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Symbolic multibody code generation technology enables a new
approach for developing vehicle models for driving simulators.
Rather than assembiing terms in the equations of motion, a mod-
eler can concentrate on modeling 1ssues such as degrees of {ree-
dom (df), joint constraints, and kinematical assumptions. An
automated code generator makes it practical to test many mod-
eling assumptions to determine their influence on computation
time and simulation fidelity, leading to a model that offers the
most fidelity while ruaning in real time on available hardware.
The new methodology is illustrated by (a) describing seven vehicle
handling models, with various levels of complexity, ranging from
4 to 10 df; (b} comparing the computational requirements for
their use; and (¢) presenting example comparisons of predicted
wotions. All of the models can be simulated in real time on a
fast personal computer. The simplest (4-df) model runs more than
40 times faster than the more complex 10-df one, yet it predicts
overall vehicle motions that agree closely. Among the 10-df models,
the fastest runs 2.3 times quicker than the slowest. The meth-
odology illustrated can be used o extend the models to include
additional mechanical characteristics of interest.

Driving simulatoss are not in widespread use, even though
they are acknowledged as highly useful research tools for
human factors and psychology studies. Recent technical de-
velopments make the development of driving simalaters much
simpler than has ever been possible. Computer hardware has
improved so much that even desktop computers with graphical
capabilities have the speed and software needed to generate
simple scenes in response to driver motions. A system con-
sisting of a mock-up dashboard or car interior, computer, and
visual display can now be assembled for a fraction of the cost
required a few years ago. Complementing the hardware im-
provements are new software technologies that can be used
to develop suitable vehicle dynamics models.

The purpose of this paper is to use these new software
technologies to show quantitatively the effects of modeling
assumptions used in familiar vebicle dynamics models with
different levels of complexity {/-6). Comparisons are made
on the bases of computational speed and accuracy.

All of the mathematical models described in this paper were
developed using AUTOSIM, a software package that auto-
matically derived equations of motion for mechanical systems
composed of multiple rigid bodies. The AUTOSIM software
has been described previously (7,8). The models presented
are not new and have also heen described before. By com-
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bining an avtomated equation generator with a set of vehicle
models, it is possible to compare the models quantitatively.
In this paper, the focus is on the kinematics of the various
models. The goal is to demonstrate a general method for using
new technolegy involving the dvnamics of multibody systems
and the automatic generation of symbolic computer codes for
simulating vehicle dynamics.

This paper iilustrates a new way of thinking about models—-
not as & set of equations, but as physical connections with
degrees of freedom (df), constraings, and their kinematical
interpretations.

NEW MULTIBODY SIMULATION TECHNOQLOGY
(AUTOSIM)

AUTOSEM is a symbolic code generator that reads text input
deseribing the model and produces source code as output in
one of the supported computer janguages {FORTRAN, C,
MATLAB, ACSL, and ADSIM). Parameters are represenied
by symbols, so that the same equations can be applied many
times without changing the equations themselves. Persons
wishing to try the ideas presented in this paper can license
AUTOSIM commercially in North America from Mitchell
and Gauthier Associates in Concord, Massachusetts, and, for
other countries, from University of Michigan Software, in
Ann Arbor.

The method of developing models with a symbolic multi-
body program provides several novel advantages:

e [Zquations are written in terms of parameters chosen by
the modeler instead of a fixed set of multibody parameters.

@ The multibody program is used only to develop the model.
Once the equations are written, the model can be exercised
directly to answer questions of interest.

@ The time needed to develop a self-contained shnulation
code is very short (typically, a few hours——a time that might
not appear possible to persons with expericnce in developing
models by other methods).

® AUTOSIM usually generates equations that are more
efficient than those developed by any other method, including
hand derivations made by experts. It uses an advanced form
of Kane’s equations (9) and then applies extensive algebraic
and programming optimization methods to achieve high ei-
ficiency. {See work by Sayers {J0) for comparisons of
AUTOSIM formutations with those obtained by other meth-
ods, including hand-derivation, for several models.]
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@ The generated source code is completely accessible for
mspection and modification.

