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Revision of a Flawed Acceptance Standard 

RICHARD M. WEED 

ABSTRACT 

A major revision of AASHTO Standard R9-84, Acceptance Sampling Plans for High­
way Construction, has just been completed. The primary goals were to correct a 
major conceptual error and to reduce the level of complexity. In this paper the 
flaws in the original version are discussed, the basic changes that were made 
are described, and a significant addition to the new standard is presented. 
This addition is operating characteristic tables that enable the user to quickly 
and easily select acceptance plans that will provide the desired degree of 
quality assurance. Computer simulation is used to demonstrate that single-limit 
variables operating characteristic curves are sufficiently accurate for most 
double-limit applications. Two examples are included to illustrate the use of 
the revised standard. 

In the early 1960s, the AASHO Road Test produced a 
wealth of statistical data that could be used to 
relate pavement quality to performance. Highway 
engineers began to recognize that various desirable 
quality characteristics could be described statisti­
cally, and, toward the end of that decade, several 
highway agencies had begun to develop acceptance 
procedures based on statist~cal concepts. Today, 
many highway agencies routinely use statistical ac­
ceptance procedures in one form or another. 

The first statistical acceptance procedures were 
often far from optimal. Highway engineers were rela­
tively unfamiliar with statistical terms and proce­
dures, especially in regard to the construction of 
operating characteristic curves and the analysis of 
risks. Consequently, the early development of sta­
tistical specifications consisted largely of a 
trial-and-error process and several revisions were 
often required to obtain a workable specification. 

More recently, there has been a significant im­
provement in the manner in which these specifica­
tions are developed. Highway engineers have acquired 
a better understanding of statistical methods (1-3) 
and the computer has emerged as a valuable aid <iril 
in performing much of the development and analysis 
work. The state of the art has now progressed to the 
extent that statistical specification writing must 
be regarded as a thoroughly scientific activity. 

AASHTO Standard R9-84, Acceptance Sampling Plans 
for Highway Construction (~),was adopted in 1984 to 
document and standardize practices that had evolved 
over the previous two decades. It covers both attri­
butes sampling for defects that are counted and 
variables sampling for characteristics that are mea­
sured on a continuous scale. Primary source docu­
ments for these two approaches are Military Standard 
105 for attributes sampling (7) and Military Standard 
414 for variables sampling (8), both published by 
the U.S. Department of Defense:- The theory underlying 
attributes sampling is relatively simple and is 
covered in connection with the hypergeometric distri­
bution in many texts on statistics and quality assur­
ance (9-11). The theoretical basis for variables 
sampling ~s considerably more complex, involving 
both the beta and the noncentral t distributions, 
and is not as well known (11-13). 

Unfortunately, the current version of. Standard R9 
is seriously flawed, both by what it includes and by 
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what it omits. It is based on an early method that 
contains both technical and conceptual errors and it 
fails to cover the analysis of operating charac­
teristic curves, one of the most important steps in 
the development of any acceptance procedure. A higher 
level of technical competence must be demanded of a 
work that is to serve as a procedural guide for the 
highway quality assurance profession. 

BASIC PROBLEMS AND CORRECTIVE MEASURES 

The original developers of the methodology used in 
AASHTO Standard R9 undoubtedly had nothing but the 
best of intentions. At a time when statistical pro­
cedures were new and unfamiliar, and considerable 
resistance to the new methods was often encountered, 
it was understandably tempting to make various seem­
ingly harmless modifications to make these procedures 
more palatable. Obviously, the arbitrary modifica­
tion of any highly technical procedure by practi­
tioners unfamiliar with the underlying theory is a 
dangerous business and, not surprisingly, the valid­
ity of some of these methods was seriously compro­
mised. This is essentially what happened in the 
development of the procedures used in Standard R9. 
Specific shortcomings and the necessary corrective 
measures are as follows: 

1. Both the attributes and variables plans 
described in Standard R9 are designed to control 
percent defective, the percentage of the lot falling 
outside a lower or upper specification limit, or 
outside both lower and upper specification limits, 
as illustrated in Figure 1. As presently written, 
however, Standard R9 is oriented partly toward per­
cent defective and partly toward population means, 
which leads to considerable confusion. For example, 
it is stated in the current standard that, for a 
variables plan with the standard deviation unknown, 
only one risk (buyer's or seller's) can be con­
trolled. Indeed, when quality is measured in terms 
of percent defective, both the buyer's risk and the 
seller's risk can be controlled by either variables 
or attributes plans. This basic contradiction has 
been corrected by basing the revised standard en­
tirely on the percent defective parameter. 

2. A major omission in the current standard is a 
convenient method of constructing the operating 
characteristic (QC) curves for the acceptance plans 
that are developed. QC curves give the probability 
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FIGURE I Illustration of the concept of percent 
defective. 

of acceptance associated with various levels of sub­
mitted quality and provide a graphic representation 
of an acceptance plan's ability to discriminate be­
tween acceptable and unacceptable work. A typica 1 
example is shown in Figure 2. The importance of 
examining OC curves cannot be overemphasized. In 
this manner, the risks to both the specifying agency 
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and the contractor can be determined in advance and 
modifications to the acceptance plan can be made, if 
necessary, before embarrassing and troublesome 
situations arise in the field. This shortcoming of 
the current standard has been corrected by the 
development of several new operating character is tic 
tables for both attributes and variables plans. 

3. When constructing an OC curve for a variables 
plan, the problem cited in Item 1 becomes much more 
apparent. Because the variables approach was derived 
to control percent defective, there is a unique 
probability of acceptance associated with any par­
ticular level of lot percent detective, as can be 
s een in Figure 2. (This is precisely correct for 
s ingle-limit plans and is approximately correct for 
double-limit plans.) However, if the acceptance pro­
cedure were oriented around population means, as it 
is in the current version of Standard R9, there would 
no longer be a unique OC curve because each level of 
population mean could correspond to a wide range of 
percent defective, depending on the value of the 
population standard deviation. Rewriting the standard 
entirely around the percent defective parameter has 
corrected this problem. 

4. The table for the estimation of percent de­
fective in the current version of the standard is 
not in the most logical or useful form and it omits 
several potentially useful sample sizes. The new 
table includes several additional sample sizes, it 
is accurate to a greater number of decimal places, 
and two revised formats are provided. 

5. The current table for attributes sampling was 
taken from Military Standard 105 (7). It gives the 
recommended sample size and acceptance number (maxi­
mum allowable number of defective items in a sample) 
based on lot size and the uPer 's definition of ac­
ceptable quality level (AQL). In its present form, 
it does not allow the user to know or control the 
risks that are involved and, as in the percent de-

I I I I I T 
0 .90 

\ SINGLE-LIMIT VARIABLES ACCEPTANCE PLAN _ 

0 .80 \ STANDARD DEVIATION METHOD 

\ 
0 .70 

0 .60 

PROBABILITY 

OF 0 . 50 

SAMPLE SIZE • n = 5 

\ Q = X-L 
OR u-x 

\ 
-s- -s-

ACCEPTANCE REQUIREMENT _ ._ 

ACCEPTANCE 

0 .40 

0.30 

\ PD,,; 30 

\ OR 

Q ~ 0.57 

0 . 20 
I\ 

\ 
0 . 10 r\. 

" ~ 0 . 0 

0 10 20 30 40 60 70 BO 90 100 

LOT PERCENT DEFECTIVE 

FIGURE 2 Typical operating characteristic curve for a variables acceptance plan. 
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fective estimation table, several useful sample sizes 
have been omitted. This table has been completely 
revised to be more suitable for highway construction 
applications. 

6. The current version of the standard emphasizes 
the range method for variables acceptance plans. The 
standard deviation method is included, but the user 
is required to estimate the standard deviation from 
the range. For this reason, the current version fails 
to capitalize on the standard deviation's superior 
mathematical efficiency. To realize the cost savings 
associated with the smaller sample sizes required 
with the standard deviation method, this is made the 
primary procedure in the revised version of the 
standard. The range method has been retained and 
some new tables have been provided, but this proce­
dure has now been relegated to an appendix. 

7. If an acceptance specification developed by 
the method outlined in the current version of Stan­
dard R9 were to be challenged in court, it is pos­
sible that the weaknesses in the standard could be 
used to attack the validity of the specification. 
Al though it is true that the acceptance plan could 
be perfectly satisfactory even though the methodology 
used to develop it was flawed, the highway agency 
might still be cast in an unfavorable light. This 
potential vulnerability can be avoided by using valid 
statistical procedures in a rigorous fashion. It is 
believed that the revised version of Standard R9 
will encourage the proper use of these methods. 

a. Finally, a major drawback of the present ver­
sion of Standard R9 is its technical complexity. At 
best, it will fail to promote a wider use and ac­
ceptance ot statistical quality assurance and, at 
worst, it could even be a deterrent. A primary goal 
in rewriting the standard was to make it considerably 
easier to understand and use. 

DEVELOPMENT OF NEW TABLES 

To correct the deficiencies of the current standard, 
it was first necessary to develop several new tabl es . 
These form the core around which the rest of the 
standard has been constructed and are discussed in 
the order in which they appear in the appendices of 
the revised standard. 

In Appendix A of the new standard, the previous 
table for attributes sampling has been replaced with 
operating character is tic tables that give probabil­
ity of acceptance for selected levels of population 
(lot) percent defective for many different combina­
tions of sample size and acceptance number. Those 
plans that have relatively undesirable OC curves 
have been omitted, and not all plans in these tables 
will be suitable for all situations. The primary 
benefit of the new tables is that it is possible to 
tell at a glance how different plans will perform 
over a wide range of submitted quality. 

The new attributes tables appear in four sections, 
one each for lot sizes of 20, 100, 500, and infinity. 
Two of these tables, for lot sizes of 100 and infin­
ity, are shown in Figures 3 and 4. The tables are 
constructed so that it will never be necessary to 
interpolate between acceptance numbers or between 
sample sizes up to a sample size of n = 10. Some 
interpolation may be necessary for larger sample 
sizes or for specific lot sizes, although the OC 
curves are relatively insensitive to lot size. For 
plans with variable lot sizes, it will be necessary 
to plot bounding OC curves. 

Appendix B of the new standard contains the cor­
responding operating characteristic tables for vari­
ables acceptance plans (standard deviation method) , 
one of which is shown in Figure 5. The acceptance 
plans in these tables are specified by sample size 

23 

and either the maximum allowable estimated percent 
defective (M) or the minimum allowable value (k) of 
the quality index (Q), The quality index is computed 
by Equation 1 or 2, as appropriate. 

where 

(X - L)/S 

Q quality index, 

X • sample mean, 
s • sample standard deviation, and 

(1) 

(2) 

L, u lower and upper specification limits out­
side of which the material or work is 
defined as defective. 

Because variables plans deal with continuous data, 
there are an infinite number of plans that might be 
used and it will occasionally be necessary to inter­
polate between the acceptance parameters shown in 
Figure 5 . The operating characteristic tables for 
variables plans include a wide range of acceptance 
plans and, like the attributes tables, not all plans 
will be suitable for all situations. 

Appendix C of the new standard provides a more 
complete table for the estimation of lot percent 
defective (standard deviation method). This table is 
the equivalent of Table B5 in Military Standard 414 
on variables sampling (8) except that it includes 
several useful sample sizes that were omitted in 
both Military Standard 414 and AASHTO Standard R9. 
The new table consists of five sections, one of which 
is shown in Figure 6. 

The percent defective estimation tables in Appen­
dix c of the new standard cover a wide range of sam­
ple sizes, considerably more than would ever be used 
in a single acceptance procedure. For acceptance 
procedures that make use of only one or two sample 
sizes, it is possible to construct much more compact 
tables such as the one shown in Figure 7. With this 
format, there is a separate short table for each 
sample size. 

