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Load Equivalency Concepts: 
A Mechanistic Reappraisal 

ANASTASIOS M. IOANNIDES AND LEV KHAZANOVICH 

The history and evolution of load equivalency concepts are traced 
and discussed, in view of the fact that accommodation of mixed 
traffic consisting of multiwheel load assemblies is of cardinal im
portance in any pavement design. It is explained that the equiv
alent single-axle load concept is considerably different from the 
equivalent single-wheel load (ESWL) approach, inasmuch as the 
former is statistical-empirical and is based on the assumption of 
linear pavement damage accumulation, whereas the latter is soundly 
mechanistic, if relatively crude, and is merely an innovative means 
of computing responses under mu'ltiwheel gears. A third concept, 
namely, the equivalent single-axle radius (ESAR), is also mech
anistic in nature and dispenses with the arbitrary constant pres
sure or constant radius assumptions of the ESWL approach. Ac
cording to the ESAR concept, it is possible to determine with 
reasonable accuracy a primary structural response, such as the 
maximum bending stress that occurs in a concrete pavement sys
tem, through the use of available closed-form equations for· a 
single-wheel load, into which an equivalent single-wheel radius 
?f a multiple-wheel assembly is substituted. The ESAR concept 
is currently considered for incorporation in an improved mech
anistic "limit state" design procedure for concrete pavements. 
Because of the far-reaching implications of these proposals, rig
orous engineering mechanics derivations are used to verify the 
applicability of the concept for both the dense liquid and the 
elastic solid foundation. 

Before the AASHO Road Test (1958-1960), the develop
ment of pavement design procedures relied heavily on the 
theoretical investigations of two well-known researchers. With 
respect to portland cement concrete (PCC) pavement sys
tems, the prominent name is that of Westergaard (J), who 
idealized the PCC slab as a plate resting on a Winkler, or 
dense liquid, foundation. A couple of decades later, Burmis
ter (2) extended Boussinesq's concept of the semiinfinite elas
tic half-space to develop the layered elastic theory, which has 
formed the basis for the design of bituminous pavement sys
tems. The solutions derived by Westergaard and Burmister 
were intended for practical applications, despite the fact that 
their scope was restricted by a number of limiting assumptions 
and idealizations. A most important shortcoming common in 
the derivations of both of these pioneers stemmed from the 
assumption that the load consisted of a single tire print. 

A number of subsequent studies attempted to eliminate the 
limiting assumptions introduced by Westergaard and Bur
mister, including the one pertaining to the configuration of 
the applied loading. Thus, a graphical extension of Wester
gaard's plate-on-dense-liquid theory to multiple-wheel loads 
was provided by Pickett and Ray (3), who developed the very 
popular charts, now known under their names. These may be 
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used to determine a specific response (e.g., deflection or slab 
bending stress) at a specific location (e.g., interior or edge) 
for a specific pavement system (i.e., of known radius of rel
ative stiffness, /). Note that, in addition to the dense liquid 
foundation considered by Westergaard, Pickett and Ray de
rived solutions for the elastic solid idealization. Their charts 
were patterned after the charts developed some 15 year_s ear
lier by Newmark (4), which had extended the Boussinesq 
solution (single wheel on homogeneous foundation) to multiple
wheel loads. 

With the advent of the computer, computerized versions 
of the Pickett and Ray charts were also prepared. Program 
AIRPORT (earlier name: PDLIB) was coded by Packard (5) 
for the Portland Cement Association (PCA) and may be used 
for the determination of the maximum dense liquid interior 
stress under any single- or multiple-wheel load configuration. 
Similarly, Kreger (6) developed the H-51 program for the 
dense liquid edge loading stress. This program was later ex
panded by loannides (7), and the resulting version, H51-ES, 
may be used to determine the edge stress, assuming either a 
dense liquid or an elastic solid subgrade. A similar evolution 
occurred with respect to Burmister's layered elastic theory. 
The development of the BISAR computer code in the early 
1960s enabled engineers to determine the response of any 
specified multilayered system under a prescribed multiwheel 
load (8). 

These computer codes, however, do not address the need 
for a comprehensive solution applicable to a range of practical 
problems, which would be incorporated in a design guide in 
a suitable form, that is, as an equation, chart, or nomogram. 
In an effort to provide such a solution, Yoder and Witczak 
(9) employed the principles of dimensional analysis in present
ing 'a graphical summary of numerous results obtained using 
the Pickett and Ray charts. Three dimensionless ratios were 
introduced for this purpose, namely, (Lil), (xii), and 
(dll), where Lis the length of the elliptical tire prints, and x 
and d are the longitudinal and transverse wheel spacings, 
respectively. The resulting graphs may be used to determine 
the edge or interior bending stress under single, dual, or dual 
tandem wheel loads. 

Similarly, a chart for the determination of the dense liquid 
interior bending stress under dual-wheel loads was prepared 
by researchers at PCA, using a data base consisting of results 
from AIRPORT (10). Application of the principles of di
mensional analysis in the interpretation of the same data base 
resulted in an even simpler, more concise nomogram (11). 
The dimensionless ratios used in the latter were (all) an 
(Sia), in which a is the radius of each tire print 'and S is th 
spacing between the duals. The spacing ratio (Sia) had als 
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been used in the early 1970s in an Asphalt Institute design 
procedure (9). In contrast, an approach dating to the 1950s 
pertaining to the Federal Aviation Agency employed the spac
ing ratio (Sil) instead (12). Because (Sil) = (Sia) * (all), the 
two spacing ratio forms are interchangeable, although (Sia) 
is preferable because it is based exclusively on the tire con
figuration characteristics. 

