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On-Time Performance and the Exponential
Probability Distribution

WAYNE K. TALLEY AND A. JEFF BECKER

In spite of the seemingly strong support for research in on-time
performance of bus service, previous research has largely been
informal with little statistical basis. In this paper, it is con-
cliuded that the distribution of late and early time intervals
between actual and scheduled time arrivals for buses at bus
stops on a particular route conforms to the exponential proba-
bility distribution. The probability equation of the distribution
can be used to compute the probability or percentage of buses
arriving at a given bus stop that will be more than x minutes
early or more than y minutes late. These probabilities may be
Interpreted as failure rates. The probability equation allows
flexibility in interpreting results and setting standards for on-
time performance.

The significant amounts of government funding being provided
to public transit firms has given rise to concern regarding
public return from such funding. This has led to an interest in

W. K. Talley, Old Dominion University, Norfolk, Va. 23508. A.J.
Becker, Tidewater Transportation District Commission, Norfolk, Va.
23501.

studying the performance of public transit firms. Because bus
service is the most common to be provided by public transit
firms, particular attention has been given to studying its perfor-
mance.

One area in the performance evaluation of bus service that
has received a great deal of attention is on-time performance.
On-time performance of bus service has been defined by John
Bates (I) as “a motorbus passing or leaving a predetermined
point along its routing within a time envclope that is no more
than x minutes earlier and no more than y minutes later than a
published schedule time.” Recently, a survey (I) was con-
ducted to determine basic practices and attitudes concerning
on-time performance of bus service. The general conclusions
of the survey are:

1. There is wide variation in the definition of on-time perfor-
mance; however, a definition of no more than 1 min early and
no more than 5 min late is the most commonly used.

2. Determination of on-time performance appears to be a
largely informal practice with little statistical basis.
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3. On-time performance is considered to be an important
bus performance characteristic.

4. There is strong support for research in on-time perfor-
mance of bus service.

The purpose of this paper is to provide a statistical basis for
analyzing on-time performance. Specifically, the paper pro-
poses that the exponential probability distribution be used to
compute the probabilities that buses (or percentage of buses) on
a particular route and arriving at a particular bus stop will be
more than x minutes early and more than y minutes late. This
approach to evaluating on-time performance of bus service
differs from the traditional approach in two major ways: (a) the
former focuses on those bus arrivals that lie outside of the on-
time performance interval as previously discussed, while the
latter focuses on those arrivals that lie inside of the on-time
performance interval; and (b) instead of the traditional
approach in providing a formal definition of on-time perfor-
mance, which a bus stop on a particular route must adhere to,
the proposed approach provides probabilities, which buses at a
bus stop on a particular route will be more than x minutes early
and more than y minutes late; this information, in turn, may be
used by transit management for obtaining different definitions
of on-time performance depending on the bus stop (and thus
route) in question or for evaluating the performance of a route
with respect to the stated formal definition of on-time perfor-
mance.

The methodology based on the exponential probability dis-
tribution for evaluating the on-time performance of bus service
is presented followed by a section on the application of the
methodology to bus routes of the Tidewater Transportation
District Commission (TTDC), a public transit firm.

METHODOLOGY

The exponential probability distribution is a continuous dis-
tribution with respect to the variable x, where x is the interval
(e.g., time) between events. The arithmetic mean () and vari-
ance (62) for the exponential probability distribution are com-
puted as follows:

W= 1o )
o? = 1/o2 2

The exponential probability distribution restricts the values of x
from being negative. A plot of an exponential probability
distribution with a mean of 2 (u = 2) is shown in Figure 1.

A sample of y was obtained in order to endorse the proposal
to use exponential probability distribution for computing the
probability that buses on a particular route will be more than y
minutes late at a bus stop.

The y values for motorbuses arriving at a bus stop on a
particular route of the TTDC for a given day were assumed to
be distributed as an exponential probability distribution. Let y
represent the time interval in minutes for which a bus is late at
the bus stop. This time interval is computed by taking the
scheduled time of arrival for a bus at the bus stop from the
actual time of arrival. Because the exponential probability
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distribution.

distribution restricts the values of the variable from being
negative, the sample was restricted to consist of only positive
values for the variable y (which is concermned only with late-
ness). This sample in turn, was used in a Kolmogorov-Smimov
Goodness-of-Fit Test to make inference to the null hypothesis
that this sample was taken from an exponential probability
distribution. This test is described by Sidney Siegel (2).

