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Variance Reduction Applied to Urban 
Network Traffic Simulation 

AJAY K. RATH! AND MOHAN M. VENIGALLA 

The effectiveness of variance reduction techniques that users can 
apply to improve the efficiency and reliability of simulation ex
periments with the TRAF-NETSIM simulation model is de
scribed and illustrated. The two variance reduction techniques, 
antithetic variates and common random numbers, reduce the var
iance of simulation output by replacing the original sampling 
procedure by a new procedure that yields the same parameter 
estimate but with a smaller variance. Thus, the users can obtain 
greater statistical accuracy for the same number of simulation 
runs. A recent modification of the stochastic sampling process 
has made the TRAF-NETSIM model amenable to these variance 
reduction techniques and allows the users to apply these tech
niques with minimal additional effort. The effectiveness of these 
techniques is evaluated through an analysis of simulation output 
data from a TRAF-NETSIM case study. The estimated values 
and variances are computed for some representative measures of 
effectiveness after 10, 20, and 30 replications. The results indicate 
that both techniques are effective in reducing variance of the 
mo?el output. By using the variance reduction techniques, the 
vanance of parameter estimates is reduced on the average by 65 
percent in the 24 comparisons that are made . The common ran
dom numbers strategy is more effective than the antithetic var
iates procedure. Over 50 percent reduction in variance is obtained 
using the common random numbers strategy in all comparisons 
and 80 percent or more in 6 of the 12 comparisons. In all cases 
studied, better statistical precision is obtained by making two
thirds fewer simulations than under conventional multiple 
replications-based experimentation. 

Simulation models can be helpful in many contexts. By cre
ating and executing the model, analysts and system managers 
can get a better understanding of the complex process that is 
being simulated. That is, one can get answers to questions 
such as, How does the system respond to changes in input 
data or operating rules? Often, the simulation models are 
used to evaluate alternative system designs or operating pol
icies. Simulation models can also be used to develop optimal 
or near-optimal system designs or policies when used in con
junction with appropriate analytical methods. Above all, sim
ulation eliminates the need for costly, time-consuming, risky, 
or sometimes infeasible field experiments and evaluations be
fore real-life implementation on a new system management 
or control strategy. 

Given these attractions of simulation, it is not surprising 
that there has been a considerable increase in the uses of 
simulation as a decision support tool in transportation appli
cations during the past few years. Models such as TRAF-
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NETSIM (J-3) are now used routinely to solve a wide range 
of transportation problems. Such increases may also be at
tributed to greater complexity of problems under considera
tion; greater accessibility and reduced computing costs 
resulting from the availability of simulation models on mi
crocomputers and workstations; improvements in simulation 
models; and availability of graphical animation and other sup
port utilities, which result in greater understanding and use 
of these models by engineers, planners, and analysts. 

The widespread use of simulation models, in turn, raises 
serious questions about their proper usage. Is the model out
put understood and analyzed properly? Are the conclusions 
valid? Are the model predictions properly qualified? Is the 
design of experiments robust? Such questions become critical 
in the case of microscopic, stochastic models such as TRAF
NETSIM, which could exhibit considerable variability be
tween replications. The concern about misuses of simulation 
models is heightened by the "black box" treatment of the 
models by the users-one that frequently implies the lack of 
understanding of either the stochastic simulation process or 
the statistical aspects of simulation experimentation. The model 
builders, on the other hand, are too often more concerned 
with building an appropriate model than with addressing the 
issues related to the analysis of output data that the model 
generates. 

This paper deals with the analysis of output data generated 
by the TRAF-NETSIM model and contains information that 
should assist the model users in performing the simulation 
experiments intelligently. The paper presents methods that 
the users can use to improve the efficiency and accuracy of 
the simulation experimental process. These methods, known 
as variance reduction techniques, reduce the variance of a 
parameter estimate (increase accuracy and thus credibility), 
or equivalently allow the parameter estimation with same 
variance using fewer runs (increase efficiency), by controlling 
the random number seeds used to drive the simulation model. 
The methodology presented here is applicable to stochastic 
simulation models using Monte Carlo procedures where the 
random behavior observed in the simulation experiments is 
completely under the control of the user. These techniques 
can also be used with other traffic simulation models that are 
based on a philosophy similar to TRAF-NETSIM, for ex
ample, FRESIM (4). Furthermore, the two variance reduc
tion techniques described in this paper are applicable in 
situations where the analyst is interested in comparing alter
native system designs or policies. One of these techniques can 
also be used in estimating the performance characteristics of 
an individual system. 
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PREVIOUS RESEARCH 

Computer simulation models of traffic operations analysis have 
now been in existence for more than four decades. During 
this period, a number of sophisticated computer programs 
capable of simulating a wide array of traffic operations, net
work configurations, and control policies have been devel
oped (5). However, only a handful of these models have been 
used beyond their development environment since most of 
these models are limited in scope. The need to synthesize the 
state of the art and to model virtually all traffic situations 
within a single software system led to the idea of the integrated 
traffic simulation systems in the late 1970s (6). By the mid-
1980s, a version of FHWA's integrateJ tiaffit: simulation sys
tem, named TRAF, was ready for beta testing (1). Following 
FHWA's lead, other prominent model families are now evolv
ing as systems capable of simulating traffic operations on sur
face streets as well as freeways in an integrated fashion (7,8). 
Whereas the model developers have focused on integrated 
systems in the 1980s, the application of computer simulation 
models has increased considerably during this period as the 
potential of the simulation is realized by practitioners and 
researchers alike . 

Despite the advances in the framework and methodology 
of traffic simulation models and their increasing usage , the 
area of statistical analysis of simulation output data and var
ious other aspects of simulation experimental process (e.g., 
ranking of alternatives) has received very little attention. The 
model outputs generally do not include statistics other than 
sample means. On the other hand, the user generally has very 
limited control over input parameters that will allow for an 
efficient undertaking of simulation experiments. As a result, 
the application of simple concepts such as multiple replica
tions is uncommon in traffic simulation studies, and the vari
ance or confidence interval of parameter estimates is seldom 
computed and reported. There are no guidelines for con
ducting simulation experiments with the models that are used 
extensively. The review of literature reveals a handful of ref
erences dealing with the subject matter. On the other hand, 
the methods for analyzing output data from simulations, es
pecially discrete event simulations, are widely used in the 
practice of simulation in manufacturing, queuing systems, dis
tribution systems, and various other applications (9) . The 
application of variance reduction techniques goes back as early 
as the 1960s, when Tocher (JO) suggested the use of these 
techniques in the simulation of complex industrial systems. 