& Hand-written subroutines and auxiliary variables can be
easily included in models,

@ An interactive multibody program lets the modeler rap-
idly develop and inspect equations to debug the model and
evaluate alternative modeling assamptions.

The mathematical basis of for this technology has been
described previously (7,8), and example uses of the technol-
ogy in support of a comprehensive vehicle system dynamics
model for a driving simulator have been presented (11,12).

Communicating with AUTOSIM entails deseribing the sys-
tem to be simulated on the computer. In general terms, the
software is structured around a geometric description of the
system, involving matters such as the connections between
bodies and the locations of the joint connections, the centers
of mass, and the action of the forces, Developing a model
with the new technology clearly involves different tactics than
developing a model with pencii and paper. Mathematical mat-
ters that otherwise might be given a great deal of attention
have been reduced to computer algorithms, freeing the mod-
eler from some past burdens,

The rest of this paper uses the type of thinking that goes
into the development of a vehicle model when using a sym-
bolic muitibody program. Alternative models are developed
for a vehicle system, using a fixed set of basic vehicte param-
eters. Modeling decisions are described explicitly, and the
effects are shown quantitatively in terms of the complexity
of the resulting equations and the accuracy of the mode!
predictions.

MODEL DESCRIPTIONS
Vehicle Description

For purposes of comparison, a hierarchy of vehicle models is
defined, from complex to simple. The models are formulated
tor caleulate the vehicle response to steer inputs when running
on a smooth and level surface at a constant speed. Table 1
gives the complete set of parameters used in the models. The
vehicle being considered is a front-wheel-drive compact with
a solid rear axle and independent front suspension with un-
equal upper and lower control arms, To help isolate the sig-
nificance of assumptions that reduce the kinematical com-
plexity, arcas of behavior that are not of primary inferest are
left out of the models or greatly simplified. The models will
be compared under conditions of constant forward speed,
therefore longitudinal tire forces are not included. Details of
how centrol inputs from the driver cause the wheels to steer
are not considered: the control inputs in the models are simply
the steer of the front wheels. Acrodynamic effects are ig-
nored. Suspension and tire matters are treated in the following
discussions,

Suspension Kinematics

Figure 1 shows a simplified front view of the front suspensions,
with the dimensions 7, R,, and Hyey. The figure also shows
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TABLE 1 Vehicle Parameters

Symbol Yalue Description

Cay H8ON/deg front cornering stiliness, onc Lire

Can 880N/deg rear cornering stiffness, one tire

Cy 600 N-s/m front shock abserber damping {1 wheel}

Cea 600 N-s/m rear shock absorber damping {1 wheel)

Fum 880 kg front axle load (2 wheels}

Foan 550 kg rear axle load (2 wheels)

H G.51m height of sprung mass c.g. above the ground

Hpen 0.0m height of front suspension roll center

Hron 0.25m height of rear suspension roll center

Ixx 330 kg-m2  moment of inertia of §

Iyy 1300kg-m2  moment of ingrtia of §

Lo 2000 kg-m2  moment of inertia of §

Ko 5 deg/m change in wheel inclination with vertical
position

Kg 26000 NAn  front suspension vertical stiffness {1 wheel)

Ks2 26000 N/m  rear suspension vertical stiffness (1 wheel)

Kswan 600 m-Nfdeg  auxiliary anti-rol stiffness for front

Ksways S0m-N/deg  auxiliary anti-roll stiffness for rear

K 175000 N/m  frent uire vertical stiffness (1 wheel)

K2 173000 N/m rear tire vertical stiffness {1 wheel}

L 25m wheelbase

Mas 120 kg front unsprung mass (2 wheels)

Mas S0 kg rear ungprung mass (2 wheels)

