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* The concepts of axle-connector (negative off-
track term) and connector-axle distances as they
interrelate with overall wheelbase to determine the
vehicle~dependent value IL?,

* The correct half-track adjustment of the
turning radius to determine the vehicle c¢enterline
radius {(R), and

* The relative simplicity of the calculations
when the formula components have been properly de-
fined.

As a general overview of the formula application,
it can be said that the WHI offtrack formula is an
accurate and expeditious tool for comparing worst-
case vehicle turning performance, Worst case is em~
phasized because the steady-state values as computed
virtually always exceed those for a 90-degree turn.
Be aware, however, that the formula may break down
for long units on short-radius curves.

Not even mentioned was that the mathematical
formulation of the Canadian transient offtrack model
now offers the capability to compute maximum offtrack
for any given degree of turn. The formulas available
in the report by Woodrooffe et al. (6} can be used
te adjust the steady-state walue when it has been
determined. That discussion, however, is a follow-on
subject and will not be attempted as part of this
presentation.

Offtracking calculaticns and their interpreta-
tions are indeed skills that are "honed" only with
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frequent use, Further, when improperly used any spe-
cial-purpose tocl will fail to do the job for which
it was designed. The purpose of this presentation
has been to outline the concepts and procedures re-—
guired to correctly use the WHI offtracking formula.
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ABSTRACT

When a vehicle turns, the rear wheels track inside the path traced by the front
wheels, This behavior is called offtracking and can lead to probiems when large
trucks operate in confined areas. The methods that have been used by designers to
estimate the offtracking of heavy trucks are reviewed, and then a computer method
for graphing the complete swept path of an arbitrary vehicle making any type of
turn at low speed is described. The method is valid for nearly all truck cenfige
urations in use on the highways, including double and triple combinations. The

paper includes several example plots,

and a computer program that uses this

method, developed for the Apple I1 computer, is described. The program is avail-
able free from the Federal Highway Administraticn.

Motor wehicles typically employ & single steered
front axle followed by one or more unsteered rear
axles. In low-speed turns, the rear wheels track in-
side the paths taken by the front wheels, such that
the path swept by the vehicle is wider than the
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vehicle itself. Figure 1 shows how this behavior re-
sults in an additional swept width, called offtrack-
ing, for the vehicle. Offtracking can pose problems
whenever there is not enough space to accommodate
both the width of the vehicle and the additional
cfftracking displacement. Thus engineers laying out
geometric designs for intersections, parking areas,
and other locations with restricted geometry need to
address the potential offtracking requirements of
the largest wvehicles that will be using the area.
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Swept path
with no Off-tracking

FIGURE 1

The methods that have been used by designers to
estimate the offtracking of heavy trucks are reviewed
and their limitations are menticned, A computer-based
methed for graphing the complete swept path of an
arbitrary vehicle making any type of turn at low
speed is then described and demonstrated. The com-—
puter method presented is valid for nearly all truck
configurations in use on the highways, including
double and triple combinations. A computer program
that uses this method has been developed for the
apple II computer and is available to the public from
PHWA. When equipped with the appropriate plotting
hardware, the program produces high-quality scaled
drawings of vehicle offtracking. By using this pro-
gram or an eguivalent, the designer can see just how
much space will be required by various vehicles to
navigate a turn.

Most vehicle models used for offtracking predic-
tions are one dimensional and neglect effects of
vehicle width during low-speed turns. The assumptions
underlying a one-dimensional "bicycle mnmodel" are
relevant to the range of applications for which the
models are valid and are described first.

BICYCLE MODEL

Description

In this paper are &iscussed models that assume that
all nonsteered wheels that are rigidly connected can
be represented by a single "equivalent wheel" located
neat the centroid of the actual wheel positions. Be-
cause highway vehicles are symmetric from right to
left, with each wheel on the right side of the
vehicie having a corresponding wheel on the left
side, the model is based on a single wheel located
at thé center of the axie. Thus the vehicle is
modeled geometrically as a bicycle. Multiple-axled
suspensions are similarly modeled as a single effec-
tive axle, usually located at the geometric center
of the nonsteered axles.

Figure 2 shows how an 18-wheeled tractor-semi-
trailer combination vehicle would be represented by
two linked bicycle models. The bicycle model for the
tractor has the front point coinciding with the cen-
ter of the front axle and the rear point coinciding
with a point midway between the two rear axles. The
wheelbase, designated L;, is the distance between
these points. Note that the wheelbase parameter is
less than the longest wvheelbase dimension of the
tractor because it does not extend to the second rear
axle., Naturally, it is also less than the overall
length of the tractor. The wheelbase £for the semi-
trailer, designated L,, is the distance between
the hitch and the center point of the two axles. The
front point of the semitrailer does not necessary
coincide with the rear point of the tractor unit,
and therefore the offset distance, designated i3, is
also needed. The offset is shown as a positive guan-
tity in the figure because it is in front of the
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. Swept Path
with Off-tracking