The first demonstrated analysis of output data from a traffic 
simulation model was presented by Rathi and Nemeth (11). 
This study illustrated the effectiveness of variance reduction 
techniques for a freeway simulation model. It showed that 
significant variance reduction can be obtained by exploiting 
the random number seed in a microscopic simulation model. 
The implementation of variance reduction techniques for the 
TRAF-NETSIM simulation model described in this paper is 
essentially an extrapolation of that work . In the early 1980s, 
a research project was sponsored by FHW A to provide sta
tistical guidelines for simulation experiments with emphasis 
on the NETSIM model. The work performed as part of this 
project is described in several reports (12-14). These reports 
contain an excellent discussion of the nature of stochastic 
simulation experiments and statistical issues relating to the 
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analysis of simulation data . In terms of parameter estimation, 
the bulk of this work focused on the efficacy of the "ratio of 
means" estimation procedure for the NETSIM output. How
ever, it was never made clear how the users might employ 
the suggested procedure to their advantage, and the effec
tiveness of the procedure was not demonstrated in simulation 
experiments with NETSIM. That is, the study addressed the 
efficiency of simulation experiments vis-a-vis precision of pa
rameter estimation but did not provide any implementable 
methodology to assist the users. As a result, much of this 
work remains academic in nature . 

More recently, Chang and Kanaan (15) provided an as
sessment of the variability of TRAF-NETSIM output and 
tested the efficiency of the "batch means" method in param
eter estimation. The results showed that multiple replications 
provided better coverage of sample means than the batch 
means approach. However , the coverage after 50 replications 
(simulation run length not known) was compared with batch 
means runs of only 90 min. Therefore, the results could have 
been different had fewer replications been performed . This 
concept of batch means-based variance reduction is appeal
ing, but determining the batch size in a given situation is not 
a straightforward process . Chang and Kanaan (15) concluded 
that considerable work is necessary to establish guidelines for 
using the batch means procedure of parameter estimation. 
Therefore, this work has little utility to the end users at this 
time. 

Finally, TRAF-NETSIM simulation model was recently 
modified to generate traffic streams exhibiting the same rout
ing patterns, driver-vehicle characteristics, and certain other 
operational characteristics through a series of simulation runs 
(16). Thus, the users can make a series of simulation runs 
"under the same circumstances" by retaining the traffic stream 
of an initial run while performing simulations under different 
traffic controls , volumes, or any other operational conditions 
during the subsequent runs. This enhancement, referred to 
as the "identical traffic stream," also makes the model ame
nable to variance reduction concepts that are based on random 
number seeds controlled experiments. The effectiveness of 
variance reduction based on one of these concepts is described 
in a forthcoming technical note (17). In this paper, we have 
considered both the antithetic variates and common random 
number concepts and compared their relative effectiveness 
using the identical traffic stream feature of TRAF-NETSIM. 

The variance-reduction techniques described in this paper 
have been well established in the literature. However, they 
are being used for the TRAF-NETSIM model for the first 
time, made possible by the identical traffic stream fe ature of 
the model. Also, for the first time, the users can actually 
employ these techniques in their simulation experiments, 
unlike past efforts , which are purely academic in nature. 
Therefore, the contents of this paper are useful to both 
the experienced simulationists and the novice users of the 
TRAF-NETSIM model. 

VARIANCE PROBLEM IN TRAF-NETSIM 

TRAF-NETSIM offers many conveniences that make it an 
attractive tool for evaluating a wide spectrum of traffic man
agement strategies for urban street networks. The model pro-
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vides the highest level of detail and accuracy of any existing 
empirical technique or simulation model of traffic operations. 
The availability of this model has provided the opportunity 
for the development and testing of new and innovative traffic 
management concepts and designs. 

However, TRAF-NETSIM simulation output contains much 
variability from one simulation run to the next. The variability 
reflects the stochastic nature of the simulated environment 
and is generally more pronounced due to the microscopicity 
(simulation of individual vehicles) of the model. Of course, 
the amount of variability experienced in a given situation 
depends on several factors including the initialization time, 
simulation time, traffic volume, network geometry, the pres
ence of incidents or disruptions in the simulated network, and 
other operational features of the simulated environment. An 
illustrative example of the TRAF-NETSIM output variability 
is provided by Chang and Kanaan (15). The average delay 
on a link of a sample data set is found to vary from 128.3 to 
409.4 sec in 10 independent runs. 

The model has often been used to compare system alter
natives (i.e., system designs or operating policies). In this 
context, the presence of high variance of the response variable 
(i.e., measure of effectiveness) is the worst enemy of the 
experimenter. Since variance is inversely proportional to the 
sample size, the model must be run longer or be replicated 
many times to achieve a desired precision level, both of which 
are costly undertakings. The presence of high variance means 
that seemingly large differences in the system's performances 
may not be statistically significant. High variability in model 
output can also lead to concern about the model's reliability. 

To illustrate the importance of the variance problem, an 
analysis of the data from Chang and Kanaan (15) is per
formed. Table 1 shows the simulation results obtained in that 
study. The average of 10 replications after 60 minutes of sim
ulation §_n be used to obtain an estimate of the delay per 
vehicle, D 1• The estimates of variance and standard deviation, 
V(D 1,) and S(D 1,), for the response variable (delay per vehicle 
in this case) can also be computed using standard statistical 
formulas. The results are 

D1 = 276.28 V(Di,) = 6461.35 S(D,,) 80.38 (1) 

TABLE I Average Delay Generated by IO Independent Runs {15) 

Delay (sec) on Link 23-03 
Replication 

15 min 30 min 45 min 60 min 

1 112.1 180.4 230.3 261.5 

2 99.0 128.0 118.6 128.3 

3 145.2 221.8 293.0 347.4 

4 170.3 238.1 264.2 279.3 

5 142.8 251.5 367.9 409.4 

6 138.0 154.9 164.7 195.5 

7 144.9 145.3 192.2 242.8 

8 252.8 299.3 345.5 333.8 

9 206.0 242.9 280.2 315.7 

10 113.1 180.7 232.6 249.1 
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where D 1, is the delay per vehicle estimated in the rth 
replication. 