Notwithstanding the contributions made previously, the most 
prevalent approach in assessing the effect of multiple-wheel 
loads on pavement systems has been to transform the actual 
applied multiple-wheel load into some equivalent loading sys
tem consisting only of a single wheel, which could then be 
accommodated in available single-wheel analysis or design 
procedures. In this paper load equivalency concepts are re
viewed, especially as they might apply to the development of 
an improved mechanistic design procedure. It is demonstrated 
that despite being relatively crude, the equivalent single-wheel 
load (ESWL) concept is soundly mechanistic in nature, whereas 
the very popular equivalent single-axle load (ESAL) concept 
is entirely statistical-empirical and possibly inappropriate for 
use in mechanistic design. A less common approach, namely, 
the equivalent single-axle radius (ESAR) concept, is discussed 
in detail and a mechanistic justification for its use is devel
oped. This justification is in the form of closed-form equations 
for a dual wheel load applied on a slab-on-grade concrete 
pavement system. 

ESWL CONCEPT 

The earliest documented application of a load equivalency 
approach in accommodating multiple-wheel loads was devised 
by the U.S. Army Corps of Engineers in the 1940s. Boyd and 
Foster (13) developed a method that was aimed at accom
modating the B-29 aircraft in the existing single-wheel 
California-bearing-ratio-based design procedure by reducing 
the dual-wheel gear of that aircraft to a single tire print. By 
today's standards, their method was crude, employing as it 
did Boussinesq's solution for the homogeneous elastic half 
space, thereby ignoring the layered nature of the pavement 
system. Yet the Boyd and Foster method was distinguished 
by the following two characteristics, which remain desirable 
features of any design procedure to this day: 

1. It was mechanistic in nature, being based on a rigorous
. { simple-theoretical solution; and 

2. It was calibrated and verified using field measurements. 

The significance of their method lay in its originality, and, 
ather unexpectedly for its authors, it begot one of the most 
ervasive and influential concepts in pavement design history, 
amely, the concept of the ESWL. As explained in more 
etail below, this concept should be distinguished from the 
ntirely statistical-empirical ESAL concept, proposed in the . 
960s after the AASHO Road Test. Boyd and Foster were, 
n fact, looking for a method that could "be used to find axle 
pacings and loads that will produce no greater detrimental 
ffect than is produced by a given load on a single axle." In 
urrent conventional terminology, this meant that they sought 
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combinations of total applied load and dual-wheel spacing 
that would result in a load equivalency factor (LEF) of unity 
when compared with any "given" single axle. In contrast, the 
AASHO LEFs developed later were assigned values other 
than 1 and aimed at converting any arbitrary load to an 18-
kip equivalent single axle. 

Boyd and Foster were the first to recognize that any load 
equivalency depended on wheel spacing and repeatedly refer 
to the "efficiency of variations" in this geometric gear char
acteristic. Furthermore, they recognized that the equivalency 
relationship depended on the mechanistic response, for ex
ample, stress, strain, or deflection, selected to quantify the 
"detrimental effect" on the pavement. Also contained in their 
paper is the earliest acknowledgment that load equivalencies 
are sensitive to the thickness of the constructed pavement 
layers and presumably also to their individual moduli. Con
sequently, these authors appeared to be concerned about the 
generality of their finding and noted that their comments 
apply to "this case [alone]." To enhance the generality of the 
ESWL approach, Boyd and Foster (13) expressed the design 
thicknesses as dimensionless quantities by "resolving them 
into ratios of appropriate dimensions of the assembly." They 
postulated that "the dimension of the assembly that governs 
the depth at which the dual wheel loads act as independent 
units is the spacing between the contact areas of the tires," 
which they designated d. Similarly, "the depth at which the 
dual wheels act as a single wheel load is governed by the 
distance between the centers of the wheels," which they des
ignated s. From the geometric configuratio~ of the B-29, de
sign thicknesses were obtained on the basis of (d/2) and (2s). 
This is the earliest documented use of the principle's dimen
sional analysis in the development of a load equivalen.cy concept. 

It is significant to note that Boyd and Foster (13) did not 
consider their method to be a rigorous theoretical solution, 
but only an approximation whose agreement with "actual 
observation" was "reasonably close" and "slightly conserva
tive." They never intended the method to be a final solution, 
but to merely serve as an interim approach until "time and 
economic considerations permitted the direct development" 
of design criteria form multiple-wheel assemblies. It appears, 
however, that the savings in effort that were afforded by the 
load equivalency approach simply were too attractive, be
cause in the 40 years that have passed since then, no attempt 
has been made toward such "direct development" of multiple
wheel criteria. Rather, a substantial amount of energy has 
been devoted to refining an equivalency method that would 
reduce multiple-wheel gears to an equivalent single-wheel load . 
In these efforts, however, a number of considerations present 
in the original Boyd and Foster paper were gradually aban
doned or forgotten, so that subsequent "refined" methods 
were-at least in some respects-less comprehensive and 
theoretically less rigorous. In addition, each of the later in
vestigators introduced new assumptions, which yet other re
searchers ignored or forgot as they tried to "re-refine" the 
already "refined" proposals. 

