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Limit-Equilibrium Stability Analysis of 

Spiling Soil Reinforcement in Tunneling 

S. BANG 

ABSTRACT 

A limit-analysis procedure for a spiling reinforcement system in soft-ground 
tunneling is described. The system is composed of a series of radially in­
stalled reinforcing spiles along the perimeter of the tunnel opening before ex­
cavation. The reinforcing spile network is extended into the in situ mass both 
radially and longitudinally, The system thus forms a temporary support with the 
advantage of not loosening the weak mass. It has been successfully used in weak 
rock formations as well as in soft ground on limited occasions. The limit­
analysis formulation includes consideration of design parameters such as soil 
type and geometry of the tunnel and the reinforcing spiles. The procedure de­
veloped can be used to evaluate the overall stability or to determine the de­
sign parameters of the system or both. 

In recent years underground construction has in­
creased considerably as a logical part of the solu­
tion to many urban problems. Effective and safe 
underground excavation technology therefore has been 
sought to meet the challenge of this increasing 
demand. 

On several occasions a spiling reinforcement sys­
tem has been successfully used in tunneling to 
strengthen weak rock formations (1), On limited oc­
casions the application also involved reinforcing 
tunnels in soft ground. The system typically con­
sists of a series of radially installed reinforcing 
spiles 4.6 to 6.1 m long spaced between 0.6 and 1.5 
m with an inclination angle of approximately 30 
degrees to the tunnel axis. The reinforcing spiles 
are formed by inserting 2.5- to 3.B-cm diameter re­
bacs into predrilled holes with subsequent grout. 
Figure 1 is a schematic representation of the sys­
tem, the general principle of which is to stabilize 
a weak mass by installing an annular spiling rein­
forcement network along the perimeter of the tunnel 
heading before excavation. The reinforcing network 
is extended into the in situ mass both radially and 
longitudinally. The tunneling operation is therefore 
always performed inside a tubular reinforced zone 
encircling the tunnel opening. 

Spile Set 

FIGURE I Spiling reinforcement system. 

A limit-analysis procedure for the spiling rein­
forcement system in soft-ground tunneling is pre­
sented. The formulation includes consideration of 
design parameters such as soil type, depth and di­
ameter of the tunnel, and length, inclination, and 
spacing of the spiles. The analysis procedure can be 

used to evaluate the overall stability of the system 
and to determine the proper size, spacing, and 
length of the spiles for a given site condition. 

BACKGROUND 

The principle of the spiling reinforcement system is 
to strengthen the weak mass surrounding the tunnel 
excavation. The purpose is to improve the ground in 
terms of stand-up time by preventing loosening ( im­
mediate stabilization) and to contribute to perma­
nent stabilization of the tunnel opening by re­
stricting deformation. 

Korbin and Brekke (~) conducted small-scale 
laboratory model tests to investigate the mechanism 
of spiling reinforcement in weak-rock tunneling. Be­
havior of cylindrical models with and without spil­
ing reinforcement under uniform external pressures 
was examined. The study indicates that the system 
can stabilize a weak rock mass effectively by reduc­
ing deformations and thereby deterioration due to 
strain softening, providing increased available 
strength, and maintaining arching action, which al­
lows for increased tangential stress in the immedi­
ate vicinity of the opening. Field instrumentation 
was also implemented at two sites (3), The investi­
gation was designed to address qli'°estions related 
primarily to the magnitude, distribution, and time 
history of the deformation-induced tension and bend­
ing of the spiles as a result of excavation. Defor­
mation-induced tension was found to be the major 
mechanism of the spiling reinforcement. 