Example of the offtracking effect for a single-unit vehicle,

Articulation
o Hiteh
Semi-Trailer foe

Tractor
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B2
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"equevalent wheel”
locarions

FIGURE 2 Two linked “‘bicycle” vehicle models.

equivalent wheel position. When the hitch point is
located behind the rear wheel, a negative value is
used,

Ternms

In this paper, each component (tractor, semitrailer,
delly, and sc forth) of a combination vehicle is
called & "vehicle unit." The rear point in the bi-
cycle model will be referred to as the "rear axle"
for convenience, although it is recognized that it
is actually the center of the two or more rear wheels
in the actual vehicle being modeled. For a single-
unit wvehicle, such as a truck, bus, or automobile,
the front point always corresponds to the center of
the steered front axle. The same is true for the
tractor in a combination wvehicle. For towed units,
the front point always corresponds to the hitch lo-
cation. Because the front point wmay represent either
the center of a steered axie or a hitch location, it
will be referred to simply as "the front point.,"

Limitations

When turning at low speeds, the unsteered rear wheels
of a vehicle follow a path that is determined mainly
by twe factors: {a) the paths taken by the front
wheels and (b} the fixed geometric relationship be-
tween the front and rear axle or axles. At higher
speeds, the masses of the wvehicle components cause
forces that resist change in direction. These forces
interact with tire forces to determine where the
vehicle goes. Usually, the effect of the masses is
to force the rear wheels to the outside of the turn,
reducing the offtracking. Although it is possible in
some cases for the rear axle or axies to actually
track outboard at high speeds, the swept width is
generally largest at low speeds, Thus models based
only on kinematic relations can be used to predict
"worst~case" offtracking.

There is a great deal of additional mathematical
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complexity that is encountered when going from a
simple bicycle model to one that includes details of
tire mechanics. Fortunately, these effects have only
a slight influence in most of the situations that
concern pavement layout design. Therefore this paper
deals exclusively with methods based on the bicycle
model. Before continuing, however, a few exceptional
cases will be mentioned for which the bicycle model
is not appropriate. The bicycle model is inaccurate
in these cases because the tire mechanics act in
such a way that identically steered wheels do not
perform the same as a single equivalent wheel, as is
agsumed in the bicycie model.

For an axle with dual tires to follow a curved
path, it is necessary for the individual tires to
assume nonzero slip angles, generating forces that
cancel but nonetheless create a steering moment. This
moment acts about the center of the axle and resists
any turning. The same effect is c¢reated when there
are two or more nonsteered axles rigidly connected
in a tandem or triple suspension. A result cof these
tire forces is that significant steering effort is
required o navigate a turn in contrast to the zero
steering effort that would be adeguate if all tires
were to roll with no slip.

The steering effort is not of concern as long as
the reguired forces are available. One limitation is
the friction of the pavement surface., If the required
steering forces at the front axle exceed the friction
available, then the front tires will slide and the
vehicle will not make the turn as predicted with &
no-slip bicycle model. This might happen for a spe-
cial vehiele with many heavily loaded rear axles that
are unsteered and a lightly loaded front axle, but
such behavior wouild be most uncommon for a highway
vehicle.

Another case in which a single wheel with zero
slip is not a good representation of a group of un~
steered wheels is that in which the tires on the
wheels are not identical or all the tires in a group
are not loaded equally.

When the tires are more or 1less the same, and
egqually loaded as intended, the steering moments
generated by the nonsteered tires have only a minor
influence on the vehicle tracking performance on
high~friction surfaces (that is, dry pavement) and
can be included in a bicycle model by modifying the
wheelbase parameter {l). This effect is typically so
slight that a simple geometric averaging is generally
acceptable for obtaining the wheelbase parameters of
the bicycle model.

On slippery surfaces some of the tires can reach
the frictional limits while others do not, resulting
in different offtracking performance than would be
obtained on a high-friction surface (2). The bicycle
model applies only for the case of a high-friction
surface.

Although there is nothing to prevent the bicycle
model from peing used for wvehicles with steerable
rear axles, steerable rear axles are not treated in
this paper. All of the analvses that follow apply
only to vehicles with unsteered rear axles, for which
an equivalent vehicle unit wheelbase can be assuned.

ANALYSES IN USE

Maximum Offtracking

For a given radius of turn, the maximum ocfftracking
occurs when the vehicle has reached a steady-state
condition, The case of steady turning is relatively
simple to analyze for the bicycle model. Because the
vehlicle is a rigid body, there is a center of rota-
tion about which every point in the body rotates.
The hno-slip condition at the rear means that the
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circle traced by the rear wheel must be perfectly
tangent to the wvehicle body, as shown in Figure 3.
This condition of tangency means that the Pythagorean
theorem can he used to calculate the radius of the
circular path at the rear wheel:

2 - p2 .12 1
RS = Rf -~ L& (1)

Thus the no-slip conditien requires that the rear
axle must follow a smaller radius than does the
front, such that steady-state offtracking is always
inboard, Note that the cfftracking is maximum at the
equivalent rear axle position because it is only at
the position of the rear axle that the vehicle frame
is exactly tangent to the curve, Either forward or
aft of this pesition, the vehicle must be Zfurther
from the circular curve (and thus it must lie oh a
longer radius curve} as can be seen from the figure.