Appendix D of the new standard contains two tables 
that have been developed for use with variables pro­
cedures based on the range as the measure of vari­
ability. The f irst , shown in Figure 8, gives the 
operating characteristics for a wide selection of 
range plans. The largest sample size included in 
this table is n = 15 because , above that sample size, 
range plans are considerably less effic i ent than 
standard devi ation plans. The s econd , shown in Figure 
9, gives t he estimate of lot pe rcent defective as­
sociated with the quality index (Q) computed by the 
range method in accordance with Equations 3 and 4. 
Because the range tends to be larger than the stan­
dard deviation, the Q-values tend to be smaller, and 
the table is more compact than its counterpart for 
the standard deviation method. Also, because it is 
bel ieved that some prec is ion i s lost in adapting th e 
standard deviation algorit hms t o construc t the range 
table , the percent defective estimates in the body 
of the table have been pi:inted t o only a single 
dec imal place. 

(X - L)/R (3) 

Qu = (U - X)/R (4) 

where 

Q quality index; 
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x 
R 

L, U 

sample meani 
sample range, difference between largest 
and smallest values in the samplei and 
lower and upper specification limits out­
side of which the material or work is 
defined as defective. 

Still another useful format for operating charac­
teristic tables is shown in Figure 10, although this 
particular version has not been included in the new 
standard. Whereas the more customary format lists 
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lot percent defective in the heading of the table 
and probability of acceptance in the body of the 
table, this version does just the opposite. The ad­
vantage of this format is that it always provides an 
ample number of plotting points spaced conveniently 
throughout the length of each OC curve, a refinement 
that is especially useful when a wide range of sample 
sizes is included in a single table. This approach 
is appropriate primarily for variables plans, but it 
is also suitable for attributes plans when the lot 
size is divisible by 100. 
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FIGURE 3 Operating characteristics of attributes acceptance plans with a lot size of n = 100. 
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OPERATING CHARACTERISTICS OF DOUBLE-LIMIT PLANS 

Acceptance plans that have both lower and upper 
limits are referred to as double-limit plans. The 
operating characteristics for attributes plans shown 
in Figures 3 and 4 are correct for both single-limit 
and double-limit plans. For double-limit variables 
plans, there is no unique operating character is tic 
curve because probability of acceptance is influenced 
in part by the manner in which the percent defective 

All RIBUl ES ACCEPl ANCE l''LANS 
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is distributed between the two tails of the popula­
tion. There.exists, instead, a band of OC curves for 
each double-limit variables plan. It has been found 
(g,p.246), however, that this band is quite narrow 
and that the single-limit OC curves are sufficiently 
accurate for most double-limit applications. The 
table, generated by computer simulation, that is 
shown in Figure 11 provides a convincing demonstra­
tion of this fortunate property. 
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FIGURE 4 Operating characteristics of attributes acceptance plans with an infinite lot size. 
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VARIABLES ACCEPTANCE PLANS 

SAMPLE 
SIZE 

(rd 

3 
3 
3 
3 
3 
3 
3 
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4 
4 
4 
4 
4 
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5 
5 
5 
5 
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34 
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38 
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42 
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36 
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36 
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38 
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32 
34 
36 
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26 
28 
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32 
34 
36 
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26 
28 
30 
32 
34 
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ALLOWABLE 

QUALITY 
INDEX 
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0.556 
0.492 
0,425 
0,357 
0.207 
0.216 
0 .145 
0.073 

0.660 
0.600 
0.540 
0.480 
0.420 
0.360 
0.300 
0.240 
0.100 
0.120 

0,6r12 
0.6:32 
0.572 
0.513 
0,455 
0.397 
0.339 
0.202 
0.225 
0.11J9 

0.740 
0.6'78 
0.618 
o.558 
0 .~.iOO 
0.442 
0. :106 
o.329 
0.2'74 
0.219 

0.796 
o.732 
o.6'70 
0.610 
0,550 
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0.435 
0.379 
0.324 
0.269 

0.792 
0.727 
0.665 
0.604 
0.545 
0.488 
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0,788 
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0.420 
0,373 

0. 8 5 3 
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0.98 
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0.91 
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0,94 
0.96 
0.9l 
0.97 
0.98 
0.99 
0.99 
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0.92 
0.94 
(),95 
() .96 
o.97 
0.98 
0.99 
0.99 
0.99 

0,89 
(). 92 
0.94 
0. 9~) 
0.97 
().98 
0.98 
0, 9c7 
0.99 
1. 00 

0.88 
0.91 
0.93 
0.9:; 
0.97 
0.9A 
0.98 
0.99 
0.99 
.1.00 

0.90 
0.92 
0.95 
0.96 
0.98 
0.98 
0.99 
0.99 
1.00 
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0.94 
0.96 
0.97 
0.98 
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0 . 99 
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0.95 
0.97 
0.98 
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0.99 
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0 .90 
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0.64 
o. 70 
(). 75 
0.80 
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0.44 
0.49 
0154 

o. 12 
0 .1!5 
0 ·.18 
0.21 
o. 2~) 
0.29 
0.34 
0.39 
0.44 
0,49 

0.11 
0.13 
0 .16 
0.20 
0.24 
0.28 
0.33 
0.38 
0.44 

0.07 
0,09 
0.12 
0 .15 
0.10 
0.22 
0.27 
o.32 
0,39 

0.06 
o.os 
0.10 
0.13 
0.17 
0.21 
0.26 
o.31 

50 

0 . 22 
0.24 
0.27 
0 . 30 
0.33 
0 .37 
0.41 
0.46 

0.14 
0 .16 
0.10 
0.20 
0.23 
0.26 
o. :rn 
o. :n 
0,37 
0.41 

()' 10 
0 .J2 
(). 14 
0 .16 
o, 18 
0.21 
0.25 
0.20 
0.32 
0.36 

0.06 
() ,()8 
0.10 
o. 11 
o. 14 
0 .J 6 
0 .1? 
0.2:3 
0.27 
0.31 

0 .04 
0.05 
0 .06 
0 .08 
0.10 
0.12 
0. 15 
o. rn 
0.2 1 
0.25 

0.03 
0.04 
o.os 
0.07 
o.os 
0.11 
0.13 
0.16 
0.20 

0.02 
0.02 
0.03 
0.04 
o.os 
0.07 
0.09 
0 .12 
0.15 

0.01 
0.02 
0.02 
0 .03 
0,05 
0 .06 
o.oa 
0 .11 

60 

0.12 
o.n 
0.15 
0.17 
0.20 
0.22 
0.26 
0.2Y 

0 .06 
0 ,07 
0.08 
0 .10 
0 .11 
0.13 
0, 15 
(). 113 
0.20 
0 .23 

(),0 4 
0 .04 
0.05 
0.06 
0.07 
0.09 
o. 11 
o. 13 
0, 15 
().18 

0.0:1 
0. 02 
o.o:i 
o.o4 
0 .05 
0.06 
Q,()/ 

0.09 
0.11 
0. 13 

0 .01 
0 .01 
0.02 
(). 02 
0 .03 
0.04 
o.os 
0.06 
0.07 
0.09 

0.01 
0.01 
0.01 
0.01 
0.02 
0.03 
0.04 
o.os 
0.06 

o.oo 
o.oo 
0.01 
0.01 
0.01 
0.01 
0.02 
0.03 
0.04 

o. oo 
o. oo 
o. oo 
0 . 01 
0.01 
0. 01 
0 . 02 
0. 02 

70 

0,05 
0.06 
0,07 
o.oa 
0 .09 
0' 11 
0 .13 
o. 1"5 

0.02 
0.02 
0.03 
0.03 
0,04 
o.os 
0,06 
0.07 
0.09 
0.10 

0.01 
0.01 
0.01 
0.02 
0.02 
0.03 
0.03 
0.04 
o.o5 
0.06 

o.oo 
o.oo 
0.01 
0.01 
0.01 
0.01 
0.02 
0.02 
o.o3 
0.04 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
0 . 01 
0.01 
0.01 
0.02 
0 . 02 

o. oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
0.01 
0 . 01 
0.01 

o.oo 
o.oo 
o.oo 
o. oo 
o.oo 
o.oo 
o.oo 
o.oo 
0.01 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 

THE ACCE~TANCE PROBABILITIES IN THIS TABLE ARE ACCURATE FDR SINGLE-LIMIT F'LANS AND ARE APPROXIMATELY CORRECT FOR DOUBL E- LIHIT 
PLANS, FOR SINGLE-LIMIT PLANS• EITHER THE HAXJHUH ALLOWABLE ESTIMATED PERCENT DEFECTIVE (Hl OR THE HINIHUH ALLOWABLE QUALITY 
INDEX (kl HAY BE SPECIFIED, FOR DOUBLE-LIMIT PLANS• ONLY THE MAXIMUM ALLOWABLE ESTIMATE[! PERCENT DEFECTIVE SHOULD BE USED. 

FIGURE 5 Operating characteristics of variables acceptance plans (standard deviation method). 
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QUALITY ESTIMATED LOT PERCEN~ DEFECTIVE FOR SELECTED S~MPLE SIZES 
INDEX ---------- ---------------------------------------------------------------------
(0) 3 4 5 6 7 8 9 10 15 20 

o.o 
0.01 
0.02 
0.03 
0.04 
o.os 
0.06 
0.07 
o.oe 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.10 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.20 
0.29 

