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Random Drug Testing Under 
Constraints on Subsample Sizes 

STEVEN R. LERMAN 

Recent federal regulations requiring random drug testing of all 
transit agency employees are now being tested in the courts. 
However, many managements are still planning procedures for 
testing at least a portion of their work forces for substance abuse. 
In devising appropriate sampling procedures, management must 
ensure that four distinct goals are met: fairness to all employees, 
unpredictability of who will be tested each day, maintenance of 
service, and economic efficiency. The goal of maintaining service 
may require a limitation on the number of employees sampled 
from any one location or occupational category in any one day. 
Simple random sampling, however, provides no guarantee of such 
a limit. A weighted random sampling technique is described. It 
was developed for the Massachusetts Bay Transportation Au
thority and allows constraints on the number of employees in 
various categories sampled yet maintains fairness in the sense that 
all employees subject to random drug testing have equal prob
ability of being sampled. Whereas the proposed procedure is 
complicated compared with simple random sampling, it can be 
implemented and run on a personal computer. Implementation 
requires that a set of weights be computed for the work force and 
that the weights be used in the daily sampling procedure. The 
use of the weights on a daily basis is straightforward and requires 
only slightly more computational effort than construction of a 
simple random sample. Determination of the weights is more 
computation intensive but would typically be required only on a 
monthly or quarterly basis. 

The federal regulation for testing of transportation employees 
involved in safety-sensitive occupational categories required 
transit agencies throughout the United States to develop sam
pling plans for random drug testing. Though this regulation 
has been successfully challenged in the courts on the grounds 
that the enabling legislation creating UMTA did not grant it 
the authority to promulgate such regulations, it is likely that 
individual transit operating organizations will implement drug
testing procedures. A sample method that meets the conflict
ing needs of fairness and maintenance of service is developed. 
[A more detailed description of alternative sampling proce
dures is given elsewhere (J)]. This approach, developed for 
the Massachusetts Bay Transportation Authority (MBTA), 
applies to situations in which it is necessary to maintain a 
sufficient number of employees on the job while conducting 
drug tests. 

In planning for random drug testing of employees in safety
sensitive occupations, MBT A wanted to achieve four distinct 
goals: 

• Fairness: All employees in designated safety-sensitive oc
cupations should have equal probability of being tested, re
gardless of work site, managerial status, or other factors. 
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•Unpredictability: It should be impossible for employees 
to predict the days they are likely to be sampled. 

•Maintenance of service: The sampling should eliminate 
lhe possibility that too many employees from a single area or 
occupation will be sampled on a given day. 

• Economic efficiency: Unless it interferes with the three 
preceding goals, the sampling should be done in a way that 
reduces its cost. 

Simple random samples, by definition, achieve the goals of 
fairness and unpredictability. However, when simple random 
sampling is used, there is a probability that the group of 
employees tested on any one day will include a significant 
number of people from one operating location, thus making 
provision of service unreliable. Ideally, transit companies should 
be able to limit the number of employees from various groups 
(defined either by their work location or their job category) 
who will be tested on any one day. 

This paper describes and analyzes a procedure in which 
constraints on the subsample size for any one group of em
ployees can be imposed while maintaining a "fair" sample. 
As one would expect, imposition of subsample size constraints 
on a simple random sample makes it "unfair" in that some 
employees will, on the average, be tested more often than 
others. The procedure developed corrects that bias by com
puting an appropriate sampling weight for each employee. 

In the following sections we derive the sample probabilities 
for alternative sampling strategies and a computational method 
for reweighting the sample. We also consider correction of 
weights so that sampling can be limited to weekdays rather 
than requiring testing 7 days a week. Finally, we consider how 
the elements of unpredictability can be introduced when sam
ples are created using conventional Monte Carlo computer 
simulation. 

