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Dynamic Stability of Soil-Reinforced 
Walls 

]OHN VRYMOED 

A method is developed to delermine the static and dynami stability 
of soil-reinforced wall ·• The method determines factors of safety 
against pullout and yieJd of the reinforcement and against the wall 
sliding on it base. The e factor of safely are determined as a 
function of different levels of acceJeration applied at the base of 
the waJJ. Results are shown when the propo cd method was used 
to determine the stability of a 62-ft high wall constructed as part 
of the realignment of State Highway 101 in northern California. 

The California Department of Transportation (Caltrans) has 
investigated the various aspects of oil-reinforced walls during 
the past decade subsequent to Vidal's pioneering in this area 
(1). Becau e of the great potential oif soil-reinforced walls in 
reducing the cost of transportation-related construction, Cal
trans actively promotes their use when site conditions are 
favorable. The design and construction of these walls is rel
atively imple and the procedures are now familiar to many 
in tbe profession. In California, one of the inevitable facts of 
building soil-reinforced walls is the high levels of acceleration 
that need to be considered for the majority of sites. This is 
why a practical method and guide was sought that would easily 
determine the adequacy of any given design under both static 
and dynamic load conditions. 

PREVIOUS INVESTIGATIONS 

The first known investigation into the behavior of soil-rein
forced earth walls under dynamic load conditions was done 
by Richardson and Lee (2) in 1975. In their investigation, 
small model walls were constructed and subjected to hori
zontal accelerations generated by a shaking table. The results 
of these model tests suggested that the tie forces could be 
defined by a straightline envelope as a function of horizontal 
acceleration. To obtain this horizontal acceleration, the use 
of response spectra and modal participation factors was 
recommended. 

Additional shake table tests on small model walls were 
carried out by Wolfe et al. (3) to determine the effect of 
vertical accelerations on the tie force and wall displacements. 
It was concluded Erom the test results, that for wall having 
low strain frequencies greater than the dominant frequencie 
of vibration, the effect of the vertical component of accel
eration could be ignored. 

Richardson et al. ( 4) conducted field studies on a full scale 
20-ft-high wall to test and improve the recommended seismic 
design derived from the earlier model studies. The field stud-
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ies used mechanical vibrators and explo ives to subject the 
wall to different levels of excitation. The mechanical vibrators 
were only able to induce relatively low maximum shear strains 
of less than 0.001 percent. The explosives, however, induced 
large strains with associated peak accelerations in excess of 
0.5 g at the top and bottom of the wall. The strain resulted 
in a permanent outward movement of 5 percent of wall height. 
The dynamic tie force measured during the explo ive tests 
were much less than the forces predicted by the ·eismic de ign 
based on the small model tests. Because of thi discrepancy, 
the ei mic design was revi ed by Richardson (5) to reproduce 
the tie forces ob erved in the expJo ive tests. To accomplish 
thi , the modal participation factors for the first and second 
mode of vibration were reduced from the earlier recom
mended values. 

This revised design procedure was used by McKittrick and 
Wojciechowski (6) in the design of five soil-reinforced walls 
at Valdez, Alaska. The structures were designed to withstand 
a magnitude 8.5 earthquake with associated peak spectral 
accelerations of 0.5 g and 0.71 g for the first and second 
modes, respectively. The consequence of incorporating the 
dynamic force was to increase the density of reinforcement 
near the top of the walls. 

PROPOSED SEISMIC DESIGN 

The proposed seismic design is a pseudo-static method of 
analysis that treats the wall as a rigid block and treats the soil 
retained behind the wall as a rigid wedge. This method cir
cumvents the need to determine the primary and secondary 
modes and the associated modal participation factors as pro
posed by previous investigators. 

The analysis described herein determines the factors of safety 
as a function of horizontally applied accelerations for both 
the internal and external ·tability of a given wall design . Hav
ing determined thi function Newmark's method (7) i then 
u ed to estimate permanent wall displacements. If it is deter
mined that the displacement are excessive for a given wall 
de ign and site-specific seismic parameter the de ign can be 
revised and checked again. This sei mic design methodology 
is similar to the method developed by Richards and Elms (8) 
for gravity retaining walls. 

