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Nonlinear Elastic Viscous with Damage Model 
To Predict Permanent Deformation of 
Asphalt Concrete Mixes 

JORGE SOUSA, SHMUEL L. WEISSMAN, JEROME L. SACKMAN, AND 

CARL L. MoNISMITH 

The development -and use of a nonlinear elastic, viscous with 
damage model are discussed. The model is proposed as a con­
stitutive relation for asphalt concrete mixes to permit prediction 
of permanent deformation. The model is intended to capture the 
macrobehavior of mixes, including (a) the dilatancy observed 
when the mix is subjected to shear strains, (b) the increase of 
effective shear modulus under increased hydrostatic pressure, (c) 
the significant variation of behavior with changes in temperature 
and rates of loading, and (d) the residual accumulation of per­
manent deformation under repetitive loading. This model has 
been developed as part of the Strategic Highway Research Pro­
gram A-003A efforts to characterize the permanent deformation 
characteristics of asphalt-aggregate mixes. A new series of tests 
proposed for the determination of the material properties is pre­
sented, modeled and observed responses from a simple validation 
test are compared, and the use of the model to predict permanent 
deformation response in an asphalt concrete pavement section is 
illustrated. 

This paper presents the results of a comprehensive investi­
gation to characterize the permanent deformation behavior 
of asphalt concrete mixes as part of the Strategic Highway 
Research Program (SHRP) A-003A research program. 

Research (1-4) has indicated that asphalt concrete dem­
onstrates the following characteristics when subjected to rate­
dependent loading over a range of temperatures: (a) it dilates 
under shear loading (i.e., there is a coupling between volu­
metric and deviatoric behaviors), ( b) its effective shear mod­
ulus increases with increase in hydrostatic pressure, (c) it is 
temperature dependent, (d) it is rate dependent, (e) volu­
metric creep is negligible, and (f) residual permanent defor­
mation is observed after the load has been removed (i.e., the 
material exhibits inelastic behavior). 

Although most of these observations are not new, very little 
attention has been directed to the coupling between volu­
metric and deviatoric behavior and to the importance of de­
viatoric stresses. However, recent studies (J) suggest that per­
manent deformation is greatest in areas of high shear (near 
the edge of the tires). For this reason the present study em­
phasizes this coupling, which plays a significant role in the 
proposed model. 
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In the development of the model, the fact that dilatancy and 
hardening under hydrostatic pressure are typical of densely com­
pacted aggregates was taken into the consideration. It was also 
recognized that aggregate behavior is not sensitive to temper­
ature or loading rate, whereas asphalt/binder behavior is very 
sensitive to both temperature and rate of loading. 

In the development of a comprehensive procedure to de­
termine rutting in pavement sections, three aspects have to 
be considered: 

1. Development and selection of a constitutive law that 
embodies the different aspects of the observed behavior of 
asphalt-aggregate mixes-recognizing that these mixes are 
not isotropic linear elastic materials (which can be fully char­
acterized with a Young's modulus and a Poisson's ratio), the 
definition of a constitutive relationship incorporating the most 
important aspects of actual mix response is imperative; 

2. Development and standardization of new test procedures 
to determine requisite parameters for the constitutive rela­
tionship-for linear elastic materials, determination of a 
Young's modulus and Poisson's ratio can be accomplished 
with a simple extension or compression test. On the other 
hand, determination of material parameters to define the re­
sponses of more complex materials requires several tests; and 

3. Development of a finite element computer program that 
permits solution of boundary value problems using the con­
stitutive relationship proposed for the asphalt-aggregate mix. 

In this paper three aspects will be discussed: presentation 
of a constitutive relationship for asphalt-aggregate mixes to­
gether with a series of tests required to define the material 
parameters, preliminary validation of the constitutive rela­
tionship by comparing observed and predicted responses from 
a test other than those used to define the material properties, 
and use of the constitutive relationship to predict rutting pro­
pensity in an asphalt concrete pavement section. 

PROPOSED CONSTITUTIVE LAW FOR ASPHALT 
CONCRETE 

A nonlinear elastic viscous with damage constitutive rela­
tionship is proposed to represent the response of asphalt­
aggregate mixes to stresses leading to permanent deforma­
tion. The model consists of a number of three-dimensional 
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Maxwell elements in parallel; each Maxwell element is com­
posed of a nonlinear spring and dashpot. The dilatancy effect 
and the increase in effective shear modulus under hydrostatic 
pressure are due to the aggregate skeleton, whereas temper­
ature and rate dependency are associated with the asphalt 
binder. Thus dilatancy and hardening are associated with the 
spring, and temperature and rate dependency are associated 
with the dashpot. 

Consider first the spring in a typical Maxwell element. To 
achieve the desired coupling and hardening, the strain energy 
function is expanded in a Taylor series in terms of the strain 
invariants (i.e., the material is assumed to be initially iso­
tropic) with truncation of terms of an order greater than four. 
Thus, the strain energy function is approximately (5 ,6) 

where 

C1 , C2 , ••• C9 

Ee 

/ 1 , / 2 , and / 3 

material constants, 
elastic strain tensor, and 
the elastic strain tensor invariants. 