Ry 03m front tire ralling radius

Ry 0.3 m rear tive rolling radius

S2 0.6m TCAr $PIINg spacing

Ty 14m front track

T3 1.4m rear track

a linkage analysis of the independent suspension on the right-
hand wheel that locates an instant center. {For small vertical
movetments of the wheel, the motions are as if the wheel is
attached to a rigid body that rotates about the instant center.)
By considering a simple rotation, it is casy to visualize small
roll-plane motions of the wheel and determine such properties
as how the camber and track {distance between tire centers)
change with suspension deflection. The instant center is also
a point at which the net moment applied to the car tody by
the suspension is 0. Thus, any force acting on the wheel whose
line of action passes through the instant center does not apply
a moment to the car body. The figure shows a line connecting
the instant center with the center of the contact patch between
the tire and the road. The moment applied to the car body
as a result of a tire force vector is determined by the orien-
tation of the vector relative to this line. Because of symmetry,
a similar analysis for the other front wheel leads to the iden-
tification of a single point that is at the intersection of the
lines connecting the (ire contact patch centers with the cor-
responding instant centers. The intersection point is called
the rol] center. The instant centers and roll center are “paper
points” that do not correspond to any physical connections.
Their locations depend on the actual position of the unsprung
masses. Thus, the instant centers, and the roil center, can
change position as the suspensions move,

Instant center Vehicle
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FIGURE t Front suspension,
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The mass center for the suspension subsystem {wheel, spin-
dle, and suspension links) is shown at the center of the wheel.
In generat, the mass center is not at this point, although it is
close. The approximation is made to reduce the number of
paramefers.

Figure 2 shows the corresponding view for the rear axie,
For simplicity, a leaf-spring suspension is shown. However,
the same dimensions (15, Sy, and Hye,) could be used for any
suspension with a solid axle, Here, the feaf springs react lat-
eral forces such that the net moment applied to the sprung
mass is 0 along a line connecting the attachments of the springs
to the body. [The role-center analyses illustrated in Figures
1 and 2 are brief and simple. More detaiied analyses can be
found elsewhere for a variety of suspension types (/3).]

Fully detailed suspension descriptions are usually inappro-
priate for low-cost real-time driving simulators. Simplified
representations, as will be presented, have been used in models
that have been validated through comparison with experi-
mental handling tests, In all of the modeis that follow, sus-
pension kinematics are simptified, The degree of simplifica-
tion depends on the model.

Suspension Force Elements

Linkages shown in Figures 1 and 2 control the motions per-
mitted between the sprung and unspruag masses. In addition,
springs and dampers connect the bodies. In both the front
and rear, each side has a spring with a force deflection relation

[":.;:rmg = .t.[;:lkll\(: + f\(s) (])

where 8 is the spring deflection and f,,. 15 the static load
carried by the spring. Each suspension may have auxiliary
forces applied as functions of relative roll, due to antisway
bars and linkage compliances. This effect results in a force
acting between the two wheels on the same suspension, and
has the general form

Fron = ft'(al. - SR) {2)

where, in this case, 8, and §, are movements of the leff and
right wheels relative to the body. The suspensions also include
shock absorbers that produce force as a function of shock
absorber displacement rate:

P‘(I:ulnpcr = fd(a) (3}
The displacements and rates appearing in these equations

(5, 8,, 8,, and 8) are derived from the kinematics of the
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moving rigid bodies by AUTOSIM. The force laws, expressed
by the functions f,, f,, and f,, can be arbitrarily complex non-
linear relationships. In this paper, simple linear relations are
wsed, The spring forces are computed using linear coefficient
K, and K, for the front and rear springs, the damping foreces
are computed using linear coefficients Cy, and C, for front
and rear dampers, and the auxiliary roll foree is computed
with a linear relation

Fy = 57.3 5—‘“—-‘»;1‘—1 (B, — dr) (4)
where Kqway and S are as defined in Table 1.

The baseline set of parameters shows a spring spacing
for the front suspension equal to the track. This means that
the spring and damper rates are effective at the wheel plane.
None of the models represents the rejative displacement of
a coil spring in a double A-arm suspension, and therefore
the forces predicted by the different models do not agree
unless the spring spacing is set equal to the track. To apply
spring or damper data to any of these models, & separate
analysis 18 needed o convert the true force and deflection to
the effective force and deflection at the wheel plane. This is
an application of a multibody program that has been described
elsewhere (11).