{Wheelbase)

/f;
Rln

I
(Fapuet)

14
{Response]

FIGURE 3 Use of the Pythagorean
theorem to compute maximum
(steady-state} offtracking in a
constant-radius twrn,

Just as the steady turning of a motor vehicle is
determined by the radius of the path followed by the
front axle, the turning of a towed trailer is deter-
mined by the radius of the articulation point {(hitch
location). Pigure 4 shows the geometry for the case
of a tractor-semitrailer wvehicle. As before, the
Pythagorean theorem applies to the tractoer, such that
the radius of the effective rear axle (Ry) can be
caleulated using EBquation 1, The Pythagorean theorem

FIGURL 4 Use of the

Pythagorean theorem to
analyze maximum (steady-stale)
offtracking of a tractor-
semitrailer in a constant-radius
turn.
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is used consecutively to next calculate the radius
of the path traced by the hitch

2 = p2 2
Ri = Ry + Ay
= R2 w2 2
Rf = LT + A7y (2)

and it is used cnce more to compute the radius of
the effective trailer axle:

2 - pd _ 12
R =R~ I
= pd _ 1,2 2 .12
RS - 12+ a2 - 12 (3)

‘The path taken by the hitch is the input for the
trailer, just as the path taken by the front axle is
the input for the tractor. This procedure can be ex-
tended for more trailing units, Thus complex combi-
nation vehicles can be analyzed for steady turning
(maximum offtracking) simply by repeated application
of the Pythagorean thecrem. When this is done, the
cumulative offtracking of the rearmost effective axle
can always be calculated directly. A simplified ver-
sion of the general formula was originally recom-
mended by the Western Highway Institute (WEI) (3)
and has been adopted as a recommended practice by
the Society of Automotive Engineers (SAE} (4). (The
hitch offset parameters, designated x; in this
paper, are neglected because they are usually much
smaller than the wheelbase parameters and thus have
a negligible effect when sguared in Equation 3.)

The steady-turning scenario, represented by the
SAE formula, gives only the maximum offtracking that
will eventually occur for a given vehicle configura-
tion and input radius. However, for many large trucks
the steady turn condition is not reached until the
vehicle has turned more than 360 degrees, For tight
{small-radius) turns, Equation 3 may not have a
solution. For example, typical length parameters for
a 60-ft tractor-semitrailer combination vehicle are

Ly = 16.5 £t (5.0 m),
Ly = 37.0 £t {11.3 m), and
Ay = 0.

Equation 3 will give a zero radius for the rearmost
axle when Ry, = 40.5 ft (12.4 m); £or any shorter
radius the trailer is forced backward and Fguation 3
cannot be used.

In practice, nearly all situations for which off-
tracking performance is desired are transient. The
steady-turning relations were presented here mainly
as an introduction to the more generalized analyses
of transient turning that follow.

Tractrix Integrator

The transient path followed by the rear axle in a
bicycle model is called the general tractrix of the
path followed by the front point., The tractrix is
defined by the two mathematical constraints that have
been illustrated in Figures 3 and 4, namely,

1. The rear axle is always a constant distance
from the front axle (wheelbase) and

2. The path traced by the rear axlie is at all
times tangent to the line connecting the rear axle
to the front axle (no-slip condition for the un-
steered wheel).

The tractrix integrator is a drafting instrument
that can be used to trace the tractrix of a curve
(3:5). The instrument consists of a bar supported at
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one end by a stylus (the front point} and at the
other by a single knife-edge wheel (the rear axle).
The tractrix integrator is essentially a physical
bicycle model.

The distance between the wheel and the stylus or
the integrator can be adjusted to model different
wheelbases. To use the integrator, a scaled drawing
is prepared for the input curve, which would be fol-
lowed by the front axle of the vehicle of interest.
The distance between the stylus and the wheel of the
tractrix integrator is adjusted to match the wheel-
base of the wvehicle according to the scale chosen
for the drawing. The wheel of the integrator is
coated with wet ink, and the input curve is carefully
traced with the stylus. The inked wheel, roliing in
line with the bar, draws the tractrix. For a combi-
nation vehicle, the instrument would next be adjusted
to match the wheelbase o<f the trailer, and the
process would be repeated using the tracgtrix of the
lead unit vehicle as the input for the second unit.
Thug the path £follewed by the rear axle of the
trailer is the tractrix of a tractrix.

The tractrix integrator can be used for any trac-
tor-trailer combination and any type of input path.
The procedure described for tractor-trailer combina-
tions can be extended to include double and triple
combinaticns by using the tractrix of the previous
unit as the input for the following unit. The trac-
trix integrator gives only the paths that would be
taken by the center of the vehicle--the wheels in a
bicycle model. To obtain the swept path, the drafts-
man must manvally add the width of the vehicle.