The displacements computed by the proposed method are 
considered to occur by sliding at the base of the wall and/or 
by pullout of the reinforcing elements causing an outward 
tilting of the wall face. Total collapse of the wall would be 
predicted if the factors of safety against yield of the elements 
were to drop below unity. 
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FIGURE 1 Capped acceleration time history. 

Because the wall is analyzed for both internal and external 
Lability the acceleration that a given le el of reinforc ment 

experiences may be les than th input accelerali n if that 
acceleration cau ·es sliding to occur a t the a c of the wall 
and/or cau e l'he reinforcement below that level to exceed 
its pullout re i tance . Therefor , a given level of rein force
ment may experience an acceleration time hi tory which is 
"capped" as sh wn in Figure 1. Franklin and hang (9) rep rted 
variation of standardized displacement with ratios of crilic11l 
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and peak accelerati n . T he e displacements were computed 
fr m acceleration a11d velocity time histories scaled to peak 
values of 0.5 g and 30 in ./sec, respectively. 

Six acceleration time histories were taken and capped at 
different percentage · of peak acceleration l determine the 
effect of capping on their tandardized displacement as shown 
in Figure 2. Becau e this figure hows that this effect i neg
ligible th propo. ed method use tbe relationship · developed 
by ranklin and hang to estimate ta ndardized di place
ment when acceleration level · are capped. 

EXTERNAL STABILITY ANALYSIS 

In che external stability ana ly ·is a soil-rei.nforc d wall ·up
porting a loping backfill as shown in Figure 3 i con id red. 
T he path of the failure plane hown in thi figure passes under
neath the wall through the backfill at an angle 0 and then 
pa ses vertically until it interc pt the surface of the backfill. 
The vertical extent of thi failure plane i dependent upon 
the cohesion of the backfill . Although it is common for the 
embedme nt length to be the same throughottt the height of 
the wall, the angle~ shown in Figure 3 allows for the mode ling 
of uniformly changing lengths. The equations derived in this 
study assume a positive angle ~· 

Average of six acceleration 
time histories capped at 1.0, 
0.9, 0.7, 0.5, 0.1 of their 
peak accelerations and scaled 
to A = 0.5 g, V ~ 30 in/sec 
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Note: N represents the critical acceleration, which is the acceleration required to reduce the factor of safety to unity. 

FlGUKE 2 Effect of capping accderation histories on U, and ;-al:.:::~ of 1\1/.1 (9). 
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FIGURE 3 External stability analysis of wall and backfill. 

A freebody diagram of the wall and the associated forces 
are shown in Figure 4. In this figure, W1 represents the weight 
of the wall including the weight of the sloping backfill directly 
above it; Kn is the coefficient of acceleration applied in the 
horizontal direction; Cw and c. are the forces developed due 
to cohesion at the wall interfaces; Pis the force required for 
equilibrium of the wedge representing the sloping backfill; N 1 

is the resultant force while <1> 1 and <1>2 are the soil's internal 
friction angles at the wall/foundation and backfill interfaces. 

The factor of safety against sliding of the wall, FS,, is defined 
by Equation 1. 

(1) 

where Fd and F, represent the driving and resisting forces 
which are in turn defined as follows: 

Fd = KhW1 +Pcos(<j>2 +13) - C.sinf3 

F,= Cw+ tan<j>1 [Psin(<J>2 +13) + W1 + C.cosl3] 

FIGURE 4 Wall freebody and 
associated forces. 

p 

(2) 

(3) 
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The force P required for equilibrium of th backfill wedge is 
determined by considering the freebody diagram and the a so
ciated force re olved in a force diagram as shown in Figure 
5. In this figure C1.. and C., represent the cohesion forces 
developed ver the lengths shown. The following equation 
for Pis derived by resolving the forces in their horizontal and 
vertical components and back substituting: 

P = B sin(e - <!>2) - A co {0 - 4>2) 
cos(2<!>2 + 13 - 0) 

where 

A = CL cose - c. sinf3 - KhW2 

B = W2 - c. cosf3 - CL sine 

(4) 

(5) 

(6) 

The failure plane's angle of inclination, 0, is varied until the 
maximum value of P is found. Thi angle decre~ es with 
increasing levels of horizontal acceleration as . hown in 
Figure 6. 