From these estimates, one can construct a 95 percent con
fidence interval for the response variable, an interval within 
which we are 95 percent confident that the delay per vehicle 
value exists. For n replications, approximate values for the 
upper and lower confidence limits are 

Lower confidence limit = D, - 2S(D,.) - 225.44 (2) 0i -

Upper confidence limit = D1 + 25~,,) = 327.11 (3) 

Considering an average delay per vehicle of 276.28 sec, a 
confidence interval of 101.67 (327 .11 -225.44) is quite wide. 
The situation gets worse when one realizes that this may be 
the base case or alternative scenario of an experiment where 
the objective is to compare the performance of the two designs 
or policies. The standard experimental approach is to obtain 
independent results for the two alternatives and to compare 
the performance of the two systems by computing the mean, 
standard deviation, and variance for each case. The variance 
of the difference between the estimated values in a base case 
and alternative scenario is obtained by 

V(D, - D2) = V(D1) + V(D2) 

V(D1,) + V( D1') 
II 

(4) 

(5) 

where (D2) is the estimate of delay per vehicle in the other 
scenario. All other notations are the same as for (D1). 

Assume for simplicity that the variance of the second case 
study is the same as the first study. Using Equation 5, the 
variance and standard deviation of the difference in expected 
value of delay per vehicle will be 1,292.27 ((6,461.35 + 
6,461.35)/10] and 35.94, respectively. The 95 percent confi
dence interval for difference in expected value of delay will 
approximately be 142 sec. Therefore, even a change (plus or 
minus) in 71 sec of delay per vehicle would not be statistically 
significant. This confidence interval would be even wider if 
fewer replications are made. Therefore, many simulation runs 
may be required before valid conclusions are drawn. 

This example is given to illustrate the variability in the 
TRAF-NETSIM simulation output and to suggest that statis
tical analysis must be used to properly interpret the simulation 
output data. Regardless of the type of simulation software 
used to perform the analysis, the use of simulation output 
data for decision making should be approached with care. 
The stochastic variations as well as fundamental system be
havioral characteristics must be carefully analyzed before 
drawing conclusions from a simulation-based study. For in
stance, looking at the data in Table 1, one realizes that the 
simulated system has not reached a steady-state condition 
even after 60 min of simulation because delay is gradually 
increasing. This implies that there are either certain charac
teristics of the simulated network that serve to gradually in
crease the delay per vehicle over time or the system simply 
has not reached a steady-state condition. In a situation such 
as this, one might even want to investigate the validity of the 
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output data by examining the way in which such data are 
tallied during the simulation. 

GENERATION OF RANDOM BEHAVIOR IN THE 
TRAF-NETSIM MODEL 

TRAF-NETSIM is a discrete event simulation model of the 
dynamics of traffic operation in a network of urban streets. 
The vehicles are represented individually and their opera
tional performance is determined every second. Furthermore, 
each vehicle is identified by a category (automobile, carpool, 
bus, or truck), a type (up to 16 different vehicle types with 
different operating and performance characteristics) within 
each category, and by a driver behavioral characteristic (pas
sive, normal, or aggressive). 

The physical environment in TRAF-NETSIM is repre
sented as a network comprised of links and nodes. Generally, 
the nodes of the network represent intersections, and links 
represent one-way urban streets. The vehicles enter the net
work through links designated as entry links and are moved 
each second according to the car-following logic while re
sponding to traffic control devices, pedestrians, neighboring 
vehicles, and other conditions that influence driver behavior. 

TRAF-NETSIM simulates traffic flow on urban street net
works by representing the movement of individual driver
vehicle combinations. The model uses a number of stochastic 
processes (or random sampling from discrete distributions) to 
represent the real-world behavior. For each vehicle entering 
the network, the vehicle and driver characteristics are gen
erated randomly. As vehicles move from one link to another, 
their turning movements on the new link are randomly as
signed while satisfying the link-specific turn movement per
centages. Many other behavioral and operational decisions 
(e.g., free-flow speed and gap acceptance) are represented as 
random processes. 

Like most simulation models using Monte Carlo proce
dures , the generation of random behavior in the TRAF
NETSIM model consists of a three-step process. The first step 
consists of generating a random number. Then a uniform 
deviate is generated from this random number. This is fol
lowed by the generation of a random observation from the 
probability distribution of interest. The model uses the initial 
random number seed as the basis for all stochastic decisions 
(random sampling) in the simulation process as described 
below. 

Random number generation in TRAF-NETSIM is based 
on a linear recursive procedure, usually attributed to Lehmer 
(18) . Using a multiplicative congruence technique, a sequence 
of random numbers is generated by always calculating the 
next random number from the last one obtained, given an 
initial random number (called the "seed"). In particular, the 
(n + l)th random number X,, + 1 is calculated from the nth 
random number X,, by using the recursive relation 

X,, + 1 = mod[(a * X,, + mod(X,,,k) * k), m] (6) 

where a, k, and m are positive integers. In the current im
plementation of TRAF-NETSIM, a value of 3 is used for a, 
10,000 fork , and 100,000,000 form . This procedure generates 
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a "random" number between k + 1 and m - 1 (i.e., a number 
between 10,001 and 99,999,999). From this random number, 
a uniform deviate U between (0, 99) is obtained by dividing 
X,, + 1 by another integer p (l ,000,000) . Thus, a random num
ber between 10,000 and 100,000,000 is generated by using the 
random seed and the desired random deviate is obtained by 
dividing it by 1,000,000 (integer to integer division). Since the 
numbers between 10,000 and 100,000,000 are generated ran
domly and nonrepeatedly, the procedure is able to generate 
a sequence of purely random deviates . Note that the integer 
p is selected such that U is between 0 and 99 and that its 
possible values are in direct proportion to its respective prob
abilities (i.e., 1 in 100). The uniform deviate U is then used 
lo generate a random observation from the tabular decile 
probability distributions used in TRAF-NETSIM . This is ac
complished by simply accessing the values stored in global 
arrays corresponding to the uniform deviate (1). Since the 
random number generation is a recursive procedure, the ini
tial random number (seed) forms the basis for all stochastic 
decisions in the model. 