(1) 

The term Ee is a function of the total strain, E, and the viscous 
(i.e., inelastic) strain, Ei, given by (5) 

(2) 

The stress tensor, w, is defined as 

(3) 

Second, consider the dashpot in a typical Maxwell element. 
In this case, the equilibrium equation is a rate equation of 
the following form (7): 

(4a) 

or 

(4b) 

where ex and n are material constants. The internal (damage) 
variable, q, is defined as 

q = max (qT) (5) 
0:ST:St 

and qT is given by 

(6a) 

when Equation 4b is used, and by 

(6b) 
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when Equation 4a is used. In this expression TJ, the initial 
viscosity, is a Rank 4 tensor given in component form by 

(7) 

where A.v and µv are the temperature-dependent material 
constants. 

The thermorheologically simple nature of the asphalt con­
crete at small strains can be accommodated in the model if TJ 
is assumed to be 

Cr(T-To) 

TJ = TJo e ToT (8) 

where CT is a material constant, T and T0 are the current and 
reference temperature (in degrees Kelvin), respectively, and 
TJo is given by Equation 7 with A.v and µv evaluated at the 
reference temperature. 

The two models proposed for Equation 4 differ in the def­
inition of the "damage" parameter q (i.e., they differ in the 
evolution of the viscosity). The first model is based on the 
maximum attained strain, whereas the second is based on the 
maximum attained inelastic strain rate. 

The global model is obtained when a number of nonlinear 
Maxwell elements are assembled in parallel. Note that all 
Maxwell elements share the same total strain, E, whereas Ee 

and Ei are evaluated independently for each Maxwell element. 

DETERMINATION OF MATERIAL PROPERTIES 
AND MODEL VALIDATION 

Figure 1 shows the framework for permanent deformation 
prediction using the proposed constitutive equation. The de-

Fabricate Specimens I Core From Fleld 

Obtain Voids 

RUTTING PREDICTION I 
(pavement cross section versus 

number or repetitions) 

FIGURE 1 Framework to estimate permanent deformation in 
the asphalt concrete layer of a pavement structure. 
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termination of the material parameters is one of the first steps 
in the proposed procedure. It is accomplished by testing four 
cylindrical specimens 15 cm (6 in.) in diameter by 5 cm (2 
in.) high. 

With a finite element program capable of incorporating the 
appropriate constitutive equation for the asphalt concrete ma­
terial and also constitutive equations for the other materials 
making up a pavement structure, predictions of rut depth can 
be made for given traffic and environment conditions. 

To illustrate the efficacy of the procedure for permanent 
deformation determination to discriminate among different 
asphalt-aggregate combinations, mixes were selected contain­
ing Aggregates RB and RL and Asphalts AAK-1 and 
AAG-1 (materials from the SHRP Materials Reference Li­
brary). These mixes included 

• VOWO-Aggregate RB, Asphalt· AAG-1, low asphalt 
content, low void content; 

• BOWO-Aggregate RB, Asphalt AAK-1, low asphalt 
content, low void content; 

•Bl Tl-Aggregate RL, Asphalt AAK-1, high asphalt 
content, high void content; and 

• VOTl-Aggregate RL, Asphalt AAG-1, low asphalt con­
tent, high void content. 

Wheel-tracking tests had been performed by SWK/ 
Nottingham on these mixes. Ranking in order of increasing 
normalized rutting rate was as follows (8): VOWO < BOWO 
< VOTl < B lTl. 

To permit comparisons, the following steps were followed: 

1. The nonlinear elastic parameterswere determined at 4°C 
(to minimize viscous effects). 

2. The viscous parameters over a range of temperatures 
(4°C, 20°C, and 40°C) and frequencies (0.01, 0.02, 0.05, 0.1, 
0.2, 0.5, 1.0, 2.0, 5.0, and 10 Hz) were determined. 

3. The damage parameters were determined. 
4. Using the Finite Element Analysis Program (FEAP) de­

veloped by Robert Taylor of the Civil Engineering Depart­
ment at the University of California at Berkeley, the response 
of the mix in a repetitive simple shear test at 40°C, using 0.1 
sec loading time and a time interval between load applications 
of 0.6 sec was simulated. 

5. A repetitive simple shear test was performed at 40°C for 
the same conditions as in Step 4. 

6. Observed and predicted behaviors were compared. 
7. Possible causes of discrepancies were evaluated and cor­

rections needed in the model or in the determination of the 
material parameters were defined. 

Evaluation of the model has been accomplished using a test 
that was not used to obtain the material parameters and that 
is of a totally different nature from the tests used to determine 
the material properties (i.e., the validation test was a repet­
itive test, whereas the tests used to obtain material properties 
were either constant rate of loading or sinusoidal in nature). 
It is important not only to be able to match performance at 
different stress levels but also at varying rates of loading and 
unloading. 