Based on a 5 percent level of significance, the null hypoth-
esis could not be rejected. This test was also performed with
several other samples with respect to lateness and had the same
result. Hence, the sample evidence supports the assumption
that late time intervals for motorbuses arriving at a bus stop on
a given route are distributed as the exponential probability
distribution.

In order to provide support for whether the exponential
probability distribution can be used for computing the proba-
bility that buses on a given route will be more than x minutes
early at a particular bus stop, the same analysis was conducted
for lateness. Based on a 5 percent level of significance, the null
hypothesis could not be rejected. It was concluded that the
sample evidence supports the assumption that the distribution
of early time intervals for buses arriving at a bus stop on a
particular route is determined by exponential probability.

The samples of time intervals for buses have been divided
into two sorts: a sample for lateness and a sample for earliness.
On-time buses are included in both samples. This follows from
the definitions of x and y variables, and from the elimination of
negative values for the variables in both samples. x is computed
by taking the actual time of arrival from the scheduled time of
arrival, and y is computed by taking the scheduled time of
arrival from the actual time of arrival, therefore, a motorbus
that is on time will be in both samples because x=y=0.

Instead of including the on-time buses in both samples, it
may be that by measuring on-time performance more accu-
rately (in terms of seconds) no on-time buses for the route will
be found. In that case, the problem of what to do with the on-
time buses is solved. Alternatively, it may be assumed that the
on-time performance of the initially classified on-time buses
was not measured correctly and, furthermore, that these buses
are equally likely to be late or early. Hence, one-half of these
buses may be placed on the early bus sample and the other one-
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half in the late bus sample for the given route. A final alterna-
tive is to eliminate those buses that are actually found to be on
time (measured in seconds) from either sample for the route.

Based on the preceding discussion, exponential probability
distribution can be relied on for computing the probability that
daily buses on a particular route will be more than x minutes
early or more than y minutes late at a given bus stop. The
following discussion concerns late arrivals; however, the same
conclusions also pertain to early arrivals.

The probability that buses will be more than b minutes late
can be computed from the following formula

Prob (y > b) = e-ab A3)

Where, e is the base of natural logarithms, and a equals 1
divided by the arithmetic mean of the values of y in the sample.
Suppose in a sample of daily late arrivals (also including on-

TRANSPORTATION RESEARCH RECORD 1108

time arrivals) that the arithmetic mean of the arrivals was 1.63
min late. If b is specified to be 5 min late (the generally
accepted standard at present), then the probability that buses on
this route will be more than 5 min late will be 0.0498 or

Prob (y > 5) = e¢-1/1.63)5 = (.0498 &)

For the purpose of evaluating the on-time performance of
bus service, the exponential probability distribution provides a
great deal of flexibility for transit management. For example,
there are three unknowns in Equation 3: (a) the Prob (y > b), (b)
the parameter a, and (¢) the parameter b. Given any two of
these unknowns, Equation 3 can be used to determine the third.
In Equation 4 values for a and b are specified and solved for
Prob (y > b). Values for Prob (y > b) and a can also be specified
and solved for b. The final possibility is to specify Prob (y > b)
and b and solve for a or the reciprocal of the arithmetic mean of
the late arrival observations.