Tire Forces and Momenis

The most important actions affecting a vehicle being steered
at constant speed are the vertical fire forces and lateral shear
forces. Experiments have established that the vertical and
lateral tive forces are essentially functions of just a few vari-
ables. The vertical force {normal to the ground surface) has
the form

FZ - ﬁ;mnr + J{z(a: ’Y) (S)

where § is tire deflection {from the static condition} and « is
five mchnation angle. The relation that will be used for all
models in this paper is

. Fy
Fop= g £A - Kby ()

where F,, and K, are parameters defined in Table 1 for front
and rear wheels and 8, is the change in the distance from the
center of the wheel to the center of the contact patch between
the tire and ground. An expression for &, is derived by
AUTOSIM for each wheel in a2 model, eon the basis of mul-
tibody kinematics. (The negative sign is to satisfy the SAE
coordinate system, in which the vertical Z-axis points down.)

When running at constant speed with no longitudinal forces
from braking or acceleration, lateral tire force is & function
of vertical load and a few kinematical variables:

P‘Y = f)(F/_" @, Y, V, H‘) (7)

where
a = glip angle (angle between direction a rolling tire is
pointing and direction of velocity vector of a pomt in
wheel plane where it meets ground},
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¥ = inclination angle of wheel,
Vo= forward speed of rolling tire, and
o= Triction coefficient.

The verticaf Joad is determined by Equation 6, « and y are
determined by muitibody kinematics, and i is a parameter.
[The slip angle, «, is sometimes given a time delay to account
for the need for the tire (0 roll a certain distance, called the
relaxation fength, 1o build up a lateral force {(14).] For all of
the models that will be presented, a very simple relation is
ased to determine fateral tire foree;

Fyo= 573 Cua (&)

This model omits significant influences, particularly those of
load (#7,,) and inclination angle (y). The omissicns are made
to simplify the comparisons between the different modets.
The F, values predicted by the different models are compared
te show the form of inputs available to a sophisticated tire
model if one were 10 be used.

Models that are developed and compared in the following
will not include acrodynamic effects or fongitudinal tize forces
that occur when braking. Tire moments will not be considered
either.

Summary of Models

There are many ways Lo model a vehicle to include the ele-
ments deseribed and predict vehicle motions ip response o
control inputs. Four multibody models were developed (o
describe a vehicle with the characteristics just described. Fur-
thermore, equations were Tormulated for the first model using
four variations. Thus, seven formutations were obtained.

Models 1a Through Id: 10-df Models with
Translational Joints

The first three models (1a, 1b, and 1c) are similar (o the
Highway-Vehicle Object System Model (HVOSM), devel-
oped two decades ago for mainframe and hybrid computers
(5). They have 10 pertinent df: 6 for the sprung mass (the car
body), 2 for the rear axle, and 1 each for the two front in-
dependent suspensions. The independent suspensions are
modeled by assuming that the wheel UASPIUNG [1asses mnove
relative to the car body as if they were connected with purely
translational joints, as shown in Figure 3. Although the trans-
lational joint in the figure is shown at a slant to add generality,
in the original HVOSM mode! and in Models la, 1b, and 1c,
the direction of the translation is parallel to the vertical axis

Translational joints

.

_'$PIUNg mass

FIGURE 3 Multibody representation of
front suspensions for Model 1.
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of the sprung mass. In the AUTOSHV program, this kine-
matical relationship is described by defining each front wheel/
suspension body as being connected to the sprung mass and
as having a single allowable translational motion, parallei to
the Z-axis of the sprung-mass coordinate system. The simple
{ransiational mofions, permitted cach wheel, approximate the
motion of the front suspension.