The procedure used for multiplile wvehicle combina-
tions does not allow for hitch locations that are
of fget from the equivalent axle locations. Often
these offsets are fairly small relative to the
wheelbase measurements so this error is negligible.

Bxact Solution

General mathematical solutions for the tractrix of
both straight-line and circular steering curves have
been derived (5) and can be used to show gquantita-
tively just how the radius of the rear axle varies
during the turn., Considering the simplicity of the
vehicle geometry and path inputs, the relations are
striking in their complexity. Because the path of
the rear axle of the tractor is not circular, the
recursive approach used with the Pythagorean theorem
and tractrix integrator cannot be used with the exact
solutions. The exact solution is therefore limited
to a single-component vehicle, unless great liberties
are taken when formulating engineering approxima-
ticns.

Design Templates

The most popular method for estimating offtracking
requirements involves overlaying a template with a
scale drawing of the design area. The template shows
the swepth path of a specific vehicle in a specific
turn~-typically a 45-ft radius for the outside wheel,
which corresponds tc a 41-ft radius for the center
of the front axle. For these templates, the vehicle
approaches the turn along a straight line, follows
the constant radius arc for a specified arc angle,
and then departs in a straight line. The arc angles
are typically 90 and 180 degrees, although other
angles are sometimes also shown. The AASHTO green
book includes figures for several design vehicles
{6}, and similar templates are available from other
soutces (3). Most of the design templates were pre-
pared graphicaliy using a traxtrix integrator.



Sayers

NUMERICAL METHOD

None of the methods discussed thus far are completely
satisfactory as an everyday design tocl. The tem-
piates can cffer only an approximate indication of
the offtracking that a design vehicle would exhibit
in a reference turn. The radii used as inputs for
the templates may have little in common with the
design area. A more immediate problem is that tem—
plates are not necessarily available for the vehicle
of interest, particularly if it was not previousliy
allowed on public roads. Only the tractrix integrator
is capable of providing a representative simulation
of an arbitrary vehicle following an arbitrary path.
As a drafting instrument, however, it requires scale
drawings and a certain amount of skill in its use
and interpretation, and it has not proven practical
for everyday use. The alternative that follows is
basically a computer simulation of the tractrix
integrator.

General Approach

A numerical offtracking solution must duplicate the
operaticn of the tractrix integrator. Thus the con~
straints that define a tractrix need toc be translated
into mathematical equivalents. Although a generalized
mathematical solution to the tractrix problem is not
known, it is relatively simple to solve the tractrix
equations for very short distances, The general
sciution method is therefore one of stepping through
the trajectories.

Because the computations are intended to be pro-
grammed intce a computer, it is convenient at this
point to consider a flowchart of the simulation,
which is shown as Figure 5. The flowchart shows three
"loops" through which the fiow of the program might
be redirected to repeat computational sequences. The
main loop, which goes from the bottom diamond box to
the box labeled b, indicates that, when all of the
calculations have been performed for a specific point
along the input path, the vehicle is moved forward
slightly and the process is repeated for the new
position. The increment (As) is usually set to a
value of 1 ft (0.3 m). When the vehicle has reached
the end of the path, the program finishes as indi-
cated by QUIT at the bottom of the chart.

There are also two inner loops in which calcula-
tions are repeated for each unit in the combination
vehicle. The letter n in the decision diamonds indi-
cates the number of vehicle units and would he set
to n = 1 for an automobile, n = 2 for a tractor-
semitrailer, n = 4 for a doubles combination (trac-
tor, semitrailer, dolly, pup semitrailer), and so
forth. Note that for a single-unit vehicle, none of
the calculations would be repeated and there would
only be the single loop involving the calculation of
position as the vehicle stepped through the maneuver,

Coordinates of a Point in a Vehicie Unit

When the position of the rear wheel of a vehicle unit
and the heading angle are both known, the position
of any point associated with that unit can be cal-
culated on the basis of the position of the peint
within the vehicle unit. Pigure 6 shows the X-¥ Cco-
ordinate systems used in this paper to describe
points lying on a vehicle unit. There is an absolute
coordinate system needed to describe the positions
of the vehicle units as they trace a path, designed
with capital letters, X,Y¥., The origin of the system
is arbitrary and can be set to any convenient loca-
tion. (The beginning of the input path is one such
convenient location,) In addition, each unit has its

57

e | Calculate initial vehicle coordinales |

b. [ Updale paihinpul at new posiion (Advance by 43 M-
¥

. Compute path curvalure of rear axle of uni{ | (eq. 13}

Lst INNER LOOP
Compute curvature
Jor each unir

¥
d [ Compuié new coardinales o Fronl pomt 1eqs. 7,87 e

ra | Compulg incremental arc length for rear axle {eq. 21) ]
f } Compule new coordinates lor rear wheal {eq. 7.8) ]
I3 E Compute new heading angié (6q. 6) ?

h. L Compule & plot coordinales of rel. points {eqs. 4,5} j

2nd INNER LOOP
Compite incremeniai
arc for each wait
and updare positions

CUTER LOOP - Advance
vehicle througit input path
i small increments of As

FIGURE 5

method.