A generalized plane strain finite-element method 
of analysis was developed to investigate the be-
1\avior of the spiling reinforcement system in soft 
ground (.!l. The method of analysis developed was 
used to compare the results of the model tests con­
ducted by Korbin and Brekke and was found very ef­
fective (.?_). The generalized plane strain condition 
assumes three nonzero displacement components, none 
of which is dependent on the out-of-plane coordi­
nate; thus the out-of-plane strain remains zero in­
stead of the out-of-plane displacement, as is com­
monly the case in the conventional plane strain 
approach. The main advantage of this approach is 
that it calculates three-dimensional stresses and 
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displacements, whereas the finite-element grid re­
mains in two dimensions. A comprehensive parametric 
study to identify the effects of the various design 
parameters of the syst.em was also conducted (6) by 
using the developed generalized plane strai;- f i~ 
nite-element method of analysis. 

LIMIT ANALYSIS AT EQUILIBRIUM 

To date there have been no prototype failure studies 
of this system. Indirect methods therefore must be 
used to approximate the failure mechanism. As shown 
in Figure 2, contours of maximum shear strains were 
obtained from the previously described generalized 
plane strain finite-element analysis <!> and thus a 
potential failure surface can be approximated. The 
potential failure surface passes more or less 
through the side wall of the tunnel opening and 
propagates upward to form a curved surface. In this 
analysis the curved failure surface is approximated 
by two planes, defined by angles a1 and a2 , 
with a change in direction at the back face of the 
reinforced zone as shown in Figure 2. A potential 
failure surface can then be determined by finding a 
set of angles al and a2 that yields the 
lowest overall factor of safety. Note that it is al­
ways assumed that a1 .S. a 2 .S. 90 degrees. 

Formulation 

Figure 3 shows the free-body diagrams of the assumed 
failure wedge. Because of the symmetry, only half of 
the failure wedge is considered. Forces acting on 
element 1 are w1 , Ni, S1, Q1, N3 and s3 : 

W1 =~rH3 2 cota2 
N 1 =~rKa H3 2 

S1 =/JN1 

where 

w body weight, 
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FIGURE 2 Potential failure surface from contours of 
maximum shear strains. 
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FIGURE 3 Free-body diagrams of failure wedge. 

s tangential force, 
N normal force, and 

Ka active earth pressure coefficient. 
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The coefficient e describes the ratio between 
S1 and N1. Normal and tangential forces (N3 
and s3 ) can be obtained from the equilibrium: 

N3 = (W1 + 01 + S1) cose<2 + N1 sina2 

(2) 

where Q is the surcharge. 
The coefficient e can be obtained, on the as­

sumption that the developed resisting force along 
the assumed failure surface is equal to the driving 
forcei that is, 

S3 = C' (HJ/sina2) +NJ tan</>' 

=(W1 +01 +Si)sina2 -N1 cosa2 (3) 

where C' is the developed cohesion and qi' is the 
developed friction angle. 

Substituting Equations 1 and 2 into Equation 3 
yields 

/J=2{CW1 +01)sina2
2 -N1 cosa2 sina2 -C'HJ 

- [(W1+01) cos<>2 + N1 sina2] tanr/>'sina2} 

7 Ka 'Y HJ 2 ( cosa2 tan</>' - sina2) sin<>2 

Forces W2 and N4 acting on Element 2 are 

W2 = r [H(r + L2 cosa1) - (rrr2 /4) - (H2L2/2) cosa1] 

N4 = 1/zKo rH1 2 

where 

r = radius of tunnel, 

(4) 

(5) 

L2 length of failure surface of Element 2, and 
Ko at-rest earth pressure coefficient. 

Note that the normal force acting on the plane of 
symmetry (N4) is assumed to be the at-rest condi­
tion and that no shear force exists on the p lane of 
symmetry. Force equilibrium of Element 2 yields 

N1 = (W2 + 02 - S1) cos<>1 - (N1 -N4 ) sina1 

(6) 

The driving forces of Elements 1 and 2 are s3 
and S2, respectively, whereas the developed re­
sisting forces of Elements 1 and 2 are 

SR 1 = C'L1 +NJ tan</>' 

SR2 =C'L2 +N2 tan</>'+ LTTT (7) 
n=l 
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where 

m 
N; "' N2 + })TN, 

n=l 
m 
ITTN = resultant of normal component of 

n=l spile force TT, 

resultant of tangential component of 
spile force TT, 

= component of developed spile axial force 
Tn on X-Y plane, 

Li = length of failure surface of element i, 
and 

m = number of all ·spiles that cross assumed 
failure surface. 