Specimens for testing were fabricated according to the Uni­
versity of California at Berkeley procedure for rolling wheel 
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compaction (9). All specimens of one mix were obtained from 
the same slab by coring. The cores, 15 cm (6 in.) in diameter 
by 5 cm (2.5 in.) high, were stored at .20°C before testing. 

Determination of Nonlinear Elastic Parameters 

To determine the nonlinear elastic parameters, the requisite 
tests were performed at a temperature of 4°C, which was 
selected to minimize the viscous response of the mixes. Com­
parisons between measured and computed results are not in­
cluded for the mix designated Vl TO, since not all of the tests 
were completed. 

Simple Shear Constant Height Test 

This test permits the direct determination of three of the nine 
parameters that define the nonlinear elastic response (i.e., 
C2 , C4 , and C9). The test required the use of two hydraulic 
actuators-one to apply the shear stress to the specimen at 
a rate of 10 psi/sec; the other, under feedback from an L VDT 
measuring the relative displacement between the specimen 
caps, to ensure that constant height is maintained in the spec­
imen (within ±0.00005 in.). 

The analysis is based on the assumption that a pure shear 
state of strain is obtained when E 12 = E 21 = E 0 and all other 
strain components are zero. For this situation 

(9) 

(10) 

and 

(11) 

where er 11 is the axial stress developed to maintain the height 
constant and er 12 is the shear stress imposed. Unfortunately, 
cr33 cannot be measured; thus, C5 cannot be directly obtained 
from the test. 

The data in Figure 2 show a typical variation of shear strain 
with shear stress obtained from a test and that predicted from 
the model (assuming that the measurements contained no 
viscous response). 

Figure 3 shows the typical variation of axial stresses de­
veloped during a test as a function of the shear strain for each 
of the mixes tested. The most significant aspect of these results 
is that dilation occurred at 4°C, as evidenced by the com­
pressive stresses in the axial direction necessary to maintain 
constant height. This suggests that the dilation is strain-related 
and is associated with the granular structure of dense mixes. 
Its influence can.normally be neglected at low temperatures 
because the asphalt concrete mix is so stiff that conventional 
traffic loads are not of sufficient magnitude to generate strains 
large enough to mobilize the dilation component. At higher 
temperatures, however, strains sufficient to allow dilation to 
occur become an important aspect in determining the per­
manent deformation resistance of a mix. 

Figure 3 suggests that the model "captures" the dilation 
observed in the testing. 
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FIGURE 2 Variation of shear stress with shear strain for simple shear tests at 4°C and 10 psi/sec 
ramping shear stress (model and actual data) (Aggregate RB, Asphalt AAG-1) (VOWO). 

Uniaxial Strain Test 

The uniaxial strain test permits the direct determination of 
C1 , C3 , C6 , and C7 and also provides a check for C2 and C4 

(obtained from the constant height simple shear test) since 
the only nonzero strain component is E 11 = E0• This assumes 
that there is no viscous deformation contributing to the re­
sponse. (If there is viscous deformation, the constant height 
simple shear and uniaxial strain tests must be executed at the 
same rate.) In this test the vertical actuator is programmed 
to ramp the deviatoric axial stress on the sample at a rate of 
10 psi/sec while pneumatic servovalves control the confining 
pressure under feedback from an L VDT measuring the change 
in perimeter of the specimen. The pneumatic servovalves are 
programmed to maintain a constant perimeter; thus the change 
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FIGURE 3 Variation of axial stress with shear strain for 
simple shear tests at 4°C and 10 psi/sec ramping shear stress 
(model and actual data) (Aggregate RB, Asphalt AAG-1) 
(VOWO). 

in confining pressure at each instant is just enough to com­
pensate for the bulging of the specimen, ensuring a uniaxial 
state of strain. 

The state of stress is given by 

(12) 

and 

where a 11 is the axial stress, a 22 is the confining stress, and 
Eo is the axial strain; all other stress components are zero. 

Figures 4 and 5 show the typical response of one of the 
mixes and the best fit obtained with the model parameters. 

Figure 6 compares the variation of axial stress with axial 
strain for the three mixes. Figure 7 compares the variation of 
the confining stress with the axial strain. In Figure 7 it is 
interesting to compare the relative performance of the mixes. 
While the VOWO mix (Aggregate RB, Asphalt AAG-1, low 
asphalt content, low voids) only required a confining stress 
of 17 psi to ensure a state of uniaxial strain, the BlTl mix 
(Aggregate RL, Asphalt AAK-1, high asphalt content, high 
voids) required about 47 psi, even though both were subjected 
to the same axial stress-approximately 120 psi. This indi­
cated that Mix Bl Tl is less stable than Mix VOWO. These 
results are significant in that they demonstrate that the un­
iaxial strain test is capable of differentiating between mixes 
of different stabilities. The Hveem stabilometer would rank 
the mixes in the same order since that test is similar to the 
uniaxial strain test. 