DEFINITIONS 

For the purpose of clarity in exposition, we assume that all 
employees are assigned to work sites (or areas) and that the 
transit operator wishes to restrict the maximum number of 
employees sampled in any one site to at most either one (for 
small areas) or two (for larger areas). Sites or areas can also 
be thought of as occupational categories. The restriction of 
maximum sample size in any area to either one or two is not 
central, but it makes the notation and analysis easier to pre
sent. It also characterized the goals of MBTA management. 
Generalization of the results to subsample constraints greater 
than two is straightforward. 
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We define the following variables as inputs to the analysis: 
K is the number of samples taken per day, S is the number 
of areas from which samples are taken, and N; is the number 
of employees in Area i. Note that K, the total daily sample 
size, is assumed to be set by the transit management. Larger 
daily samples increase the costs of random drug testing but 
increase the probability any one employee is sampled, presum
ably increasing the deterrent effect of the testing procedure. 

Using these definitions, we can compute N, the total num
ber of employees, as 

s 

N= LN; 
i=l 

and p;, the probability that any one employee sampled ran
domly from the population as a whole works in Area i, as 

P; = NJN 

Now consider a set of sampled individuals drawn on a single 
day. We define a nonnegative vector q = [q 1 , q2 , ••• , q,] 
as a set of samples, where q; is the number of employees on 
a given day that are sampled from Area i. If exactly K em
ployees are sampled in a given day, the entries in the vector 
q must satisfy 

K 

We also assume that q;IN; is always small enough so that we 
do not have to be concerned with the effects of small popu
lations. Alternatively, we can view the sampling as done with 
replacement, so that the same individual can be drawn more 
than once. In actual applications, the number of employees 
will generally be large compared with the sample size, and 
the differences between sampling with and without replace
ment will be negligible. 

DERIVATION OF CHARACTERISTICS OF 
RANDOM SAMPLE 

Consider first the case in which the sample of employees is 
taken completely at random, allowing the possibility that an 
unacceptably large number of sampled employees are from 
the same work area. The probability of drawing q1 employees 
from Area 1, q, employees from Area 2, ... , q5 employees 
from Area Sis given by a multinomial distribution as follows: 

In this simplified situation, one can derive P;(k), the mar
ginal probability that exactly k employees from Area i are 
sampled fork = 0, 1, 2, ... , K. This is binomially distributed 
as follows: 

P;(k) K! pk(l - p,.)K-k 
k!(K - k) ! ; 
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In addition, given that Area i has k people sampled from it, 
the conditional probability of any particular employee being 
in the sample is given by 

R;(k) = 1 - ( 1 - ~y 
These results can be used to derive the probability that any 
single employee working in Area i is sampled on a given day. 
This value is defined as Y;. It can be found using the total 
probability theorem as follows: 

K 

Y; = L [P;(k) R;(k)] 
k~l 

Because this simplified case represents a simple random 
sample, the value of Y; is the same for all areas. As a check, 
in a totally random sample, if K employees are sampled each 
day, the probability that any one employee is tested on that 
day is given by 

EFFECTS OF LIMITING THE NUMBER OF 
EMPLOYEES SAMPLED AT EACH AREA 

Using the preceding notation as a starting point, we now 
consider the case in which it is not feasible to sample an 
arbitrary number of employees from any one area. The need 
to maintain operating service requires that no more than one 
employee be sampled on any given day from small areas (those 
with fewer than L employees) and that no more than two 
employees be sampled from larger areas. In this situation, the 
sampling outcomes are restricted such that q; = 0 or 1 if N; 
< L, and q; = 0, 1, or 2 if N; 2: L. 

Define Q to be the set of all possible values of q that produce 
a sample of size K. Furthermore, define Q' to be the subset 
of Q that also satisfies the size restriction above. We can then 
compute c·, the probability that any random sample will yield 
a disallowed (or, as we shall refer to it, censored) sample as 
follows: 

c* = L P(q) 
qEQ-Q* 

For the censored sample the new probability of any outcome 
q is given by 

P*(q) = 1 - c* 
if q E Q* {

~ 

0 otherwise 

The new values for the marginal probabilities that the sample 
contains exactly k employees from Area i are, unfortunately, 
no longer binomially distributed. Instead, they must be com
puted from P'(q) by summing all the sample probabilities 
yielding k employees in Area i. If we define Q'( (k) as the set 
of all samples that have exactly k employees for Area i, the 
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censored marginal probability functions are 

P,*(k) L P*(q) 
q E Qj(k) 