Figure 4 is the schematic representation of the 
spile force components. 

,Resultant Forces in Spiles 

It is assumed in this formulation that the spiles 
have the same length, inclination angle, and spac­
ing. Neglecting the bending and shear as observed in 
field instrumentation (1_) , the maximum developed 
axial force in each spile (Tnl can be calculated. 

Denoting stress tensors on X-Y-Z space and 1-2-3 
space as g and g', respectively, where axis l is di-

rected along the individual spile axis, one can ob­
tain 

where direction matrix ~ is defined as follows: 

[

COSQ 

~ = slnacosOn 

slna sfn8n 

- slnasin On 

cos a 

sinacos0 0 

-sina cos011] 

-SinaslnOn 

cos a 

Angles a and an are defined in Figure 4. 

(8) 

Stresses acting along the effective length of the 
spile (portion of the spile outside the failure 
wedge) can be assumed as 

Uy ='Y Zn 

2 

3 

y 
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(9) 

F1GURE 4 Forces in reinforcing spiles. 
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where Zn is the depth to the middle of the effec­
tive length of the nth spile. Therefore normal 
stresses acting on the spile (cr2 and 03) can 
be calculated from Equations 8 and 9. The mean nor­
mal stress acting on the spile is then 

(IO) 

The resulting force in the spile is the developed 
frictional resistance; that is, 

where 

diameter of spile, 
effective length of nth spile, 
spile spacing, 
spile cross section, and 
yield stress of spile. 

(ll) 

The values of ~n and Zn can be obtained from 
the geometry (Figure 5) • 

The projection of the nth spile on the X-Y plane 
forms an angle en with the Y-axis, where 

(12) 

From triangle OAB in Figure 5, it is obvious that 

Rn 2 = r2 + Ll + 2 r Li cose<1 

Because Rn cosan = L2 sina1 , one can obtain 

Rn= r [-B + (B2 -4A)y,/2A] 

where 

A= (cos0n/sine<i)2 
- I 

B = 2(cos0n/tane<i) 

Therefore the effective length of the nth 
( ~nl and the depth to the middle of the 
tive length (Znl can be calculatedi that is, 

Rn=£ -[(Rn - r)/sine<] 

Zn = H -[(Rn + R)/2] cosOn 

where i is the length of the spile. 

TTN' Tylin(a,+8n-90"1 

Tn • TycotC01+ 8n-9o"l 
Ty• Tn tin a 
a • Spilt inclination an9lt 

mta1urtd lrom tunnel axi9 
Bn • Spi11 lncllnollon on X- Y 

plane m101ured lrom Y Glll 

x 

(13) 

(14) 

spile 
ef fec-

(15) 



Bang 

y 

Section 1-1 

FIGURE 5 Geometric parameters. 

EVALUATION OF OVERALL STABILITY 

On the basis of Equations 3, 6, and 7, the overall 
stability of the system can be analyzed. At any 
stage, the driving force and the developed resisting 
force must be in equilibrium; that is, 53 = SRl 
for Element 1 and 52 = 5R2 for Element 2, or 
S2 + 53 = 5Rl + 5R2· The overall factor of 
safety with respect to shear strength (FS) is de­
fined as a factor of safety when FSc = FS~ = 
FS (2), where FSc is the factor of safety with 
respect to cohesion and FS~ is the factor of 
safety with respec t to friction. 

