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Attribute Thresholds and Logit Mode-Choice Models 
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ABSTRACT 

The concept of thresholds has been mentioned in the transport choice literature 
from time to time. Few studies of mode choice have attempted to incorporate 
them into a modeling context, however. In this paper the concept of minimally 
perceived attribute differences is introduced into a logit choice model. For 
estimating the parameters of the model, maximum likelihood is employed and an 
experimental test is carried out on a sample of trip makers going to the Mel­
bourne central business district. It was found that the average respondent re­
quired a 12-min (22 percent) difference in travel time or a 12-cent (32 per­
cent) difference in travel cost before he would react to the variation in 
attribute ratings. The model is compared with a more traditional logit model 
with a linear additive measure of utility. 

Transport planners have developed a variety of sta­
tistical techniques for analyzing mode choice (1-4). 
The common feature of all these models is -that 
choice is seen as a function of the utility gained 
from each alternative . To calculate utility it was 
assumed that an alternative was characterized by a 
set of attributes that contribute to an index of 
total utility. A linear additive function was used 
to combine the attribute utilities into the index. 
In turn attribute utilities were assumed to be a 
continuous function of the satisfaction gained from 
each attribute. That is, every change in satisfac­
tion, no matter how small, will influence the util­
ity gained from an alternative and hence an individ­
ual's choice. 

Evidence in the psychology (_?.,_§_), economics CU, 
and b iology (8) literature suggests that people may 
be indiffe r ent to changes in a stimulus unless it 
crosses a threshold of indifference. In the trans­
port literature this suggestion has found support in 
several studies of the application of transport­
choice models. Kovak and Demetsky (~) and Burns et 
al , (10) found that models that did not incorporate 
indifference thresholds tended to overestimate mode 
shift for small changes in attribute satisfaction. 
It was suggested that the inclusion of thresholds of 
indifference may overcome this problem because they 
would tend to dampen the effect of small changes in 
attribute satisfaction. In this paper the incorpora-

tion of such thresholds into logit choice models is 
investigated. 

The paper is divided into six sections. The next 
section describes the incorporation of thresholds as 
used in a number of disciplines. The third section 
describes the incorporation of thresholds into logit 
choice models. The fourth section describes the data 
used in the study, and the fifth to seventh sections 
discuss the model estimation and compare model per­
formance. 

BACKGROUND 

The existence of thresholds of acceptance has been 
discussed in many disciplines. 

In psychology, sensory thresholds were suggested 
by Weber in 1830 (5). He introduce d the concept of 
just noticeable differences and related their size 
to the magnitude of the stimulus. Fechner (6) ex­
tended Weber's law by relating the strength ;f the 
sensory process to the logarithm of the stimulus. 
Experimental studies that followed appeared to sup­
port Fechner's logarithm law and the existence of 
thresholds was accepted. 

Similarly, economists analyze consumer choice of 
commodities by the application of indifference 
curves <i>· In this approach it is considered that, 
in a choice between two commodities, the decision 
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maker will choose one or the other or be indiffer­
ent. If the decision maker is indifferent, he will 
tend to randomize his decision. Indifference curves 
define all situations where the consumer is indif­
ferent. 

Biological experiments indicate that thresholds 
vary between subjects. The distribution of these 
thresholds was hypothesized to be normal. The re­
sulting relationship between response and stimuli 
was therefore described by a probit model. Finney 
(!!) analyzed a number of situations and concluded 
that the probit model predicted response relatively 
accurately. He also considered other relationships 
for the form of the threshold distribution; one of 
these was the logit model. 

In transport planning, thresholds have been sug­
gested in a number of contexts. Choice inertia, per­
ception, and constraints (11) may to some extent ex­
hibit threshold effects. Empirical studies of these 
thresholds have been directed along two lines. 

The first related to thresholds in the comparison 
of the utility gained from each alternative (12,13). 
Krishnan (12) contended that the difference Tn the 
utility gained from a number of alternatives must be 
large enough for the individual to recognize the 
difference~ otherwise he will be indifferent~ Kr i sh­
nan introduced a threshold (6) into the choice 
situation such that in a choice between A1 with 
utility U1 and A2 with utility u2 

This model was found to fit the travel data better 
than the traditional logit model [i.e., the model 
with the threshold (6) equal to zero]. Kawakami 
and Hirobata (13) argued that the utility of an al­
ternative mustchange by an amount greater than a 
threshold of inertia before people will change mode. 
Their study of mode choice on the Nagaya-Tokyo rail­
way line, using before-and-after data, confirmed 
this hypothesis. 

