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Three-Dimensional Constitutive and 
Failure Modeling of Polymer 
Concrete Materials 

M. REZA SALAMI AND SHILONG ZHAO 

A constitutive model based on the theory of plasticity is proposed 
and used to characterize the stress-deformation behavior of three 
epoxy concrete materials. It allows for factors such as stress hard
ening, volume changes, stress paths, temperature, cohesive and 
tensile strengths, and variation of yield behavior with mean pres
sure. It is applied to characterize behavior of three epoxy concrete 
materials. The constants for the model are determined from a 
series of available laboratory tests. The model is verified with 
respect to observed laboratory responses. Overall, the proposed 
model is found to be suitable to characterize the behavior of these 
three epoxy concrete materials. 

Polymer concrete materials have been widely used in the re
habilitation of transportation structures (i.e., bridges and 
pavement overlays), building structures, and other patching 
applications. Polymer mortars have been used in construction 
applications, particularly as structural adhesive for bonding 
precast units of segmental construction (1). It is expected that 
polymer concrete materials will become more widely used 
over the next 25 years (2,p.413). In transportation engineer
ing, for example, polymer concrete materials have been used 
in several full-depth bridge deck construction and rehabili
tation projects. 

Short-term static strengths of polymer mortars are known 
to be higher than those for portland cement concrete. Severe 
repeated loading and freeze-thaw exposure are two critical 
damaging factors for structural materials. The knowledge of 
degradation resistance of polymer mortars is important for 
the consideration of the durability of the material. 

The literature surveyed regarding polymer concrete, failure 
criteria, and damage laws leads to some general conclusions 
(1,2). First, polymer mortars are in their early stages of de
velopment and characterization as a structural material. Sec
ond, when a model is developed for a new material, the initial 
model is simple with minimal parameters. Third, the material 
constants must be determined in the laboratory to make use 
of the model. 

STRENGTH, FAIL URE, AND CONSTITUTIVE 
MODELS FOR EPOXY POLYMER CONCRETE 

Because polymer concrete materials are used in construction, 
a fundamental failure and constitutive model is needed for 
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predicting material behavior. The present research is under
taken as a first step toward developing a fundamental failure 
and constitutive model for epoxy polymer concrete, as well 
as for providing benchmark data on the strength and failure 
characteristics of material specimens for future work. The 
failure model will be developed on the basis of a failure func
tion. This model will predict the changes in constitutive prop
erties and resistance values in aggressive environments. 

Since previous work has shown that temperature can affect 
the strength properties (3), temperature was selected as the 
primary testing variable for investigating ultimate compressive 
and split tensile strength. A model relating strength to tem
perature and loading rate had been proposed by Kelsey and 
Biswas ( 4) and was compared with experimental data. 

The proposed model for epoxy concrete materials is de
veloped on the basis of previous models conducted by Salami 
(5). These models have been successfully applied to concrete, 
soil, and rock materials. 

Constitutive Model 

Theoreticaf development of the hierarchical model approach 
and application to soil, rock, and concrete behavior is given 
by Salami (5), Desai and Faruque (6), Desai et al. (7), and 
Desai and Salami (8,9). Application of the model for geo
logical materials, including comprehensive modeling and veri
fications for various geological materials is discussed by Sal
ami (5). The hierarchical concept provides a framework for 
systematically developing models with progressively complex 
responses: isotropic associative hardening, isotropic nonas
sociative hardening, anisotropic hardening, and strain soft
ening. As a result, it can be sufficiently simplified in terms of 
material constants determined from laboratory tests and ap
plications. A brief description of the model is presented in 
the following. 

A compact and specialized form, F, of the general poly
nomial representation, by Salami (5) and Desai and Faruque 
( 6) is adopted herein to describe both the continuous yielding 
and ultimate yield behavior; it is given by 

where 

(1) 

second invariant of deviatoric stress tensor, Sij• of 
the total stress tensor a;j; 
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Fb = basic function; and 
Fs = shape function. 