An excellent case in point is offered by the Corps of En
gineers study published in 1958 by Foster himself and Ahlvin, 
whose approach was still mechanistic in nature, and retained 
Boussinesq's homogeneous foundation assumption (14). Di
mensional analysis concepts were adhered to in its derivation: 
the spacing between the wheels (S) was expressed in terms 
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of the radius of each wheel (a) as the dimensionless ratio 
(Sia). Similarly, the geometric coordinates for offset (r, and 
depth (z), were also expressed in dimensionless forms as 
(rla) and (zla). Yet Boyd and Foster's multiple response con
siderations were abandoned, and, presumably for simplicity's 
sake, Foster and Ahlvin (14) retained only the criterion of 
equivalency of deflections. Thus, the strong dependence of -
any resulting equivalency relationship on the primary struc
tural response considered was gradually forgotten by many 
subsequent investigators. A notable exception to this trend is 
the study performed by the Australian researchers Gerrard 
and Harrison (15). Interestingly, Foster and Ahlvin (14) rec
ognized that equating the magnitude of the maximum de
flection alone would not be adequate, even if one could dis
pense with all other primary responses (such as stresses and 
strains), and noted that the shape of the deflection basin 
should also be considered. 

As far as can be ascertained, Foster and Ahlvin (14) were 
the first to coin the term equivalent single-wheel load. It 
should also be noted that the ESWL method relied on the 
use of the principle of superposition, applicable under con
ditions of elasticity and of similarity of boundary and support 
conditions. Thus, the extension of their equivalency concept 
to distresses of a nonrecoverable nature, such as rutting and 
cracking, is theoretically unjustified. Their main "refinement" 
consisted of the fact that in obtaining the complete curve of 
depth (or thickness) versus ESWL, it was no longer necessary 
to resort to Boyd and Foster's simplistic assumption of an 
"orderly" (i.e., linear) variation when log-log scales were 
used. In addition, Foster and Ahlvin (14) abandoned the orig
inal constant pressure assumption and equated instead the 
contact area of the ESWL to that of one wheel of the multiple
wheel assembly. No justification was provided for this choice, 
but, as Huang (16,17) later showed, the constant radius as
sumption makes the ESWL calculation easier. 

The main contribution of Huang (16) was the introduction 
of Burmister's layered elastic theory (implemented on an IBM-
360 computer) into the computation of ESWLs, an approach 
adopted also by Gerrard and Harrison (15). Huang presented 
his results in a "simplified chart such that EDWLs for any 
combinations of pavement thickness, modulus ratio, wheel 
spacing, and contact radius could easily be found." This was 
achieved by using dimensional analysis concepts in the form 
of dimensionless ratios, for example, (E,I Ey_), (Sia), and 
(hla), in which E, and £ 2 are the moduli of the constructed 
layer and of the natural subgrade, respectively, whereas h 
denotes the thickness of the constructed layer. Huang had 
hoped that "the simplicity of the chart will encourage its use 
so that more field data will be collected to check the validity 
of the chart." Following Foster and Ahlvin (14), Huang (16), 
and later Gerrard and Harrison (15), assumed that the ESWL 
and each wheel of the dual assembly had the same contact 
area radius (a). The equivalency relation was based on equal
ity of the maximum vertical deflection at the interface between 
the two layers in the system, that is, at the top of the subgrade. 
In addition, because Huang's method is mechanistic, it allo
cates due importance to a variable ignored in many other 
pavement investigations, namely, the radius of the applied 
load (a). In fact, this parameter is so important that it ap
pears in two of Huang's three dimensionless ratios, (hla) 
and (Sia). 
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THE ESAL CONCEPT 

In the interpretation of the AASHO Road Test results in the 
early 1960s, the concept of the equivalent single-axle load 
(ESAL) was employed. The origins of this concept can also 
be traced to the early 1940s in a procedure adopted by the 
California Division of Highways (18,19). However, since its 
inception the ESAL concept has been drastically different 
from the ESWL concept: whereas the latter constitutes an 
attempt to accommodate multiple-wheel loads in the mech
anistic determination of pavement responses (i.e., of stresses, 
strains, or deflections), the original California suggestion was 
introduced "for the reason that it is necessary to determine 
some common denominator to which we reduce our axle load 
determinations" so that distresses due to the "fatigue effect" 
may be defended against. The historical coincidence between 
the development of the ESAL concept and the increased in
terest of highway engineers in the phenomenon of fatigue is 
extremely significant and must not be overlooked. 

The ESAL concept as adopted in the interpretation of the 
AASHO Road Test data was not entirely faithful to the orig
inal California suggestion. Rather than considering solely the 
"fatigue effect" as Grum (18,19) had suggested, the AASHO 
statistical regression methodology was based on the equiva-
1ency of the empirical and subjective present serviceability 
index (PSI). This index was later correlated statistically with 
the combination of several pavement distresses, the primary 
one being roughness, not fatigue. Nonetheless, AASHO's 
entirely statistical-empirical ESAL concept is based on the 
assumption that the destructive effect of a number of appli
cations of a given axle group (defined in terms of load mag
nitude and configuration) can be expressed in terms of a dif
ferent number of applications of a standard or base load. 
Therefore, the ESAL concept presupposes and is based on a 
concept of linear cumulative damage (quantified in terms of 
a drop in the PSI), a popular, if arbitrary, extrapolation of 
Miner's fatigue hypothesis (20). 