0.30 
0.31 
o.32 
0,33 
0,34 
0.35 
0.36 
0,37 
0.38 
0,39 

0.40 
0.41 
0.42 
0.43 
0.44 
0,45 
0.46 
0,47 
0,49 
0,49 

a.so 
0.51 
o.s2 
0153 
Q,54 
0.55 
0.56 
0,57 
0.58 
0,59 

0.60 
0,61 
0162 
Q,63 
0.64 
0,6S 
0.66 
0,67 
0.68 
0.69 

0.70 
0.71 
0172 
o, 73 
0, 7 4 
0175 
0.76 
0.77 
0.78 
0.79 

50.00 
49,72 
49,45 
49, 17 
48.90 
48.62 
48.35 
48.07 
47,79 
47.52 

47.24 
46.96 
46.69 
46.41 
46.13 
45.85 
45,59 
45,30 
45.02 
44,74 

44.46 
44.18 
43.90 
43.62 
43,34 
43.05 
42.77 
42.49 
42.20 
41.92 

41.63 
41.35 
41.06 
40.77 
40.49 
40120 
39.91 
39.62 
39,33 
39.03 

38.74 
38.45 
38.15 
37.85 
37.56 
37.26 
36.96 
36.66 
36.35 
36.05 

35,75 
35,44 
35.13 
34.82 
34, S l 
34.20 
33.88 
33,57 
33125 
32.93 

32.61 
32,28 
31.96 
31.63 
31.30 
30.97 
30.63 
30.30 
29.96 
29.61 

29.27 
28.92 
28.57 
20.22 
27.86 
27.50 
27.13 
26.76 
26.39 
26.02 

50.00 
49.67 
49,33 
49.00 
48.67 
48.33 
48,00 
47.67 
47,33 
47.00 

46.67 
46.33 
46.00 
45.67 
45,33 
45.00 
44.67 
44,33 
44,00 
43.67 

43,33 
43.00 
42.67 
42.33 
42.00 
41.67 
41.33 
41. 00 
40.67 
40.33 

40.00 
39.67 
39,33 
39,QO 
38.67 
38.33 
38.00 
37.67 
37,33 
37.00 

36,67 
36.33 
36.00 
35.67 
35,33 
35,00 
34.67 
34.33 
34.00 
33,67 

33,33 
33.00 
32.67 
32.33 
32,00 
31.67 
31.33 
31.00 
30.67 
30.33 

30,00 
29.67 
29.33 
29.00 
28,67 
28,33 
20.00 
27.67 
27.33 
27.00 

26.67 
26.33 
26.00 
25.67 
25.33 
25.00 
24.67 
24.33 
24.00 
23.67 

so.oo 
49.64 
49.29 
49,93 
48.58 
48.22 
47.86 
47.51 
47.15 
46.80 

46,44 
46.09 
45.73 
45.38 
45.02 
44.67 
44,31 
43.96 
43.60 
43, 25 

42.90 
42. 54 
42 .19 
41. 84 
41. 48 
41.13 
40.78 
40.43 
40.0B 
39.72 

39,37 
39.02 
38.67 
38.32 
37.97 
37.62 
37.28 
36.93 
36.58 
36.23 

35.88 
35,54 
35.19 
34.85 
34,50 
34.16 
33,81 
33.47 
33 .12 
32.78 

32.44 
32.10 
31.76 
31.42 
31,08 
30.74 
30.40 
30.06 
29.73 
29,39 

29.05 
28.72 
28.39 
28 .O~i 
27.72 
27.39 
27.06 
26.73 
26.40 
26.07 

25,74 
25.41 
25.09 
24.76 
24.44 
24.11 
23,79 
23.47 
23.15 
22.83 

50.00 
49.63 
49,27 
48.90 
48.53 
48, 16 
47.80 
47,43 
47.06 
46.70 

46.33 
45.96 
45.60 
45, 23 
44.86 
44,50 
44 .13 
43, 77 
43. 40 
43.04 

42.68 
42.31 
41.95 
41.59 
41. 22 
40.86 
40.50 
40.14 
39.78 
39.42 

39.06 
38.70 
38.34 
37.98 
37.62 
37,27 
36. 91 
36,55 
36.20 
35,94 

35.'19 
35 .14 
34,79 
34,43 
34.0B 
33,73 
33.38 
33.04 
32.69 
:32. 3'1 

32.00 
31165 
31.31 
30.9.0 
30.62 
30.28 
29.9'1 
29.60 
29.26 
28,93 

28.59 
20.25 
27.92 
27.59 
27.26 
26,92 
26.60 
26.27 
25.94 
25.61 

25.29 
24196 
24.64 
24.32 
24.00 
23.68 
23,37 
23.05 
22.74 
22.42 

50.00 
49.63 
49,25 
48.88 
48.50 
48. 13 
47,75 
47,39 
47,01 
46.63 

46.26 
45.99 
45.51 
45 . 14 
44,77 
44.40 
44.03 
43 .65 
4 3.28 
42.91 

42.54 
42 .17 
41. BO 
41. 44 
41.07 
40.70 
40.33 
39,97 
39.60 
39.23 

38.87 
38.50 
38 .14 
37.78 
37.'12 
37,05 
36.69 
:16 ,33 
3~i '98 
~5.62 

35.26 
34,90 
34,55 
34,19 
33.84 
:B.49 
:n.13 
32.78 
3 :.;_i ,4 :~ 

32.08 

:lJ' 74 
31 ,39 
3J . • 04 
:io. 7o 
:io.36 
30.01 
29.67 
29 I ~S3 

28.99 
28.66 

28.3~ 

:;:17,99 
2'7+65 
2'7.32 
26 .99 
26.66 
26.33 
26.00 
25.68 
25.35 

25.03 
24 + 71 
24,39 
24.07 
23,75 
23.44 
23 .12 
22.01 
22.50 
22.19 

50.00 
49.62 
49+24 
48.86 
48.49 
49,11 
47,73 
47.35 
46.97 
46.59 

46.22 
45.84 
45 .4 6 
45. 0 8 
44,71 
44,33 
43.96 
43.58 
43.21 
42.83 

42.'16 
42.08 
41.71 
41.34 
40.97 
40.59 
40.22 
39,95 
:19.48 
39.11 

38.75 
38.38 
38.01 
37.65 
37.28 
36+92 
36.55 
36.19 
:.15.El3 
:~5. 47 

35. 11 
34.75 
34,39 
34 ,04 
33.68 
33,;-n 
32. (?7 
32.62 
3 2 .27 
31.92 

3t ''.'.'i7 
31.22 
:'o .fl7 
30.53 
30 .18 
29,EJ4 
29.50 
29.16 
28 .82 
2lJ. 48 

28 • .l5 
27.81 
.27.48 
27 I 15 
2fi, B2 
26.49 
26+ 16 
25.83 
25 .51 
25, 19 

24.96 
24.54 
24.23 
23.91 
23.59 
23.28 
22.97 
22.66 
22.35 
22.04 

50.00 
49.62 
49.24 
49,95 
48.47 
48.09 
47,71 
47.33 
46.95 
46.57 

46 .18 
45.80 
45,42 
45.04 
44.66 
44,29 
43.91 
43.53 
43 .15 
42.7'7 

42. 40 
42.02 
41, 64 
41. 27 
40.89 
40.52 
40.15 
39. 77 
39.40 
:w . 03 

38,66 
38.29 
~~7' 92 
3"7.55 
37 .19 
36.82 
36.46 
36.09 
35."73 
35.37 

3~5. 00 
34.64 
3'1.29 
33,93 
33,57 
:33 .:H 
32.86 
32+51 
32.15 
31.80 

~~1. 45 
31.10 
30.76 
30.41 
30.07 
;!9. "72 
29.38 
29.0'l 
28,/0 
28 .36 

2 8.03 
27.69 
27.36 
27, 03 
26 .70 
26 .37 
:~ 6. 04 
25.72 
25 .39 
25.07 

24.75 
24.43 
24.11 
23.80 
23.49 
2 3 .17 
22. 86 
22.56 
22.25 
21.94 

50.00 
49.62 
49,23 
48.85 
48.46 
48,06 
47.70 
47.31 
46.93 
46.54 

46 .16 
45.78 
45.40 
45,01 
44 .63 
44.25 
43,87 
43,49 
43.11 
42.73 

'12.35 
41.97 
41.60 
41. 22 
40.84 
40.47 
40.09 
39.72 
39,34 
38.97 

38.60 
38,23 
37.86 
S/,49 
37 .12 
36.75 
:36. 38 
3t.i. o:~ 
3~). 65 
35,29 

34. 9:l 
34.5'7 
34,21 
33.[15 
33,49 
:n. 13 
32,78 
32,'12 
32.07 
31.72 

31.37 
31.02 
30.67 
30.32 
2 9,9H 
29.64 
29.29 
28.95 
28.61 
28.28 

L7,94 
27.60 
27.~7 
26 .9'1 
26 ,61 
'26. 28 
25.96 
25.63 
25.31 
2'1.99 

24.67 
24.35 
24.03 
23,72 
2:1 .41 
23.10 
2~.79 

22.48 
22.18 
21 .87 

50.00 
49.61 
49.22 
48.83 
48.44 
48.05 
47.66 
47,27 
46.88 
46.49 

46 .10 
45.71 
45,33 
44 .'94 
44.55 
44 .16 
43.78 
43,39 
43.01 
42.62 

'12.24 
41.85 
41.47 
41.09 
40,71 
40.33 
39,95 
39.57 
39 .19 
313. 81 

31J. 44 
3B.Of.i 
37.69 
37,31 
36.94 
36.57 
36, :~o 
35.83 
35.46 
35.10 

34,73 
34,37 
34.00 
33.64 
33 .28 
32.92 
3:~' 57 
32.21 
31.85 
31. 50 

31 • .15 
30, EJO 
30.45 
:rn .10 
29.76 
29.4:1. 
29.07 
28.73 
28.39 
28,05 

27. 7;.! 
27.38 
2?.05 
26.72 
~6.39 

26.07 
25.7'1 
25,'12 
25, :l.O 
24.78 

24.46 
24.15 
23,83 
?3,52 
23.21 
22.90 
22.60 
22,30 
21.99 
21. 70 

so.oo 
49.61 
49.21 
48.82 
48.43 
48,04 
47.64 
47.25 
46.86 
46.47 

46.08 
45.69 
45.29 
44.90 
44.51 
44.13 
43,74 
43.35 
42.96 
42.57 

42 .19 
41.80 
41.42 
41.03 
40.65 
40.27 
39.89 
39.50 
39 .12 
38.75 

30.37 
37,99 
3'7.bl 
3?.24 
36.87 
36.49 
36 .12 
35,75 
35,38 
3~.i' 01 

3'1.65 
34.28 
33.92 
33.~6 
33,20 
32.84 
32.48 
32.12 
31..77 
31.41 

:11.06 
30.71 
30.36 
30 ,OJ. 
29.67 
'.:.~'). 32 
28.98 
28.64 
28.30 
27.96 

27.63 
2"7.30 
26.96 
26.6:i 
26.31 
25.9G 
25 ,66 
25.33 
25.01 
24.69 

24.38 
24.06 
23,75 
23.44 
23 .13 
22.83 
22.52 
22.22 
21.92 
21. 62 

30 

so.oo 
49.60 
49.21 
48.81 
48.42 
48.02 
47.63 
47, 24 
46.84 
46.45 

46.05 
45.66 
45,27 
44,BB 
44,49 
44.09 
43.70 
43.31 
42 .92 
42.53 

42 .15 
41.76 
41. 3l 
40.98 
40.60 
40.22 
39.83 
39.45 
J9.07 
38. 69 

38.31 
37,93 
37.55 
37.18 
36.80 
36.4:l 
36' 0~5 
3~:i, 6B 
35.31 
34,94 

3'1.58 
34.2:l 
33' 8~') 
33.41l 
33.12 
32,76 
32.40 
32, O'I 
31.69 
31.33 

30.91l 
30,63 
30, 2B 
29. 113 
29. 5 1J 
29.24 
28.90 
28.56 
28.22 
27. 9<) 

27. ~.)5 
27. 2~~ 
26.89 
26. ~)6 
26.23 
25.90 
25,5!3 
25.26 
24,94 
24.62 

24.31 
23.99 
23.68 
23.37 
23.07 
22.76 
22.46 
22 .16 
21.86 
21. 57 

:so 100 

so.oo 
49.60 
49.21 
48.81 
48.41 
48.02 
47.62 
47.22 
46.83 
46.43 

46.04 
45.64 
4S.25 
44.86 
44.46 
44.07 
43,68 
43.29 
42.89 
42150 

42.11 
41. 73 
41.34 
40.95 
40,56 
40.18 
39. ·79 
39.41 
39.03 
:38.65 

:38.26 
37.09 
:3"7. 51 
37.13 
36.75 
36.38 
36,01 
3~:1. 63 
35.26 
34,139 

34.52 
;34 .16 
33. l9 
33,43 
33.0l 
3;!, 71 
32. 3~5 
31,99 
31.63 
31.:?.B 

:io.93 
30.57 
30.23 
29.81l 
29.53 
29 .19 
21J. 85 
28.51 
28 .17 
27 ,133 

27,50 
27.16 
26.83 
26.50 
26.:l8 
25.85 
25.53 
25.21 
24.139 
24.57 

24.26 
23.95 
23.64 
23.33 
23.02 
22.72 
22.42 
22 .12 
21.82 
21.53 

:so.oo 
49.60 
49.20 
49,91 
49,41 
49,01 
47.61 
47.22 
46182 
46.42 

46.03 
45.63 
45,24 
44,94 
44,45 
44,05 
43.66 
43.27 
42.88 
42.48 

42.09 
41.70 
41.31 
40.93 
40.54 
40 .15 
39,77 
39.38 
39.00 
38.62 

39,24 
37.86 
37,49 
37.!0 
36.72 
36.35 
35 ·''7 
35.60 
35.23 
34 .!l6 

34,49 
34,12 
33.76 
33,39 
33,03 
32.67 
32+31 
31.95 
31.60 
31.24 

30.89 
30+54 
30.19 
29.84 
29.49 
29+ 15 
213.tll 
28.47 
28.13 
27.79 

27.46 
27.13 
26.80 
26.47 
26+14 
2s.a1 
25.49 
2'!1.17 
24.86 
24+54 

24.23 
23.91 
23.60 
23.30 
22.99 
22.69 
22.39 
22.09 
2 1.79 
21.so 

NUMBERS JN BODY OF TABLE ARE ESTIMATES OF LDT PERCENT DEFECTIVE CORRESPONDING TO SPECIFI C VALUES OF QUALITY INDE X AND SAMPLE 
SIZE, FOR Q VALUES GREATER THAN OR EQUAL TO ZERO, THE PERCENT DEFECTIVE ESTIMATE MAY BE READ DIRECTLY FROM rHE TABLE, FOR 
0 VALUES LESS THAN ZERO, THE TABLE VALUE MUST BE SUBTRACTED FROM 100, 