Volumetric Test 

Results of the volumetric test, together with the constants 
obtained from the simple shear and uniaxial strain tests, per­
mit the two remaining constants, C5 and C8 , to be determined. 
A check of the sum of constants C1 and C2 also can be obtained 
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FIGURE 7 Confining stress versus axial strain, uniaxial strain test. 

from the volumetric test. In this test the specimen is com­
pletely enveloped in a latex membrane and placed inside a 
pressure cell. The cell pressure is ramped at a rate of 10 psi/ 
sec, and the change in perimeter is measured. 

The confining pressure (a 22) and the radial strain ( Eo = 
8!27rr where 8 is the change in perimeter and r is the radius 
of the specimen) can be computed from the test data. In the 
volumetric test the state of strain can be stated as E 11 = £ 22 

= £ 33 = E0 and the state of stress defined by the following 
expression: 

a 22 = (3C1 + 2C2)E0 + (9C3 + 9C4 + C5)E6 

+ (27C6 + 36C7 + 4C8 + 6C9)E~ (14) 

Figure 8 compares the results obtained from the data with 
those fitted with the model parameters. Figure 9 compares 
the response for all four mixes tested. 

A summary of the C coefficients obtained from the test 
results is given in Table 1. All tests were performed at a rate 
of about 10 psi/sec at 4°C. Whereas that temperature and rate 
were selected to minimize the viscous deformation, some creep 
was still present. Accordingly, the C coefficients in Table 1 
include some viscous deformation. 

The results in Table 1 provide some encouraging compar­
isons. For example, the values of C2 and C4 obtained from 
the simple shear test for the BOWO mix compare reasonably 
well with those obtained from the uniaxial strain test. Also, 
the value predicted for the coefficient of the linear strain term 
(3C1 + 2C2) in the volumetric test using the values obtained 
from the uniaxial strain test compares reasonably well with 
that measured in the volumetric test for all the mixes. 

In most instances the comparisons of the C coefficients 
determined from the tests are reasonable. In the case of C4 

for Mix B 1 Tl, however, a positive value was obtained in the 
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FIGURE 8 Variation of confining stress with radial strain for volumetric tests at 4°C and 15 psi/ 
sec ramping stress (model and actual data) (Aggregate RB, Asphalt AAG-1) (VOWO). 
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FIGURE 9 Variation of radial strain with confining pressure-volumetric tests. 

simple shear test but a negative value was obtained in the 
uniaxial strain test. Part of this discrepancy might be attrib­
uted to the use in the two tests of different specimens whose 
void contents might have been different. 

As stated earlier, some viscous deformations are incorpo­
rated in the test data presented herein. Accordingly, the C 
values are probably smaller than they should be. This has led 
to the necessity of developing an algorithm that permits de-

TABLE 1 Summary of C Coefficients Determined from the Simple 
Shear, Uniaxial Strain, and Volumetric Tests (psi) 

Mix 

BOWO vowo Bl TI 

Asphalt type AAK-1 AAG-1 AAK-1 

Asphalt type RB RB RL 

Asphalt content (by weight 5.1 4.9 4.3 
of aggregate) 

Compaction method rolling wheel rolling wheel rolling wheel 

Air void content (percent) 3.7 3.6 7.9 

Simple Shear Test Cz -3.88E+05 -l.06E+06 -2.74E+05 

C4 l.52E+08 7.94E+08 8.14E+07 

C9 -2.50E+ll -1.00E+lO -2.50E+09 

Uniaxial Strain Test c, 3.71E+05 4.27E+05 3.11E+05 

Cz -3.24E+05 -3.83E+05 -2.46E+05 

C3 -2.94E+08 -6.15E+08 l.39E+07 

C4 1.17E+08 4.48E+08 -6.84E+07 

c6 2.91E+ll 6.91E+ll -6.73E+l0 

C7 -9.67E+l0 -5.0lE+ll l.16E+ 11 

Volumetric Cs 8.97E+08 6.77E+08 8.78E+07 

Cs -6.50E+ll -6.20E+l0 -5.40E+ll 

From uniaxial strain test: 

(3C1 + 2C2) 4.66E+05 5.14E+05 4.40E+05 

From volumetric test: 

(3C1 + 2Cz) 4.46E+05 5.39E+05 2.52E+05 

(9C3 + 9C4 + Cs) -6.89E+08 -8.22E+08 -4.03E+08 

(27C6 + 36C7+4Cs +6C9) 2.72E+ll 3.17E+ll l.65E+ 11 

termination of the true values for the nonlinear elastic coef­
ficients recognizing that load applications require finite times 
and are not instantaneous (i.e., values that do not include 
viscous deformation). 

Determination of Viscous Parameters 

The viscous properties of the materials were determined from 
frequency sweeps at 4°C, 20°C, and 40°C. Strain control shear 
frequency sweeps were executed at 0.01, 0.02, 0.05, 0.1, 0.2, 
0.5, 1, 2, 5, and 10 Hz with an amplitude of 0.0001 in.Jin. 
while maintaining the specimen height within ± 0.00005 in. 
Tests were executed from high to low frequency at a particular 
temperature and from the low temperature to the high tem­
perature. 