The second approach was developed in the area of 
noncompensatory lexicographic or elimination-by­
aspects (EBA) models. These models hypothesize that 
the decision maker considers the attributes describ­
ing a set of alternatives in order of importance. An 
alternative is eliminated if its attribute satisfac­
tion level falls below an acceptance threshold. The 
most common method for calculating the acceptable 
threshold (14,15) has been to use a criterion where­
by attr ibut;"-;;tisfaction levels are considered to 
be acceptable if they lie within a specific frac­
tional tolerance of the best satisfaction level for 
the attribute over all alternatives for each indi­
vidual. Thus 

Acceptable Skjq;:_ (1 - Tk) Max(Skjql 
j 

(1) 

where 

Tk 
MaX(8kjq) 

j 

satisfaction with the kth attribute of 
the jth mode for the qth individual, 
tolerance for the kth attribute, and 
maximum satisfaction for the kth at­
tribute for the qth individual over 
all j modes. 

This approach enables the concept of just noticeable 
differences to be incorporated into the model as 
well as the size of the stimulus. It is therefore in 
line with the psychological research of Weber. 
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This review illustrates that there is consider­
able evidence for the existence of thresholds. Par­
ticular emphasis in the literature appears to be di­
rected at the decision maker's inability to discern 
small changes in stimulus levels. 

INCORPORATION OF THRESHOLD TYPES 

The literature review in the previous section al­
luded to the existence of two apparently different 
approaches to incorporating thresholds in mode­
choice models. The first concentrates on thresholds 
in total utility and the second on attribute thresh­
olds. Before these differences are discussed fur­
ther, it is necessary to develop the modeling frame­
work for the incorporation of the thresholds. 

The most commonly used choice model in transport 
is the legit model. The most popular derivations of 
this model are the constant-utility approach (_.h§) 
and the random-utility approach (l2_) • With the lat­
ter approach, in the choice between two al terna­
ti ves, it is assumed that the choice alternative 
will be the one that maximizes the decision maker's 
utility. That is, if x is chosen, 

(2) 

where Ux is the utility of alternative x. 
If it is assumed that the total utility is an 

additive function of the utility gained from each 
attribute of the alternative, then x will be chosen 
if 

k 

l Ukx > 
k=l 

k 

L Uky 
k=l 

(3) 

where ukx is the utility of attribute k for alterna­
tive x. 

Further the attribute utility is assumed to be 
composed of two independent elements. These are the 
degree of importance associated with and the satis­
faction gained from an attribute. Hence the utility 
function takes the form 

(4) 

where Ik is the importance of attribute k to the 
decision maker and 8kxq is the satisfaction gained 
from attribute k for mode x for individual q. 

It can be shown that if there is an error func­
tion associated with the decision maker's perception 
of utility and that the error function i3 dcGcribed 
by a Weibull distribution, then the multinomial 
logit model will describe the choice process (18). 
The form of this model is 

p (xi K) 

k 
exp(Ux)/L exp(Uk) 

k=l 

For the binary case the logit model takes the form 

p(x/xy) = exp(Uxl/[exp(Ux + exp(Uyll 

(5) 

(6) 

As stated earlier, there are two methods for in­
corporating thresholds into this model. The first 
concentrates on attributes and the second on total 
utility. An approach that combines both methods into 
the binary logi t model can be illustrated by ref­
erence to Figure 1. If the satisfaction levels are 
equal for the two alternatives, then there is no 
difference in the two alternatives. As the differ­
ence in the satisfaction levels increases, there is 
still no perceived difference until the difference 
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FIGURE 1 Threshold Type I. 

crosses the acceptance tolerance. Once this occurs, 
the utility obtained from the attributes for each 
alternative is equal to the product of the impor­
tance and satisfaction ratings. This will be refer­
red to as the Type I threshold in the ensuing dis­
cussion. 

In mathematical terms this can be written as fol­
lows. If 

then 

whereas if 

then 

where Skxg > Skyq• 
The utility for alternative x is then given by 

k 

I Ukx 
k=l 

(7) 

(8) 

(9) 

(10) 

(ll) 

A similar procedure can be used to obtain the util­
ity associated with alternative y. The utility for 
alternatives x and y can then be substituted into 
Equation 6 and the choice probability calculated. 