In the first decade following the AASHO Road Test and 
the novel application of exclusively statistical concepts that it 
ushered in, engineers remained skeptical, as witnessed by the 
discussion comments from several forums at that time. A 
paper by Deacon published in 1969 (21) appears to mark a 
turning point in highway engineering history, because it pur
ported to provide much needed intellectual underpinnings for 
the ESAL concept. This was in the form of a "proof" of the 
validity of the concept, which also illustrated its intimate con
nection with the linear cumulative fatigue hypothesis. A closer 
review of this proof reveals that the validity of the ESAL 
concept is proven on the basis of the assumption that the 
concept is valid in the first place, rendering Deacon's exercise 
an argument in a circle and therefore of little value. Further
more, the validity of the ESAL concept is based on the as
sumption of the validity of the linear cumulative fatigue hy
pothesis, and vice versa. Given the scatter in experimental fatigue 
data, as well as the specimen size effect involved in any cor
relation of individual material laboratory test results with the 
performance of multilayer pavement systems, it is hard to accept 
that a rigorous theoretical proof of the validity of the ESAL 
concept can be derived at all. It is worth recalling at this point 
that the developers of the ESWL concept desisted from pro
viding such proofs for their own, more mechanistic, construct. 
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An interesting and fortuitous by-product of the statistical 
manipulations of the AASHO Road Test data has become 
one of the principles most widely used by practicing pavement 
engineers. This is the so-called fourth-power law, whose his
torical origins can be traced to a relatively obscure National 
Cooperative Highway Research Program (NCHRP) report 
by Irick and Hudson (22), in which it was attributed to "work 
that was done at the HRB subsequent to the AASHO Road 
Test." Its definitive statement, however, did not appear until 
1970, when Scala (23) presented it as the "simplest formula" 
to describe the results of the AASHO Road Test for each 
given "arrangement of load." He suggested that "accepting 
that the deflection of a pavement is proportional to the load, 
the LEF values for a given loading system vary by the fourth 
power of the ratio of the deflections under the loads." Scala 
(23) justifies the use of the vertical (elastic) deflection, either 
measured in the field or calculated from theory, in establishing 
LEFs by stating that this response "has been proven to be a 
good indication of the performance of a pavement under vari
ous loading systems." The adequacy of deflection as a uni
versal, single indicator of all pavement distresses is certainly 
debatable. In any case, however, Scala's suggestion would 
lead to drastically different LEFs than, for example, Deacon's 
suggestion of using a strain ratio raised to the power 5.5. 

The fourth-power approximation represents the simplest 
"best-fit" equation through data that invariably had a con
siderable scatter. Scala considered this variation negligible 
and concluded: "It appears that the LEF values are indepen
dent of the road structure [i.e., whether the pavement is rigid 
or flexible, or what its structural number or slab thickness 
may be]. Hence, in considering the effect of altering the reg
ulations limiting axle-loads on the life of the highway surface 
the nature of actual road structure can be ignored." Indepen
dent of the validity of this statement vis-a-vis Scala's stated 
reason for deriving and using the fourth-power approximation 
(namely, to "advise" with respect to the effect of altering the 
Australian Motor Vehicle Standards), his comments cannot 
be interpreted as meaning that the LEFs (and still less the 
ESWLs) are independent of factors relating to the pavement 
structure. Certainly earlier investigators have pointed out the 
· nfluence of such input parameters as layer thicknesses and 

oduli. Even Scala presents and discusses in detail a long list 
f such factors and in several instances refers to previous 

iterature, showing that they are indeed important. 
The existence of a fourth-power law was recently refuted 

y theoretical and field investigations conducted by the Or
anization for Economic Cooperation and Development 
OECD) (24). That study "demonstrated that from a strict 
heoretical viewpoint, it is not possible to prove the existence 
f a law of equivalence between loads in terms of their dam
ging effects on pavements." In addition, it was noted that 

in view of the statistical nature of [the] supporting equations, 
[the load equivalence law] is necessarily also a statistical law ... 
and the exponent 'Y has a different value for each type of pave
ment structure, i.e., flexible, semi-rigid, rigid. For fatigue phe
nomena and permanent deformation of flexible pavements, it is 
usual to set 'Y = 4. For semi-rigid and rigid pavements and in 
regard to fatigue of hydraulically bound materials, the 'Y values 
are between 11 and 33, depending on the material concerned. 
From the point of view of behavior of these types of structures, 
it is important to note that such high 'Y values reflect the pre-

dominant role of heavy loads even if they are infrequent. In fact 
the actual value of the exponent 'Y does not play a major role if 
the standard load is well chosen, this choice being dependent on 
the actual load distribution. (24) 
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Data presented from field tests in Italy, France, and Finland 
show that -y varies between 1.2 and 8 when fatigue cracking 
and rutting of bituminous pavements are considered. To as
sess the significance of such differences, a typical flexible 
pavement design problem was submitted to Belgium, France, 
the Netherlands, the United Kingdom, and the United States. 
In accommodating mixed traffic, "all five participating coun
tries used the notion of equivalent traffic." The four European 
countries used -y = 4, whereas the United States used this 
only for single axles and a modified equivalence law for mul
tiple axles. Nevertheless, from the responses received "it 
emerges that there are as many solutions proposed as coun
tries proposing them" (24). 

A final comment needs to be made with respect to another 
practice that has gained considerable popularity in the last 25 
years, namely, the use of mechanistic tools such as comput
erized layered elastic analysis in the determination of LEFs. 
An early example of this approach is provided by the afore
mentioned study by Deacon (21), who noted that "empirical 
determinations [of LEFs] are impractical," since they require 
"extensive, controlled experiments such as the AASHO Road 
Test." Therefore, Deacon argued, "theoretical determination 
of these factors can be of immense significance" provided 
"suitable analytical techniques" are employed. The approach 
followed by Deacon, and later by several other investigators, 
involves the use of Burmister's three-layer theory, imple
mented in the CHEVRON computer code. Such an exercise, 
however, constitutes a mechani'stic extension introduced into 
an entirely statistical/empirical framework, a process that "rarely 
leads to reliable conclusions" (25). As a ·consequence of the 
statistical-empirical nature of the ESAL concept and of Mi
ner's fatigue hypothesis, it is impossible to derive reliable and 
general LEFs using mechanistic tools or measurements of 
particular pavement structural responses. This is because en
tirely statistical-empirical concepts cannot be combined with 
mechanistic procedures in a meaningful way, primarily be
cause of the difference in the understanding of a pavement 
system inherent in these two approaches. More specifically, 
exclusively statistical-empirical methods consider the pave
ment system as the sum of individual, "independent" com
ponents and fail to discern the engineering interactions be
tween the geometry of the applied loads, the constructed 
layers, and the supporting subgrade, which form the basis of 
a mechanistic understanding of the pavement system (25). In 
addition, because the distresses considered in the determi
nation of the PSI are permanent and largely irreversible, it 
is clear that the ESAL concept is in violation of the principles 
of elasticity and superposition, which are of fundamental sig
nificance in mechanistic approaches. The failure of several 
previous studies to develop LEFs of general applicability, the 
exclusive use of the AASHTO LEFs in all design procedures 
that employ the load equivalency approach, as well as the 
refutation of the fourth-power law by OECD (24), provides 
ample evidence of the futility of mechanistic LEF develop
ment exercises. A good summary of the pertinent literature 
is provided by Papagiannakis and Haas (26). 
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THE ESAR CONCEPT 