The imposed sinusoidal strain X at the frequency w at a 
strain amplitude Xa, 

X = Xa sin( wt) (15) 

will generate a sinusoidal stress P (where t represents time): 

(16) 

The complex shear modulus G* can then be determined as 

G* (17) 

At each frequency and temperature, G* and the phase angle 
8 were computed from the average of at least three cycles. 
Using the assumption that the mix is thermorheologically sim­
ple, master curves were developed by time-temperature su­
perposition using the IRIS program (10). The assumption of 
a thermorheologically simple response appears reasonable for 
the small deformations used in the test, as seen in Figure 10. 
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FIGURE 10 Variation of G' and G" for an asphalt concrete mixture (VOWO) with temperature 
and frequ~ncy. Tests conducted under strain control at 0.0001 shear strain amplitude. 

In the determination of the master curve, the C1 and C2 coef­
ficients of the WLF equation were also computed: 

log ar = C1(T - Tref) 
C2 + T - Tref 

(18) 

where ar is the horizontal shift factor and T is the corre­
sponding absolute temperature (degrees Kelvin). 

The IRIS program was also used to determine the number 
(N) of Maxwell elements as weH as the values of the constants 
(g; and A.;) required to match the master curves. Table 2 con­
tains the output of IRIS and includes the constants for the 
WLF equation, which are presented in Table 3. The constants 
permit the determination of the viscous parameters at any 
temperature, thus permitting predictions at any pavement 
temperature. 

The N Maxwell elements are defined by their relaxation 
moduli g; and their relaxation times A; (11). Using these val­
ues, G' and G" at any frequency are given by 

N (w>-._;)2 
G'(w) = Ge + Lg 

; = 1 ; 1 + ( wA.;)2 
(19) 

and 

G"(w) 
~ WA; 

;~ g; 1 + (wA.;)2 
(20) 

where Ge is the equilibrium modulus and i refers to the cor­
responding Maxwell element. 

The fitted master curve and the values of G' and G" ob­
tained from the tests are shown in Figure 11. The results 
suggest that the assumption of Maxwell elements in parallel 
represents the dynamic response to a reasonable degree. 

The strain control shear frequency sweep test is compara­
tively easy to perform and provides a reliable measure of the 
viscous response for a range in temperatures and frequencies 
at the same strain level. This test may also prove useful in 
investigating the influence of strain level on the magnitude of 
the parameters. 

To illustrate the influence of asphalt and aggregate type on 
mix stiffness, variation of /G*/ and phase angle with frequency 
for four mixes is shown in Figures 12 and 13. The mixes 
containing Asphalt AAG-1 (VOWO and VOTl) exhibit differ­
ent responses from mixes containing Asphalt AAK-1 (BOWO 

TABLE 2 Discrete Relaxation Spectra from Computer Program Irisa 

BOWO vowo BIT! VITO 

gib "A{ gi ~ g; "Ai gi ~ 
.2489E+07 .I493E-06 .4561E+06 .4763E-05 .2310E+07 .2652E-06 .2676E+06 .2757E-05 

2 .2932E+06 .83.IOE-05 .2565E+06 .4029E-04 .. 2I96E+06 .1240E-04 .2080E+06 .2102E-04 

3 .2296E+06 .6I78E-04 .2396E+06 .2042E-03 .I949E+06 .7684E-04 .I936E+06 .I I44E-03 

4 .13I4E+-6 .3468E-03 .2482E+06 .1155-02 .110IE+06 .4544E-03 .I8I8E+06 .6875E-03 

5 .8485E+05 .i915E-02 .I439E+06 .5862E-02 .5393E+05 .2643E-02 .I2I2E+06 .3886E-02 

6 .2889E+05 .1064E-OI .7844E+05 .2986E-Ol .I694E+05 .I677E-OI .5058E+05 .2087E-Ol 

7 .1929E+05 .4147E-OI .4295E+04 .I758E+OO .28I9E+04 .2982E-OI .7978E+04 1037E+OO 

8 .8068E+04 .393IE+OO .I789E+04 .II99E+OI .47I9E+04 .I409E+OO .2923E+04 .8906E+OO 

9 .2423E+04 .6496E+OI .606IE+03 .105IE+02 .2758E+04 .8II7E+OO .5I23E+03 .5411E+OI 

10 .3085E+04 .1859E+03 .I435E+04 .2688E+03 .2085E+04 .5739E+OI .9074E+03 .1698E+04 

II .I240E+04 .1404E+04 

8Spectra determination procedure by M. Baumgaertel and H. Winter. 
bUnits of gi are psi. 
0 Units of ~ are sec. 
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TABLE 3 Mix Parameters for Permanent Deformation Model; Three Mixes 

MIX TYPE BOWO 

Viscous Parameters 
Ref. Temp. (°C) 40 
C1 (WLF) 48.02 
C2 (WLF)[K] -416.57 
Viscous Poisson's 0.489 
110 (psi) 5.94E+05 
G0 (psi) 3.29E+06 

ai 7.57E-Ol 
8.91E-02 
6.98E-02 
3.99E-02 
2.58E-02 
8.78E-03 
5.86E-03 
2.45E-03 
7.37E-04 
9.38E-04 