When the lateral tire forces, applied in the road plane, are
reacted completely by the transiational joint, they do not
apply a roll moment o the car body, However, the simple
kinematical analysis shown in Figure 1 indicates that the double-
arm suspension applies a net moment of 9 only at the roll
center. The two cases are not equivalent unless the suspension
roll center is at the ground plane, as is the case for the nominal
parameter values given in Table 1. (The original HVOSM
model was modified to include additional terms, called Jacking
forces, to generate the correct reaction forces and moments
between the wheel and car bodies).

The multibody representation of the rear axle is shown in
Figure 4. A massless intermediate body is connected (o the
sprung mass at the roll center. The unsprung mass, consisting
of a rigid body with the axle, wheels, tires, and the like lumped
together, is connected to the intermediate body with a purely
translational joint,

The tire deflections and slip angles are defined by consid-
ering vectors defined in a coordinate system of a wheel spindle
rigid body. Consider the geometry shown in Figure 5. The
mertial coordinate system is defined by X-, ¥-, and Z-axes
whose divections are shown in the figure. The directions are
defined mathematically by unit vectors i, ny, and v, Three
unil vectors are also fixed in the moving reference frame of
the spindle: s, s, and s, Point §is at the center of the wheel,
Point O is a point fixed in the ground plane, and Point € is
defined such that it is in the local Z-direction {s.) of the
spindie, relative to Paint 8, and it coincides with the ground
plane. The position vector going from Point $ to Point ¢ is

R ©)

The fact that Point C les in the ground plane is expressed
mathematically by the condition

POC e, = () (10)

where ¥ s the position vector connecting Points O and €.
Noting that

l.()(l' - l.US - i..‘i(,‘
the local Z-coordinate of Point ¢ (r in Equation 9) can be

Massless
intermediate

body__
T

Unsprung
mass

Y ¥
3 @
Transiationdl N Roll |
joint " center |

FIGURE 4 Multibody representation of
rear axle for Madel 1,
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defined as

5 o
P I n, (11)
s.*n,

The tire deflection 8,, appearing in Equation 6, is simply
dp =¥ —7F (12)

where 7 is the value of r when the system is in its nominal
configuration.

The rigorous geometric definition of slip angle, o, is the

angle between the vector projection of s, onto the road plane
and the absolute velocity vector of Pomt C, v,
o = anglel[s, — (s, * n.)n,], v©} (13)
where angle(+) is & function that determines the angle between
two vectors and s, — (s, * n,)n,] is the projection of s, onto
the ground plane. Model 1a uses this definition of slip.

‘When this definition for the slip angle is used as an input,
AUTOSIM derives a lengthy formula that fills several pages.
A considerably more simple formulation is obtained by chang-
ing the definition slightly to consider the angle in the plane
perpendicular to the vector s,

o = anglel[s,, v¢ — (v¥°s,.)s.]} (14)

Although these two formulations for slip angle appear very
similar, it will be seen that the second one improves the sim-
ulation performance by about 50 percent, The reason is that
the formulation in Equation 13 includes the local velocity of
C in the reference frame of the wheel spindle. The local
velocity component, in the s, direction, is eliminated in the
second formulation. Models 1b, l¢, and 1d use Equation 14
to define slip.

When formulating equations for mechanical systems, mod-
clers often use knowledge that some movements are “‘small”
to simplify the equations. AUTOSIM also has this capability
(8). Model 1c was preduced by declaring to AUTOSIM that
certain motions are small. (Except for forward speed and yaw
angle, the translations and rotations for all df were declared
as small in Model 1b, thereby producing Model 1c.)

Models 1a, 1b, and Icinvolve all of the parameters in Table
1 except two: the front roll center height, i, and the change
in wheel inclination with vertical position, K.

A fourth variation, Model 1d, was defined by describing
inclined directions for the translational joints as shown in
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Figure 3. For Models la, 1b, and l¢, the direction of the
transiation was defined as being purely in the Z-direction of
the sprung mass, $,. For Model 1d, the direction d, was speci-
fied as

m~3

d = "éisz = HypeiSy (15)

When the parameter Hyc, is assigned a value of 0, the twoe
formulations are equivalent. However, because the equations
for Model 1d include terms for the condition that H,,, is not
0, the full equations are more complex.