The development of an improved load equivalency concept 
requires the return to mechanistic principles to which only 
the ESWL was found to adhere in the preceding review. How
ever, both the equal contact radius and equal contact pressure 
assumptions made in determining an ESWL are arbitrary and 
unnecessarily restrictive, imposed only for reasons of expe
diency. A more general approach would require neither, but 
would determine instead the radius of an equivalent single 
wheel that would lead to the same response if loaded by the 
same total load as the dual-wheel assembly. Such an approach 
to load equivalency is termed the equivalent single-axle radius 
(ESAR) concept. The basic idea is already evident in a 1934 
paper by Bradbury (27) and was suggested again recently (28) 
as a means of establishing more reliable mechanistic load 
equivalency procedures. The importance of load geometry in 
general and of the load radius (a), in particular may be noted 
in connection with the governing independent variable (all) 
(29). This dimensionless ratio implies that the sensitivity of 
the pavement system response to changes in load radius (a) 
is just as pronounced as the effect of variations in the radius 
of relative stiffness (/). 

As noted earlier, a major step toward an improved load 
equivalency concept was taken in a published discussion in 
which application of the principles of dimensional analysis 
showed that the effect of dual-wheel loads may be quantified 
by (Sia), where S is the spacing of the two loads (11). Fur
thermore, during the present investigation it was found that 
it is possible to determine with reasonable accuracy the maxi
mum bending stress occurring in a slab on grade under interior 
loading through the use of Westergaard's equation for a sin
gle-wheel load, into which the equivalent single-wheel radius 
(aeq) of a multiple-wheel assembly is substituted. Statistical 
regression techniques applied to the interior loading maxi
mum bending stress data presented by Tayabji and Halpenny 
(10) resulted in the following expression of aeq: 

a~, = 1.00 + 0.241683 (~) (1) 

This formula implies that once the primary structural response 
is chosen, it is possible to derive with reasonable accur'acy an 
equivalent radius (aeq) for any arbitrary loading gear config
uration simply as a function of its geometry (size and spacing 
of tire prints). The loss of accuracy involved in such a trans
formation from a multiple- to a single-wheel load has been 
assessed with reference to data bases compiled at the Uni
versity of Illinois and elsewhere and has been found to be 
negligible in many cases when competent slab-subgrade sys
tems are considered. 

Investigations into the applicability of the ESAR concept 
to airport and highway pavement design have been presented 
in two Ph.D. theses submitted recently to the University of 
Illinois. In the first, Seiler (30) examined the variation of the 
equivalent radius (aeq) with the pavement radius of relative 
stiffness(/) for six multiple-wheel aircraft types, of which three 
were military and three were commercial. It was shown that 
for competent pavement sections (aeq) is largely insensitive 
to I. A similar application of the ESAR concept to highway 
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pavements was presented in the thesis by Salsilli-Murua (31). 
Truck configurations consisting of dual, tandem, and tridem 
axles were examined, and predictive formulas were developed 
describing the effect of such multiple-wheel loads on the crit
ical tensile bending stress arising in the concrete pavement 
slab. This approach has recently been used in the evalua
tion of the detrimental effect of "super-single" or wide-base 
tires (32). 

Unlike the ESAL approach, the ESAR concept addresses 
all three components of a pavement system, namely, the con
structed layers, the supporting natural subgrade, and the ge
ometry of applied loads, primarily the size and spacing of tire 
prints. Furthermore, in contrast to the ESWL approach, the 
ESAR concept imposes no a priori assumptions as to the total 
applied load, contact pressure, or size of tire print, and leads 
to a reasonably precise estimate of the chosen primary struc
tural response under a multiple-wheel load. This estimate is 
achieved through the use of available closed-form equations 
for a single-wheel load into which the equivalent single-wheel 
radius (aeq) of a multiple-wheel assembly is substituted. Thus, 
the application of the ESAR concept is akin to Odemark's 
"method of equivalent thicknesses" (33). 

The ESAR concept may be used to address one of the major 
factors contributing to the complexity of the problem of ac
commodating the effects of mixed traffic on highway pave
ments, namely, the very large number of types of trucks that 
use the national network. Trucks differ from one another not 
only in terms of size and gross weight, but also in terms of 
number and spacing of axles, number and spacing of tires per 
axle, tire type (e.g., radial or bias ply), inflation pressure, 
and .applied contact pressure. Recent collaborative efforts be
tween pavement and truck (mechanical) engineers have in
dicated that suspension stiffness and damping as well as static 
and dynamic equalization may also need to be considered 
(34). The most extensive of such studies was conducted by 
Gillespie et al. (35) under the sponsorship of NCHRP. These 
investigators indicated that it is possible to establish a short 
"baseline matrix" of 13 truck configurations to provide an 
adequate description of the entire traffic stream. This finding 

·makes much more manageable the problem of mixed traffic. 
The ESAR concept may now be applied to each of these (and 
other) truck configurations to provide a mechanistic assess
ment of their relative damaging effect leading to the devel
opment of more efficient and reliable pavement design al
gorithms. Such algorithms must describe the structural response 
of the pavement under a number of different loading and 
support conditions in the context of a new "limit state" design 
procedure. 