{3j 6.26E-07 
4. lOE-06 
2.39E-05 
7.67E-05 
2.74E-04 

· 5.18E-04 
l.35E-03 
5.34E-03 
2.65E-02 
9.66E-Ol 

Damage Parameters 
(Max strain model) 
ai 0.0003 
{3j 0.1 
n 1 

Non-Linear Elastic 
Coefficients Corrected 
C1 3.71E+05 7.54E+06 
C2 -3.24E+05 -6.58E+06 
C3 -2.94E+08 
C4 l.17E+08 
C5 8.97E+08 
c6 2.91E+ 11 
C7 -9.67E+ 10 
Cg -6.50E+ 11 
C9 -2.50E+ 11 

and BlTl) relative to phase angle variation, as shown in Fig­
ure 13. At lower frequencies (higher temperatures) the mixes 
with Aggregate RB exhibit higher stiffnesses than the mixes 
with RL material. At higher frequencies the influence of the 
asphalt (stiffness) predominates. 

Determination of Damage Parameters 

Damage parameters were estimated from tests performed at 
20°C and 1 Hz. Strain control shear tests were executed with 
strain amplitudes of 0.0001, 0.0002, 0.0005, 0.001, and 0.002 

vowo Bl Tl 

40 40 
7.35 53.5 
110.77 583.2 
0.489 0.489 
3.99E+05 l.76E+06 
l.43E+06 2.92E+06 

3.19E-Ol 7.91E-Ol 
1.79E-01 7.52E-02 
l.67E-01 6.68E-02 
1. 73E-01 3.77E-02 
1.0lE-01 l.85E-02 
5.48E-02 5.80E-03 
3.00E-03 9.66E-04 
l.25E-03 l .62E-03 
4.24E-04 9.45E-04 
l.OOE-03 7.14E-04 

4.25E-04 

5.45E-06 3.49E-07 
2.59E-05 l.55E-06 
1.23E-04 8.53E-06 
7.19E-04 2.85E-05 
2.12E-03 8.12E-05 
5.88E-03 1.62E-04 
l.89E-03 4. 79E-05 
5.38E-03 3.79E-04 
1.60E-02 1.27E-03 
9.68E-Ol 6.81E-03 

9.91E-Ol 

0.0003 0.0003 
0.1 0.1 
1 1 

Corrected Corrected 
4.27E+05 3.19E+06 3.11E+05 7.37E+06 
-3.83E+05 -2.86E+06 -2.46E+05 -5.84E+06 
-6.15E+08 1.39E+07 
4.48E 08 -6.84E+07 
6.77E+08 8.78E+07 
6.91E+ 11 -6.73E+10 
-5.0lE+ 11 1.16E+ 11 
-6.20E+ 10 -5.40E+ll 
-1.00E+ 10 -2.50E+09 

in.Jin. to investigate the influence of strain level on damage 
(the specimen height was maintained constant within ± 0.00005 
in.). In this analysis it was assumed that only 1 Maxwell ele­
ment out of the 10 or 12 usually obtained from the IRIS 
program would be significantly influenced for the frequency 
and temperature used. 

The material properties were computed as presented in 
Equations 15, 16, and 17. Furthermore, the viscosity, Tl, of 
the dashpot was computed by 

Tl= 
G"(l + tan8) 

wtan8 
(21) 
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where 

G" = loss modulus, 
w = test frequency (rad/sec), and 
& = phase angle. 

The stiffness, E, of the spring is given by 

E = T]tan& (22) 

Figure 14 shows the variation of stiffness ratio (stiffness at 
any strain amplitude divided by stiffness at small strain am­
plitude) with strain magnitude. It appears that the strain am­
plitude has comparatively small influence in reducing the spring 
stiffness, although slight strain softening is observed. 

FIGURE 11 Variation of G'and G" with frequency for Mix 
VOWO (Aggregate RB, Asphalt AAG-1) at a reference 
temperature of 40°C. 

Figure 15 suggests that the dashpot viscosity is strongly 
influenced by strain amplitude. In this figure the ratio of the 
viscosity at any strain amplitude to that of a strain level of 
0.0001 in.fin. is plotted as a function of strain amplitude. 
Moreover, when the ordinate, termed damage, has a value 
of 1, the dashpot is considered undamaged. As the value of 
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FIGURE 12 Complex shear modulus versus reduced frequency (rad/sec) (40°C reference) from 
shear frequency sweeps. 
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FIGURE 13 Phase angle versus reduced frequency (40°C referem;e) for shear frequency sweeps. 
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FIGURE 14 Variation of stiffness ratio (EIE0) with strain amplitude in strain sweep tests at 20°C 
and 1 Hz. 

the ordinate decreases (i.e., approaches 0), the damage to 
the dashpot increases. 

shear frequency sweeps performed at 4°C and 10 Hz yield 
higher values of G* than those obtained at 0.1 Hz at the same 
temperature. Thus it is apparent that the tests conducted at 
4°C to determine the nonlinear elastic parameters contain a 
viscous component. 