FIGURE 6 First of five tables for estimation of percent defective (standard deviation method). 
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2.8 

----- ---------------------------- --------------
VARIABILITY-UNKNOWN PROCEDURE 

a o.oo 0.01 0.02 0.03 

----- !--------~------~·-----~---

o.o 
0 .1 
0.2 
0.3 
(),4 

0.5 
0.6 
(),7 
o.a 
0.9 

:L.O 
:1..1 
:l. 2 
:l .3 
:1. ,4 

1 +5 

50.00 
46.44 
42.90 
:19. 37 
35.88 

:~ :-! . q4 

:..~'T ' () ~'i 
2 ~5 I •74 
22 .SJ 
:L9.38 

lf.1. 3t~ 
13,48 
JO. 76 

f:1, 21 
~:;.BB 

3.BO 
2.03 
0.66 

49.64 
46.09 
42. ~)4 
3?. 02 
35.54 

32. :1.0 
20.72 
25.41 
22.19 
1?.07 

:l6.07 
l ~s. 20 
:L0.50 
7.97 
~.=;. 66 

3,b1 
1. 87 
0.55 

49.29 
4~~j. 73 
42o1 CJ 

::rn .67 
3~). 19 

3l .76 
:rn. 39 
25.09 
21 .87 
l.O. 77 

1:·;. '/IJ 
12.93 
10.23 

7,73 
:'.:i. 44 

3 ,4 2 
1 . ~,::! 
(),45 

- -------------------

40.93 
'l:':i' 30 
41.84 
3El. 3::~ 
34.85 

:u ,42 
28.05 
;!4. 76 
21.56 
18.46 

1c;.4s 
12. f.1~i 
'/,9? 
7,49 

3.23 
J. .57 
Q,36 

SAMF'LE 
SIZE 

5 

() .04 0.05 

STANDARD DEVIATION METHOD 

0.06 0,07 0,08 0.09 

---------------------~~----

49.58 
4 5.02 
4J. 48 
37.97 
34.50 

31.0E! 
27.72 
24.44 
:u .24 
Hl.:L6 

1~.'i.19 

.l.?.37 
9.72 
7.25 
5.02 

3.05 
1.42 
0.27 

4EJ.22 
44.67 
41. 1:1 
3l.62 
34. 16 

30.74 
2? .:39 
24.11 
20.93 
1 7 . El6 

14, c11 
L~. lO 
9.46 
7.02 
4. [11 

2.B7 
1.28 
o.19 

47,96 
44.31 
40,/8 
37.28 
3:5.8 1 

:10 ,40 
2'?.06 
23."79 
20.62 
l / . ::i~. 

:l4 .62 
J.J. ,!B 

fJ. 21 
6.79 
4.60 

2.69 
:L .15 
0 . 12 

4 7.5 1 
43.96 
40. 4:1 
:!6.93 
33,47 

30.06 
:~6. 73 
23.47 
20.31 
1 7 .25 

14 .:i:i 
11 • ~':i6 
a.96 
6.56 
4,39 

1.02 
0.06 

47.15 
43.60 
40,0B 
:;6.58 
33 .12 

29' 7:3 
;.~ 6. 40 
23.J5 
20.00 
Lfj. 96 

14, O'.S 
11.29 

B.71 
6.33 
4.19 

2 . 35 
0 , 89 
0 . 02 

46 . 80 
43.25 
39,72 
36.23 
32.78 

29. ~5 9 
26.07 
22.83 
19.69 
16.66 

13.76 
11.02 

B.46 
6 .10 
3,99 

2 . 19 
0.77 
o.oo 

NUMBERS IN THE BODY OF THE TABLE ARE ESTIMATES OF LDT PERCENT DEFECTIVE CORRESPONDING 
TO SPECIFIC VALUES OF IJ. THE DUALITY INDEX, FOF: VALUES IJF 0 GREATER THAN OR EllUl\L TO 
ZER O, THE ESTIMATE OF PERCENT DEFECTIVE IS READ DIRECTL Y FR OM THE TABLE, FOR VALUES 
CIF l1 LE SS THAN ZE:FW, THE 1 ABU:: VAL UE MlJ S I BE SlJD fRAC TED F FWM 100. 

FIGURE 7 Alternate format for individual tables for estimation of percent defective. 

VARIABLES ACCEPTANCE PLANS *** VAF<IABIU IY- llNKNIJWN PROCEDURE *** RANGE METHOD 

SAMPLE 
SIZE 

In> 

3 
3 

3 
3 
J 
3 
J 

5 

6 
6 
6 
6 
t. 
A 

" 6 

7 
7 
7 
I 
7 .., 
I 

e 
0 
8 
u 
II 
8 
ti 

MAXIMUM 
ALLOWA£•LE 
ESTIMATED 

PERCENT 
DEFECTIVE 

IM> 

34 
36 
38 
40 
42 
44 
46 
4B 

:30 
;32 
34 
36 
38 
40 
42 
44 

24 
26 
::.!B 
30 
32 
:14 
36 
3!:1 

24 
26 
20 
:io 
32 
34 

MINIMUM 
ALLOWABLE 

llUALITY 
INDEX 
IU 

0. ;~93 
0,259 
0.224 
o. ma 
0.151 
u .J l"l 

O,G76 
o.o:rn 

0.26'7 
0.242 
0.21b 
(), J89 
0, 162 
O.J 3:i 
O,J.()[J 
o.08l 

0.280 
()I ~-~~56 

0,232 
(),208 
0.104 
0.161 
o.1:rn 
(). j :J 5 
0.092 

0.27H 

0. 23:~ 
() . 210 
O.Hlll 
(), j l.i7 
0 I 14~) 

0.:12.tl 

0.260 
0 . ~-~313 
0.217 
O. l.911 
0 . 17 5 
().135 
(), :l 3!-:i 

(),269 
0.247 
0,226 
()' 20~~j 
(), J B:"i 
(), j 66 
0.147 

10 

0 . 89 
0. 91 
0,93 
0,94 
() , 96 
(J, :r -;; 
0,9U 
0.90 

0+90 
0.92 
0. '}4 
0,95 
0.96 
(), <?7 
0,90 
(),I}() 

0 .1:111 
() .9:1. 
0.1•;1 
Q 'C/~) 

0.96 
o . 9 7 
(),</13 
0.9() 
(), 9fJ 

o.BD 
0.91 
(). 'J3 
(). 9~) 
0.96 
o.•n 
o . 9f.J 
0 • 9</ 

0.90 
0.93 
(). 9~) 
() . 96 
0. 97 
0.90 
0+9'1 

(),fill 
0.91 
0,94 
(). 9.~l 
0.9"/ 
0.91'1 
0. 9 9 

PRODABILITY OF ACCEPTANCE FOR SD_ECIED LEVELS OF Lor PERCENT DEFECTIVE 

20 

0 ,'J:l 
o./4 
0. 7fJ 
o.a1 
0,[14 
.. , I G7 

o.n9 
0.91 

0.70 
o.n 
(), 7/ 
o.oo 
o.83 
o.nti 
(),09 
0.91 

(),65 
0 .. 69 
O.Tl 
0 . Tl 
o.so 
O,IJ4 
0 .ll/ 
0 ,flS' 
0 .(.?:l 

0.61 
0.1.il.i 
0. /l. 
(), 75 
0. 7 9 
o.o:i 
o.n6 
(). D'i' 

0.02 
(),6 / 
(),/2 
(). '77 
() .81 
() .8~i 
O,l'JEI 

(),5/ 
0.6:1 
0.69 
(),74 
0.71J 
(),82 

O.Bl.1 

:3() 

() . 52 
o.56 
0 . 60 
0 . 63 
0 . 67 

0 . l~') 
o. n 

0 . 411 
() . ~:;2 
0. ~:.;1.i 
0.60 
o . 64 
0 . 1.iu 
0.72 
0.'71.i 

Q, 40 
<). 4~.'i 
(), .49 

0.53 
0.5fJ 
0. f.12 
0.67 
0.7l 
O, /:':i 

o.36 
0.40 
(). 4~.'i 
0.49 
0.54 
0.39 
0.64 
0.69 

o . 35 
()•~~CJ 

0,4.q 
O.::'iO 
o.~::;5 

0 . 60 
0 ' 6~j 

0 . 29 
o . :i4 
o . :l9 
0.44 
o. ~rn 

0 . 61 

40 

(). 3~) 

0. ~~9 
0.42 
0.46 
o. :;o 

o.:so 
0.63 

0.30 
o. 3:5 
0.36 
0.40 
0. 44 
0.4(J 
0.52 
0. ~i7 

0 ' 2;~ 
0 ' 2~.) 
0. ~~A 
() • 3~~ 
0 . :16 
() . 40 
0 ,44 
(),4'i' 
0 I ~.)3 

0.17 
0 . ;.~o 
0.24 
0.27 
0 . :11 
O.J5 
0 .4() 
() ,44 

() . 16 
(). l'J 
0 . 2 2 
0 . ;,~6 

o. :rn 
0 . 34 
() . 3 11 

() . 1;o 
() . 14 
0 . 17 
0.21 
0. :?.~) 
0. ~~ 9 
0 . :14 

50 

0.22 
0.24 
0.27 
0,30 
0,33 

() ,41 
0 .411 

0.16 
0. l.D 
0. ;.~t 
0 ' 2:~ 
0 .26 
0. 30 
o.:B 
0 .:!7 

0 .10 
0 .12 
0.14 
() , t6 
o .1'J 
0 . ;~2 
() . 2~5 
0.20 
o.32 

0 .07 
() ,()9 

0.10 
0 .12 
0 .14 
0. 1 7 
o. :lo 
(). 23 

o.ot. 
0 .0 7 
() ,()9 
0 .11 
0 . l:l 
0. 16 
0 .19 

0.04 
0, O~.) 
Q,Ob 
0 .ou 
0.09 
(), 12 
0 .14 

.~~-~·-~--------------
60 

() .12 
0 .13 
0 .15 
0.17 
0.20 

0.26 
0.2'7 

0 .07 
o.oe 
O . l. O 
0. 11 
0. 13 
0' 15 
0 , HJ 
0 . 21 

0 .04 
0.05 
0 .06 
() , ()/ 

o.ori 
() ,()9 
0 .11. 
0. 1 ::1 
0. :J. 6 

0.02 
() , OJ 
0 .03 
0 . 04 
o .o:> 
() ,()6 
O.O ll 
0 . 1 0 

0.02 
0.02 
0.0:1 
o. 0:1 
0.04 
() , ()5 
(),0/ 

0 . 01 
0 . 01 
0.02 
0.02 
o . o:i 
o.o:i 
().04 

70 

o .o~ 

0 .06 
0 .07 
o.os 
0 .09 
Oo! 1 
0 .13 
0 .16 

0 .03 
0 ,03 
0 ,04 
o .04 
o. os 
0 .06 
0 .01 
0 .09 

0.01 
0 .01 
0 .02 
0 .02 
0 . 02 
0 . 03 
0 . 0 4 
0 .05 
0 . 06 

0 . 0 1 
0 .01 
0 .01 
0 . 0 1 
O,O l. 
0 . 02 
() Io :,~ 

o. 0 :1 

o .oo 
o . oo 
0 . 01 
0 . 01 
0 . 01 
0 . 01 
0.01 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
0 .0 1 
0 . 01 