Current design methodologies are based on the assumptio 
that pavement distresses accumulate slowly with repeated ap 
plication of stress or strain cycles at amplitudes significant! 
smaller than the material's ultimate strength. Consequently 
Miner's linear cumulative fatigue hypothesis is often used fo 
distresses such as rutting and erosion, in addition to fatigu 
cracking. The major highways of the nation, however, whic 
receive not only millions of legally loaded trucks but als 
relatively fewer heavily overloaded trucks, may not· fail i 
fatigue at all. This possibility becomes even more importan 
when one considers the variation in structural capacity ex 
perienced by the pavement system during the annual cycle 
Thus, a "limit state" may be expected to occur when heavil 
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overloaded trucks are applied during periods of considerable 
loss in pavement strength, such as during spring thaw or par
tial contact conditions due to a temperature differential through 
the thickness of the slab. Because of the far-reaching impli
cations of these proposals, a mechanistic justification for the 
ESAR concept is provided below, where the statistical regres
sion Equation 1 is reproduced from first principles using en
gineering mechanics, for both the dense liquid and elastic solid 
foundations. 

VERIFICATION OF ESAR CONCEPT 

Dense Liquid Foundation 

Consider a plate consisting of a linear elastic, homogeneous, 
and isotropic material resting on a dense liquid foundation. 
Under a single-wheel load distributed uniformly over a cir
cular area of radius (a), the distribution of deflections [ w(s)] 
may be written as follows (36): 

w(s) = Pfi (!) 2 

[1 - C, ber s - C2 bei s] 
-rrD ak 

w(s) = Pfi (!) 2 

[ C3 ker s + C.~ kei s] 
-rrD ak 

in which 

(2) 

(3) 

ak = (a/lk), which is the dimensionless radius of the applied 
load; 

s = (r/lk), which is the normalized radial distance mea
sured from the center of the load; 

lk = (Dlk) 114
, which is the radius of relative stiffness of 

plate-subgrade system for the dense liquid founda
tion; 

D = flexural rigidity of the plate, which is equal to Eh3 / 

12(1 - µ 2); 

E = plate elastic modulus; 
µ = plate Poisson's ratio; 
h = plate thickness; 
k = modulus of subgrade reaction; 
P = total applied load, which is p-rra2 ; and 
p = applied load intensity (pressure). 

Note that ber, bei, ker, and kei are Kelvin Bessel functions 
that may be evaluated using appropriate series expressions 
available in the literature (37). Constants C, through C4 have 
been evaluated by Ioannides (38). In the present study, the 
following simplified expressions have been derived for these 
constants, valid in the interval 0 < ak < 0.6: 

C, = 1 - ~ a~ + [ ~ - 1 + In ( i)] ( i)' (4) 

C = ! a2 In (~) + (! - }'.) a2 + ~ a4 
2 2 k ak 4 2 k 64 k (5) 
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C3 = - (i)' (6) 

c4 = 
a~ 

(7) 
2 

in which "I is Euler's constant = 0.577 215 664 90. 
The distribution of deflections given by Equations 2 and 3 

may be used to obtain the corresponding distribution of bend
ing stresses. Graphs presented by Losberg 36 indicate that 
the tangential stress ( rr 4>) is more critical than the radial stress 
(rrr). Using the mathematical software package MATHE
MATICA, the following expression has been derived for rr4>: 

)

2 
6P 1 

cr.(s) = 7rh' (;;: (C,J + C,K) 

for 0 < s ~ ak, and 

cr•(s) = - ::, w 2 

( C, L + C, M) 

for ak < s ~ 1, in which 

(1 + 3µ)s2 

J = 16 

K = - (1 + µ) 
2 

-rr 1 s2 
[ 5 L = - (µ + 1) + - (µ - 1) + - "I - - + µ 

8 s2 16 4 

x (31 - ~) + ( 1 + 3µ) In(~)] 
7rS4 

- 1,536 (l + 5µ) 

M = ~ [1 - 21 - µ(1 + 21)] - ~ (1 + µ,) In (~) 
7rS

2 
S

4 [-5 
+ 64 (l + 3µ) + 384 3 + 'Y 

+ µ(51 -
2~) - (1 + 5µ) In 2] 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

Consider now the same elastic plate resting on a dense 
liquid subgrade but loaded by two circular loads, each of 
radius a, spaced at distances S center to center. Once again, 
it is assumed that the loads are applied at the plate's interior, 
that is, far from any edges or corners. Under these conditions, 
the bending stress distribution along a line (01-02) con
necting the centers of the two circular loads may be expected 
to be a function of the following three dimensionless param
eters: ak = (all), the nondimensional radius of the applied 
loads; s = (rll), the nondimensional radial distance from the 
center (0 1) of the first of the two loads; and ~ = [(S - r)I 
!], the nondimensional radial distance from the center (02) 
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of the second loaded area. The bending stress from both !pads, 
cr11 (ak, s, ~) at any point along 0 1-02 may be obtained by 
superposition of the contributions of each of the two loads, 
as given by Equations 8 and 9. Examination of the complete 
stress distribution during this study revealed that the maxi
mum stress always occurs under each of the two wheel loads. 
Therefore, for the ranges< ak, the combined bending stress 
is obtained from 