The development of damage with strain level obtained from 
creep tests is also shown in Figure 15. The variation of the 
damage parameter with strain magnitude appears to follow a 
similar path for both strain sweeps and creep tests. The results 
strongly suggest a highly nonlinear behavior in the dashpots; 
however, the nonlinearity seems to be independent of the 
mix. 

Material Properties 

Table 3 contains a summary of the material properties ob­
tained for three of the four mixes. The values of G0 represent 
the instantaneous shear moduli obtained from the IRIS pro­
gram. The values of C2 ( C2 = - 2G0) obtained from the 
frequency sweeps (see "corrected" column) are higher than 
those obtained from the simple shear tests, uniaxial strain 
tests, and volumetric tests. This is not surprising since the 

To match the viscous parameters and the C constants, the 
C1 and C2 values were corrected proportionally. The other C 
values were not corrected. This fact makes the analysis more 
linear because the contribution of the nonlinear terms is slightly 
minimized. 

A program to determine all the nonlinear elastic, viscous, 
and damage parameters, taking each of these factors into 
consideration by using an iterative procedure with a quadratic 
convergence, is under development and should rapidly yield 
consistent and accurate parameters. 

The data in Table 3 (using the larger values for C1 and C2) 

provide the basis for predicting the performance of the mixes 
in some other form of loading and thus serve to provide val­
idation of the permanent deformation model. 

(None) 1 ,... __ -oo,.....;;;;;;;;;!!i;::----r-------,r-----. 

0.9.-----t 

o.a +------t----·~'lt-----t-----1 
0.7 ._-----+-----

0.8 ·------1------t--
Damage o.s •-----+-----+ 

0.4 ·-----+------+ 
0.3 ·-----+-----+---~·1-.... <2-"11------1 

0.2 9------t-----t-

0.1 4"------+-----f-----t 

(Complete) o +---------..---------.-------~..---------. 
0.00001 0.0001 0.001 

Shear Strain 

0.01 0.1 

-- strain sweep -0.02Hz Ta20 C 

--- Modal (d=0.1 + (1-0.1)• Exp(· 
a/0.005)} 

--Craep(20 18«> Tm40C) (with shift 
accounting for Initial damage) 

--o-- Modal (da1/((1+bla"m)) s"m)} 

--vowo 
.-:----tr- BOWO - Strain Sweep 

--V1TO- Strain Sweep 

FIGURE 15 Comparison of the shape of the damage function obtained from shear strain sweeps 
and shear creep tests with a proposed damage model. 



Sousa, Weissman et al. 91 

c 1.00E-02 ·----+----------1--------t--------·1 
f! 
li) 
a; 
CD 
~ 1.00E-03 
u 

= a; 
c 
- 1.00E-04 

1.00E-05 ...-------...--------t--------+-------t 
10 100 1000 10000 

--vowo 

--0--81T1 

--eowo 

Number of Repetitions 

FIGUR~ 16 Model prediction for accumulation of permanent deformation in the repetitive-load 
simple shear test. 

VALIDATION 

A repetitive simple shear test at constant height was selected 
for validation. This test was conducted at 40°C using a time 
of loading of 0.1 sec and a time interval between load appli­
cations of 0.6 sec. The magnitude of the repetitive shear stress 
was 7 .5 psi. The height of each specimen was maintained 
within ± 0.00005 in. 

For validation purposes, a two-element finite element mesh 
representing half of the cylindrical specimen was used to take 
advantage of the antisymmetry of the load. The model as­
sumes that the states of stress in tlie true specimen is perfect 
(i.e., that a state of pure shear stress exists within the cylin­
drical specimen). 

Using this model and the maerial properties presented in 
Table 3, 100 cycles of 0.1 sec loading and 0.6 sec unloading 
were simulated (Figure 16). The simulations accurately ranked 
the mixes according to their known permanent deformation 
resistance. This was an important demonstration considering 
that the mix properties used in the simulations were based on 

measurements not only at different loading rates but also from 
totally different types of tests. 

Figure 17 compares results obtained from the test of the VOWO 
mix with the prediction obtained from the model assuming 
several levels of damage. Adding a damage component to the 
mix model significantly improves the ability to accurately sim­
ulate test measurements. A relatively good fit between mea­
sured and simulated response can be obtained when mix dam­
age is accounted for. 