The function F is a continuous function in the stress space 
with the final curve representing the ultimate behavior. In 
expanded form, Equation 1 is written as 

where 

(2) 

11 = 0'1 + 0'2 + 0'3 , the first invariant of O';j; 

Sr = stress ratio = (130)
1131(120)

112
, which can also 

be the lode angle; 
130 = third invariant of S;j; 

O'., n, "/, J3 = response functions; 
T = temperature; 

0'.0 = 1 stress unit; and 
m = - 1/2 response function. 

As a simplification, 'Y and m are assumed to be constants, 
whereas J3 is expressed as a function of mean pressure, J 1 , to 
account for the observed yield behavior of geological mate
rials (5,7-9). This constitutive model is developed to repre
sent a wide range of materials. 

From Equation 2, a new constitutive model is proposed to 
describe both failure and yielding of the polymer concrete 
materials. The model agrees with the experimental evidence 
regarding the shapes of yield surfaces on various planes. 
Moreover, both ultimate failure and yielding are defined by 
a single yield surface. 

For the ultimate criterion given by Equation 2 to apply to 
concrete, polymer concrete, and rocks, the cohesion and ten
sile strength sustained by concrete, polymer concrete, and 
rocks must be included. This is done by translating the prin
cipal stress space along the hydrostatic axis by the addition 
of a constant stress R = ap0 added to the normal stresses. 
The modified function is given by Salami (5) as 

where 

(3) 

(4a) 

(4b) 

(4c) 

(5) 

The corresponding normal stresses O' 11 *, O' 22 *, and O' 33 * in 
Equations 4 and 5 at ultimate (failure) state are expressed as 

(6a) 
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0'22 * = 0'22 + R 

R = ap0 

(6b) 

(6c) 

(7) 

where a is a dimensionless number and Pa is the atmospheric 
pressure. For cohesionless materials such as sand and gravel, 
R = 0, and the function at ultimate in Equation 3 reduces to 
that in Equation 2. 

Growth Function, a 

The response function O'. is the growth or evolution function. 
In this study, however, O'. will be made a function of a single 
parameter, £: 

(8) 

where £is the trajectory of plastic strain in a nine-dimensional 
Euclidean space formed by the components of the incremental 
plastic strain tensor. With the definition of £, we can now 
define a in the form 

O'. = 0'.1 
£TJI 

(9) 

where 0'. 1 and Tli are the material constants associated with 
plastic stress hardening. 

Elastic-Plastic Constitutive Relations 

The principles of continuity and consistency in Drucker's pos
tulate (10,11) enable one to decompose an incremental strain 
tensor into elastic part and plastic part (assuming small strain) 
as 

(10) 

where the superscripts e and p refer to elastic and plastic, 
respectively. The stress-elastic strain relationship can be writ
ten in the form 

(11) 

where Cifkt is the elastic constitutive relation tensor and dEJ 

is elastic part of the total incremental strain dEkt· Substituting 
for dEk{ in this equation gives 

(12) 

In general, the yield function may be written as 

(13) 
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with equality during yielding and negative during unloading. 
With the assumption of the normality principle and associated 
flow rule, the increment of plastic strain must be normal to 
the yield surface; hence, 

(14) 

where A. is the unknown hardening parameter giving the mag
nitude of the plastic strain increments, with the direction gov
erned by the normality rule. The stress-elastic strain rela
tionship can be written in final form (5,10,11) as 

(15) 

or 

(16) 

This can be rewritten as 

(17) 

where {Ciid-P} is known as the elasto-plastic constitutive 
tensor. 

DETERMINATION OF MATERIAL CONSTANTS 

General 

The proposed model has a number of material constants in
cluding the Young's modulus (E); Poisson's ratio (v); shear 
modulus (G); and bulk modulus (K). Determination of such 
constants for any material requires a comprehensive series of 
laboratory tests with number of loading, unloading, and re
loading cycles as shown in Figure 1. 

Strain, E
1 

FIGURE 1 Typical stress-strain 
response curves. 