+ C3 L +CM] (14) 

in which 

(1 + 3µ)s 2 

J = 16 (15) 

(1 + µ) 
K = - 2 (16) 

'TT 1 ~2 [ 5 ( 11) L = - (µ + 1) + - (µ - 1) + - 'Y - - + µ 3-y - -
8 ~2 . 16 4 4 

(~)] 'TT~4 + (1+3µ)ln 2 -1,536(1+5µ) (17) 

1 . 1 
M = 4 [1 - 2-y - µ(1 + 2-y)] - 2 (1 + µ) 

( ~) 'TT~2 ~4 [ 5 
x In 2 + M (1 + 3µ) + 384 -3 + 'Y 

+ µ(5~ -
2
:) - (1 + 5µ) ln 2] (18) 

Note that in keeping with the definition of P as the total 
applied load, the wheel load applied over each area in Equa
tion 14 is P/2 = p7ra2

• The magnitude of the maximum com
bined stress, crumax' may be obtained by differentiating Equa
tion 14 with respect to s and setting the derivative to zero. 
The following expression has been found to yield a reasonable 
estimate of the location of the maximum stress (r max): 

rmax -= 
I 

where 

and 

f(O)* (ak) 
f(ak) - f(O) 

(19) 

(20) 

(21) 

Truncated series expressions for f(ak) and f(O) can be de
rived by differentiating Equation 15 through 18 and setting 
s = ak, ~ = [(S - a)ll], ands = 0, ~ = (Sil), respectively. 
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The validity of the proposed approximate method for deter
mining CTnmax has been verified by comparison with the exact 
numerical solution obtained using MATHEMATICA. 

A simpler expression may be derived for the bending stress, 
cr110 , arising under the center of one of the two wheel loads. 
This stress is expected in most cases to be an adequate ap
proximation of CT11max· Setting s = 0 and ~ = Sil = sk in 
Equation 14, the formula for CTnmax may be simplified by trun
cation into 

= p 3(1 + µ) {~ - ~ + ! 
CT110 h2 27f 2 4 

x [1 - 2-y - µ(1 + 2-y)] +!in(~) 
(1 + µ) 2 ak 

_ ! (sk) s2 !!._ 1 + 3µ} 
2 ln 2 + k 64 1 + µ (22) 

Having obtained cr110 = cr11mm it is desirable to determine 
the equivalent radius of a single-wheel load, which would 
reproduce this maximum stress using availabie closed-form 
equations. In this case, the following interior loading equation 
(39,40) may be used: 

- p 3(1 + µ) [ (~) ! - 2 (!!._)] 
CTo - h2 27r ln ak + 2 'Y + ak 32 (23) 

A first estimate ( b), say, of the load radius may be obtained 
from 

in which bk = (bl/) = ak, and 

T = P 3(1 + µ) 
h2 27f . 

1 
R = ln 2 + - - -y 

2 

(24) 

(25) 

(26) 

An improved estimate of the radius (a) may then be obtained 
using the following expression: 

( )

1/2 
2 1 37r 
-- - --
bk b~ 16 

ak = ___ 'TT ___ l __ (27) 

16 + b~ 

Returning now to Equation 22, a first estimate of the equiv
alent radius can be written as 

b = R* ( S )112 [1 - s2 !!._ (1 + 3µ)] 
k ak k k 64 1 + µ 
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in which 

R* =exp [ R 

1 
2 

(1 + µ) (29) 

Setting µ = 0.15, Equation 28 results in the following ap
proximate expression for aeq: 

( )

1/2 7 = 1.0674 ; [1 - 0.0619Sfl (30) 

Equation 30 shows that a first approximation of the equiv
alent radius may be obtained merely as a function of the 
geometry of the applied loads, namely, of the spacing ratio 
(Sia), provided Sk is not much greater than unity. Equation 
30 may also be rewritten in the form of Equation 1 obtained 
by statistical regression. This is accomplished by considering 
the minimum (Sia) value of 2 (the t)'VO tire prints touch with 
no clear space between them) and an arbitrary upper limit of 
(Sia) = 2a + 0.61 (corresponding to Sk = 1). For S = 2a, 
the S~ term in Equation 30 is negligible, resulting in 

a 
~ = 1.50952 
a (31) 

Setting S = 2a + 0.61, Equation 30 results in a quasi-linear 
relationship between (aeqla) and ak for values of the latter 
between 0.05 and 0.3. This relationship may be approximated 
by 

aeq = 1.50952 + 0.1390 
a ak 

Therefore, within the range prescribed here, 

a -a a = a + eqls=:!a+o.61 eqls=ia * (S _ 2 ) 
eq eqb2a 0.61 a 

from which 

a 
~ = 1.046 + 0.2316(S/a) 
a 

(32) 

(33) 

(34) 

This equation compares favorably with Equation 1, thus ver
ifying mathematically the ESAR concept for the dense liquid 
foundation. 

Elastic Solid Foundation 

The corresponding tangential bending stress distribution under 
a single-wheel load applied on a plate resting on an elastic 
solid foundation was found in this study to be 

(35) 
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where 

C = elastic solid foundation parameter [E)(l - µ;)]; 
Es = Young's modulus for subgrade; 
µs = Poisson's ratio for subgrade; 
le = radius of relative stiffness of plate-sub grade system 

for the elastic solid foundation 

= V2 DIC (36) 

10 , 11 = Bessel functions of the first kind, order 0 and 1, 
respectively; and 

a = dummy variable. 