The censoring of the sample shifts the probability that any 
one employee from Area i is sampled from the random value 
Y (equal across all areas) to a new value that varies across 
areas. Define Y;* as the probability (using the censored sam
pling method) that any one individual from Area i is sampled. 
This value can be computed as follows : 

Y* 
' ifN, ~ L 

NUMERICAL EXAMPLE 

To illustrate the preceding results , we consider a simplified 
case in which there are only five areas with employment of 
50, 70, 100, 130, and 150, respectively . For convenience, we 
use a size cutoff of L = 100 and a total sample size of K = 
3. This is summarized in the following table: 

Area (i) Size (N,) p; 

1 50 .10 
2 70 .14 
3 100 .20 
4 130 .26 
5 150 .30 

These data result in the following values of P,(k), the mar
ginal probability that exactly k employees from Area i are 
chosen in a simple random sample: 

Area (i) k = 0 k = 1 k = 2 k = 3 

1 . 7290 .2430 .0270 .0010 
2 .6361 .3106 .0506 .0027 
3 .5120 .3840 .0960 .0080 
4 .4052 .4271 .1501 .0176 
5 .3430 .4410 .1890 .0270 

Each row of this table can be interpreted as the probability 
that 0, l , 2, or 3 of the employees sampled come from the 
particular area. The value of Y, the probability of any single 
employee being sampled, is .005988. In a random sample, it 
is identical for all areas. 

For the censored sample with L = 100, the marginal prob
abilities P,*(k) change to the following: 

Area (i) k = 0 k = 1 

1 .7262 .2738 
2 .6462 .3538 
3 .4663 .4229 
4 .3602 .4665 
5 .3034 .4784 

k = 2 

0 
0 
.1108 
.1733 
.2182 

k = 3 

0 
0 
0 
0 
0 

Note that with the censoring of the sample, outcomes in which 
k > 1 for areas with less than 100 employees and outcomes 
in which k > 2 for larger areas have zero probability. The 
censoring has shifted the marginal probabilities, increasing 
the values fork = 1 in all areas and fork = 2 in larger ones. 
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The values of Y;* , the probabilities of any single employee 
being sampled on a given day, vary across the areas. The 
following table gives the values for each area. 

Area (i) Yi 
1 .005476 
2 .005054 
3 .006434 
4 .006239 
5 .006089 

Some insight into why the restrictions produce unequal sam
pling probabilities can be gained by considering two hypo
thetical areas, one with 99 employees and one with 101. Sup
pose that exactly three employees are sampled each day. In 
a purely random sample, every employee would have equal 
odds of being sampled. However, when the limitation that no 
more than one employee from the smaller area and no more 
than two employees from the larger area be sampled is im
posed, the employees in the larger area are almost twice as 
likely to be sampled as those in the smaller area. 

Moreover, the nonrandomness is not limited to areas near 
the L-employee borderline. For example, consider another 
hypothetical case having two areas , one with 100 employees 
and the other with 200. Even though there are twice as many 
workers at the larger site, the proposed sample limitation 
makes the probability of samples having more than two em
ployees from either site equal to zero in both cases. This has 
the effect of shifting some of the "burden" of the sampling 
away from employees at the larger site and onto those at the 
smaller site. 

REWEIGHTING THE SAMPLE TO ACCOUNT 
FOR CENSORING 

The preceding results provide a way to weight employees in 
the sample to achieve equal probabilities of being sampled 
for all employees, even with the censoring process in effect . 
Employees in any one area need to be weighted so that the 
probability of every employee being sampled equals Y, the 
value for a random sample. Define w = [w1 , w2 , ••• , ws] 
as the vector of weights corresponding to each area. To pro
duce a sample in which all employees have equal probability 
of being tested , the values in w must result in a set of marginal 
probabilities P,*(k) that in turn produce individual sampling 
probabilities equal to Y at all areas . The simultaneous equa
tions that reflect this relationship are extremely complex. 
However, they can be solved by the following fairly straight
forward iterative method: 

Step 0: Compute Y, the probability of any employee being 
sampled for a random sample. Initialize tolerance measure T 
to some large value. (See Step 3.) Initialize weights as 1 for 
all areas . 