Model 2: 10-df Model with Rofational Front
Suspension Joints

The second model is identical to the Model le, except in the
treatment of the front suspensions. Figure 6 shows the mul-
tibody representation of the geometry of the front wheel spin-
dles. The instant center of rotation, a “paper point”™ shown
in Figure 1, is used as the physical point of attachment be-
tween the unsprung and sprung masses, The model shown in
Figure 6 defines the transfer of roll moments between the
unsprung and sprung masses that is correct when the suspen-
ston is at the nominal (design) position. The model also pre-
dicts the first-order change in wheel camber angle with sus-
pension deflection.

This model requires two dimensional parameters o locate
the instant center: a lateral coordinate and a vertical one.
These two dimensions are not common ones for vehicle dy-
namics models, However, they can be defined in terms of two
commonly used parameters: roll center height, Hyep, and a
coefficient for the linear change in inclination angle with re-
spect to vertical movement, K (see Table 1). The lateral
distance from the wheel plane to the instant center is given

by

57.3 ;
Licy = 7((_ (i6)

El

and the height of the instant center above the ground plane is

Ly
Hic = 2Hyq ;Y {17
1
As was done for Model 1c, all motion variables except the
forward speed and the yaw angle are declared as small. Slip

angles were defined by Equation 14, This model involves
every parameter given in Table 1.

Instant center
of linkage

Rotational |
motion

FIGURE ¢ Multibody representation of front
suspensions for Model 2.
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Model 3: 6-df Model

This model has 6 df and is similar in pertinent respects to the
VDANL model (2,4). Three df involve planar movement of
a vehicle reference frame (X- and Y-translations and yaw
rotation), The moving reference frame has front and rear roll
centers, about which the front and rear unsprung masses roll.
The geometry, shown in Figure 7, is as if the vehicle has two
solid axles that rotate independently about a longitudinal axis
passing through the respective roll centers. The Sprung mass
rolls relative to the reference frame as if it were connected
by a hinge whose axis passes through both roil centers (see
Figure 8). The body and two axles each add a roll df to the
system, bringing the total to 6.

The equations derived for this model were made after speci-
fying that the roil angles (and rates) and the lateral velocity
are small. All of the parameters in Table 1 are used in this
model, except K.

To deseribe the model in terms of the parameters of Table
1, ali of the points needed to define the spring, damper, and
tire forces are introduced. Because the AUTOSIM descrip-
tions of forces from the tires, springs, and dampers depend
on the relative movements of the reference points, the de-
scriptions used for the 10-df models were repeated withount
modification to describe this model.

Model 4: 4-df Model

This model is similar to the 3-df model developed and vali-
dated by Segel in the 1950s (6) and embeliished since then in
many variations (1), Kinematicaily, the model is nearly iden-
tical t0 Model 3, except that the front and rear axles are not
permitted to roil. Thus, all suspension motions are lumped
mto a single rotational df of the Sprung mass about the roil
axis. 'I'o maintain compatibility with the other models, tor-
sional stiffness and damping coefficients are defined in terms
of the parameters in Table 1. The torsional stiffness for each
suspension /(i = 1, 2), K., and each pair of tires, K

tives

Rear unsprung
mass

Roll center attachments
to sprung mass

Front unsprung
mass

FIGURE 7 Joints used to build the 6-¢f model,
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(N — mirad), can be written
Kawr = 57.3 Kgyavr + L%{g?—' (18)
Kopz = 573 Kownya + %& {(19)
Kier = 1%5'-’—' fori = 1,2 20

An overall torsional stiffness for each axle, with cffects of

both suspensions and tires being treated as springs in series,

is then defined as

Koy = = fori=1,2 21
I<sus;pr Kli:'c:

A torsonal damping coefficient for each axle is defined as

L T CeK
Clarst = 2 K o )
. o S; CSZK((H':-?.
Cuns?! - 2 Ksusl); (23)

where the ratio Koorsi! Kuapr 15 used (0 scale the torsional damp-
ing to be representative of the level of shock absorber motion.