The manner in which the external stability of a soil-rein
forced wall is determined is similar to the Mononobe-Okabe 
method (10,11) of analyzing the dynamic stability of gravity 
retaining walls since both are extensions of the Coulomb
Rankine . liding wedge theory. Therefore, comparisons were 
made between the two methods in terms of Kaecos 8, which 
represents the active earth pressure coefficient, and the fric
tion angle of t11e wall-soil interface. The comparison, hown 
in Figure 7 , indicates that the two methods yield identical 
results. It hould be pointed out that in traditional gravity 
retaining wall analy es, the friction angle of the wall-soil inter
face , B i · taken a one-half of the soil internal friction angle 
(i.e. <j>/2). In the oil-reinforced wall analysi , the full friction 
angle is considered at thi interface because it is predomi
nantly a soil-to-soil contact. The effecl i. a reduction in the 
value of Kae which is also shown in Figure 7. 

INTERNAL STABILITY 

Assumed Failure Plane 

In the internal stability analysis, the factors of safety against 
yield and pullout of the reinforcement are determined for 
different levels of horizontal acceleration. In this determina-

FREE BODY DIAGRAM FORCE DIAGRAM 

FIGURE 5 Backfill wedge freebody and force diagram. 
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FIGURE 6 Variation of inclination of failure plane with horizontal acceleration. 

tion, an assumption has to be made regarding the location and 
shape of the internal failure plane. Previous studies (13-15) 
analyzing the static behavior by instrumenting prototype walls 
have indicated that the failure surface starts near the toe and 
propagates upward in a parab llic mann r. 

ln Lhis tudy, the internal fa ilure urfacc is held constant 
at (45 + cj>/2) for both the ratic and dynamil: luad condi tions. 
It is po ible that during dynamic loading the location and 
hape of the failure surface change [r m the location and 

parabolic shape observed in the static condition. Because f 
the dynamic interaction of the reinforcement \\lith the soil it 
is as urned that thi change is mall and 'that it doe. not mate
rially affect the tie force evaluation. 

Dynamic Tie Force Evaluation 

The method used to derive the equation for the total tie force 
at any level of reinforcement is similar to the derivation of 
the stalic tie force by Binquet (16) . The individual tie forces 
are calculated by considering the element bounded by line 
segments marked ABCD and enveloping the ith tie as shown 
:~ P:g:.:r:: g. _&_!~ 0, ~h,_..wn in thi~ fignrf: is a freebody di agram 
of the element, where T represents the tie force assumed to 
be inclined at the same angle as the failure plane; R represents 
the resultant force on the element's failure plane inclined at 
an angle <j> 1, the o il 's internal friction anole; and Crepresents 
the force developed along the length of the element' fa ilure 
plane due to cohesion of the backfill material. ohe ion i. 
represented in the derivation of the total tie force becau e 
lightly cohesive soils are now used as backfill material in oil-

reinforced walls (17) . The assumption of the tie forces incli
nation is not critical to the method. Identical va.l ues of tie 
force are determined whether the force is assumed to act 
horizontally or inclined for <f> 1 = 30 degrees. Slightly different 
values are determined for a <j> 1 other than 30 degrees. 

In this study, the total furl:e (dynamic plus static) is equal 
to the mass of the active wedge, as defined by the assumed 
failure plane multiplied by the horizontal acceleration. Thi 
total f rce is proportionally distributed to each Lie depending 
on the area of the active wedge enveloped by each tie. The 
numbered forces in Figure 8 repre ·ent the internal and exter
nal body forces. The vertical and horizontal c-0mponents of 
ali the forces hown .in Lhi · figure ar listed in Table 1. 