The factor of safety with respect to cohesion or 
friction is the ratio between the available cohesion 
or friction and the developed cohesion or friction; 
that is, 

C' = C/FSc and tan¢ ' = tan¢/FS¢ 

The overall factor of safety (FS) can then be deter­
mined. Because the expressions for driving and 
resisting forces contain an unknown FS, direct solu­
tion is not possible. An iteration method is there­
fore used. 

A computer program was developed to calculate the 
overall factor of safety. For a given set of geo­
metric and strength parameters, this program calcu­
lated the minimum overall factor of safety by 
searching a series of potential failure surfaces 
with different angles of al and a 2 • Typical 
results of this limit-equilibrium analysis are shown 
in Figure 6. The soil is silty clayey sand with an 
undrained strength of c = 19.15 kPa and ~ = 33 
degrees (8). The angle of spile inclination is 30 
degrees to the tunnel axis in all cases. The results 
indicate that 

1. The improvement in the factor of safety with 
respect to spile spacing is greater for longer 
spiles, and 

2. The rate of increase in the factor of safety 
for a given spile length is greater for small spile 
spacings, as can be seen from the changes in slopes. 

Figures 7 and 8 show the affects of tunnel depth 
and length and spacing of the spiles on the factor 
of safety. It is interesting to note that for a 
given spile length and spacing the factor of safety 
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FIGURE 6 Typical results of limit analysis. 
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F1GURE 8 Effects of tunnel depth and spile spacing on 
factor of safety. 
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decreases as tunnel depth increases until a critical 
depth is reached. The factor of safety increases 
slightly below the critical depth. The rate of the 
decreasing factor of safety above the critical depth 
is, however, much greater than that of the increas­
ing factor of safety below the critical depth. The 
critical depth is the location of the tunnel spring­
line where the sliding tendency of the assumed fail­
ure wedge is maximum. The analysis is based on the 
equilibrium of driving and resisting forces along 
the assumed failure surfacei therefore the factor of 
safety indicates a ratio between available soil 
strength and required soil strength mobilization 
against the sliding. Indeed the sliding tendency 
would be small at very shallow depths because of the 
small overburden and at greater depths because of 
arching. 

DISCUSSION AND SUMMARY 

The stability analysis procedure of the spiling re­
inforcement system in soft-ground tunneling has been 
presented. A limiting stress equilibrium analysis 
has been performed to establish a design method for 
the system. The potential failure surface is ap­
proximated by two planes, starting from the side of 
the tunnel with a transition at the interface be­
tween the reinforced and unreinforced regions. The 
parameters found to be significant from the previous 
study are included in the formulation. Strength 
parameters, such as cohesion and friction, are as­
sumed to be only partially developed, unless failure 
is imminent. From the equilibrium of the driving 
force and the developed resisting force, the overall 
factor of safety is obtained. 

A comparison of the pntent.ial failurP s11rf11r.P. 
predicted by the finite-element analysis with gen­
eralized plane strain conditions was made with that 
predicted by limiting stress equilibrium analysis. 
Figure 9 shows one of the typical results. The 
agreement, though it has not yet been verified ex­
perimentally, between these two predicted curves is 
reasonably good. 

The proposed formulation for the design of the 
spiling reinforcement system in soft-ground tunnel­
ing is intended to include the most essential char­
acteristics involved in the system. However, a great 
deal of additional research is needed to describe 
the behavior of the system completely. Further re­
search is necessary in areas such as field instru­
mentation and model testing to verify the analytical 
results. 

Transportation Research Record 1008 

Potential Failure 
Surface From Finite 

Element Analysis 

Potential Failure 

Surface From Limit Analysis 

Tunnel Diameter= 3.05m 
Tunnel Depth= 6.10 m 
Spile Length = 2 29 m 
Spile Spacing= 0.91 m 
Splle Inclination= 30° 

Soil No. IC= 19.15 kPa 

4,, 33° 
y=l57N/m3 

7 1° 

Reinforced Region 

F1GURE 9 Comparison of potential failure surfaces. 
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