPORT

After the threshold of erosion is reached, sediment
will be carried away by the water, both maintainead
in suspension by turbulence, and rolled along the
slope surface as bedload. Henderson (13) pointed out
that equations have been developed to predict the
relative concentrations at different depths but that
the absolute volumes of suspended solids and bedload
solids have not been predicted using equations that
consider the mechanisms of transport. A variety of
empirical equations have been derived to fit ob-
served values of qg, the rate of the volume of
sediment discharge per unit width of flow, in river-
beds of sand and gravel. The best known of these is
Einstein's (14) equation in which the bed load func-

tion, ¢, is a function of Shields' entrainment
function:
d =q,/wD =1f(F,) (38)

where w is the fall velocity that Einstein defined as

w=GNgD(G,- 1) (39)
and
G =23 + 36v2[gD(G, - 1)] - V36D (G, - 1)] (40)

in which Gg is the specific gravity of the soil
particles. Later, he related & to total sediment
load to include suspended load.

According to Einstein's work, correct modeling
should be achieved if values of Fg are equal in
model and prototype, which, as for the initiation of
erosion, requires that all particles in the model be
1/N in size that of the prototype, both for conven-
tional 1 g models and for centrifuge models. The ef-
fect of such a change in grain size will be very
small in the case of G, although it will be less in
the centrifuge model than in the conventional 1 g
model. Neglecting any change in the value of G, fall
veloclity, w, in the conventional 1 g model will be
slower than in the prototype by a factor of N~
because of the reduction in D. The fact that parti-
cles will take longer to fall back into the bed will
mean that for the same value of Fg; in model and
prototype, the rate of sediment discharge per same
unit width, gqg, should be much 1larger in the
model, by a factor of n3/2, That is to say that
erosion should proceed much more quickly, by a fac-
tor of wN3/2 In the centrifuge model, the fall
velocity will be the same as in the prototype, al-
though for the same value of Fg, gg should be N
times larger in the model as a result of the smaller
grain size or erosion will occur N times faster in
the model. In terms of relating the times for an
erosion event in a model that has caused the erosion
of a volume of soil, Vp', to a similar erosion
event in the prototype, which has volume vp' = NV.',
for a conventional 1 g model,
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tm/tp = 1/N2 (41)
and for a centrifuge model,
tm/tp = 1/N? (42)

Note that neither Equation 41 nor Equation 42 is in
similarity with the scaling of times of other model
events.

It does not appear that the question of the rate
of sediment transport of silts and clays has been
addressed specifically. Presumably, once silt or
clay particles have been dislodged from the soil
surface, they will be influenced, either individ-
ually or as flocs, by the same relationships of 9,
w, and G. In a conventional 1 g model, a major dif-
ficulty exists where Fg, which must be equal in
model and prototype, will only be equal in a full
scale model (as noted earlier for initiation of ero-
sion). A problem also exists for the centrifuge
model--in this case: if particle size is not reduced
in a model of cohesive soil, then the initiation of
erosion may be correct, because it does not appear
to depend on Fg, but the progress of erosion and
sediment transport, which may be a function of Fg,
will not be correct for the same reasons as for the
1 g model.

These comments on sediment discharge have been
based on only one theory, by Einstein. Colby (15)
disputed the role of 1, in sediment discharge
and concluded that sediment discharge theory in gen-
eral had not reached a point of being a useful pre-
dictive tool. It is therefore important to realize
that the scaling laws discussed are no more correct
than the equations on which they are based.

The laws reviewed here indicate that for modeling
erosion, the centrifuge model satisfies the require~
ments for similarity better than the 1 g model,
There is one further feature, however, to note about
centrifuge modeling of the initiation of erosion and
transport of sediments, which arises from emerging
seepage in granular cohesionless soils., Equation 8
required that the soil grains be reduced in size, so
that permeability is decreased, in a ratio

Doy, /Dro, = IWN ®)

The equations governing erosion, however, have re-
quired that

Dy, /Dy = 1/N (43)

for correct modeling. It will be difficult to strike
the compromise that will satisfy both grain size ra-
tio demands acceptably. This means that erosion ob-
served in a soil model to have resulted predomi-
nantly from emerging seepage, the discharge rate of
which is governed by Equation 12, will be modeled
unconservatively, that is, at a discharge rate
higher than that which would be expected in the pro-
totype according to these scaling equations. In the
case where overflow is the dominant source for sur-
face flow, this problem does not exist.