Point 
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Three polymer concrete materials (epoxy types) were con
sidered to obtain the material constants associated with the 
proposed constitutive model. These are (a) a low-modulus 
epoxy, (b) a medium-modulus epoxy, and ( c) a high-modulus 
epoxy. Its application to these materials that were tested by 
Kelsey (12) is presented. 

Procedures for Determining Material Constants 

Ten material constants are associated with the proposed model 
as described in Equation 3. These constants can be classified 
into four categories: 

1. Elastic constants: E, v or G, K 
2. Constants for hardening yielding: R, n, ~0 , ~ 1 , -y 
3. Constants for hardening: a1 , 11 1 

4. Temperature: T 

Elastic Constants 

There are two elastic constants for an isotropic material: Young's 
modulus and Poisson's ratio. Figure 1 shows a typical stress
strain response curve. It may be noted that bulk modulus and 
shear modulus may also be used. It will be assumed that 
unloading and reloading is elastic. Thus E and v can be found 
from the slope of the unloading-reloading curves. The slope 
of the unloading-reloading of the mean pressure-versus
volumetric strain curve is shown in Figure 2. [Volumetric 
strain is given by Ev = E1 + E2 + E3, and mean pressure, by 
p = % (cr1 + cr2 + cr3).] This gives the bulk modulus (K) 
where K is related to E and v through the following equation: 

K = E 
3(1 - 2v) 

(18) 

To obtain E and v explicitly, a second equation is needed. 
To determine appropriate values for shear modulus plots of 
octahedral shear stress versus octahedral shear strain are used. 
The slope of the unloading-reloading of the T OCl-versus--y oct 

curve represents a value equal to twice the shear modulus as 

Q. 
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FIGURE 2 Volumetric strain 
versus mean pressure. 
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FIGURE 3 Octahedral shear 
strain versus octahedral shear 
stress. 

shown in Figure 3. [Octahedral shear strain is given by 'Yoct 

= 1/
3
Y(E 1 - E2) 2 + (E 2 - E3 ) 2 + (E3 - E1)

2
, and octahed

ral shear stress, by T 0 c1 = 1
/ 3v'(u1 - u2)

2 + (u2 - u3 )
2 

+ ( u 3 - u 1)2]. From these plots a weighted average value of 
shear modulus ( G) was determined. G is related to E and v 

through the following equation: 

E 
G = 2(1 + v) 

(19) 

Using Equations 18 and 19, E and v can be obtained explicitly. 

Response Function, n 

The value of n can be determined at the state of stress (in 
the experiment) at which the dilatation occurs-that is, vol
ume change is zero (5); n can be determined as: 

(20) 

where 

[ 

\~) dilation ] = S 

( ;:; ) ultimate 

(21) 

Then-value obtained from different stress paths (for different 
initial confining pressures) will, in general, be different. Thus, 
an average value of n will be calculated. Here, n is assumed 
to be 7. 

Effect of Tensile Strength, R 

If the uniaxial tensile strength, f,, is not determined experi
mentally, Salami (5) gives an approximate formula relating fr 
to the unconfined compression strength, fc', through the fol
lowing formula: 

(22) 
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where 

p, q = dimensionless numbers, 
T = temperature, and 

p
0 

= atmospheric pressure in same units as those of fr 
and fc' . 

Values of p and q have been determined, as described by 
Salami (5), for these three epoxy polymer concrete materials 
for various temperatures, and their values are given in Table 
1. Once fr is known, the value of R can be computed. R was 
found to be in the following range as 

1.003 fr~ R ~ 1.014 fr (23) 

With the estimated value of R, the resulting stresses in Equa
tion 6 are calculated and then substituted into the expression 
of the stress invariants given in Equations 4 and 5. 

Determination of 13o and 131 

Consider the yield condition at ultimate failure at which a~ 
0. Then Equation 2 reduces to 

(24) 

13 is derived from Equation 24 by Salami (5) as: 

(25) 

It is evident from Equation 25 that 13 can be determined for 
a pair of tests (TC and TE) or (CTC and RTE) if the stresses 
at ultimate failure are known. Also from the following 
equation 

(26) 

taking natural log on both sides of Equation 26, one obtains 

(27) 

Equation 27 represents a straight line when plotted in ln ( -13) 
- 1

1 
space as shown in Figure 4. Then 130 and 13 1 are obtained 

from the intersection and slope of the straight line, 
respectively. 