TABLE 1 ON-TIME PERFORMANCE FOR LATENESS

Probability
No. of Average Bus More 5 Percent Buses 1
Observations Late Than 5 Buses May  Min Early
>or=0Min  Adherence  Min Late Be This to 5 Min
Route Late (min) (%) Late (min)  Late (%)
1 71 293 18.2 8.8 78
27 1.97 7.9 59 90
3 49 212 9.5 6.3 87
4 69 2.55 14.1 1.6 84
5 19 1.84 6.6 5.5 96
6 29 7.84 52.8 234 77
8 17 4.88 35.9 14.6 78
9 15 2.67 15.4 8.0 88
10 18 1.67 5.0 5.0 100
11 30 2.20 10.3 6.6 85
12 17 330 22.0 9.9 74
13 24 3.96 28.3 11.8 68
15 17 0.86 0.3 2.6 92
16 14 2.86 17.4 8.6 88
14 16 275 16.2 8.2 89
18 30 473 34.7 14.1 69
19 5 1.40 2.8 4.2 100
20 39 3.72 6.1 11.1 52
20X 5 1.60 4.4 4.8 86
22 10 0.60 0.0 1.8 100
23 33 322 21.2 9.6 89
26 41 2.02 8.4 6.0 100
35 2 1.50 3.6 4.5 100
36 6 8.00 53.5 239 70
37 2 3.50 24.0 10.5 33
39 29 0.90 0.4 2.7 100
40 39 0.79 0.2 24 94
41 8 2.00 8.2 6.0 78
44 10 0.60 0.0 1.8 82
45 64 5.47 40.1 16.4 63
46 10 3.60 249 10.8 82
47 22 2.27 11.1 6.8 86
49 17 225 10.8 6.7 94
50 11 0.73 0.1 22 91
71 11 7.18 49.8 21.5 26
72 11 0.57 0.0 1.7 38
73 15 8.14 54.1 24.3 41
74 22 337 22.7 10.1 51
75 15 5.67 41.4 17.0 44
76 17 8.24 54.5 24.6 38
80 16 2.19 10.2 6.5 89
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APPLICATION OF METHODOLOGY TO THE TTDC

The TTDC is a public transit firm chartered in the Common-
wealth of Virginia to plan, operate, and regulate public trans-
portation services. Five cities (Chesapeake, Norfolk, Ports-
mouth, Suffolk, and Virginia Beach) are members of the TTDC
and receive public passenger transportation from the TTDC.
The TTDC provides a variety of public passenger transporta-
tion services, including bus, dial-a-ride, elderly and hand-
icapped, ferry, and vanpool. With respect to bus service, the
TTDC is a medium-sized system with 120 peak-hour buses on
41 routes

Time intervals between scheduled and actual time of arrival
for buses arriving at a bus stop on each of the 41 routes were
obtained for a typical day. The arithmetic means of the late and
early arrivals (where on-time arrivals are included in both types
of arrivals) for the 41 routes were computed (see Table 1 and
Table 2, respectively).
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As stated previously, the most commonly used definition of
on-time performance by U.S. bus firms is no more than 1 min
early and no more than 5 min late. The rationale for selecting
this definition is not clear, but appears to be based on a reason-
able waiting time for buses delayed due to travel conditions.
Early departure is regarded as unnecessary and undesirable.

The failure rate with respect to the preceding definition of
on-time performance may be obtained with the aid of the
exponential probability distribution. The failure rates (5 min
late) for TTDC’s 41 routes are given in the fourth column of
Table 1; failure rates (1 min early) for TTDC’s 41 routes are
found in the fourth column of Table 2. Note that these columns
are not additive. With respect to the TTDC’s lateness samples,
the probability that buses will be more than 5 min late ranges
from 0 to 54.5 percent for the routes. With respect to the
TTDC'’s earliness samples, the probability that buses will be
more than 1 min early ranges from zero to 81.9 percent for the
routes. Given the wide range in the failure rates in being late