Flow ehart for offiracking computation

X (north)

Point P * Y (easy)

Absolute
coordinate system

Relative
coordinate systen

FIGURE 6  Coordinates ol arbitvary
point P in vehicle unit.

own relative coordinate system, designated by sub-
script lower-case letters (%ji,y;). As shown in
the figure, the origin of the relative coordinate
system (xj, y3) has absolute coordinates (X3, ¥;) and
is located at the positiorn of the rear axle of that
unit, Note that positive x values lie in front of
the axle and that positive y values lie on the right
side of the vehicle centerline. The absclute coordi-
nates of the point indicated in the figure are

xp=xi+chos¢—?ysin¢ {4}
Ymei+szin¢+Pyc05¢ (5)
where X, and ¥, are the absolute coordinates of
the point P, P, and P, are the relative coordi-

nates of the point P within the vehicle unit, and
Xj and ¥; are the absolute coordinates of the
rear wheel of the unit.

Points of interest that would be located using
Egquations 4 and 5 are the front point (with relative
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coordinates Py = Li., Py = 0) and the hitch location
gcoordinates Py = &3y = Py = (). Two other points of
interest are (a) the outér~front corner of the lead-
ing wvehicle unit, which usually defines the outer
edge of the swepth path, and (b) the inner-rear
wheels on the rearmost unit, which usually define
the inner edge of the swept path.

Fquations 4 and 5 are used directly in plotting
reference points (Step h in Figure 5} and are also
used to determine the initial vehicle position (Step
a in Figure 5). when used to begin the simulation,
Xy and ¥; represent the front point of the unit,
and and Y,, are the calculated initial position of
the rear axle, using P, = -Lj, and Py =0,

Characterization of Input Path

Most of the time, designers are interested in the
case of the vehicle making a circular turn for some
angle of interest (typically 90 degrees) and then
exiting the turn in a straight line. Thus the path
input is represented by a circular arc andé a tangent
iine. A more general representation would be helpful,
however, so that offtracking simulations could deal
more realistically with the types of maneuvers that
truck drivers actually make. For exampie, when turn-
ing to the right in an intersection, the driver might
first turn to the left to make better use of avail-
able space.

A generalized input path could be specified as a
series of w®-y coordinates at closely spaced inter-
vals, but this would reduce flexibility in selecting
an appropriate distance increment, and regquires an
assumption of how the points are connected (straight
lines, arcs, polynomial function) in order to derive
a solution. In this paper the input path will he
characterized as a seguence of arcs. The end point
of one arc is also the beginning peoint of the next,
and the arcs are constrained te be tangent where they
meet. Using this method, most input paths of interest
can be represented with just two arcs--the first a
constant-radius turn, and the second a straight line
out of the turn. When more complex paths are desired,
they can be built up easily from c¢ongruent arcs, as
shown for three examples in Figure 7. Figure 7a shows
the simple case for twe arcs, the second of which
has zero curvature. Figure 7b shows a more complex
type of turn that could be used to model a maneuver
in which the driver first turns to the left in order
to obtain more room for a right turn., It is composed
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c. Lane change

FIGURE 7 Three mancuvers represeated as
sequences of circular arcs.
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of four arcs, the fourth of which has zero curvature.
Figure 7c¢ shows a lane-change type of path, which
could be used to model the maneuver made by a bus
pulling into a busw-stop lane and then leaving.

Bach arc segment in a path is subject to two con-—
straints at the end points to maintain continuity:
(a) the end points of consecutive arcs must meet and
(k) they must be tangent to each other. As a result
of these constraints, each arc can be defined mathe-
matically by two parameters: radius and length.
Mathematically, it is more convenient to use curva-
ture-—the inverse of radius with units of 1/length--
than direct radius (which is infinite for a straight
iine) or degree of curvature (which has arbitrary
units and requires conversion factors). Turns to the
right are indicated in this paper as positive curva-
ture, straight lines have zero curvature, and curves
to the left have negative curvature. The curvature
of an arcs is indicated@ as p, and radius is there-
fore 1/p.

The second parameter used in the following deri-
vations is arc length, indicated as s. The arc length
is used instead of the interior angle because atc
length is relevant for straight lines, whereas an
interior angle is not.

In addition to the two parameters for each arc,
the X-Y coordinates of the first point and the head-
ing angle (¢} at the first point can be included
for plotting purposes to match the coordinates of
the input path to another coordinate system. When
these values are specified for the first arc, cor-
responding cocordinates and heading angle can be cowm-—
puted for all subsequent arcs from the conditions of
continuity.