By summing these forces, back ubstituting and solving for 
T, the tie force at· rhe ith level shown in Equation 7 is found. 

T = K,,.MF - MV - CG 
, G 

where 

M = 'YMf2(tan e) - 1 

V = (i - N - 1/2) 

F = (i - 1/2)tan 0 

Comparison With Rankine's Active Earth Pressure 
Coefficient 

(7) 

The tie force determined in the foregoing manner can be 
compared to the force determined using Rankine's active earth 
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FIGURE 7 Comparison of dynamic earth pressure coefficients 
[after Seed and Whitman (12)). 

pressure coefficient by setting the values of horizontal accel
eration, K1., and cohesion, C, equal to zero in Equation 7. 
When this is done, the absolute value of the tie force at any 
level is expressed as follows: 

MV 
T=, G (8) 

Substituting the previously defined expressions for the values 
in Equation 8, the tie force is found to be: 

T; = Ka1'Y (N - i + 112)t,.JP (9) 

where 

Ka = sin(45 - <!>12) 
1 2 cos2 (45 - <!>/2 ) 

When the tie force is calculated using Rankine's formula, the 
following relationship is derived: 

33 

T; = Kaz 'Y (N - i + 112)t,.JP (10) 

where Kaz is equal to tan2
( 45 - <!>12), Rankine's active earth 

pressure coefficient. 
The variation of the two coefficients, Ka 1 and Kaz, is shown 

in Figure 9 as a function of friction angle. This figure shows 
that the methodology used results in slightly lower coefficients 
than the Rankine coefficients for friction angles less than 30 
degrees, while the opposite is true for angles greater than 30 
degrees. 

Determination of Factors of Safety Against Yield 
and Pullout 

Having determined the static and dynamic forces in the ties 
at a.II levels of embedment, rhe factors of safety against yield 
and pullout ar · determined next. The factor of safety again ·t 
yield FS.I' , and against pullout, FSP, are defined in the fol
lowing equations: 

R 
FS = 2 

y T 

R 
FS = 2 

p T 

(11) 

(12) 

where RY and RP are the respective resi ranees to yield and 
pullout of the ties per lineal foot of wall and Tis the tie force 
per Jin al foot. The results of laboratory and field pullout 
tests have commonly been reduced to a soil-reinforcement 
friction factor. In these test the friction factor, f, is deter
mined by the following equation: 

(13) 

where P, i the vertical or overburden pres ure p
3 

i the 
perimeter of the reinforcing per lineal foot of wall, and EL 
i the embedment length behind the failure plane. 

Value of friction factor a a function of overburden for 
different types of reinforcement and soil conditions are shown 
in Figure 10. The values were determined from both field and 
laboratory tests. Because the friction factor values have been 
hown to depend upon a number of factor like soil type, 

density, hear strength and type of reinforcement , the pullout 
resi ranee for a given set of condition. w uld ideally be deter
mined by field te t . [n the absence of this type of data the 
values hown in Figure 10 can be used . 

rn rhis tudy, Equation 13 i u ed to derive pullout re is
tance, RP, at any level of reinforcement. In thi equation the 
values for P, and EL, u ing the notation in Figure 8, are 
hown in Equations 14 and 15, re pectively. 

Pv = 'Yt,.H(N - i + 112) 

EL = OL - (t,.H*i/tane) 

(14) 

(15) 

The soil-reinforcement friction factor,[, is modeled as a func
tion of overburden pressure or level of reinforcement as shown 
in Equation 16. 
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FIGURE 8 Representation of forces used to derive the total lie fur1:e. 