Another approach to thresholds is illustrated in 
Figure 2. Here the total utility gained from each 

( 
I 
I 

....J 

T 

/ 

/ 
/ 

/ 

M9X Sij - Sij 
J 

Max Sij 
j 

attribute for each alternative is obtained once the 
threshold tolerance is crossed. This approach is 
consistent with studies by Recker and Golob (_l!) and 
Young and Brown (15) • This approach will be referred 
to as the Type Ir-threshold in the ensuing discus­
sion. In mathematical terms this can be written us­
ing Equations 7-9. Then 

Ukx = Ik (12) 

The utility for alternative x is then given by 

k 
Ux I Ukx 

k=l (13) 

A similar procedure can be used to obtain the util­
ity associated with alternative y. The utility for 
alternatives x and y can then be substituted into 
Equation 6 and the choice probability calculated. 

DESCRIPTION OF THE DATA 

The data used in this study came from a survey of 
commuters going to the Melbourne central business 
district (CBD) in 1974 (19). A questionnaire survey 
was distributed to the employees of 35 CBD firms se­
lected on a representative geographical and classi­
fication basis. A total of 3,737 correctly completed 
responses was received from a total of 7,400 issued 
questionnaires; of these 1,205 respondents reported 
a choice between automobile and train travel. It is 
these respondents who have been considered through­
out the study. 

The survey provided detailed information regard-
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FIGURE 2 Threshold Type II. 
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ing the usual and next-best alternative mode avail­
able for the work trip. As well as actual time and 
cost data, perceptual data were solicited. The per­
ceptual data related to the level of satisfaction 
experienced with the overall descriptors--comfort, 
convenience, and reliability. More specifically, 
satisfaction scores for the three factors relating 
to the overall trip, for both usual and alternative 
modes, were registered on a semantic scale of 1 to 7. 

PARAMETER ESTIMATION AND MEASURES OF 
MODEL PERFORMANCE 

The review of the literature indicated that decision 
makers may not be sensitive to small differences in 
attribute satisfaction. These differences were also 
thought to be related to the magnitude of the attri­
bute satisfaction. The form of threshold most com­
monly used in transport research therefore takes the 
form presented in Equation 1. This expression incor­
porates both the maximum available attribute satis­
faction (Maxj Skjql and the tolerable difference 
('tk). It was therefore used in this study. 

The aim of the model estimation procedures is to 
determine the most appropriate value of the toler­
ance ('lk) • It was also necessary to determine the 
importance (Ik) placed on each attribute. Because 
the logit model was probabilistic, maximum likeli­
hood was used to estimate these two parameters. The 
likelihood function took the form 

L (I,T) =II II Pq (j)gjq 
q j 

(14) 

where 

L(I,T) 

gjq 

likelihood at tolerance level T and im­

portance level I, 
probability from the model that individ­
ual q chooses alternative j, and 
1 if alternative j was selected by indi­
vidual q, 0 otherwise. 

Because both the threshold and logit models used 
maximum likelihood to estimate the parameters, it 
was possible to compare the overall fit of the 
model. Two tests were used. The first was the gen­
eralized likelihood ratio test (18), which was used 
to test the nypothesis that the probability that an 
individual would choose an alternative was indepen­
dent of the value of the parameters in the choice 
model. If thio hypothcois cannot be rejected, the 
tolerance and importance estimates used in the model 
may be assumed to have no effect on choice (i.e., 
the choice was a random one). The likelihood ratio 
test for the models took the form 

-2lril. T -2[L*(Op>) - L*(I,T)) (15) 

where L* (0 I") is the log of the likelihood when the 
importance estimates are constrained to 0 and the 
tolerance estimates are constrained to a very high 

value, ~, and L*(i,T) is the log of the likelihood 
for the best estimates of the importance and toler­
ance parameters. This -2111A T value is distributed 
like a chi-squared distribution, with degrees of 
freedom equal to the number of parameters in the 
model. 

The second test was the pseudo-r' value (18) 
where 

p• = 1 - [L*(i,T)./L*(OF)l (16) 
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Although the statistic has the range 0 < p 2 < 1, a 
value between 0. 2 and 0. 4 was considered to - repre­
sent a good fit (18). 

MODEL ESTIMATION 

Model development consisted of a number of stages. 
First the model containing all the attributes was 
estimated. The attribute that was associated with 
the parameters that had the least influence on the 
model fit (lowest level of significance) was removed 
and the parameters for the new set of attributes 
were estimated. This refining procedure was contin­
ued until all remaining attributes had significant 
parameter estimates at the 5 percent level. The 
models presented in Tables 1 and 2 are the final 
product of this refining process. 