The initial value of the random number seed X 0 is input by 
the user. The user is asked to provide an odd number (except 
one ending with 5) of up to eight digits. Selection of an odd 
number (except 5) for a as well as X 0 guarantees a full period 
for the random numbers. That is, the procedure will "ran
domly" generate , without repeating, all integer, nonnegative 
numbers between 10,001 and 99,999,999. 

VARIANCE REDUCTION TECHNIQUES 

Variance reduction techniques, as used in Monte Carlo studies 
and simulations, are based on the premise of replacing the 
original sampling ("crude" or "unplanned" sampling) pro
cedure by a new procedure that produces the same parameter 
estimate but with a smaller variance. Some of these techniques 
replace the sampling process completely (e.g ., importance 
sampling), whereas others simply use a different estimator 
(e.g., ratio estimators, batch means) from the sample average 
produced by the crude sampling method (9). However, per
haps the most subtle modification of the sampling process is 
used in variance reduction techniques that operate by con
trolling the random number seeds. These two techniques, 
common random numbers and antithetic variates , have proven 
to be effective and can be implemented with hardly any extra 
effort on the part of the user (9,11). These techniques take 
advantage of the fact that the random behavior observed in 
simulation experiments is under the analyst's control and can 
be used to increase the information gained in such experi
ments . The theory behind these two variance reduction tech
niques is discussed below. 

Antithetic Variates 

The antithetic variates technique reduces the variance of es
timated parameter values by creating negative correlation be
tween observations in paired replications of a single system. 
If M 1, and M2, are the estimated mean of the same parameter 
variable for Runs 1 and 2 in rth replication, respectively, the 
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mean value of the parameter can then be estimated by 

(7) 

Note that M 1, and M2, are themselves estimates. The esti
mated variance of M, is given by 

V(M,) 

+ 2pYV(M,,) · VV(M2,) 

V(M 1, + M2,) 
4 

(8) 

(9) 

where p (ranging from -1 to + 1) is the correlation coefficient 
for random variables M 1, and M 2, and V 1, and V2, are the 
estimated variances of M 1,, and M 2, respectively. If M,, and 
M 2 , are independent, the correlation p would be zero. This 
implies that the variance of M, will decrease if M 1, and M 2, 

are negatively correlated. A negative correlation implies that 
if the value of M 1, is above its average, then M 2, is more likely 
to be below the average. A negative correlation between the 
observations can be created by generating observations from 
the random number r in one run and (1-r) in the next run . 
See Kleijnen (9, pp . 183-200) for proof that the use of (1-r) 
creates a negative correlation. 

Common Random Numbers 

Common random nµmbers represent a very intuitive yet 
simple-to-implement variance reduction procedure in simu
lation experiments. The ability to reduce variance in this man
ner is highly effective and practically cost-free (18). The only 
requirement to apply the procedure is the matching of the 
random number seeds in simulation experiments. 

The variance of the difference between M 1,, the estimated 
sample mean of the response (output) variable for base case 
scenario, and M 2,, the estimated sample mean of the same 
response variable for the alternative system design or oper
ating policy in the rth replication , respectively , is given by 

- 2pVV(M2,) · ~ (10) 

where p (ranging from - 1 to + 1) is the correlation coefficient 
for random variables M 1, and M 2,. Equation 10 suggests that 
the variance of the estimated difference in system perfor
mance is decreased if the response variables are positively 
correlated. A positive correlation implies that if the value of 
M 2 , is above its average , then M 1, is more likely to be above 
the average. If the simulated environment reacts to the sto
chastic input variables in the same direction for both the base 
case and an alternative scenario, such a positive correlation 
can be created by using common random numbers. That is, 
if random number seeds (rp r2 , •.. r") are used for the base 
case, a positive correlation can be created by using the same 
random number seeds for the alternative scenario. 

TEST OF THE EFFICIENCY OF THE VARIAN CE 
REDUCTION CONCEPTS 
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The effectiveness of the variance reduction techniques de
scribed in the previous section (i.e., antithetic variates and 
common random numbers) is evaluated through its applica
tion for the sample data set distributed with the TRAF
NETSIM program. Figure 1 shows the link-node represen
tation of the sample test data set. Although a small network , 
this data set includes bus operations, incidents, parking, ac
tuated and fixed-time signal controls, time-varying input, and 
a variety of other features of traffic operations on urban sur
face street networks. The purpose of this data set is to dem
onstrate the features and capabilities of the model. 

A base case scenario is developed by utilizing the signal 
control scheme at Node 1 shown in Figure 2a. An alternative 
scenario is created by including a leading green for eastbound 
traffic, as shown in Figure 2b. The control scheme shown in 
Figure 2b is the one used in the sample data set that is dis
tributed with the TRAF-NETSIM program . 

Using 30 independent random number seeds provided in 
Tables A.l through A .3 of the classic textbook on discrete 
event simulation by Fishman (18, p. 486), 90 simulation runs 
were made for the base case and the alternative scenario ( 45 
runs for each case) . First , 30 independent replications for 
traffic operations under the base case scenario of the sample 
network were made using these seeds. Then, for the first 15 
simulation runs, the antithetic runs were made using random 
deviates (100 - d) where d is the random deviate generated 
in the original run of the pair. Therefore , a total of 45 sim
ulation runs were made for the base case . The same repli
cations were then made for the alternative scenario. Including 
an initialization time of 300 sec, the length of each simulation 
run was 900 sec. 

Let us assume that the purpose of these simulations is to 
compare the two control strategies for the test network for 
some selected measures of performance. That is, the objective 
of our experiment is to determine the effect of the change in 
control strategy. The TRAF-NETSIM model generates a con
siderable amount of output data including estimates of speeds, 
delay, stops, travel time, fuel consumption, and emission on 
each link of the network (by turn movement if specified by 
the user), a group of selected links, and the entire network 
over user-specified time intervals. For illustration purposes, 
four of these measures of effectiveness (MOEs) were selected 
for analysis: average speed (in mph) of the left-turning ve
hicles on Link (2,1), number of vehicle trips on Link (2,3), 
number of signal phase failures at Node 1, and average travel 
time (in seconds) in the network. In selecting these output 
variables, an attempt has been made to include some of the 
commonly used performance measures across different levels 
of network aggregation . Tables 2 and 3 show the simulation 
results, along with the random number seeds employed in the 
simulation runs. 