FIGURE 8 Operating characteristics of variables acceptance plans (range method). 
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VARIABLES ACCEPTANCE PLANS *** VARIABILI TY -UNKNOWN PROCEDURE *** RANGE METHOD 

SAMPLE 
SIZE 

(n) 

MAXIM UM 
ALLOWABLE 
ESTIMATED 

PERCENT 
DEFECTIVE 

CM> 

MINIMUM 
ALLOWABLE 
~UALITY 

INDEX 
(k) 

PROBAUILifY OF ACCEPTANCE FOR SELECTED LEVELS OF LOT PERCENT DEFECTIVE 
---------~-----------~---------~~~~~~~~~ 

9 
9 
'} 

'} 

9 
9 

10 
10 
l.O 
1.0 
l() 

10 
10 

11 
11 
11 
:L1 
11 
11 
11 

j 2 
12 
12 
12 
l2 
1 2 

13 
13 
13 
13 
13 
13 

14 
14 
14 
14 
14 
14 

15 
15 
15 
15 
15 

24 
26 
20 
:rn 
]2 
:34 

20 

24 
26 
2f;J 
:rn 
32 

20 

24 
;.!6 
20 
3') 

20 
22 
2 4 
26 
28 
30 

20 
22 
24 
26 
28 

0' 2~'i7 
0.236 
0.216 
0.196 
0.1.TJ 
0. 151l 
0.140 

0.269 
0.240 
0.228 
0.2()8 
0.:1 fl? 
0. :171 
0.153 

0.261 
0, 24 L 
0.221 
0.202 
0. 1[13 
o. 165 
0.148 

0' 2~.):';j 

(). :;~;,~~; 

()' 2j ~J 
(). 11}7 
(), J7? 
0. l 61 

(),2'i) 
o, ·,:··9 
0.210 
0;192 
0.175 
o. l 57 

0 . 244 
0. 22~'i 
() . 206 
O.lBB 
0 . 171 
0.154 

(). 240 
0. ;~21 
0.202 
0.105 
0, 168 

10 

0. (/() 

().92 
0.95 
0.9.'i 
() 1 C/8 
(),C)i;) 

0.99 

o.o/' 
0.91 
().93 
0.95 
() , <77 
0 . 90 
0 . 99 

O.Bll 
0.91 
0.94 
0.96 
().97 
0. 9~1 
0 . 99 

O,Btf 
0.92 
() . 'i5 
0 . 97 
0.98 
0.99 

O.fl9 
0.?3 
0.95 
0.97 
0,?A 
0 . 99 

() . 90 
0 . 93 
o . 96 
0 . 97 
0 . 98 
0.99 

0.90 
0,94 
0 . 96 
0.98 
O. 9c1 

20 

o.:'SFJ 
0.64 
0.69 
0 . 7~.) 

O.fJ() 
O. IJ4 
(),IJ7 

0.52 
o.sn 
0.64 
o. ·70 
0.76 
(),Ill 
o.n:-:-; 

0. ~i2 
(). ~)fl 

() . {i~j 

o. n. 
o. ·n 
0.02 
O.B6 

o.:=.=;1 
o . :::;9 
() • • ~ ~:i 
0.12 
O. T? 
O . f.I:? 

() • ~~i l 
o.:•;9 
0.61.i 
o.72 
o.·10 
O.!l3 

0. ~"il 
0.59 
0.66 
0.73 
o. 79 
(), [l4 

o . ~H 

o . :;:;9 
0 . 67 
o . ·73 
0 . 79 

30 

o.2u 
(). :u 
0.30 
0.44 
o.:::;o 
0' ~'.'i6 
0.61 

0. 2~i 
0.27 
o.32 
o. :rn 
o.44 
0 . ~30 
0. ~56 

0. 2 1 
0,26 
o,;32 
o.3FJ 
0.44 
o.5o 
0 .5l'1 

(). :~ 1 
0.26 
0,31 
o.37 
0.43 
o.:so 

0 . 20 
0 . 25 
o.31 
o . 37 
0.43 
o.:so 

0 .1 11 
0.24 
0.30 
o . 36 
0.43 
o.::io 

0 . 19 
0.24 
0 . 30 
0 . 36 
0 . 43 

40 

0.11 
0.13 
0.16 
0.20 
() . 24 
() , 2B 
(). 33 

0.07 
0 .10 
0 .12 
0 .1!5 
(), :19 
0.23 
(). 27 

0.07 
0 . 09 
o. u. 
0.14 
O.l. ll 
0.2 2 
0 . 27 

0. oc, 
(). 08 
o. :10 
0.13 
0.17 
0.21 

0, O~.'i 
() . 07 
() , 1() 

0.13 
0 . 16 
0 . 21 

0.05 
0 . 07 
0.09 
0.12 
0 , 16 
0 . 20 

0.04 
0 . 06 
0 . 09 
0 .1 1 
0.15 

50 

0.0:1 
(),()4 

0.05 
0.07 
(),()fl 

0.11 
() ,LJ 

0.02 
0.03 
0.03 
(). 04 
0.06 
o.oo 
0. 10 

0.01 
0.02 
o.o:i 
0.04 
0.05 
0.07 
0,09 

0.01 
0.02 
0.02 
0.03 
o.os 
0.06 

0.01 
0.01 
0.02 
0.03 
0.04 
0.06 

0.01 
0 .01 
0 . 02 
0.03 
0 . 04 
0 .05 

0 . 01 
0 . 01 
0 . 02 
0.02 
0 . 03 

60 

0.0:1 
0.01 
0 .01 
0.02 
0.02 
o .o:i 
o.04 

o.oo 
(),00 
0 . 01 
0 . 01 
0.01 
0.02 
0.02 

o.oo 
o.oo 
o.oo 
(). 01 
() . 01 
0.01 
0 . 02 

o.oo 
o.oo 
o.oo 
0.01 
0.01 
0 . 01 

o.oo 
o.oo 
o.oo 
o.oo 
0.01 
0.01 

o.oo 
o.oo 
o.oo 
o .oo 
0 . 01 
0 . 01 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 

70 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
0.01 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 

o.oo 
o.oo 

~·:~~ 
o.oo 
o.oo 

o.oo 
o.oo 
o.oo 
o.oo 
0.00 
o.oo 

o.oo 
o.oo 
o.oo 
o.oo 
o.oo 
o.oo 

o. oo 
o.oo 
o. oo 
o. oo 
o. oo 

THE ACCEPTANCE PROE<AIJILITIES tN THIS TAflL" HAVE flEEN COMPUTED fJY IN fEf,POL.ATION IN THlo NONCENTRAL T UISTR!BUTION USING NON INTEGER 
DEGREES OF FREEDOM ASSOC IATE D ~ITH RANGE ESTIMATES OF VARIAIJILIIY, IHESE PROBAUILifY VA LUES ARE QUITE ACCURATE FOR SINGLE-LIHIT 
PLANS AND APPROXIMATELY CORREC I FOR DOUDLE-1. 1111 I PLANS, FOR SINGLE-LIMIT PLANS, EITl~ER THE MAXIMUM ALLOWABLE ESTIMATED PERCENT 
DEFECTIVE <M> OR THE MINIMUM ALLOWABLE QUALifY INDEX (k.) MAY E<E SPECIFIEI<, FOR flllU[<LE~UM!T PLANS, ONl.Y THE MAXIMUM ALLOWABLE 
ESTIMATED PERCENT DEFECTIVE SHOULD BE USED. . 

FIGURE 8 (continued) 

UNDERLYING THEORETICAL PRINCIPLES 

The operating characteristics for attributes ac­
ceptance plans are computed by means of the hyper­
geometric formula: 

p 
x=c 
l cd,xCN-d,n-x /CN,n 

x=O 
(5) 

where 

P probability of acceptance; 
N population (lot) size; 
n sample size; 
d number of defects in the population; 
c acceptance number, maximum allowable number 

of defective items in the sample; 
Cm,n c number of possible combinations of m 

items taken n at a time= m!/[n! (m - n)!]; 
and 

x = summation variable. 

In terms of the hypergeometr ic distribution, the 
lot percent defective would be expressed as lOOd/N. 

This distribution wa~ used to develop the table shown 
in Figure 3. 

As the population size increases, the hypergeo­
metr ic distribution approaches the binomial distri­
bution as a limit. For very large or infinite lot 
sizes, the operating characteristics for attributes 
acceptance plans are computed as follows: 

p 
x=c 
l Cn,xPx(l - p)n-x 

x=O 
(6) 

where 

p 

n 
p 
c 

Cm,n 

probability of acceptance; 
sample size; 
fraction defective of the population; 
acceptance number, maximum allowable number 
of defective items in the sample; 
number of possible combinations of m 
items taken n at a time c m!/[n! (m n)!]; 
and 

x m summation variable. 

In terms of the binomial distribution, the lot 
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VARIABILilY-UNKNOWN F'ROCEflURE 

QUALITY 
INDEX 

(Q) 

ESTIMArED L fH PERCENT flEFEcrrvr: FOf~ SE LECTED SAMF'L[ SIZES 

o.o 
0.01 
0.02 
0,03 
O,Q4 
o.os 
0.06 
0.07 
o.os 
0.09 

0.10 
0.11 
o. 12 
0.13 
0.14 
0. l:=j 
0,16 
0.17 
0.18 
0.19 

0.20 
o.:u 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0' :l3 
0.34 
0.35 
0.36 
o.;37 
0.38 
0.39 

0,4() 
0.41 
0.42 
0,43 
0.44 
0.45 
0.46 
0,47 
0.48 
0.49 

o. ~rn 
0.51 
0.52 
0.53 
0' ~J4 

0.5b 
0 I ~i7 

0.58 
0.59 

0.60 
0.61 
0.62 
0.63 
0.64 
0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
o. 71 
0,72 
0.73 
0,74 
0.75 
0 . 76 
0.77 
0.78 
0.79 

----------------------

so.o 
49. 5 
49.0 
48.4 
47,9 
47,4 
46.9 
46.3 
45.B 
45.3 

44, 7 
44. 2 
43, 7 
4;3 .i 
'12.6 
42.1 
41. 5 
41.0 
40.4 
39.9 

39,J 
;rn.!l 
38. 2 
3·7, 7 
37,1 
36,S 
~5~i' y 
:3~i. '1 
34.U 
34, 2 

3:1.t. 
;n.o 
32.J 
31. 7 
31.1 
30. • 
29.0 
29.1 
2B . !i 
2710 

27 .1 
2b.4 
2~). 6 
24.9 
:;~4 • 1 
;!3. ~5 
22.5 
n.1 
20.e 
1'i'·9 

:1.9.0 
!El' 0 
17 .0 
15.9 
14. 7 
i::i;. 5 
12.1 
10. 5 

B,6 
6.2 

1.4 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 

o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 

50.0 
49.3 
48.5 
47.8 
47.0 
46.3 
4516 
44,8 
44 .1 
43 .:3 

4~!. 6 
41.ll 
41.1 
40.4 
:39.6 
:ia, •1 
:rn, 1 
3 7 ,4 
36.6 
:35,("I 

35.2 
34. 4 
:i:1. 7 
32.9 

:31,4 
:so. 7 
:?.9,9 
29.:;! 
2B.4 

27 . 7 
::.~/ . 0 
::.~c. + 2 
2.~.). 5 
~I\. 7 
24.0 
2J . 2 

20.2 
19.4 
.1.8. 7 
17.9 
:t '7 • :.~ 
16.4 
1. ~L 7 
14. 'I 
14 .! 
1:1. 4 

4,9 
4 ..L 
::i. :1 

l.. 7 
()' 17 
o.o 
o.o 
(),() 

o.o 

o.o 
o.o 
o.o 
o.o 
o,o 
o.o 
o.o 
o.o 
o.o 
o.o 

50.() 
4 1?. :1. 
48. :'.! 
47.4 
46. ~j 
4516 
44,0 
4;1,9 
43.0 
42. :I. 