PAVEMENT SECTION EXAMPLE 

To illustrate the implementation of the approach outlined in 
Figure 1, an example of the use of the finite element program 
is presented. Figure 18 shows a finite element mesh created 
to represent half of a full-depth, one-lane pavement section. 
In this simplified two-dimensional model, the loads have been 
simulated as continuous loading strips consistent with the plane 
strain assumption. (A full three-dimensional model could have 

1.00E-01 ---·----...------·--.------..--------. 

c 1.ooE-02 ---·-·-----·· --------.. ··-------1-------1 

"ia m 
iii 
CD 
~ 1.00E-03 
0 
~ 

~ 
ID 
.E 1.00E-04 

1.00E-05 +-------+-------+------t-------1 
10 100 1000 10000 

Number of RepetlUons 

--vowo 

--0---VOWO-DATA 

-- VOW0-30% Damage 

~ VOW0-90% damage 

FIGURE 17 Comparison between data and model prediction of accumulation of permanent 
deformation in the repetitive-load simple shear test. 
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FIGURE 18 Two~dimensional mesh representing a cross section of a pavement section. 

been formulated, but because of limited computer resources 
at the time such a solution could not have been implemented.) 

To rapidly achieve significant levels of permanent defor­
mation on the asphalt concrete layer with very few load ap­
plications, the material properties used were significantly 
weakened by reducing the magnitude of both the C constant 
and the viscous parameters. Moreover, a repetitive haversine 
load with a 0.3-sec loading time and 0.4-sec rest between load 
application was used to simulate very slow-moving traffic. The 
magnitude of the load was selected as 500 psi to increase even 
more the rate of accumulation of permanent deformation. 

FIGURE 19 Deformed shape of the pavement section after five 
cycles. 

2.00E-02 

~ 
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~ -2.00E-02 
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g. 
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The FEAP program running on an IBM-RS6000 was used. 
The total cpu time to reach five cycles was about 5 hr. This 
time could be significantly reduced by using a slightly coarser 
mesh (without compromising the accuracy of the results) and 
by increasing the magnitude of the small time steps used to 
prevent divergence due to such high loads (with tire pressures 
of 100 psi, the magnitude of the time steps could be increased). 

Figure 19 shows the deformed shape at the end of the fifth 
cycle magnified 100 times. The figure shows the permanently 
deformed shape without the load being applied. The variation 
of the pavement profile at the end of the first, second, and 
fifth cycles is presented in Figure 20. The upheavals due to 
the shear flow and dilation are similar to those encountered 
in rutted pavement sections. 

This example illustrates the capability of the model to an­
alyze boundary value problems representative of pavement 
structures and to simulate the general shape of the permanent 
deformation profile of rutted pavement. 

SUMMARY 

A nonlinear elastic viscous with damage model for asphalt­
aggregate mixes has been proposed. The model is based on 

--Cycte1 

--o-cyc1e2 

--Cycles 

FIGURE 20 Variation of pavement profile with the number of load application, stress level 500 
psi, 0.3-sec loading time, 0.4-sec rest period. 
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principles of mechanics and is directly amenable to finite ele­
ment approximations. 

A new series of tests (i.e., uniaxial strain test, simple shear 
test at constant height, and volumetric test) has been devel­
oped to determine the nonlinear elastic material properties. 
Simple shear frequency and strain sweep tests at constant 
height were introduced to determine the viscous and damage 
parameters for the model. 

Results indicate that the model is capable of capturing the 
most important aspects of the permanent deformation re­
sponse of asphalt-aggregate mixes. The tests selected for de­
termination of the material parameters were found to be easy 
to conduct and to yield consistent material properties. 

Material properties, obtained for three of the four mixes 
that had the complete battery of tests performed, were used 
in simulations that reasonably ranked the mixes according to 
their known permanent deformation resistance. In this pro­
cedure the evaluation of the model behavior was made through 
a test from which no material parameters were obtained and 
that is of a totally different nature from those used to deter­
mine the material properties (i.e., the validation test was a 
repetitive test, whereas the tests used to obtain material prop­
erties used either a constant rate of loading or were sinusoidal 
in nature). This was an important demonstration, considering 
that the mix properties used in the simulations were based on 
measurements not only at different frequencies and times of 
loading but from totally different types of tests and stress 
levels. 

Manual determination of material properties from test 
measurements is a tedious, time-consuming process. A pro­
gram is being developed to determine requisite properties 
with minimum user intervention. As a result, testing at 4°C 
in an effort to minimize the viscous component of the mix 
response is no longer considered necessary, and standard test­
ing will now be performed at more convenient temperatures 
and loading rates (e.g., 40°C). Also, as a result of this exercise, 
a fourth temperature, 60°C, has been added to the frequency 
sweep tests for some mixes to ensure that the range in loading 
times required to simulate response is bounded. 

Efforts are also being made to refine the model to incor­
porate a measure of damage capable of capturing inelastic 
permanent deformation not fully explained by viscous be­
havior. 

The development of a constitutive law for asphalt concrete 
behavior that can be used in three-dimensional finite element 
programs is very important to the development of a procedure 
to accurately predict the permanent deformation response of 
pavements subjected to moving traffic. For example, tire con­
tact pressures, which vary significantly with tire type and in­
flation pressure, have a significant influence on the devel­
opment of permanent deformation. We believe that it is 

. necessary to use a three-dimensional program to properly 
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reflect such effects. The type of model proposed herein can 
be used in such a finite element idealization. 
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