Coordinates of a Point on an Arc

To begin the mathematical representation of vehicle
offtracking, consider the computation of the x-y co-
ordinates of an arbitrary point on a circular arc.
Figure 8 shows a sketch of an arc with curvature p
and length s. In addition, the coordinates of the
beginning point of the arc are given as Xy Ygr
and the initial heading angle is ¢p. At distance
s along the arc¢, the heading angle will be the ini-
tial angle plus the angle subtended by the arc. The
angle is the product of the arc leagth and the cur-
vature, and thus

$ = 4¢pg tsp (6}

The coordinates of the end of the arc (for nonzero
curvature) can be written as

X

ki

Xg + (1/p) {sin (¢g + sp) - sin ¢g]

Y

i

¥p = (1/6) [cos (sg + sp) = cos ¢pl

which can be manipulated (using trigonometric iden-
tities) to yield

X = Xy + 8 [sinc {sp) cOs ¢
- sine (sp/2) sin ¢y sin (sp/2)] (7}
¥ = ¥y + 5 [sin {sp/2} sinc (sp/2) cos ¢

+ sine (sp) sin ¢gl (8)
where the function sine curve (sinc) is defined as
sinc (x) = sin (x)/x (9)

Although Equations 7 and 8 are derived for non-
zero curvature, they are also valid for straight
lines when p = 0 when they revert to simpler form
[if p = 0, then sinc (sp) = sinc (sp/2) = 1, ahd =zin
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X {north}
X5 Yo

Start of
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FIGURE 8 Coordinates slong a constant.
radiug curve,

(sp/2) = 0]. These equations are used in several
places in the offtracking simulation to compute new
coordinates for various points (Steps b, d, and £ in
Figure 5).

Rigid Beody Rotation

As a rigid body follows a curved path, at any instant
it can be characterized by a center of rotation.
Pigure 3 shows this for a single vehicle unit and
alsc indicates how the center of rotation is calcu-
lated for the bicycle model: it is the intersection
of the two radial 1lines {labeled Ry and Rj,} that
pass through the end points of the bicycle and are
normal to the paths followed by those points. Figure
4 shows the special, steady~state case in which both
units of a two-unit vehicle have the same center of
rotation. In the figure both intersections occur at
the same point because this is apn illustration of
the steady-state case. For transient offtracking,
the two centers of rotation change as the vehicle
pregresses and do not coincide.

For small movements about any given position, the
paths of all points on the vehicle are approximately
circular, as defined by the instantaneocus curvature.
Furthermore, the approximation becomes more exact as
the distances become smaller. Thus the movements of
the axles of the wehicle can be computed using Egua-
tions 5-8 if the distance s is small. Por most ap-
plications, a step interval of several feet is ade-~
quate, and an interval of As = 1 ft (0.3 m) is a
conservative choice to keep errors negligible.

The method used to compute offtracking can be
summarized in two steps, which are repeated as shown
by the two inner loops in the flow chart {Figure 5).
In the first loop, the curvature at the rear axle is
computed for each vehicle unit. In the second step,
new positions for each unit are calculated on the
basis of an incremental advance of the front axle of
the lead vehicle unit,

Computation of Curvature for Vehicle Axles

Figure 9 shows the geometry for an arbitrary vehicle
unit {j) hitched to the preceding unit (i) such that

j =i+ 1

Note that two right triangles are formed, with the
angles shown defined as

tan o = lipi (10)

tan B Ljpj (1)
Also, the angle 8 can be written as a function of
the heading angles of the two units
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B=0;-05+a (12)

Equations 10-12 can be combined and manipulated to
yield

o = ftan (85 - a4) + Appil/{Ly {1
= Ajpitan (83 ~ @y} (13)

Even though it is shown for two linked units,
Equation 13 also applies to the first vehicle unit
where j = 1 and i = 0. 1In this case, ig = 0, and 9,
and pgy are the current heading angle and curva-
ture of the input path.

Starting with the first vehicle unit, Bquation 13
is applied in turn to each vehicle unit to obtain
the curvature at the rear axle for that vehicle unit,
as shown by the first loop in the flow chart (Figure
5).

Articuletion angle =G, -8 j

FIGURE 9 Compuiation of
curvature of rear axle.

Updating Vehicle Positions

Equations 5-8 and 13 can be used to compute new co-
ordinates and heading angles for each vehicle unit,
if the correct arc distance is known. The incremental
distances are not the same for each vehicle unit and
will vary during the simulation. Figure 10 shows that
the arc length can be defined by a peoint of inter—
section of two arcs with known centers and radii.

XnYn This point is knows {input}

o | M

new X.Y.
z./
Li

This point is the intersection of 2 circles, with

news 5 radit £, ; and 11 P;

This point is known

XL v
il (old position)

{new)
Xl 'Yi
{old)

FIGURE 10  Caleulation of new position of rear
axle.