Using the data shown in Tables 2 and 3, the three estimates 
of variance for MOEs are obtained. First, the variance based 
on common random numbers is obtained by using the 30 
paired replications of the base case and alternative scenario. 
Let A, and B, be the estimated value of the MOE in the rth 
replication of alternative scenario and base case, respectively . 



FIGURE I Link-node representation of TRAF-NETSIM sample data set. 
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FIGURE 2 Signal timing at Node 1: (a) base case, (b) alternative case. 
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TABLE 2 Simulation Results Crom 45 Replications or Base Case 

Speed (mph) of Left Turning Number of Vehicle Trips 
Vehicles on Link (2, 1) on Link (2,3) 

Random 
Run Number Run Run 

Seed 
Base Antithetic Base Antithetic 

1 7781 8.5 7.4 212 247 
2 75253171 7.0 7.3 232 239 
3 76271663 7.1 7.3 237 229 
4 68911991 8.2 8.0 230 237 
5 67784357 8.0 6.6 256 245 
6 9072619 5.5 4.2 245 233 
7 99791377 6.6 8.7 230 231 
8 81120351 7.2 7.2 225 236 
9 90563473 8.8 9.1 234 227 

10 24918189 7.9 8.6 230 220 
11 20464843 8.8 6.5 232 230 
12 75809031 8.4 6.8 225 232 
13 51703891 8.0 8.7 229 258 
14 26784697 7.1 6.6 256 233 
15 62954703 8.7 8.0 238 221 
16 41758441 5.3 244 
17 29977537 8.6 222 
18 9409871 6.8 224 
19 38090947 7.6 237 
20 59133357 6.8 242 
21 55161629 6.9 246 
22 37391779 7.8 216 
23 97264441 5.7 226 
24 73907653 7.7 237 
25 55730273 7.3 230 
26 74792037 8.8 237 
27 97859453 7.3 232 
28 53479 7.9 242 
29 12217 8.0 239 
30 40577 5.9 230 

Average Travel Time Number of Phase failures 
(in seconds/vehicle trip) at Node 1 

Random 
Run Run Run Number 

Seed Base Antithetic Base Antithetic 

1 7781 82.2 84.0 21 14 
2 75253171 89.4 84.0 21 22 
3 76271663 87.0 85.8 18 20 
4 68911991 82.8 86.4 18 22 
5 67784357 86.4 84.0 20 21 
6 9072619 92.4 92.4 27 22 
7 99791377 82.8 83.4 17 18 
8 81120351 83.4 87.0 20 25 
9 90563473 90.6 81.6 18 23 

10 24918189 86.4 79.2 21 19 
11 20464843 83.4 87.0 21 23 
12 75809031 91.2 88.8 23 24 
13 51703891 84.0 85.8 16 19 
14 26784697 82.2 87.0 12 25 
15 62954703 79.8 87.0 11 17 
16 41758441 89.4 26 
17 29977537 85.2 22 
18 9409871 87.6 18 
19 38090947 88.8 22 
20 59133357 85.8 18 
21 55161629 85.2 16 
22 37391779 88.8 20 
23 97264441 83.4 17 
24 73907653 87.6 23 
25 55730273 81.6 19 
26 74792037 86.4 20 
27 97859453 84.6 21 
28 53479 87.6 23 
29 12217 85.8 16 
30 40577 88.2 25 
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TABLE 3 Simulation Results from 45 Replications of the Alternative Scenario 

Speed (mph) of Left Turning Number of Vehicle Trips 
Vehicles on Link (2, 1) on Link (2,3) 

Random 
Run Number 

Seed 
Base 

1 7781 6.5 
2 75253171 5.4 
3 76271663 5.7 
4 68911991 7.1 
5 67784357 4.8 
6 9072619 2.4 
7 99791377 5.1 
8 81120351 5.6 
9 90563473 6.6 

10 24918189 5.6 
11 20464843 7.5 
12 75809031 7.5 
13 51703891 5.6 
14 26784697 5.3 
15 62954703 6.7 
16 41758441 4.3 
17 29977537 7.8 
18 9409871 5.2 
19 38090947 6.2 
20 59133357 5.6 
21 55161629 5.3 
22 37391779 7.0 
23 97264441 3.8 
24 73907653 6.6 
25 55730273 4.6 
26 74792037 6.0 
27 97859453 4.6 
26 53479 4.7 
29 12217 6.5 
30 40577 4.4 

If D, equals the difference in MOE for replication r (i .e., D, 
= A, - B,), then the estimated variance of a pair of repli
cations is given by 

1 n -

V(D,) = (n - 1) ,~, (D, - D)z (11) 

where 

1 n 

I5 = - 2,D, 
n r~ I 

(12) 

and n is the number of replications. 
Then, the variance of base case and alternative scenario 

are estimated individually by using the 15 paired replications 
in each case. If M1, and M2 , are the estimated values of an 
output variable in the base run and its antithetic pair in rep
lication r, respectively, then the mean value of the parameter 
and its variance can also be estimated by the equations 

(13) 

(14) 

and 

V(M,) 
1 " 

(n 1) r~l (M, - M)
2 (15) 

Run Run 

Antithetic Base Antithetic 

6.0 211 242 
5.6 233 237 
4.1 232 231 
5.6 234 232 
5.1 254 244 
2.2 239 231 
5.9 231 224 
5.7 227 239 
6.3 238 229 
6.0 234 222 
2.6 224 231 
5.8 214 238 
5.7 225 255 
5.0 256 227 
4.9 235 220 

239 
226 
221 
239 
240 
245 
214 
227 
234 
227 
240 
226 
244 
242 
231 

where M, is the estimated value of the output variable from 
pair r. Mis the estimated mean value of the output variable, 
n is the number of replications, and V(M,) is the variance of 
M,. Again, note that M, is itself an estimate. 