-J 1 

FIGURE 4 Schematic plot to determine 
material constants Jlo and '31· 
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Determination of 'Y 

The value of 'Y can be determined (5) as 

'Y 
[J2D (1 - ~Sr)112] 

]12 
(28) 

Since ~ is known, 'Y can be determined for any test if the 
stresses at ultimate failure are known; 'Y also can be found 
graphically from Equation 28 as shown in Figure 5. 

Determination of a1 and TJ 1 

The growth function, Equation 9, after taking natural log of 
both sides can be written as 

TJ 1 In m + In (a) = In (a1) (29) 

Equation 29 can now be used to determine TJi and a1 • A typical 
plot is shown in Figure 6. 

Material Constants for Three Epoxy Polymer Concrete 
Materials 

Kelsey describes the epoxy polymer concrete materials and 
presents the test results (12). Figures 7 through 9 show stress-

E 

FIGURE 5 Schematic plot to determine 
material constant 'Y. 
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FIGURE 7 Plot of stress versus strain at different 
temperatures for high-modulus material (AEX1539). 
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FIGURE 8 Plot of stress versus strain at different 
temperatures for medium-modulus material (AEX3070). 
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FIGURE 9 Plot of stress versus strain at different 
temperatures for low-modulus material (FLEXOLITH). 

strain responses of three epoxy polymer concrete materials 
for various temperatures. These tests are used to obtain the 

---------"""=---------------------material-constants-associated-with-the-proposed-model-for 

ln(a 1> 

FIGURE 6 Schematic plot to determine 
material constants a1 and l)p 

three epoxy polymer concrete materials. 
Values of p and q also were determined for these materials 

at various temperatures and are given in Table 1. The material 
constants for these three epoxy polymer concrete materials 
were obtained by previous procedures. 
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TABLE 1 Values of Parameters p and q from Developed 
Model for Various Temperatures for Three Epoxy Polymer 
Concrete Materials. 

Temperature (OF) p q 

0 1. 6520 0.6509 
32 1. 5157 0.6720 
72 1. 5849 0.6745 

100 1.4757 0.6813 
130 1.9293 0.6593 
160 0.3532 0.9400 

CONCLUSIONS 

A general yet simplified failure and constitutive model is pro
posed and used to model the behavior of polymer concrete 
materials as affected by complex factors such as state of stress, 
stress path, temperature, and volume change. The model al
lows for continuously yielding and stress hardening, ultimate 
(failure) yield, and cohesive and tensile strength components. 
The test results are used to derive material constants. The 
model is verified with respect to laboratory test data used for 
finding the constants. The model is found to provide satis
factory predictions for the observed behavior of the epoxy 
polymer concrete materials. It is also found to provide similar 
predictions for other concrete and rocks such as westerly gran
ite, Durham dolomite, and sandstone (5). The proposed model 
provides a simple alternative approach for developing con
stitutive models for epoxy polymer concrete materials. 

For the purpose of including reasonable values of tensile 
strengths in the failure criterion and constitutive model (for 
frictional materials with effective cohesion), it may be nec
essary to include the uniaxial tensile strength in the parameter 
determination. Simple expressions for evaluating the uniaxial 
tensile strengths for various temperatures on the basis of the 
uniaxial compressive strength are given. Some sets of uniaxial 
compressive and tensile tests for various temperatures were 
performed by Kelsey on three epoxy polymer concrete ma
terials (12). The purpose of these tests was to acquire some 
understanding of the strength behavior of epoxy polymer con
crete subjected to compressive and tensile load histories with 
various temperatures, and the results of these tests were used 
to calibrate the proposed tensile strength model for predicting 
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the tensile strength of these epoxy polymer concrete materials 
based on the experimental uniaxial compressive loading. 

The proposed tensile strength model has two material con
stants. Laboratory tests were used to determine these two 
material constants. 
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