The coordinates of the new axle position (xj,
Yj) can be expressed using Eguations 7 and B8:
xj = xj + Sj[51nc (Sjpj)COS Bj
~ sinc {Sjpj/Z)sin 95 sin (Sjpj/Z)]

Xy 4 S48y (14)
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Yi =Yy + sjisin {Sjpj/Z)SinC {Sjpj/Z) cos 84
+ sinc (sjpj) sin (aj)]
= Yj + Sjﬁy (15)

where X;j and Y:; are the new coordinates for the rear

wheel of unit j, and

8y = sinc (sjpj} cos aj
- sinc {Sjpj/Z} sin aj sin {Sjpj/2) (16)
By = gin (Sjpj/2} sing {Sjpj/Z) cos 85

+ sinc (Sjpj) sin 9 (17)

The coordinates of the front of the unit are the
same as the coordinates of the hitch for the preced-~
ing unit. Applying Eguations 7 and 8 gives the hitch
coordinates:

Ay = X3 + Aj cos 6j (18}
¥y = ¥y o+ Ay sin 8 (19}

The distance between the front and rear of the
unit can be calculated from the coordinates (Equa-

ticns 14, 15, 18, and 19) and must equal the wheel-
base (Lj). The Pythagorean theorem gives

2 - 2 2

L% = (%, + 8.6 %)+ (¥, +ts § ~¥} {20}
3 ] 7% h 3 3y k

Equation 20 can be solved for 84 to yield

s, = {86 4 86~ [(L2~ 82 - a2 + 5%
3 XX ¥y 3 X ¥ X ¥

21172 2 2
+ (Axﬁx + Aysy) ] }/(5x + 6y) (21)

x J

= X%y - Xj — Aj CO8 8 (22)
Ay = X5 - ¥y

=¥y - Y - oAy sin 84 (23)

Equation 21 is not a complete mathematical solu-
tion for 84 because the terms &, and 5y, which appear

in the eguation, are themselves functions of 54
(Equations 16 and 17). However, it becomes a goo
approximation if a close estimate of sy is used in
Equations 16 and 17. Because the increment aAs used
in the computation is small enough for all of the
paths to be approximately circular, the change in
s from one increment to the next is small. Thus
t?’xe value of $4 that was caiculated for the pre-
vious position ¢an be used in Equations 16 and 17 to
compute §, and &y, and those values are ugsed in Equa-
tion 21 to obtain the new value of si.

For the first calculation there is no previous
value of s: to use. However, if the multiple units
of the wvehicle are lined with each other {(all ar-
ticulation angles at the hitches are zero), then all
axles must move the same distance. This orientation
is assumed for starting purposes, and therefore each
variable s; is initially equal tc the increment of
the front axle, Sp AS .
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EXAMPLES

Templates for Two Vehicles

Tables 1 and 2 give the parameters that are used to
describe two vehicles of interest: a long ({60-ft)
tractor-semitrailer and a typical (65-ft) doubles
combination. Note that a typical doubles combinaticn
is composed of four units: tracter, semitrailer,
dolly, and second semitrailer., A triples combination

TABLE 1 Vehicle Pavameters for Long Tractor-Semitrailer
Combination (60 ft Overall, 48-1t Trailey)

Bicyele Model Parameters Reference Points

n=72 Lett fromt corner of tractor
(Unit 1)

Py =205 fL(6.25 m), Py =
=40 {2 m)

Left front wheel of tractor
(Unit 1), Py = 17.5 10 (3.3
m), Py =-4.0 ft (1.2 m)

Midpoint between right out-
side wheels of semitrailer
(Unit 2), Py =0, By =
4.25 1L {1.3 m)

Ly = 17,5 6 (5.3 m), Ay = 2,0 11 {0.6 m)

La =400 11 {122 m)

TABLE 2 Vehicle Parameters for Doubles Combination (Cab-
Over-Tngine Tractor, Two 28-it Trailers, 65-t Overall Length)

Bicycle Model Parameters Reference Points

n=4 Left front corner of tractor
(Unit 1)
Py = 1401t {43 m), Py =

Ly = 1100 f1 (3.4 m), A; = L8 10 (0.5 m)

-4.0 fi (1.2 m}

Ly = 22811 (6.9 m), Ay =-2.2 11 (-0.7 m}  Left front wheel of tractor
{Unit 1)

Ly = 6L {19m), A3 =0 P =116t (34 m), Py =
-4.0 {t (1.2 m)

Lg = 228 11 (6.9 m) Midpoint belween right oui-
side wheels of second semi-
railer (Unit 43, Py =0,

Py =425 M (1.3 m)

would usually be composed of six units containing
the four from the doubles plus an additional dolly
and semitrailer. Table 2 includes a negative hitch
offset (An). This means that the hitch is behind
the effective rear axle for the second unit, the
first semitrailer. Figures 11 and 12 show traces of
the two points that define a swept path in a right
turh: the left front corner o¢f the tractor and the
midpoint of the right wheels of the rearmost unit.
The path lying 4 ft to the left of the input path is
also shown. The input for these two figures is a
41-ft-radius turn (at the vehicle center) followed
for angles of %0, 180, 270, and 360 degrees. Although
longer, the doubles combination sweeps a narrower
path than does the tractor-semitrailer combination.
Indeed, the tractor-semitrailer is too long to reach
a steady-state condition for a 4l-ft-radius turn,
and FEguation 3 (the SAE formula} has no sclution for
this vehicle.