TABLE 1 Comparison of Statistical Performance of Threshold 
and Logit Models: Part 1 

Threshold Type I Threshold Type II 

Attribute Tolerance Importance Tolerance Importance Logit 

Time -0.20 -0.40 -0.22 l.2 -0.041 
Cost -0.29 -0.28 -0.32 1.3 -0.030 
Conve-

nience 0.31 -0.40 0.33 1.6 -0.414 
Constant 

Train -1.32 1.54 -1.486 
-21nAT 481 471 464 
p2 0.35 0.34 0.34 

TABLE 2 Comparison of Statistical Performance of Threshold 
and Logit Models: Part 2 

Threshold Type I Threshold Type II Logit 

Correct prediction 
Train 753 752 751 

Market share 895 895 895 
Percent 84 84 84 

Automobile 168 167 166 
Market share 310 310 310 
Percent 54 54 54 

Threshold !yPe I Model 

The physical measures of travel time and travel cost 
and the perceptual measure of convenience remained 
in the threshold Type I model. Convenience was found 
to have the highest importance (-0.40) and largest 
tolerance (0.31), whereas travel time had the lowest 
tolerance (-0.20) and travel cost had the lowest im­
portance (-0.28). 

In terms of the overall fit, the model was en­
couraging. The -2lril.T value was significant at the 5 
percent level (-2lra T = 481 > 12.6 = x' 

0 
) and the 

6,0. 5 

p 2 -value was in the generally accepted range of 
0.20 and 0.40. Further, the train mode was correctly 
predicted for 84 percent of the train users and the 
automobile mode was correctly predicted for 54 per­
cent of the automobile users. 

Threshold Type II Model 

The threshold Type I and I I models showed a number 
of similarities. Both models contained the same at-



Young and Bertram 

tribute set after refinement. There was also a 
marked similarity in the tolerance estimates. The 
major difference in the two models was the magnitude 
of the importance estimates. The threshold Type I 
model had importance ratings an order of magnitude 
lower than those of the Type II model. 

The overall fit of the threshold Type II model 
was acceptable but was slightly poorer than that of 
the threshold Type I model. 

Interpretation of Parameters 

Three aspects of the e s timated threshold model re­
quire further discussion: the interpretation of the 
estimated tolerance levels, the significance of the 
constant terms, and the relative magnitude of the 
estimated importance paramete rs. The threshold Type 
II mode l will be used to illustrate these points. 

To facilitate this discussion, and to obtain a 
clearer picture of how the threshold model works, it 
is useful to consider the choice process for an av­
e rage respondent in the sample, where such a respon­
dent experiences the average satisfaction ratings of 
the sample. These average ratings (Table 3) are 54 
min, 38 cents, and 4 units of convenience for th e 
train user and 56 min , 64 cents, and 4 units of con­
venience for the automobile user. 

TABLE 3 Model Allocation Process for Average Respondent 

Attribute 

Travel Travel Conve-
Time Cost nience 
(min) (cents) Units Constant Total 

Satisfaction 
Train 54 38 4 
Automobile 56 64 4 

Tolerance - 0.22 -0.32 0.33 
Acceptable satisfaction <66 <50 >3 
Estimated importances l.2 1.3 l.6 
Allocation to sets 

Automobile 0.0 0 
Train 1.3 0 1.5 2.8 
Both l.2 1. 6 2.8 

The first step in the threshold process is to de­
termine the acceptance levels. These are obtained by 
using Equation 1. For example, consider the attri­
bute travel time. The best satisfaction level for 
this attribute is the minimum travel time for each 
mode--54 min for the train mode. The tolerance level 
for this attribute is -0.22. Hence for the average 
r e sponde nt to react to any difference in the two 
modes there must be a 12-min [~ x Max(Skjql = 0.22 x 
54] diffe rence in travel time. Given that the best 
travel time is 54 min, all travel times under 66 min 
are acceptable. That is, both the automobile and 
train modes are acceptable to the average respondent. 

In the case of the trave l-cost attribute, the av­
erage respondent will react to a difference in the 
two modes if there is a 12-cent [~ x Max(8kjq) = 
0. 320 x 38] variation in th e cost of travel betwee n 
the two modes. This is in fact the case; the train 
i s mor e than 12 cents che aper than the automobile 
for thi s trip. 