The combined stress ( crn) due to two circular loads at any 
distance (r) along the line joining the centers of the two wheel 
loads (0 1-02) is obtained by superposition as 

+ 1 - µ J"' l1(~s)J1(~ae) d~ 
z 0 1 + ~3 

+ µ l"' ~ lo(~s)J1(~ae) d~] 
0 1 + ~3 

where 

Z = S - r, 
~=al, 

s = rile, 
ae = a/le, and 
s = Zlle. 

(37) 

In view of the complexity of Equation 37, a simpler expres
sion may be derived once again for the bending stress ( cr110) 

occurring under the center of one of the two circular loads. 
This is achieved by superposition, using the formula presented 
by Losberg (36) for the stress under the center of one. wheel 
[cr(ae)] and the solution for the stress due to a point load, 
arising at a normalized distance Se = Sile from the load [cr(Se)] 
presented by Hogg (41). Both of these important contribu
tions were verified during this study using MATHEMATICA, 
and the following general expressions were derived: 

cr(a) = p 3(l + µ) [in(~) 
e h2 2'IT ae 

+ ~ - 1 + a; (110)] (38) 

cr(S) = 6P [_!_ - .l - ~ - -yµ 
e h2 8'IT 4'IT 8'IT 4'IT 

+ - --In -(1 + 3µ)S; 1 + µ (Se)] 
48\!3 4'IT 2 

(39) 
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Thus, by superposition.: 

(40) 

Equation 40 corresponds to Equation 22 derived above for 
the dense liquid subgrade. Proceeding in the manner outlined 
above, the following expression may be written for the ap
proximate equivalent radius be = bile: 

b - R* ( S )112 ( C'2 _'IT_ 1 + 3µ) 
e - ae e 1 - '-'e 24 v'3 1 + µ (41) 

in which R* is as defined by Equations 29 and 26. It is apparent 
that the only difference between this expression and the cor
responding Equation 28 derived earlier for the dense liquid 
foundation is that 24v'3 replaces 64 in the latter. Thus, Equa
tion 30 becomes 

0

1:" ~ 1.0674a, (~)"' ( 1 - 0.09535;) 

whence Equation 34 becomes 

a 
~ = 1.066 + 0.2218(S/a) 
a 

(42) 

(43) 

confirming the validity of the ESAR concept for the elastic 
solid foundation and by implication for any subgrade type. A 
similar derivation could verify the validity of the ESAR con
cept on the basis of deflection considerations. 

CONCLUSIONS 

Accommodation of mixed traffic consisting of a wide variety 
of single- and multiple-wheel gear configurations is one of the 
most critical considerations in pavement design. Closed-form 
analytical solutions based on the theory of elasticity have 
hitherto been formulated in terms of a single tire print, whereas 
graphical and computerized approaches that can accommo
date multiple-wheel loads are generally too cumbersome for 
incorporation in a design guide. For this reason, a number of 
load equivalency concepts have been promulgated over the 
last 50 years, with the general aim to transform complex load 
assemblies into single-wheel loads, which could be accom
modated in existing design procedures developed for single
wheel loads. 

In this paper, three such load equivalency concepts are 
reviewed. A critical reexamination of the pertinent literature 
leads to the conclusion that the ESWL concept is significantly 
different from the ESAL concept. The ESWL concept con
stitutes an attempt to provide a general mechanistic solution 
to the problem posed by multiple-wheel loads on airport and 
highway pavements using the theory of linear elasticity and 
the principle superposition, as well as field measurements for 
verification purposes. In contrast, the ESAL concept is en
tirely statistical/empirical and violates fundamental precepts 
of elasticity, as well as the principle of superposition. It seeks 
to establish "relative damage" effects, quantified as a drop 
in the PSI, between a standard (base) load level and config-
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uration, and any other load level and configuration. In doing 
so, it fails to recognize the interactions between the charac
teristics of the three main components of the pavement sys
tem, namely, the constructed layers, the supporting natural 
subgrade, and the geometry of the applied loads. In addition, 
an intimate connection between the ESAL concept with an
other statistical-empirical concept, namely, Miner's linear cu
mulative fatigue hypothesis, has been established. In view of 
these findings, it is considered inappropriate to continue using 
ESAL counts as a primary design input. ESAL counts may 
be retained as indirect inputs to the design process, that is, 
as indicators of the relative amount of traffic services by any 
given pavement. As such, they may be used to classify pave
ments in terms of traffic level and may serve as one of the 
criteria for selecting the allowable working stress, strain, or 
deflection level in a pavement system. 

A third, less-known load equivalency approach, the ESAR 
concept, is discussed in this paper, and its advantages over 
both the ESAL and the ESWL concepts are explained. Ac
cording to this concept;it is possible to determine with rea
sonable accuracy a chosen primary structural response oc
curring in a PCC pavement system through the use of available 
closed-form equations for a single-wheel load, into which an 
equivalent single-wheel radius of a multiple-wheel assembly 
is substituted. Through rigorous engineering mechanics de
rivations, the concept is verified for both the dense liquid and 
elastic solid foundation. The ESAR concept can be incor
porated into an improved mechanistic "limit-state" design 
approach and can be instrumental in accommodating the wide 
variety of load configurations imposed on modern pavements. 
This may be accomplished through the development of a rat
ing scale based on the level of stress caused by and the prob
ability of occurrence of each of the truck configurations ex
amined. Such a scale will enable pavement designers to select 
their design-loading configuration as a percentile of the load 
spectrum, much like a geotechnical engineer selects the flood 
level for the design of a dam (e.g., the 95th percentile of 
damaging effect, compared with the 95-year flood). Efforts 
toward the development of such a design procedure are con
tinuing at this time. 
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