41, 3 
40. 4 
39, 5 
J0. 7 
;17' (j 
31.i , 'I 
31.i . 1 

34,4 
33, 5 

:32. 7 
31..l'l 
3l .o 
30. 2 
29. 3 
28 , :; 
27. 7 
21.10 9 
:-~b' 0 

24i 4 
2:5, 6 
22, El 
22 .() 
21. . 2 
20. ~'i 

l 'J. 7 
Hl. 9 
Hl' :I. 
l7 ,4 

l b .6 

1.4 ,4 
Ll. 7 
J:l. 0 
1 2 .J 
] .1 . 6 

1J '() 
j(). 3 

o.o 
o.o 
(). () 

o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 

6 

50.0 
4'J. 0 
4ll.J. 
47 .1. 
46,J. 
45. 1 
44. 2 
43. :~ 
42. 2 
41 ' :1 

40' :l 
39,4 
30. 4 
:57. 5 
36. :;'i 
3~) . 1.1 
34.b 
:i:i. 7 
32.f) 
;H, 9 

:50. 9 
::rn .o 
29.1 
28. 2 
27.3 
26' ~j 
2'.:'i. b 
24. 7 

23.0 

2:1. . 4 
::.~(). '.'.'i 

19. ·7 
1.[J,11 
Hl.1. 
1. 7 . 4 
lb. l.1 
:t:'.'i • H 
:1.:::i,1. 

:L2.9 
l ::~ • :.! 
l:l • f, 
:1.0 . 9 
I 0 • ;.~ 

"·" «.o 
fj , A 

1 .9 
1.11 
i.:i 
.t ,() 
o. D 
0.6 
o.4 

0.:1 
0 .1 
0.1 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 
o.o 

7 

50 .() 
48 . 9 
47 ,<; 
46 , S' 
45 . D 
44.0 
43 . 7 
42 . 7 
41. 6 
40 . 6 

:19 , 5 
37 . ~) 

:11.i . '.~J 

:i~:i. ::) 
34 . ~'j 
J~"i . :~; 
~"'S2 . ~; 

31 . 5 
30 . b 

2D,6 
27,7 
26.8 
25.8 
24.9 
2·1 +0 
;•:l.1 
22.2 
2:1 .'I 

;~o. :-j 

l c;i • '~' 
IB.D 
HJ,() 
17. :.~ 
16.•l 

lA . 9 
14.l 
n . . q 

1'..:! . :1 
1::.!. () 
:l:L.3 
10. 7 
10.0 

9 . 4 
ll . B 

6.0 
5. ~.i 
~j .1 
4.6 
.q,::o 
:·~, n 
:J,4 
3.0 

0.3 
o. :• 
0.1 
o. l 
o.o 
(), 0 
o.o 
o.o 
o.o 
o.o 

El 

~=;o . o 
40.9 
47.B 
46.7 
45 .1.i 
44 ,::=; 
43.4 
42. 3 
41.2 
40 .! 

:~9. 0 
~7.9 
:1jf,,EJ 

33.8 
34,7 
:1::1./ 
32.6 
;'Sl. f1 

:10.b 
29.3 

2D. ~) 
:\~ 7 • ~5 
26 o ll 

:.•4 . 6 
23.7 
22.n 
~-~ :L • 9 
n.o 
::o . J. 

:l IJ + =~ 

U.J.4 
:17. ~'i 
ll.1. 7 
1~1. 9 
15.1 
l q. q 

:IJ.b 
:1.2.9 
12.:·' 

11.5 
10.a 
10. 2 

l+fl 

::~; 0 

.I' 7 

l ';1 
1.1 
(), 9 

0.7 
0.1.i 
o.:·:; 
0 •. 1 

0.3 
() , ::! 
0.1 
0.1 
0' 1 
o.o 
(),() 

o.o 
o.o 
o.o 

I' 

50 . 0 
41l,8 
47,7 
46 I :=:; 
4~; I 3 
'14.2 
43 . 0 
41 . 17 
40 . 7 
39 .6 

3!3. ::-i 
37 , 3 
36.;! 
3~-:;. :I. 
:14 . 0 
:·52 ,9 
:ll.D 
~1{) . B 
29 . 7 
28 . 6 

25 .. S 
;!4.6 
23.6 

2:1. "? 
:.!() • u 
:I (7 .9 
19.0 

:LIJ.J. 
17.3 
16. 4 
1 ~.=;. b 
14.8 
14.0 
J3.3 
12 ~ ~j 
11.n 
1:1..l 

I 0 • ~; 
9.11 

ti ,y 

4 ' 1 
:1. n 
3. '1 
:1.0 

: .. ~ • 1 

1. 9 

j '7 
I. ,4 
I • ~-' 
t. l 
0.9 
o.:; 

0 "' 0. ~'i 
0.4 
0.:1 

0 "> 

0.2 
O.:L 
(),l 

0' 1. 
o.o 
o.o 
o.o 
o.o 
o.o 

10 

:::;o . o 
48. 8 
47.6 
'16. 4 

q4. 0 
11 2 . a 
41. fi 
40.4 
:·59 ' 2 

:w. 0 
36.9 
35."7 
:-54 ,f.i 
:·~J • .rl 
:~ ~-.! • :·1 
:·n . :1 
30.1 
2S'.O 
27 • 11 

::.!{1 • 9 
~.!:~i I 1-l 
::.~4 In 
2:1' 0 
22.8 
:?l , B 
:~()'I? 
:I. I/, CJ 
.19 . 0 
Hl . 1 

1"7.2 
16.1 
I ~'.'i, 6 
14./ 
11. 0 
j ~.i. 2 
I ;,', 4 
l J '"? 
:11 '() 
I 0, :?i 

~· . }' 

(). 2 
o. '2 
0.1 
0.1 
0 .l 
(),{) 

o.o 
o.o 
(),() 

o.o 

11 

50.0 
41'1. 7 
4 ·7' ~.'i 
.ljf,, 2 
4'.:i. 0 
43. 8 
4 2 . 5 
41. :i 
40,l 
:rn.u 

~\ "?. 6 
J(i,lj 

35, :.1 

~l4' 1 
~~2' 9 
:n. 7 
J0,6 

2(l. 4 
27 . J 

2~.'i. :1 

:.:~4 • 1 
2~1.1 

22.1 
2:1.' 1 
20' .I 
.1.9 ' 2 
:1.u. :i 
ll.4 

14 ,[] 
1.q. o 
i;i. ~ 
t:-'. '.:i 
1:1' 7 
o. o 
10. :·.1 

c;1, "/ 

:1.:=, 

:1. :i 
l .l 
(), cy 
(),fl 
(), "/ 
O • .'i 
0, ::'i 
(). q 
o.:i 
0.2 

0.2 
o. 1 
() .! 
0.1. 
0.1 
o. () 
o.o 
o.o 
o.o 
(),() 

50.0 
4B. 7 
4?.4 
41.1' 1 
44, 9 
4:1 .. s 
4 2 . ;~ 
41. 0 
39. B 
;·50. :7j 

;s;> , 3 
:111. l 
3-'I. 9 
;i:i .. s 

:ll ' 3 
;30' l 
2'J. () 
27.U 
2l'1+ 7 

2:'5.6 
24. 6 
2~"i . ~) 

:? l. ::; 
20.5 
l CJ+ :~j 

1U, :;) 
:1.7.c'i 
lb. 7 

1 '.~. b 
u .s 
11' J 
10. 4 
9. "l 
'i.l. 

1.:l 
l..O 
O.B 
(), 7 
(),;, 
o.:::; 
() .. 
0.:1 
o. ·:1 
() ' ::~ 

0.2 
()' 1 
0' :I. 
o. :I. 
0. l. 
o.o 
o.o 
o.o 
o.o 
o.o 

13 

50.0 
49,7 
47,4 
46.1 
44.7 
43,4 
42. l 
40. ll 
39.b 
:~o .:·5 
37,() 
:\5,() 
34.5 
:i:i.:.l 
3::~. :I. 
3(), 9 
::.!c?,"/ 
2n .'.-.=.. 

26.2 

2~·i. :I. 
24 .1 
:?3.0 
2 1, 'I 
2 0.? 
19.9 
1.n ,c,, 
LU,() 
l/. :I. 
1.6.2 

1 ~' • ~-~ 
1.-cl.5 
:1.:·5, 6 
l'.', n 
1'.? I 1 
11.3 
10./i 

9 ,!) 
9. ;:~ 
n.6 

El.<> 

::~ '() 

l '7 
:I. ' ~:i 
1.3 
1.:• 

.1.0 
o.? 
o.'l 
0.6 
(). ~~ 

0.4 
0.4 
o.:i 
0.2 
0.2 

0.2 
() .! 
()' 1 
().:I 
o.o 
() .o 
o.o 
o. () 
(),() 

o,o 

RANGE METHOD 

j 4 15 

50 . 0 
48. 7 
47,;1 
46.0 
4416 
43,3 
42.0 
40,6 
39,3 
311' 0 

:l6 . ·7 
~~:1 . 4 
34 . 2 
J2 .9 
;H. 7 
Jo.:=:; 
:?</ . 3 
28 . 1 
:!6 . '1 
~!:':i . 8 

'.-.~4. 7 
2:3.6 

2 1 . 4 
20. 4 
:19.4 
HJ. q 
j 7. :=5 
lb. :~i 
:15.6 

:l4' ll 
1:.L C/ 
Ll' 1 
1.2 .3 
11.. 6 
10, B 
l(), .I 

'J .4 
[),(] 

n.2 

"? .6 
7 , () 
b. '.5 
b' () 

~~. 3 
2.0 
l. u 
:I' 6 
l..4 
l '::' 
1.0 

0 o Cf 

O.ll 
o.7 
0.6 
0. ~:; 
0.4 
o.;1 
(),3 
0.2 
0,2 

0.1 
0 .1 
0.1 
0 .1 
o. () 
o.o 
o.o 
o. () 
o.o 
o.o 

50.0 
48.6 
47,3 
45.9 
44. ~i 
43.2 
41.8 
40.5 
39.! 
37.8 

36 .~i 
35 .2 
33.9 
32.6 
:ll . 4 
:rn.i 
?.0 .9 
27.7 
26 ,5 
;!5. 4 

24.2 
23.1 
:) .1 
u.o 
20.0 
19.0 
l.(],0 
1/,() 
l6. 1 

14.3 
1 :l. ~j 
n. 7 
j l .9 
11 .1 
10.4 
9.7 
~1 • j 
(],4 
7.IJ 

.~,. l 
b.2 

3 •• ~, 
3 .::• 

~I' 4 
;o, 1 
:L. 9 
I "'1 
1.:·i 
l .. l 
l 'l 
l. .O 

(),[,) 