Finally, the variance without the use of variance reduction 
techniques (i .e ., paired replications) is estimated for the base 
case and alternative scenario individually on the basis of 30 
independent replications. Using standard statistical formulas, 

1 fl 

M = - 2, M, 
n r=l 

(16) 

and 

1 fl 

V(M,) = (n 1) ,~1 (M, - M)2 (17) 

Table 4 gives the computed variances for each of the four 
output variables and the reduction in variance derived by 
using antithetic variates and common random numbers after 
10, 20, and 30 replications. An examination of simulation 
results in Table 4 leads to the following observations: 

• The two variance reduction techniques indeed signifi
cantly reduce the variance of the MOEs. With the exception 
of three situations, at least 30 percent variance reduction is 
obtained in all cases. The average reduction in variance of 
the parameter estimate is nearly 65 percent for the 24 com
parisons that are made. For individual MOEs , variance re
duction in the range of 40 to 85 percent is obtained. Variance 
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TABLE 4 Computed Variances of the Performance Measures for the Test Data Set 

Sampling Procedure Average Travel Time 

lndo~ndont Roelications 

Variance: Alter 10 Replications 35.20 
Alter 20 Replications 30.80 
Alter 30 Replications 24.61 

Anltthotic Paired Roelicellons 

Variance: Alter 10 Replications ( 5 Pairs) 14.53 
Alter 20 Replications (10 Pairs) 21.98 
Alter 30 Replications (15 Pairs) 20.65 

Common Random Number Roellcatlono 

Variance: Alter 10 Replications ( 5 Pairs) 0.18 
Aller 20 Replications (10 Paini) 11.12 
Alter 30 Replications (15 Pairs) 8.57 

Varlanco Reduction ('%) 

Antithetic Pairs Vs. Independent Replications 
Variance 

Alter 10 Replications 59 
Alter 20 Replications 29 
Alter 30 Replications 16 

Common Random Numbers vs. Variance 
Assuming Independence: 

Alter 10 Replications 99 
Aller 20 Replications 64 
Alter 30 Replications 65 

reduction of over 75 percent is realized in 10 of the 24 
comparisons. 

•With the exception of one comparison, the common ran
dom numbers-based variance reduction is more effective than 
the antithetic variates procedure in this case study. The result 
is not surprising considering the identical traffic stream feature 
of the TRAF-NETSIM model. In general, the common ran
dom number variance after 10 replications is less than the 
variance after 20 or 30 independent replications or the an
tithetic paired replications. 

• The common random numbers strategy reduced variance 
by at least 50 percent in all comparisons. One out of two 
times, the reduction in variance was greater than 80 percent. 

• The use of common random numbers produces consistent 
differences in the MO Es between the base case and alternative 
scenario (See Tables 2 and 3). 

• In all cases, the variance after 10 antithetic replications 
is considerably less than the variance after 20 or 30 inde
pendent replications. Therefore, after making as few as one
third as many simulation runs, better statistical precision is 
obtained. 

• In general, the effectiveness of variance reduction is de
creased as the number of replications is increased. The only 
exception is the output statistics for the speed of left-turning 
vehicles on Link (2,1). This parameter is the least sampled 
among all performance measures used in this study. In this 
case, for example, fewer than 100 observations are made for 
the speed of left-turning vehicles compared with more than 
2,000 for the average travel time in the network . As the num
ber of observations is increased (through longer simulations) 
for' this parameter, the results could be different. Nonetheless, 
this anomaly reinforces the requirement for large sample sizes 

Number of Phase Speed of Left Turning Number of Vehicle Trips 
F eilures at Node 1 Vehicles on Link (2, 1) on Link (2,3) 

39.03 2.67 250.11 
36.63 2.64 244.04 
30.49 2.61 213.59 

26.90 0.43 45.38 
24.11 1.31 37.34 
28.83 1.11 55.62 

16.00 0.66 11 .33 
17.56 0.50 13.29 
14.40 0.44 20.82 

31 84 82 
34 50 85 
5 57 74 

59 75 95 
52 81 95 
52 83 90 

in parameter estimation. As far as antithetic variates are con
cerned, variance is reduced regardless. 

• The variance reduction techniques are as effective for the 
output measures that are cumulative statistics (number of 
phase failures) as they are for the measures that are them
selves estimates (i.e., average values such as average travel 
time). 

Finally, a note about the TRAF-NETSIM output itself. 
There is very little variability in the average travel time values; 
the mean to standard deviation ratio, known also as the 
t-statistic, is nearly 20. On the other hand, the same ratio for 
the number of phase failures is approximately 2. In general, 
though, the variability exhibited by the MOEs between the 
runs is small because of the congestion in simulated environ
ment and because of larger sample sizes resulting from a 15-
min simulation. In all cases, however, the variance is reduced 
by the use of the common random numbers and antithetic 
variates procedure. 

SUMMARY 

This study illustrates the effectiveness of two variance reduc
tion techniques, antithetic variates and common random num
bers, in simulation experiments with the TRAF-NETSIM sim
ulation model. The primary motivation for the analyst to use 
these techniques is to reduce the risk of drawing incorrect 
conclusions and to increase the precision of the estimates 
without significant additional effort. The results clearly show 
that both techniques reduce the variance of the output per
formance measures and illustrate their utility in simulation 
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experiments. These variance reduction techniques can easily 
be applied by using the identical traffic stream feature of the 
model. 
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REQUIRED SAMPLE SIZE' 

95X CONF !DENCE 90X CONFIDENCE 
LEVEL WITH LEVEL WITH 

IDENTI CAL TRAFF IC STREAM RANDOH NUMBER SEED TOLERABLE ERROR TOLERABLE ERROR 
SIMULATION 

TIME 7781 45451891 97116143 53493673 70257223 66687679 STANDARD 10X OF 15X OF 10% OF 15X OF 
(SECOND) 2135011 95051027 95612789 67121881 74071517 HEAN DEVIATION HEAN HEAN MEAN HEAN 
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7200 17.0 19-6 19.0 17 .8 17. 1 17.7 18.0 18.8 17.0 19 . 0 19 . 4 18 . 2 0 . 979 1.4 0.6 0 . 9 0.4 
7800 17. 3 19.8 19.1 18 . 1 17.2 17.6 17.9 18. 7 16 . 9 19 . 3 19 . 3 18.3 0. 995 1.5 0.7 1.0 0.4 
8400 17.2 19.6 18.8 17.8 17.0 17.8 17.8 18.4 16.7 19.1 19.1 18.1 0.953 1.4 0.6 0.9 0.4 
9000 17. 1 19.9 19.0 17.8 16.8 18. 6 17.6 18.2 16. 7 19.3 18.6 18. 1 1.047 1. 7 0.7 1. 1 0.5 
9600 17. 5 19.7 18.9 18.2 16.7 18.8 17 .5 18.0 16.8 19.0 18.4 18. 1 0.947 1.4 0.6 0.9 0.4 
9950 17.6 19.9 18.9 18. 4 16.8 19. 1 17.4 18.0 17 . 0 19.0 18.1 18. 2 0.965 1. 4 0.6 0.9 0.4 