TABLE 1 VERTICAL AND HORIZONTAL COMPONENTS 
OF FORCES SHOWN IN FIGURE 8 

~ .Yill.i.lli Horf zonta 1 

1 - y~H2(N-i)(i)tane-i 

2 + y6H2(N-f+l)(i-l)tane-l 

3 - y6H2(i-l/2)tane-l 

~ - Kh yt.H2(i-l/2)tane·l 

T + Ti sin6 + Ti cose 

R + Ri cos(e-0) - Ri sin(e-0) 

c + c sf ne + C cose 

(16) 

whe re 8 1, 8 2, and 8 3 are constants obtained by solving three 
equat ions having friction values and corresponding overbur
den pre sures in Kips obtained from either actual field/lab
oratory tests or the most applil:able data shown in 'foigurc 10. 

Comparison With Previous Investigations 

A c::omputer program was written to perform the computation. 
incorporating the propo ed seismic de ign procedure (18) . 
Data on the performance and behavi r f a soil-reinforced 
wall during a sei ·mic event is not known to exist. ln iew of 
thi the computer program wa used to make predictions for 
tie force and wall di. placements for the 20-ft-high wall con-

structed and tested by explosives in the investigation by Rich
ard on et al. ( 4). 

rn his investigation, Richard Oil placed explosives in front 
of the wall and 25 to 50 ft behind the wall at varying depths. 
The cumulative effect of a series of explosions in front of the 
wall resulted in a negligible total outward movement of 0.02 
in. measured .3 ft' below the top of the wall . In thi · eries, 
!he large ·t peak acceleration recorded at the base was 0.21 
g which was use~I as input to the computer program. The 
reinforcing used in con truction of th wall consisted of lon
gitudinal ties 0 mm wide and 3 mm thick. Beam e U1is type 
of reinforcing i simi lar to that used in establishing the curve 
for tile mootb strips sh wn in Figure 10. a fr iction factor of 
0.62 wa input to determine the pullout resistance. U ing the 
ame . oil and geometric propertie · f the wall, lh model 

predicted no outward movement. The 'low t factor. of safety 
against yield, pullout , and Jiding at the ba ·e were 5.9, 1.3 , 
and 7.7, re pectively. 

T he model predicted initiation of wall movements by sliding 
at the base at an acceleration of 0.6 g. At this level of accel
eration, the factor of afety against pullout were less than 
unity for the upper four levels of reinforcement. Th model 
predicted that the resistance to p11lln11t at the e levels would 
be exceeded at an acceleration of 0.43 g. Tbe lowe t factor 
of safety against yield was 5.5. 

A series of explosive detonate<.1 behmo rhe waii using iargc1 
amounts of dynamite produced base accelerations in excess 
of 0.8 g and resulted in a cumulative outward wall movement 
of 1.25 in. To quantify the displacements predicted by the 
m del, it was noted that the explosive te t resulted in a sing! 
cycle of acceleration having a period generally le ·s than 0.1 
sec . Using thi a a ba·is, a cumulative displacement of 0.62 
in. was predicted. 
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Dynamic Lie forces were also r corded and reported for an 
evenc that produced a peak accelera tion of 0.08 g at the ba e. 
A compari on of these forces ancl the force predicted by the 
model i shown in Figu re 11. Also hown are the force levels 
predicted by the sci mic design methodology based n the 
small-scale laboratory model tudies. From this comparison 
it can be eeri that the model predicts fore levels approxi
mately half-way between th expl sive and laboratory model 
test results. 

The observed cumulative displacement of the prototype 
wall is larger than what the model predicted. Becaus th 
primary effect of a blast i to move the wall outward, it i 
peculated that detonation of explosives behind the wall resulted 

in larger displacements than those cau eel by eq uivalent levels 
of acceleration applied at the ba ·e . This . peculation is up
porte I by the fact that the model overestimated the tie forces 
and co1Tectly predicted the negli.gibl observed displacement 
for the series of exp! sives detonated in front of the wall, 
whi le the model undece timated the displacements result ing 
from the explosive serie placed behind the wall. 

However, the model predicted relatively mall di place
ments for events resulting in large level f acceleration, while, 
· imilarly, small wall di placements were observed. Thi fact 
should not be overlooked. 