(), 7 
0.6 
0. ~.J 
o.4 
0.1 
0. ~~ 
0.2 
(). 2 
(), 2 

0.1 
0.1 
0.1 
0.1 
o.o 
o.o 
o.o 
o .o 
o.o 
o.o 

NUM!lERS IN BODY OF TABLE ARE EST IMA fES DF LO r r·ERCEN I [IEFEC T IVE CORRESPONDING T 0 liPECIHC VAl_llES IJf lllJALrT y INDEX AND ilAHF"LE 
SIZE. FOR Q VALUES GREATER THAN OR E!lUAl. IO ZERO. HfE PERCENT UEFECTIIJE E5rIMATE HAY nc READ [IIRECfLY FROM THE TA!ll_E. FOR 
Q VALUES LESS THAN ZERO, THE fABLE VALUE MUSI flE SllBfRACTED FROM 100, 

FIGURE 9 Table for estimation of percent defective (range method). 
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VARIABLES ACCEPTANCE PLANS *** VARIABILITY-UNKNOWN PROCEDURE *** STANDAR[I DEVIAlION METHOD 

SAMPLE 
SIZE 

Cn> 

HAXIHUH 
ALLOWABLE 
ESTIMATED 

PERCENT 
[IEFECTIVE 

CH) 

HINIHUH 
ALLOWABLE 

QUALITY 
INDEX 

Ck > 

LOT PERCENT DEFECTIVE VALUES PRODUCING THE LIS TED ACCEPTANCE PROBABILirIES 

3 
3 
3 
3 

4 
4 
4 
4 
4 

5 
5 
5 
5 
5 

6 
6 
6 
6 
6 

7 
7 
7 
7 
7 

8 
8 
8 
8 

9 
9 
9 
9 

10 
10 
10 
10 

lS 
15 
15 
15 

20 
20 
20 

30 
30 
30 

50 
so 
50 

100 
100 
100 

30 
35 
40 
45 

25 
30 
35 
40 
45 

25 
30 
35 
40 
45 

20 
25 
30 
35 
40 

20 
25 
30 
35 
40 

20 
25 
30 
35 

20 
25 
30 
35 

20 
25 
30 
35 

15 
20 

30 

15 
20 
25 

15 
20 
25 

10 
15 
20 

10 
1~ 

20 

0,679 
0.524 
0.357 
0.181 

01750 
0.600 
0.450 
0,300 
0' 150 

0.723 
0,572 
0.426 
0.202 
0' 141 

0.869 
0.709 
0.558 
0.414 
0.274 

0.062 
0.701 
0.550 
0.407 
0.269 

0.858 
0,696 
0,545 
0.403 

0 .855 
0.692 
o.542 
(). 400 

0.853 
0,690 
0.539 
0.398 

1.037 
0,848 
0.683 
o.5~"i3 

j .036 
0.846 
0,680 

1.0:l6 
0,844 
0,678 

1.277 
1.036 
0,943 

11279 
1.036 
0.842 

0.99 

1 
3 
4 

2 
3 
5 
7 
9 

3 
5 
7 
9 

12 

2 
4 
{, 

8 
11 

7 
9 

12 

3 

B 
11 

6 
9 

12 

4 
7 
9 

12 

6 
9 

12 

5 
7 

10 

6 
9 

13 

4 
7 

11 

5 
9 

13 

0.95 

4 
7 

10 
D 

5 
7 

10 
13 
17 

6 
9 

12 
15 
19 

5 
7 

10 
14 
17 

6 
8 

11 
15 
1 11 

6 
9 

1':> 

l6 

7 
10 
B 
l 7 

7 
l 0 
14 
1IJ 

6 
9 

D 
16 

7 
10 
14 

8 
12 
16 

6 
9 

13 

7 
11 
15 

0,90 

10 
14 
HJ 

8 
10 
l 4 
17 
22 

9 
12 
l6 
20 
24 

7 
L() 

14 
1 7 
21 

8 
11 
15 
HI 
23 

9 
12 
15 
19 

9 
12 
16 
::.!O 

10 
13 
l 7 
2j 

ll 
:12 
16 

9 
13 
J.8 

6 
10 
1 5 

'1 
.t2 
16 

0.00 

12 
16 
21 
26 

12 
JS 
l 9 
24 
29 

13 
17 
21 
:.:.~ l.i 
30 

11 
14 
18 
23 
27 

11 
15 
19 
23 
;,~ El 

12 
16 
20 
24 

J 2 
16 
20 

13 
j 7 
21. 
2~i 

10 
14 
18 

10 
15 
19 

l 1 
15 
20 

IJ 
12 
16 

8 
13 
17 

0.50 

25 
:io 
34 
40 
45 

25 
30 
35 
40 

25 
30 
35 
40 

20 
25 

20 
25 

20 

:io 
3~5 

15 
20 

::lO 

15 
20 
25 

1 ~) 
20 

10 
15 
20 

10 
15 
20 

0.20 

48 
53 
58 
63 

42 
47 
51. 
56 
61 

4 0 
45 
50 
55 
60 

34 
39 
44 
49 
54 

33 
38 
43 
48 
~:;:3 

32 
:!7 
42 
47 

31 
36 
41 
46 

30 
35 
41 
46 

22 
27 
32 

20 
26 
31 

13 
19 
2 '1 

1.2 
18 
23 

0.10 

59 
63 
67 
72 

52 
56 
60 
6~) 

69 

49 
5.3 
58 
63 
67 

4':> 

4? 
51 
56 
bl 

40 
45 
50 

~:19 

38 
44 
41J 
~53 

37 
42 
47 
::':i2 

36 
41 
46 
~:):I. 

25 
:>J 
36 

23 
29 
34 

15 
21 
27 

14 
19 
25 

o. o5 

68 
l1 
75 
79 

60 
6 4 
68 
71 
76 

56 
60 
65 
f19 
73 

49 
~5:3 

51l 
62 
66 

46 
51 
56 
6() 

65 

44 
49 
54 
~:59 

43 
48 
~53 
~jl 

4J 
46 
51 
~56 

:n 
37 
4 '' 
47 

29 
;1 4 
40 

26 
31 
37 

17 
23 
29 

0.01 

81 
84 
86 
88 

74 
76 
79 
82 
85 

69 
72 
76 
79 
82 

t.1 
65 
69 
73 
76 

58 
62 
66 
70 
74 

55 
60 
64 
68 

53 
58 
6':> 
66 

51 
56 
bO 
65 

39 
45 
~iO 

35 
41 
46 

31 
37 
42 

20 
27 
32 

17 
23 
29 

-----------------------------··---- --·- -- .... - _ .. -··. - _ ... - ---- . ____ , ____ .... _____ _ -- - -- ----- - -------- -·----- ---- -
THE ACCEPTANCE PROBABILITIES IN THE HEADING OF THIS TA Bl.E ARE ACCURArE FOR SINGLE-LIMIT PLANS AND ARE APPROXIMATELY CORRECT 
FOR DOUBLE-LI HIT PLANS. FOR SINGLE LIMIT APPLICATIONS' EITHER 1 HE MAXIMUM ALLOWAULE ES rIMATE[I F'ERCEN r [IEF EC rIVE ( H) OR THE 
MINI HUM ALLOWABLE QUALITY JN[IEX ( k> MAY I<E SPECIFIED, FOR DOUJll E-LIMil APPi.I CA I IONS, ONLY lHE MAXIMUM ALLOWAIJL E ES TI HATED 
PERCENT DEFECT! VE SHOULD BE USE[r, 

F1GURE 10 Alternate format for operating characteristic table for variables plans. 

percent defective would be expressed as lOOp. This 
distribution was used to develop the table shown in 
Figure 4. 

The estimates of lot percent defective for the 
standard deviation method contained in the table 
shown in Figure 6 are obtained by numerically inte­
grating the beta distribution function (!1): 

x=Max(O, l/2 - Qnl/2/[2(n - l)]} 
p a l a (a,b,x)dx 

x-0 
(7) 

where 

p 

fl(a,b,x) 
a,b 

fraction defective of the population 
for single-limit applications (for 
double-limit applications, two separate 
integration steps must be performed and 
the results added to obtain the total 
fraction defective); 
beta distribution functioni 
parameters of the beta distribution 
n/2 - l; 
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VARll\BILI fY - tlNKNOIJN PFWCEntJRE s rANDAIW r.ri:VIAIJllN METllOD 

-~ ;;. .;:;..~~ ;.~t:n. 

MAXIMUM 
ALL OWAE!I L F'ERCENT l1EFC CT JI.JI-: Pl::UDAIJII l I Y Ill Al:CJ:P I ANCE 
ESTIMATED 

SAM Pl E F'ERCEN I LOWF.f~ 
SIZE D[F EC I T.VL I AIL 

:i 42 () 

:J 4;:> ~':i 

.I ~HJ 20 
3 :rn 10 

3 ~14 ]() 

:1 .l4 :,!~.:i 

,, ~~b J.() 
5 ::sti :'> 

~'i 32 0 
~i ] : .. ~ J.'.-j 

:.!b \~)() 

:-?.b :·rn 

10 r)r) 0 
10 ;~ '. ) ~~ 

10 :!'I :.~() 

10 2 ·1 LO 

JO :'U LO 
10 ::! fl :..~o 

LIPPJ:R 
TAii rllTAI 

JO 10 
s 1.() 

0 :.~() 

10 20 

::;o bO 
::~~ bO 

() 10 
;., rn 

:rn :·'10 
t:'·i :rn 

() ,',() 
:rn 60 

10 10 
~-, 10 

<I :.~(} 

10 :.~o 

:10 40 
: ~ {) 40 

~lINGL L I. IH I I 
I CDMPll T rn) 

0 . (lb 
(). (?b 

0 • ~'U 
0 . 7::! 

o . 14! 
0.J :? 

0 .(?/ 
0 , 9/' 

() • ~'1 .q 

o.:')11 

0 . ().1 

(',().1 

o . ~':' 
\).1.>::.i 

O .fi'.-i 
0.6:-1 

0, I 7 
11 . t I 

flOlJlll E L I M:r I 
C !iIMlll_r'\ f [:: D) 

(). !;(_) 

() I I},~) 

0 . /(1 
0. /7 

0' j J 
o. :1 2 

()' ?"/ 
0. 171:1 

0. ~:i4 
(). ~:i:! 

0 , ()4 
0.0 .l 

o.93 
() . ';ii;~ 

(). t.~J 
0 . 6'.5 

(), I ~.I 
o. l'.:'i 

EACll EiJMlJI Af[CJN l~E!itJI 1 Wn!:i ur1rri1M1 : n r1Y :tN1111·1 ~ NDFNll y (·)ENl:l(f'il lf\lrJ '.·.1000 l~AN}l()M 
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FIGURE 11 Demonstration that single-limit operating characteristic curves are 
sufficiently accurate for most double-limit variables acceptance plans. 

n = sample size; 
Q quality index, (X - L)/S or (U - X)/S 

for single-limit applications, both re­
quired for double-limit applications; 

x sample mean; 
S sample standard deviation; 

L,u lower and upper specification limits; 
ana 

x = integration variable. 

The area under the beta distribution obtained in 
this manner is the fraction defective that must be 
multiplied by 100 to yield the estimate of percent 
defective. Although this integration can be done 
manually using tables of the beta function (14), it 
is far mor e practi cal to use compute r assistance 
with subroutines developed spec i f i call y for this 
purpose. 

The operating characteristics for variables plans 
based on the standard deviation are obta i ned by 
numerically integrating the noncentral t distribu­
tion function <El : 

x=kn112 
p 1 - J t ( v, 6 , x) dx (8) 

x=--oo 

where 

p 

t(v,6,x) 
v = 
n 
6 

probability of acceptance, 
noncentral t distribution function, 
degrees of freedom = n - 1, 
sample size, 
noncentrality parameter = K~nl/2 
normal z-score associated with each 
level of population percent defective 
for which the computation is made, 

k acceptance constant, and 
x = integration variable. 