llNK 4- 5 

600 37. 4 21 . 8 20.4 26 . 0 20 .6 24.3 30 .6 14 . 0 21.0 51.5 26 .8 10.226 74 . 7 33.2 49 . 1 21 .8 
1200 39.6 17.4 26.9 22.1 20.2 20.0 20.9 22 . 7 12 . 0 19.9 48.8 24.6 10.548 91.3 40 .6 60.4 26 . 9 
1800 34.0 17.9 25.5 24.3 23 .4 22.1 21.3 21.3 13 . 5 20.4 40.4 24.0 7.418 47 . 4 21. 1 31.3 13.9 
2400 34 . 7 16.9 24.9 23.3 23.2 21.2 21 . 5 21.3 14.8 19.9 34.3 23.3 6.245 35.7 15.9 23 . 6 10. 5 
3000 33.8 17.6 23.3 23.6 22. 7 23.0 23.0 20.2 15.9 18.8 30.3 22 . 9 5.248 26.0 11.6 17.2 7.6 
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9950 24. 7 23.3 22.2 27.6 22.9 22.7 23. 7 23.0 20.8 19.9 27.3 23 . 5 2.365 5.0 2.2 3.3 1 .5 

"Adapted from (1 • p. 481!. 

bfrom equation 1. 
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DISCUSSION 

SttUI-YING WONG 
Federal Highway Administration, Office of Traffic Operations and 
/VHS, HTV-32, 400 7th St., S. W. , Washington, D. C. 20590 

The author provided a good discussion of the variation of the 
outputs from TRAF-NETSIM. In illustrating the variance 

TABLE 6 TRAF-NETSIM Simulated Capacities• 

SIMULATED CAPACITY 
(VEHICLES/HOUR) 
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reduction techniques, the author only considered TRAF
NETSIM runs with a simulation time of 900 sec. In a case 
study applying TRAF-NETSIM to estimate capacity and level 
of service (1), we found that the TRAF-NETSIM output is 
sensitive to simulation time. In the study, we applied 11 ran
dom number seeds to the same TRAF-NETSIM run. We 
found four interesting phenomena: (a) The output may have 
great variation when the simulation time is short (short being 
1,800 sec or less) ; the variation becomes less as simulation 
time becomes longer. ( b) If we trace the output value from 
one random number seed versus simulation time, the output 
value may fluctuate when the simulation time is short, and 
the output value stabilizes as simulation time becomes longer. 
(c) Different performance measures have different degrees of 
variation . (d) The same performance measure may have dif
ferent degrees of variation under different situations. 

Tables 5 and 6 show these phenomena . Figures 3 and 4 
are based on the data from Tables 5 and 6, respectively. 
For example, the variation of stopped delay on Link 4-3 
(Figure 3b) ranged from 12 (random number seed 7025223) 
to 49 (random number seed 66687679) sec per vehicle when 
the simulation time was 1,200 sec. The variation ranged from 
20 (random number seed 74071517) to 28 sec per vehicle 
(random number seed 66687679) when the simulation time 

REQUIRED SAMPLE SIZE' 

95" CONF !DENCE 90" CONFIDENCE 
LEVEL WITH LEVEL WITH 

IDENTICAL TRAFFIC STREAM RANDOM NUMBER SEED TOLERABLE ERROR TOLERABLE ERROR 
SIMULATION 

TIME 7781 45451891 97116143 53493673 70257223 66687679 STANDARD 10" OF 15% Of 10% Of 15X Of 
(SECOND) 2135011 95051027 95612789 67121881 74071517 MEAN DEVIATION MEAN MEAN HEAN MEAN 

LINK 1-2 

600 906 720 690 702 876 714 870 738 798 900 750 787.6 84 . 899 5 .8 2.6 3 . 8 1. 7 
1200 882 807 771 747 801 795 822 786 822 789 723 795.0 41.699 1. 4 0 . 6 0 . 9 0.4 
1800 842 814 772 790 842 788 856 754 858 716 744 797.8 48.485 1.8 0.8 1. 2 0.5 
2400 811 753 787 810 834 810 852 765 846 705 763 794.2 44.634 1.6 0.7 1. 0 0.5 
3000 816 782 795 792 856 814 846 740 823 728 771 796.6 40.183 1.3 0.6 0.8 0.4 
3600 802 802 813 801 853 760 637 766 804 715 758 793.7 38.058 1.1 0.5 0 . 8 0.3 
4200 798 791 793 798 828 767 624 766 804 720 775 787.6 30.170 0.7 0.3 0 . 5 0.2 
4800 780 786 779 786 795 770 823 776 809 731 778 783.0 23. 259 0.4 0.2 0 .3 0.1 
5400 786 780 782 790 802 763 812 788 817 719 778 763.4 26.402 0.6 0.3 0 .4 0.2 
6000 784 777 783 790 795 770 810 769 823 716 784 781.9 27 . 205 0.6 0.3 0.4 0 . 2 
6600 784 775 792 790 797 766 806 771 817 715 788 781 . 9 26 . 730 0.6 0.3 0 . 4 0.2 
7200 779 780 793 785 798 767 799 773 813 729 783 781.7 21 . 827 0 . 4 0.2 0.3 0.1 
7800 768 770 786 782 795 768 798 779 809 727 771 777.5 21.547 0.4 0.2 0.3 0.1 
8400 771 774 778 779 798 765 798 787 803 736 768 777.9 18.987 0.3 0.1 0.2 0.1 
9000 761 769 785 774 796 760 802 793 808 744 778 779.1 19.816 0.3 0.1 0.2 0.1 
9600 753 778 794 763 793 759 805 795 808 741 780 779.0 22.298 0 . 4 0.2 0 . 3 0.1 
9950 749 777 791 762 792 761 804 795 808 739 TT7 777.7 22.668 0.4 0.2 0.3 0.1 