CONCLUSION

The relationships governing the laminar seepage, the
turbulent surface flow, the initiation of erosion
and the rate of sediment transport in conventional 1
g models and centrifuge models of cohesionless and
cohesive soils have been examined. The overall con-
clusions are as follows:

1. Turbulent surface and laminar seepage flow
can be modeled in similarity in the centrifuge if

permeability is reduced by a factor of N. This simi-
larity of flows cannot be achieved in a conventional
1 g model.

2. 1In modeling the process of erosion of a gran-
ular soil on the centrifuge, all conditions for sim-
ilarity can be satisfied for overflow conditions if
all model grain sizes are reduced by a factor of 1/N
compared with that in the prototype although erosion
will proceed much more quickly than any other model
event. When modeling erosion that arises predomi-
nantly from emerging seepage, however, two conflict-
ing grain size requirements exist, Equations 8 and
40, which will be difficult to satisfy simulta-
neously. In conventional 1 g modeling of erosion of
a granular soil, correct modeling is possible for
overflow conditions if all model soil grains are re-
duced in size by a ratio of 1/N although erosion
will proceed much more quickly. Erosion arising from
emerging seepage will not be modeled correctly.

3. In centrifuge modeling of erosion of cohesive
soil due to overflow, initiation of erosion is ex-
pected to be correctly modeled, but subsequent sedi-
ment transport is not modeled correctly, according
to current theory. Erosion due to emerging seepage
will not be modeled correctly but this is not nor-
mally a problem in cohesive soils of low permeabil-
ity. Erosion of cohesive soils will not be modeled
correctly at a reduced scale at 1 g with respect to
either initiation of subsequent sediment transport.

4. One feature of modeling erosion peculiar to
the centrifuge, is that erosion may be initiated ei-
ther by increasing flow at a constant acceleration,
N, or by decreasing N at a constant flow.

The centrifuge model, then, is at least as good
as the conventional 1 g model for modeling erosion,
and for modeling geotechnical events that depend
simultaneously on replication of the prototype
stress gradient and on undermining effects of ero-
sion, the centrifuge model can be altered to be ac-
ceptable although it may be imperfect. Even with the
limitations noted earller, however, the centrifuge
model still provides a better means of modeling such
events than any other presently available physical
technique. .
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Comparison of Diametral and Triaxial Repeated
Load Testing Techniques for Untreated Soils

JOSE R. MONTALVO, CHRIS A. BELL, and JAMES E. WILSON

ABSTRACT

The techniques involved in, and the results
from, resilient modulus testing of subgrade
soils typically found in Oregon are de-
scribed in this paper. In addition, two
methods of testing, the triaxial and diam-
etral repeated load procedures, were inves-
tigated. Subgrade soils obtained from two
projects were tested., One project was a new
alignment construction project in the Wil=-
lamette Valley (Salem Parkway) for which
there were two distinct subgrade soils
(AASHTO classifications A-7-6 and A-4): the
other was an overlay project in central
Oregon (US-97) with a pumiceous subgrade
soil (AASHTO classification A-1-b). It was
found that the diametral testing procedure
was adequate for use with cohesive soils,
typical of those occurring in the Wil-
lamette Valley, but it is not recommended
for use with the noncohesive volcanic soils
occurring in eastern Oregon. For such soils,
the triaxial testing mode is recommended.
The major advantage of the diametral test
for treated materials is its simplicity com-
pared to the triaxial test. However, the
necessity to consider the effects of con-
fining pressure for untreated soils dimin-
ishes this advantage, and with cohesionless
soils, the test is no simpler than the tri-
axial test, which is preferable for modeling
the in situ stress regime.

Highways in Oregon, as well as in other states, are
constructed using a wide variety of subgrade materi-
als, and pavement structural sectlons designed using
standard procedures, such as the Hveem or CBR
methods, often do not perform satisfactorily. To at-
tempt to more accurately predict pavement per-
formance, analytical procedures based on multilayer
elastic theory in conjunction with suitable failure
criteria can be employed. This approach requires a
knowledge of the mechanical properties of each pave-
ment component under repeated load test conditions,
typlcally the dynamic Young's modulus (resilient
modulus, Mp) and Poisson's ratio (v).

OBJECTIVES

The specific objectives of this study were to (a)
compare the diametral and triaxial repeated 1load
testing techniques for untreated soils, and (b)
recommend procedures for routine use of the diam-
etral test for soils evaluation and pavement design.

STUDY APPROACH

The results of a study to examine the use of two re-
peated load testing procedures, the diametral and
triaxial devices, are presented. Soils typical of
those occurring as subgrades in Oregon were selected
for testing to achieve the objectives of this study.
The soils used were obtained from Oregon highways,
the Salem Parkway in the Willamette Valley, and the
US-97 highway 1n central Oregon, and represent typi-