Figure 13 shows the type of trajectory that would
be predicted for the tractor-semitrailer for a con-
tinued turn. The figure is bhased on the same radius
input but continues the turn for three complete
circles (1080 degrees). Shortly after 360 degrees,
the rear wheels of the trailer have tracked so far
inbocard that the trailer is actually being pushed
backwards as the tractor progresses. As it is pushed
backwards, it tracks cutward in a diverging path un-
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FIGURE 13 Example of a trailer backing up
when attempting a continued short-radius
turn,

til it is so far cutboard that it can go no further.
After this point it is once again pulled by the
tractor and tracks inboard. The figure demonstrates
that the numerical method is stable and versatile,
but is also demonstrates a result that could not be
obtained with an actual wvehicle. To generate the
paths shown, the trailer had to pass over the trac-

6l

tor. That is, the articulation angle between tractor
and¢ trailer went clear to 180 degrees and continued.
Actual tractor-semitrailers are constrained to ar-
ticulation angles of a little more than 90 degrees,
S0 a real vehicle would have jammed and possibly been
damaged if this maneuver had been attempted.

Description of the Apple II Program

A computer program that performs the offtracking
computations described in this paper and prepares
plots of the paths on an X-Y plotter is available
from FHEWA. The program was written for the FHWA at
the University of Michigan Transportation Research
Institute (UMTRI) as part of the project "Impact of
Specific Geometric Features on Truck Operations and
Safety at Interchanges" (contract DTPH61-83-C-0054).
The program runs on an Apple II computer (II+, IIe,
Iic) and requires 48k memory and cne disk drive, The
program is self-contained and relatively user
friendly, so that persons who do not have any ex-
perience with computers in general (or the Apple II
in particular) can use the program without learning
much about the operation of an Apple II.

The program allows the user to enter, edit, and
save input paths and wvehicle descriptions. When a
vehicle description and a path description are both
chosen, the program simulates the tracking of the
selected vehicle as it follows the selected path.
The coordinates of the rear axles of each vehicle
unit are stored on disk along with the heading angle.
Preselected reference points are plotted on the dis=-
play screen to show the progress of the simulation.,
Later, the stored data c¢an be used to plot the paths
of any arbitrary points in the vehicle.

Scaled hard copies of the vehicle offtracking
paths can be obtained in two ways. If a plotter (the
Apple X-Y plotter} is available, the program will
use it to make scaled ink drawings of the paths
traced by any reference points of interest. The
plotter can use either paper or transparent material,
s¢ it is convenient for making transparent overlav
templates. Although the program was developed pri-
marily for use with a plotter, it also allows a dot
matrix printer to be used if a "smart" interface card
that can control the printer to reproduce the graphic
image from the screen is installed in the computer.
At the time the program was written there was no
software available that allowed detailed graphics
covering an entire printed page at once, (The main
problem is that a full 8~ by 10~in. printer page
contains more than 4 million dots and requires more
than 460k bytes to store the image.) The hard copy
is limited to the information shown on the screen.
To make a typical scaled plot, it is necessary to
make four hard copies, each showing a different
fraction of the entire plot., These can then be taped
together, as shown in Figure 14. Thus the trade-off
in cost versus performance between a printer and
plotter includes both speed and guality. The plotter
produces high-guality output in less time than the
printer.,

The program was developed for a microcomputer in-
stead of a mainframe computer in order to make the
program more accessible toc state agencies. Most large
computers (and many small computers} have special
hardvware and software for plotting, which means that
a4 program with graphi¢ output will require custom-—
ization to run on a particular installation. By using
an inexpensive and commonly available microcomputer,
the problems associated with installation effort and
hardware incompatibility are reduced, and they can
be completely eliminated by using the supported x-y
plotter.
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with a dol-matrix printer and 2 “smart” interface card.

The main disadvantage of this program is that it
is slow to execute. It takes from several minutes to
about 20 min to calculate the offtracking paths for
a single vehicle maneuver, with the longer times
needed for the more complicated vehicles (doubles,
triples). It then takes 5 to 15 min to make a plot,
as it reads stored data from a disk file. (If the
hard copy is made with a dot-matrix printer, the time
is multiplied by the number of printed images that
must pe tapeé together to obtain the full-scale
plet.)

SUMMARY

A review of the methods in use by designers to esti-
mate the offtracking of heavy trucks shows that ana-
lytical methods are not available for predicting
low~speed offtracking €for transient paths. Iwo
graphic methods are used instead: the tractrix in-
tegrator (a drafting device) and transparent overiay
templates, usually generated with the tractrix inte-
grator. A computer—-based method for graphing the
conmplete swept path of an arbitrary vehicle making
any type of turn at low speed is described and
demonstrated. The computer method is essentially a
numerical wversion of the tractrix integrator, with
the improvements that can be obtained using computer
graphics equipment. A program that uses this method
has been developed for the Apple II computer and is
available to the publiic from the FEWA. When equipped
with the appropriate plotting hardware, it produces
high=guality scaled drawings of vehicle offtracking.
The program can simulate most highway vehicles and
handle arbitrarily complex turn gecmetries. Therefore

virtually any geometric design can be evaluated for
a particular vehicle of interest.
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