TABLE 2 ON-TIME PERFORMANCE FOR EARLINESS

No. of Average Probability 5 Percent
Observations  Early Bus More Buses May
<or=0Min Adherence Than 5 Min Be This
Route Early (min) Early (%) Early (min)
1 27 0.30 36 0.9
2 17 0.29 3.2 0.9
3 24 0.38 12 1.1
4 36 0.26 21 0.8
5 8 0.75 26.4 2.2
6 10 0.30 36 0.9
8 2 1.00 36.8 3.0
9 6 0.33 4.8 1.0
10 7 0.43 9.8 1.3
11 12 0.25 1.8 0.7
12 Z 0.29 32 0.9
13 6 0.17 0.3 0.5
15 19 0.66 220 2.0
16 3 0.67 225 2.0
17 5 0.60 18.9 1.8
18 15 2.00 60.7 6.0
19 2 0.50 13.5 1.5
20 31 1.86 584 5.6
20X 3 2.00 60.7 6.0
22 4 0.00 0.0 0.0
23 6 0.83 30.0 2.5
26 23 0.13 0.0 0.4
35 0 0.00 0.0 0.0
36 7 1.29 46.1 3.9
37 1 3.00 7.7 9.0
39 17 0.00 0.0 0.0
40 33 0.51 14.1 1.5
41 5 0.20 0.7 0.6
44 7 1.14 41.6 3.4
45 22 0.85 30.8 2.5
46 2 0.50 13.5 1.5
47 14 0.50 13.5 1.5
49 10 0.50 13.5 1.5
50 9 0.00 0.0 0.0
71 14 3.1 76.4 11.1
72 15 2.07 61.7 6.2
73 4 3.60 757 10.8
74 25 2.74 694 8.2
75 7 1.57 52.9 4.7
76 3 5.00 819 15.0
80 10 0.30 36 0.9
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and early, the question arises as to whether the restrictions of
on-time performance as defined (5 min late and 1 min early) are
appropriate for every route. A higher value for b (late or early)
may be acceptable for a more congestion-prone route.

Instead of focusing on the probability of failure rates, man-
agement may want to examine the magnitude of the failure to
adhere to a schedule. Suppose transit management initially
considers setting the limits for the definition of on-time perfor-
mance based on a failure rate of 5 percent for being late and
carly. For the TTDC (see Column 5, Table 1), lateness limits
will range from 1.7 min to 24.6 min for the routes; earliness
limits (see Column 5, Table 2) will range from 0 to 15 min. If
transit management chooses a higher failure rate of 10 percent,
the ranges of the limits will become smaller.

Practically speaking, transit management may seek to keep
the commonly used definition of on-time performance: no more
than § min late and no more than 1 min early (see Column 6,
Table 1). In that case, management may use the fourth columns
in Tables 1 and 2 to determine whether a ronte ic adhering to the
definition of on-time performance with respect to certain prob-
ability limits. Suppose management states that a given route is
adhering to the definition of on-time performance if the failure
rate for lateness and earliness does not exceed 10 percent. In
Table 1, 25 of the routes exceed this failure rate with respect to
lateness; in Table 2, 24 of the routes exceed this failure rate
with respect to earliness.

By increasing the acceptable failure rate, the number of
routes with failure rates exceeding the acceptable rate will
decrease. Hence, transit management might begin by stating a
relatively high acceptable failure rate and concentrate on those
few routes that cxceed this rate by allempting to correct the
problems that have caused the routes’ relatively high failure
rate. Over time the acceptable failure rate could be lowered in
order to select those routes that are to be investigated for the
purpose of improving their on-time performance. Furthermore,
because probabilities are available for lateness and earliness,
transit management can detect a route that may have an early
on-time performance problem but not a late problem, and vice
versa.

CONCLUSIONS

Although there appears to be strong support for research in on-
time performance of bus service, previous research has largely
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been an informal practice with little statistical basis. In this
paper, it is concluded that distribution of late and early sched-
ule adherence intervals for buses arriving at a bus stop on a
particular route conforms to the exponential probability. If the
definition of on-time performance states that a bus at a bus stop
will be no more than x minutes early and y minutes late, the
probability equation of the exponential probability distribution
can be used for computing the failure rate with respect to these
limits. Specifically, the probability equation can be used to
compute the probability or percentage of buses amiving at a
given bus stop that will be more than x minuies early and more
than y minutes late. Once transit management specifies the
acceptable failure rates for being late and early, the proba-
bilities given here can be compared with rates used for detect-
ing bus routes experiencing problems that cause relatively high
failure rates.

A major problem that arises when applying the methodology
described is the categorization of samples (early or late) of
huges that are initially classificd as on time. This proviem may
be solved by measuring the on-time performance of buses more
accurately (in terms of seconds), so that no buses are classified
as on time for the route. The appropriate method for handling
this problem will be deferred to future research. However,
whichever method is selected, researchers should be aware that
the proposed methodology serves as a stastistically rigorous
screening device for detecting bus routes with possible on-time
performance problems rather than as a forecasting model of
schedule adherence.
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