Step 1: Compute the marginal probabilities P,*(k) for each 
area using the weighted sizes as follows: 

w,N, 
p, = -s--

2: wiNi 
j=\ 
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Step 2: Compute the probabilities of any one employee 
being selected for each area as 

if N; ~ L 

Step 3: Compute the measure of convergence. One rea
sonable measure is the average absolute difference between 
the Y '("s and Y, computed as follows: 

1 s 
T = - :Z:IY.* - Yj s ;~1 

Step 4. If T is less than some predefined threshold, stop 
and output results. Otherwise, compute a new set of weights 
as follows: 

W; = YIY;" 

and go to Step 1. 

The algorithm requires a method to compute the marginal 
choice probabilities. This can be done directly by looping over 
all censored states and accumulating the marginal probabili
ties or by Monte Carlo simulation. 

Weights computed by this method would be used in the 
actual daily sampling procedure. Each employee would be 
sampled with probability proportional to the weight computed 
for his or her site. If the resulting sample has more than one 
employee from any small site or more than two from any large 
site, a new sample would be drawn until a sample that does 
not violate the subsample size constraints is drawn. This pro
cedure is described in greater detail later, in the Issues in 
Implementation section. 

NUMERICAL EXAMPLE REVISITED 

When the algorithm described in the preceding section is ap
plied to the simple numerical example, the first iteration pro
duces the following results for the probabilities that any one 
employee is sampled: 

Area (i) 

1 
2 
3 
4 
5 

Y'! 
. 005905 
.005716 
. 006060 
.006062 
.006046 

After just four iterations, the average absolute error is less 
than 0.1 percent of the random value, yielding individual 
probabilities that are vittually equal across all areas. The weights 
that resulted after four iterations are as follows: 

Area (i) 

1 
2 
3 
4 
5 

w, 

1.1089 
1.2642 
0.9185 
0.9411 
0.9670 
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APPLICATION TO MBTA 

The method described was tested using data provided by 
MBTA. MBTA management defined 76 "areas" (typically 
garages and occupational categories) with employees in safety
sensitive occupations as defined by federal regulations. The 
76 areas included 5,738 employees. Because the computa
tional requirements of the proposed method grow exponen
tially with the number of areas, the sites with a small number 
of employees were aggregated into five "pseudoareas" as 
follows: 

•Areas with 1 to 10 employees, comprising 21 of the orig
inal sites and 86 employees; 

• Areas with 11 to 20 employees, comprising 10 of the 
original sites and 151 employees; 

•Areas with 21 to 30 employees, comprising 8 of the orig
inal sites and 200 employees; 

•Areas with 31 to 40 employees, comprising 7 of the orig
inal sites and 250 employees; and 

•Areas with 41 to 50 employees, comprising 5 of the orig
inal sites and 229 employees. 

The aggregation reduced the original 76 sites to a total of 
30. Moreover, because each of the original sites in the groups 
was small compared with the entire population of employees, 
grouping them has virtually no effect on the analysis of the 
sampling process other than to reduce the computational 
requirements. 

In a simple random sample of seven employees (the value 
for K selected by MBTA), each employee would have a prob
ability of .001219 of being tested each day. However, if the 
sample is constrained with MBT A's selected value of L = 

300 without reweighting, the probability of being sampled 
varies depending on an employee's work area. In the MBTA 
case, the range of variation was from .001328 (8.9 percent 
more than for a random sample) to .001067 (14.5 percent less 
than for a random sample). 

The procedure to compute the correct weights was imple
mented in the C programming language on a Digital Equip
ment Corporation VAXstation 3100 running a variant of the 
Berkeley UNIX operating system. (VAXstation is a trade
mark of the Digital Equipment Corporation. UNIX is a trade
mark of AT&T Bell Laboratories.) The program was com
piled using the Berkeley pee compiler. Computation of the 
correct weights required approximately 2 hr of CPU time . 
Similar performance would be expected on a high-end per
sonal computer that had a floating point coprocessor . 

Monte Carlo simulation of the weighted sampling strategy 
confirmed with 99 percent confidence that it produces equal 
sampling probabilities for all areas. 