If the acceptance procedure is stated in terms of 
the maximum allowable estimated percent defective 
(M) rather than the minimum allowable value (k) of 

the quality index (Q), this must first be con~erted 
to a k-value using tables such as those shown in 
Figures 6, 7, or 9. The integration step indicated 
in Equation 8 may be performed manually using tables 
of the noncentral t distribution <El although, like 
the integration of the beta distribution in Equation 
7, it is much more practical to use computer assis­
tance. The table shown in Fiqure 5 was generated in 
this manner. 

When these same operations are to be performed 
for acceptance plans based on the range (R) , minor 
modifications must be made to account for the reduced 
degrees of freedom associated with range estimates 
of variability. The following values are obtained 
from Duncan (11). 

Degrees of 
Sample Conversion Freedom 
Size Factor (d2*) (range method) 

3 1.91 2.0 
4 2.24 2.9 
5 2.48 3.8 
6 2.67 4.7 
7 2.83 5.5 
8 2.96 6.3 
9 3.08 7.0 

10 3.18 7.7 
11 3.27 8.4 
12 3.35 9.0 
13 3.42 9.6 
14 3.49 10.2 
15 3.55 10.8 

To obtain estimates of lot percent defective using 
the range method, the upper integration limit in 
Equation 7 must be changed (ll_) to 

x =Max {0, 1/ 2 - d 2* Q [(v + l)l/ 2] / 2v} (9) 

where 

x integration variable; 
Q quality index computed by the range method, 
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(X - L) / R or (U - X) / R for single-limit ap­
plications, both required for double-limit 
applications; 

dz* factor that, when divided into the range 
computed from the sample, converts it into 
an estimate of the standard deviation; and 

v = degrees of freedom (the appropriate non­
integer values associated with the range 
method must be used). 

To develop operating characteristic curves for 
variables acceptance plans based on the range, Equa­
tion 8 may be used except that is is necessary to 
account for the appropriate noninteger degrees of 
freedom associated with range estimates of variabil­
ity (personal conversation with G.J. Resnikoff, Cali­
fornia State University, Hayward, 1985). In this 
case, it is necessary to compute two probability 
values for integral degrees of freedom in order to 
obtain the desired value by interpolation. 

POTENTIAL PROBLEM WITH VARIABLES PLANS 

Although such occurrences are rare, it is possible 
when using variables acceptance plans that a lot may 
be judged rejectable even though none of the individ­
ual test results falls outside the specification 
limits. Provided no fundamental assumptions (normal 
population, random sampling, etc.) have been vio­
lated, this is a theoretically correct result. The 
proper inference is that, ~ased on the mean and 
standard deviation (or range) estimated from the 
sample, the population percent defective is unac­
ceptably large. 

This same result may also be caused by one or 
more outliers, test results that deviate unusually 
far from the norm because of some assignable cause 
such as equipment malfunction or operator error. 
Because such a result may be challenged by a con­
tractor who is unfamiliar with its theoretical basis, 
and may indeed be an indication of a breakdown in 
the sampling and testing process, it is advisable to 
investigate and reevaluate any lot rejected in this 
manner. 

PAVEMENT THICKNESS EXAMPLE 

A highway agency wishes to develop an acceptance 
procedure for pavement thickness that is as uncom­
plicated as possible and involves no statistical 
calculations or special tables. The pavement will be 
considered satisfactory if at least 90 percent of it 
has a thickness greater than the design value. 
Therefore the acceptable quality level (AQL) may be 
considered to be 10 percent defective and it is de­
sired t ha t this level of quality have a relatively 
high pr oba b ility of acceptance. At the other extreme, 
if 40 percent of more of the pavement is less than 
the design thickness, it has been decided that this 
will be defined as the rejectable quality level (RQL) 
and a correspondingly low probability of acceptance 
is desired. 

For purposes of this example, suppose that a 
seller's risk of Q = 0.05 and a buyer's risk of 
6 = 0.10 are desired. The corresponding probabil­
ities of acceptance are P = 0.95 at the AQL and P = 
0.10 at the RQL. 

The requirement for simplicity dictates an attri­
butes plan. When attributes acceptance procedures 
are applied to continuous data (thickness in this 
case), the lot size is considered to be infinite. By 
scanning the rows and columns of the table shown in 
Figure 4, it is observed that a plan with a sample 
size of n = 15 and an acceptance number of c = 3 
produces very nearly the desired risk levels. (Be-
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cause the sample size and acceptance number are dis­
crete values, it is not possible to match the risks 
exactly.) The following values are obtained: 

Lot Percent Pr ob ability of 
Defective AcceEtance 
10 (AQL) 0.94 
20 0.65 
30 0.30 
40 (RQL) 0.09 
50 0.02 

It can be seen from these values that the basic 
objectives have been well · satisfied. A good quality 
pavement that has 10 percent or less defective will 
have a probability of acceptance of at least P = 
0.94. If the pavement is 40 percent or more defec­
tive, the probability of acceptance will be P = 0.09 
or less. 

The completed acceptance procedure will require 
that n = 15 cores be taken at random locations within 
a specified lot size. Because attributes acceptance 
theory makes no assumptions about the distributional 
form of the population, there is considerable lati­
tude to define the lot size in any manner that the 
highway agency believes is appropriate. Provided 
that no more than c ~ 3 cores are less than the de­
sign thickness, the lot will be judged acceptable. 

GRADATION EXAMPLE 

An acceptance procedure is to be prepared for a 
crushed stone base course. The percentage by weight 
of material passing the No. 200 sieve is known to be 
a significant performance characteristic. Experience 
has shown that bases that have 7. O percent or less 
of minus No. 200 material have performed well but 
bases that have more than 10.0 percent of minus No . 
200 material have poor stability and drainage and 
tend to be fros t susceptible. For this example, it 
is assumed that an analysis of historical data has 
shown the test results on minus No. 200 material to 
be approximately normally distributed with a typical 
standard deviation of about a = 1.0 percent. 

The information provided in this example is suf­
ficient to develop a workable acceptance plan but it 
is not in the most useful form. For the types of 
acceptance plans covered in Standard R9, definitions 
of acceptable and unacceptable quality must be stated 
in terms of the percentage of material falling out­
side some specification limit (or pair of limits). 
Instead, the information is presented in terms of 
two average levels of minus No. 200 material that 
experience has shown have produced satisfactory and 
unsatisfactory results, respectively. As a reasonable 
approximation, these average values can be associated 
with the typical standard deviation of a 1.0 
percent by means of normal distribution theory to 
provide guidance in establishing both the AQL and 
the RQL in terms of percent defective. The acceptance 
plan will then perform as desired as long as the 
standard deviation is reasonably close to the typical 
value and, if conservatively designed, it should 
provide ample protection even when the standard 
deviation is larger than usual. 

Because there is no reason to impose a lower limit 
on minus No. 200 material, this will be a single­
limit specification. A logical choice for this limit 
is 7.0 percent, the level of minus No. 200 material 
that is known to be clearly satisfactory. It is be­
lieved that the base will perform well as long as 90 
percent or more of the material has a minus No. 200 
value of 7. O percent or less. Therefore the AQL is 
defined as 10 percent defective above the limit of 
7. 0 percent. This is a relatively conservative def­
inition because, even if the standard deviation were 
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considerably larger than the typical value, there is 
little chance that any of the material in the normal 
distribution representing AQL quality would reach 
the known critical value of 10.0 percent minus No . 
200 material. The AQL is illustrated in the upper 
diagram in Figure 12. 

DISTRIBUTIONS OF MINUS"' 200 TEST RESULTS 

(BASED ON TYPICAL 0 = 1.0) 

10 PERCENT 
DEFECTIVE 

/ (AQL) 

7.0 

t 
KNOWN 

SATISFACTORY 
VALUE 

(PERCENT) 

DEFECTIVE 
. / (RQL) 

· . . 50 PERCENT 

70 10.0 

t 
KNOWN 

CRITICAL 
VALUE 

(PERCENT) 

FIGURE 12 lliustration of definitions of AQL and RQL 
for gradation example. 

To determine the level of percent defective to be 
defined as the RQL, it is noted that if this same 
distribution had 50 percent of its material above 
the limit of 1 . 0 percent, its upper tail would extend 
just to the critical value of 10.0 percent minus No. 
200 material. On those few occasions in which the 
standard deviation was substantially larger than the 
typical value of a 1.0 percent, a relatively 
small portion of the distribution would extend above 
the critical value of 10.0 percent. As the amount of 
material exceeding 7.0 percent minus No. 200 material 
increases above SO percent, however, progressively 
more will exceed the critical value of 10.0 percent 
and performance problems might be expected to devel­
op. This provides a rational basis for defining the 
RQL as 50 percent defective above the limit of 7.0 
percent minus No. 200 material, as illustrated in 
the lower diagram in Figure 12. 

For this example, i t will be assumed that the 
highway agency wishes to control both the seller's 
risk and the buyer's risk at a S = O.OS. The 
required acceptance probabilities at the AQL and RQL 
are P = 0 . 95 and P • 0.05, respectively. It is seen 
from the table shown in Figure 5 that a variables 
plan with a sample size of n = 8 and a maximum al­
lowable estimated percent defective of M = 26 meets 
these requirements. 

Lot Percent Probability of 
Defective Acce2tance 
10 (AQL) 0.95 
20 0.70 
30 0.38 
40 0.16 
so (RQL) 0 .05 
60 0.01 
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A suitable lot size must be chosen and the method 
of testing specified. Because variables acceptance 
theory assumes sampling from a normal population, 
care must be taken not to combine distinctly differ­
ent populations into a single lot. The acceptance 

procedure will require that the mean (X) and standard 
deviation (S) be calculated from n c 8 random sam­
ples and used to compute the Q-statistic in Equation 
10. The corresponding percent defective estimate is 
obtained from tables such as the one shown in Figure 
6 or the type shown in Figure 7. For the lot to be 
judged acceptable, the estimated percent defective 
must be no larger than M = 26. (Alternatively, i t 
could be required that the Q-statistic be equal to 
or greater than k = 0,665.) 

Q (7.0 - X)/S (10) 

PAY ADJUSTMENT CLAUSES 

Because it is seldom possible to define a single 
level of quality that differentiates between satis­
factory and unsatisfactory work, it has become cus­
tomary to define two distinctly different quality 
levels--the AQL and the RQL--when developing statis­
tical acceptance procedures. The AQL represents a 
clearly acceptable level of quality that the highway 
agency expects the contractor to deliver; The RQL 
represents a much lower level of quality that, when 
detected, requires some sort of remedial action, 

In actual practice, highway agencies are often 
faced with the dilemma of having to deal with margin­
al quality, items of work that fall between the AQL 
and the RQL. Many agencies have found the use of 
adjusted pay schedules, which award payment in pro­
portion to the quality received, to be a practical 
and effective solution. The percent defective param­
eter, on which the revised version of Standard R9 is 
based, is particularly well suited for this purpose. 
For the reader interested in pursuing this refine­
ment, the development of pay adjustment clauses is 
extensively covered in the recent literature 1!.-l.r 
lS-21). 

SUMMARY AND CONCLUSIONS 

A major revision of AASHTO Standard R9, Acceptance 
Sampling Plans for Highway Construction, was de­
scribed. The primary goals were to correct several 
technical flaws and to reduce the level of complexity 
of the standard. The new version is oriented around 
the concept of percent defective as the quality mea­
sure and advocates the standard deviation method 
rather than the less efficient range method for 
variables acceptance plans. Several new tables were 
developed, including operating characteristic tables 
for a wide range of both attributes and variables 
acceptance plans, and it was demonstrated by computer 
simulation that single-limit variables operating 
character is tic curves are sufficiently accurate for 
most double-limit applications. Finally, two examples 
were presented to illustrate the use of the revised 
standard. 
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