The total roil moment acting on the sprung mass, from both
Axles 1 and 2, is

Mmil = _([<l()lai 1 K(ors?.)‘f] o (Cll)l'sl + Clorsz)d) (24)

Although the tire behavior assumed for all models in this
paper does not include the effect of load on lateral shear force,
the ability of the models to predict vertical tive load would of
interest if a load-sensitive tire model were to be used. With
the 4-df model, the vertical tire force can be written

F, M,
F, = ZA 4 - roit
z 2 3 T (253

MODEL PERFORMANCE

Each model was described as an AUTOSIM input. AUTOSIM
then generated a ready-to-run FORTRAN simulation pro-
gram for that model. The simulation programs take nearly
identical inputs (the parameters shown in Table 1) and in-
tegrate ordimary differentiai equations to obtain motions of

g ~ N
" Rear roll center— 4.5 e
Fron{ roll center
4

/A oW AN
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el L LT+

FIGURE 8 Vehicle voll axis.
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the vehicle in response to a steer input of the front wheels.
The number of equations corresponds to the number of state
variables, which is twice the number of df for all of these
models. (Bach df is associated with one position variabie and
one speed variable.)

Compuiational Efficiency

When used in a driving simulator, the first and foremost re-
quirement of the vehicle simulation is that it be capable of
running in real time on the available hardware. Table 2 pre-
sents & summary of the computational aspects of the models.
The main computational effort is spent computing the deriv-
atives of the state variables. The three columns in the table
for computation effort show the number of operations needed
to compute the derivatives each time step. These computa-
tions are performed in a single subroutine that is repeatedly
invoked in the loop by the numerical mtegration algorithm.
Table 2 gives the number of multipty, divide, and exponent
operations (=, /), the number of add and subtract operations
(4, =), and the number of function and subroutine calls (funcs)
such as sines, cosies, and absolute values. During their de-
rivation, the equations are manpulated by AUTOSIM fo
avoid redundant computations and e precompute expressions
involving constants. Auxiliary calculations that are not needed
to compufe derivatives each time step are not included in the
table.

A second-order, fixed-step Runge-Kutta algorithm was se-
lected as an integrator for all models, 1t causes the derivatives
be caleuiated twice each thme step. at the start and midpoint
of the intervals shown in the table. The time steps shown in
the table were selected by first finding the time step at which
integration error could be discerned by visual inspection of
plotted time histories and then cutting that time step in half,
For example, Model 2 and all versions of Model 1 gave no
noticeable error for a time step of 0.014, but all were unstable
with a time step of 0.016. Therefore, the “safe” time step was
sel to 0.014/2 = 0.007 sec.
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To give an approximate idea of the real ranning time, each
model was timed on a Macintosh I {x. The simulated times
were divided by the ran times to yield a normalized speed in
units of real time. (A factor of 1.3 means that the computer
program runs 1.3 times faster than needed for real-time sim-
ulation with the time step shown. By increasing the time step,
the program can be run up to 2.6 times faster than real time,
where it borders on the limit of numerical integration sta-
bility.) The standard of what is real time clearly depends on
the computer hardware. The results shown are intended not
to link absolute simulation speeds with the models, but to
show how the models compare relative to each other and to
give at least an approximate idea of the types of absolute
campaitational speed that would be expected from a “fast”
personal computer made in 1990,

Table 2 shows that all 10-df models require a time step of
0.007 sec. Although only two of the first five models run faster
than real time with the conservative time steps shown, all can
be run in real-time within fimits of stability. Model 3, with 6
df, runs more than three times faster than real time., Although
it requires a time step almost as short as the 10-df models, 1t
is described by equations of motion that are much simpler.
Mode] 4, with 4 df, is 24 times faster than real time. The
equations of motion are an order of magnitude simpler than
the equations for the other models, and the dynamic system
includes only low-frequency eigenvalues. Consequently, a much
larger integration time step can be used to further reduce the
computational requirements.