EFFECT OF SAMPLING ON WEEKDAYS ONLY 

The original MBT A plan calls for sampling seven workers 
every day, including weekends. This ensures that all employ
ees (after weighting) have the same probability of being sam
pled. However, it imposes the expense and managerial burden 
of conducting drug tests during the weekend. 
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The entire testing program would be simpler and less ex
pensive if testing were done only on weekdays. All employees 
who are part of the pool to be tested work 5 days per week; 
however, many work some of those days on weekends. With
out some correction, a testing program on weekdays only 
would unfairly burden MBT A employees who do not work 
weekends; they would be available for testing every day a 
sample was drawn, whereas their counterparts who work 1 or 
2 weekend days would be available on fewer weekdays. 

A simple correction to the weighting method can adjust for 
this bias. Specifically, if testing is done only on weekdays, 
each employee's sampling weight should be adjusted as fol
lows: 

5 
WCI= w ·-

,, ti hn 

where w~ is the adjusted weight for Employee n and h" is the 
number of weekdays per week worked by Employee n. 

Further adjustments in sampling weights could be made to 
account for employees who work less than 5 days per week. 
At the time this paper was written, MBTA was phasing out 
the already small number of employees in safety-sensitive 
occupational categories who worked part-time. For this rea
son, further correction of the sampling method for part-time 
employees was not explored. 

ISSUES IN IMPLEMENTATION 

The procedure described in this paper resolves only one of 
the many problems transit operators face in developing fair 
drug-testing policies. If operators decide to conduct such test
ing (either on their own initiative or as a result of some legally 
sustainable federal requirement), they will have to resolve 
other sampling issues. 

Whether or not absenteeism and vacation time should be 
factored into the sampling weights must be decided. For ex
ample, in the current procedure employees with high rates of 
absenteeism will be tested less often than those with lower 
rates simply because they will not be at work as often when 
their names are drawn. The sample weights could be modified 
to account for this effect. 

Another problem is the technique used to construct daily 
samples. Most computer-based sampling methods rely on 
pseudo-random number generators which, given set starting 
conditions, produce a deterministic sequence of numbers that 
appears random. The danger of using these methods for se
lecting who will be tested is that it is possible for someone to 
know who will be tested in advance, removing the unpre
dictability of the sampling procedure. A method (proposed 
initially by MBTA) for removing the predictability is to reor
der the list of employees each day. 

The reordering is done by sorting the employee list by the 
remainder from the following computation: (employee num
ber · social security number)/d, where d is an integer found 
by concatenating the Julian day, hour, minute, and second 
when the computer program is executed. 

After the sorting is done, the daily procedure for sampling 
is as follows: 
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Step 0: Compute B, the sum of the weights over all em
ployees, as 

where w~ is the weight for Employee n. 
Step 1: For each employee, compute v", the cumulative 

weight, as follows: 

n = 2, 3, ... , N 

Step 2: Take K samples, each one as follows: first, draw a 
random value u that is uniformly distributed between 0 and 
B; second, select the employee n such that vn-1 <us v", 
where v0 is defined to be 0. 

Step 3: Check whether the resulting sample of K employees 
satisfies the constraint that no more than one employee be 
taken from areas with employment less than L and no more 
than two employees be taken from any area. If so, output the 
sample and stop. Otherwise, go to Step 2. 

CONCLUSION 

There is still substantial debate about the legality and morality 
of drug testing in the United States. The debate is likely to 
continue, with some compromise emerging between the pub
lic's right to safe operations of transportation services and the 
individual's right to freedom from unwarranted intrusion. To 
the extent that random testing is part of any such compromise, 
it is crucial that sampling be fair and unbiased and highly 
desirable that it not interfere with the efficient provision of 
transportation. The sampling method described in this paper 
allows both objectives to be met concurrently. 

The appropriate number of employees to be tested each 
day was not addressed in this study. Small samples such as 
those discussed here may effectively deter drug use, but they 
will result in relatively long average intervals between suc
cessive tests for any one employee. Larger daily sample sizes 
would shorten the average interval at the expense of greater 
testing costs and lost employee time. The appropriate trade
off between these factors is an area for further research. 
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