PRACTICAL APPLICATION 

The proposed seismic design wa used to determine penna
nent displacement · due to d ifferent el\rthquake loads for the 
62-ft-high wall de cribed in a companion paper by Jackura 
elsewhere in thi Record. T he wall ', ite seismk parameters 
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are controlled by the Maacama Fault. It is postulated, based 
on the faul t's distance from the site, that the peak bedrock 
accelerations for the maximum credible (M7 .5) and probable 
(M5.0) event are 0.7 g and 0.5 g, respectively. 

The wall's overall dimensions and reinforcing type were 
entered int the computer program along with the applicable 
oil trengths for both the wall itself aiid the soil behind it. 

The upper curve hown in Figure 10 wa selected to e timate 
the pullout re istance because the reinforcement i a .bar-mat 
and the oil used t con ·truct the wall approximates the ·oi l 
for this curve. 

For the external analy i the variation of th factor of safety 
against liding at the wall base witJ1 acceleration a deter
mined by the program, i . hown in Figure 12. This figure 
shows the factor of afety dropping below unity at a level of 
acceleration greater than 0.49 g. No permanent displacement 
is predicted therefore , for the po tulated maxinmm probable 
eismic event producing 0.5 g at the site. For a peak accel

erat ion of 0.7 g repre.enting the maximum cred ible event, a 
permanen t displacement of approximat ly l in . i pred icted, 
which i considered well within tolerable limits. 

The internal tability ana lysis is limited to con idering peak 
acceleration up to and not exceeding 0.49 g, b cause slid ing 
at the wall ba e is predicted to occur at chat level. Therefore, 
any con ideration of an acceleraLion time hi tory f r chi anal
ysis is capped at 0.49 g. 

The variation of factors of safety against reinforcement pull
out and yield with acceleration at three different level of wall 
height is shown in Figure 13. T h.is figure hows the factor 0£ 
safety against pullout approaching unity for the top level of 
reinforcement while the factor of safety against yield approaches 
a value of 3 at the higher levels of acceleration for each of 
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FIGURE 13 Variation of factor of safety against yield and pullout with acceleration 
for three levels of reinforcement. 
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the three levels of reinforcement. The factors of safety against 
yield . ho~ n in Figure 13 do not account for the effects of 
corrosion. Over the period of the wall's service life it is esti
mated that the reinforcement's cross-sectional area will be 
reduced by 50 percent due to corrosion. This would then 
reduc the yield factor of safety to 1.5 al 0.5 g, which is still 
sufficient to preclude the breaking or rupture of the rein
forcement. 

Based on the results of this analysis, the wall's design was 
considered adequate and the permanent displacements con
sidered to be well within tolerable limits. 

SUMMARY AND CONCLUSIONS 

The proposed method described in this paper determines the 
factors of safety as a function of horizontally applied accel
eration for both the external and internal stability of a soil
reinforced wall. The method was used to predict the per
formance of a 20-ft-high wall tested dynamically by explosive 
charges. The method's prediction compared favorably with 
the wall's observed behavior by predicting the level of accel
eration at which movement would be initiated. 

The method was then used to check the design and predict 
the performance of a 62-ft-high wall constructed in northern 
California. The design was found to be adequate and negli
gible permanent displacements were predicted for the pos
tulated maximum credible seismic event. 

It can be concluded that the method indicates initiation of 
sliding along a wall base at the higher levels of acceleration 
and that the upper layers of reinforcement are the most sus
ceptible to pullout. This susceptibility to pullout can be mit
igated by increasing the length of the reinforcement. Perhaps 
most importantly, the method indicates very small permanent 
displacement for Caltrans's current design of soil-reinforced 
walls under very severe seismic loading conditions. · 

Caltrans sponsors research at the University of California 
at Davis to verify and improve the method described. The 
research consists of testing model walls under both static and 
dynamic loads in the centrifuge. Preliminary results appear 
to validate the method and the assumptions used. 
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