Given the composition of each attribute set, its 
magnitude can be determined by summing the impor­
tances of each attribute a s shown in Table 3. It is 
evident that time and convenience allocate their im­
portance to the set that is satisfactory for both 
train and automobile. That is to say, these attri-
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butes have no influence on the final choice. The al­
location of the cost importance level is to the 
train set. 

The size of the alternative specific constants is 
large when compared with the importances of th e 
other attribute sets and hence it may be concluded 
that in this model unspecified attributes have a 
large effect on the final choice. 

Furthermore, it can be seen from Table 3 that 
travel cost, travel time, and convenience have equal 
importance ratings. 

COMPARISON OF THRESHOLD AND TRADITIONAL LOGIT MODELS 

The empirical comparison between 
models and the logit model will be 
two levels. First, the statistical 
the models and then the predictions 
the models will be compared. 

Statistical Performance 

the threshold 
carried out on 
performance of 
resulting from 

The parameter estimates for the refined logit mode l 
were presented in Table 1. It can be seen that th e 
refined logit model contained the same three attri­
butes as the two threshold models. Further compari­
son of the parameter estimates is unlikely to be of 
valu e because of the diffe rence in interpretation o f 
the attribute satisfaction. 

In terms of the overall fit there appeared to b e 
little difference among the three models. All ap­
peared to perform equally well. Hence on statistical 
grounds there appears t o be little difference in 
the s e models. 

Predicti ve Se nsit i vity 

A full comparison of the predictive sensitivity of 
the three models would require the models to predict 
changes in the transport system. Those predictions 
could be compared with what actually takes place and 
the accuracy of the mode l determined. However, the 
data used in this study could not be used for such a 
test. It is worthwhile, none theless, to have the 
models predict what might occur if a system change 
were made. These predictions could then be used to 
determine whether the three models would in fact in­
dicate different change s to the transport system f o r 
the same changes in attribute s atisfaction. 

The models were required to predict the magnitude 
of mode shift resulting from changes in attribute 
ratings between -95 and +100 percent in 5 percent 
increments for both time and cos t. A similar predic­
tion for changes in convenience ratings was not car­
ried out because it was based o n a semantic scal e 
and would inevitably be of a discontinuous nature. 

The changes in use of the train mode consequent 
on changes in the cost of travel by car and tr a in 
are shown in Figure 3. It can be seen that the thre e 
models give a very similar prediction of changes in 
train use due to chang e s in train travel cost. 

The changes in the use of the train mode conse­
quent on changes in the tr avel time by car and train 
are given in Figure 4. Unlike Figure 3 , there ar e a 
number of differences be tween the prediction s pro­
v ided by each model. In fact the only similarity in 
prediction is found when the three models predict 
cha nges in mode choice c onsequent on changes in a u­
tomobile travel time be tween -40 and +100 percent. 
It is also of note that the traditional logit mode l 
tends to provide predictions that are greater than 
the threshold models. 
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The differences among the predictions of the 
three models imply that each model would give a dif­
ferent valuation of travel time. The logi t model 
provides a value of travel time of 16 percent of the 
wage rate. The importance parameters from the 
threshold model cannot be interpreted in this way, 
but inspection of the sensi ti vi ty curves indicates 
that the value of travel time implicit in the 
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threshold models is lower than that given by the 
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CONCLUSION 

The inclusion of attribute thresholds into logit 
mode-choice models has been investigated. The sta-
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tistical performance and the predictions of these 
models were compared with a traditional legit model 
that did not contain thresholds. It was found that 
on the basis of statistical fit there was little 
difference in the performance of the models. How­
ever, each model responded differently to changes in 
the attribute satisfaction level and would thus pre­
dict different outcomes for certain system changes. 
The traditional logit model was found to be more 
sensitive to attribute level changes than the models 
that incorporated thresholds. 

All three models indicated that the main attri­
butes influencing choice were travel time, cost and 
convenience. The threshold models indicated that the 
average traveler would not react to differences in 
travel time of less than 12 min and travel costs of 
less than 12 cents from the best available alterna­
tives satisfaction rating. 

Unfortunately, this study provided no clear indi­
cation of the need to include thresholds. Rather, it 
was found that if thresholds are included, the model 
will perform well statistically and provide a dif­
ferent prediction to the model that does not include 
thresholds. The unfortunate conclusion is therefore 
a call for further research to reconcile this di­
lerruna. 
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