LINK 4-3 

600 450 420 522 516 510 528 450 444 516 534 546 494 . 2 43 . 950 3 .9 1. 7 2 . 6 1.2 
1200 471 483 498 525 495 516 483 468 498 438 549 493.1 30.128 1. 9 0.8 1. 2 0. 5 
1800 476 506 478 506 474 490 486 482 488 480 526 490.2 16.086 0.5 0.2 0.4 0. 2 
2400 483 508 481 505 459 480 484 484 472 495 486 485.2 13.862 0.4 0.2 0 . 3 0. 1 
3000 494 510 482 489 476 488 458 484 465 492 494 484.7 14.423 0.4 0. 2 0 . 3 0. 1 
3600 486 510 483 497 487 493 456 494 478 488 488 487.3 13.320 0.4 0. 2 0 . 2 0. 1 
4200 491 520 476 498 474 503 467 498 468 471 487 486.8 16.940 0.6 0. 3 0 . 4 0.2 
4800 493 510 478 492 474 501 462 483 471 462 480 482.4 15.397 0.5 0. 2 0 . 3 0.1 
5400 490 510 478 500 470 504 466 474 467 460 490 482 .6 17.043 0.6 0 .3 0 . 4 0.2 
6000 491 505 482 511 462 501 478 476 478 466 495 485 . 9 15.928 0 . 5 0. 2 0 . 4 0 . 2 
6600 485 484 476 507 459 498 466 483 477 470 484 480.8 13 . 688 0.4 0. 2 0 . 3 0.1 
7200 480 484 473 506 465 504 467 484 473 479 486 481.9 13.315 0.4 0.2 0 . 3 0 .1 
7800 477 481 472 501 456 500 468 486 460 477 477 477.7 14.255 0.4 0.2 0 . 3 0 .1 
8400 478 480 475 500 456 495 464 486 465 477 470 476.9 13.232 0.4 0.2 0 . 3 0 . 1 
9000 484 480 479 496 462 496 462 487 466 480 474 478.7 12.001 0.3 0.1 0 . 2 0 . 1 
9600 484 483 480 492 457 493 460 479 469 475 476 477.1 11.562 0 .3 0.1 0.2 0 .1 
9950 485 482 481 494 458 496 461 478 471 478 476 478.2 11.814 0.3 0.1 0 . 2 0 . 1 

'Adapted from (1. p. 480). 

bf rom equation 1 . 
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FIGURE 3 TRAF-NETSIM simulated stopped delays (based on Table 5). 
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FIGURE 4 TRAF-NETSIM simulated capacities (based on Table 6). 
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was increased to 9,600 sec. If we trace the value of stopped 
delay for random number seed 66687679 (the top curve in 
Figure 3b), the value fluctuated from 52 to 30 sec per vehicle 
during the first 3,600 sec of simulation. The value stabilized 
around 28 to 30 sec per vehicle as simulation time became 
longer. This pattern was true for other random number seeds. 
The variation of capacity (Table 6 and Figure 4) was less than 
the variation of stopped delay, as evidenced from comparing 
the required sample size (number of runs) on the last four 
columns of Tables 5 and 6. The variation of stopped delay on 
Link 4-3 was greater than that on Link 1-2, because the sit
uation was different. Left turns were permitted on Link 4-3, 
whereas they were not permitted on Link 1-2. 

In the case study, stopped delay was from the "Stop Time" 
of the Cumulative NETSIM Cumulative Statistics report. Ca
pacity was from the "Volume" of the Cumulative NETSIM 
Statistics report, with the link "flooded" or saturated with 
vehicles (1, p. 468). The network had 23 nodes and 33 links. 
A 9,600-sec simulation run took about 45 min to execute in 
an 80386, 16 megahertz microcomputer. All random number 
seeds, except the default value of 7781, were randomly gen
erated. The required sample size was computed from 

X = [(Ti - a/2, n - 1) (S)/£]2 (1) 

where 

X = required number of runs; 
T = critical value for Student's t-distribution, with (1-a) 

100% level of confidence and (n -1) degrees of free
dom; 

a = coefficient of confidence; 
n = number of samples from which Sis computed; 
S = sample standard deviation; and 
E = tolerable error. 
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AUTHORS' CLOSURE 

We thank Mr. Wong for taking the time to prepare a discus
sion of our paper. Mr. Wong's discussion essentially reinforces 
the concern about the variability of TRAF-NETSIM output 
and its implications for the valid usage of the model as a 
decision-support tool. 

The first paragraph of Mr. Wong's discussion and the data 
from his study are essentially a reiteration of the theme of 
our paper. That is, TRAF-NETSIM simulation output con
tains much variability from one simulation run to the next, 
and the variability experienced in a given situation depends 
on several factors including the initialization time, simulation 
time, traffic volume, network geometry, the presence of in
cidents or disruptions in the simulated network, operational 
features of the simulated environment, and the performance 
measure itself. Mr. Wong's data suggest that after about 9,600 
sec of simulation, the values of measures of effectiveness are 
stabilized. 

Mr. Wong suggests that we have considered TRAF
NETSIM runs with only 900 sec of simulation. We are not 
sure if it is a concern or criticism, but our study is an attempt 
to address the problems associated with simulation runs of 
short durations. If one makes simulation runs of 9,600 sec or 
more, there would be no need (in most cases) to use the 
variance reduction techniques discussed in our paper. Since 
variance is inversely proportional to the sample size, the model 
can be either run longer or replicated many times (with short 
simulation durations) to obtain tighter confidence intervals 
on simulation output data. The variance reduction techniques 
discussed in this paper are presented as an alternative to sim
ulation runs of long durations. Mr. Wong may find it inter
esting to use the antithetic variates techniques for his exper
iments and come up with the conclusions that we have reached 
on the basis of experiments discussed in this paper. 

The contents of this article reflect the views of the authors, who are 
solely responsible for the facts and accuracy of the data presented 
herein. The contents do not necessarily reflect the views or policies of 
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