Numerical Resulis

All of the shimulation programs were used to compute vehicle
response to a simple ramp-to-step input for a right turn, shown
in Figure 9. The steer angle is applied at the front wheels,
eliminating any dynamic effects of the vehicle steering system.
The forward speed is 30 m/sec (108 km/hr). The overall vehicle
motions predicted by the different models agree closely. Plots
of the responses from all five of the 10-df models were in-

TABLE 2 Comparison of Model Formulations

Model DOF Notes

Computation effort
1ime  run

#/ 4+ funes step  speed®

Ta 10 Similar o HVOSM,

831 780 27 G.007 .56

translational jeints in 7 direction

fer front suspensions, full non-
linear kinematics, exact slip

equations from¢q. (13}

b 10
defined in eq. (14)

Ic 10

1d 10

Same as 1a except with slip

Same as 1k except with some
“smadl” angles and speeds

Same as le except translational

540 514 21 0.007 0.85

335 386 5 0.007 1.3

416 458 7 0007 1.05

joiats are angled to fit roll center

2 10 Same as Lc except with
rotallonal joints for front
SUSPEnsions

3 G

4 1

Similar 1o 511 model

Similar 1o Segel model

515 548 5 0.007 0.9

155 162 3 0.008 3.1
34 22 5 0.020 24

# Note: man speeds are shown as mualtiples of  real ime  on « Macintesh H Ix running

under Macintosh System 7.
"DOF = df,
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Steer - deg
B

o

o] 1 2 3
Time - sec

FIGURE 9 Steer input at front wheels.

distinguishable. Figure 10 shows that predictions of lateral
acceleration were nearly identical for all models. Figure 11
shows that yaw rate predictions for the 4- and 6-df models do
not completely match the prediction from the 10-df models.
However, the predictions from the two simpler models agree
with each other. The greatest difference in predicted vehicle
motion was found for rofl angle, shown in Figure 12. (How-
ever, even these differences are minor.) The main difference
is that the 10-df models predict a slightly less oscillatory roll
response.

The 4-df model is the simplest and fastest runzing. Because
it does not directly account for roll of the axles, exact agree-
ment in roll is not obtained. However, the resuits are not far
off. Other than roll angle, the other predictions from the 4-
df model are very close to those from the 10-df models.

The disagreement between the 10-df and simpler models
was found to be mainly due to the different ways in which
the models couple rofl between the sprung and unsprung masses.
The difference exists only when the roll centers at the front
and rear differ, such that the vehicle rol! axis is tilted. Cne
factor associated with the tilt is that products of inertia are
introduced in the simpler models that amplify the transient
roll response. A second factor is that due to axle pushing in
the 10-df models, shown in Figure 13. When the sprung mass
rolls, the rear axle is constrained to move in the direction of
the body roll, whereas the front axle moves in the opposite

Lateral acceleration - g's
2T

4,6 DOF

2 3 4
Time - sec

FIGURE 10 Predicted lateral acceleration responses,
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Yaw rate - rad/s

FEGURE }1 Predicted yaw rate responses,

direction. The lateral movements of the axles modify the slip
angles, instantly changing the lateral forces generated by the
tires. The effect is to add damping to the 10-df model that is
not present in the 4- and 6-df models.

The axle-pushing mechanism in the 10-df models may be
exaggerated because of the simple tire model of Equations 8
and 13 or 14. In reality, lateral tire forces do not build in-
stantly. A tire model with dynamic iag or lateral compliance
might change the significance of the kinematic “pushing.”

Recall that most of the 10-df models with translational joints
for the front wheels have a front roll center in the ground
plane (Models 1a, 1b, and 1c), whereas Models 1d and 2 locate
2 roll center whose height is defined as the parameter Hy,,.
When Hy, is set to 0, all of the 10-df models agree so closely
that identical time history plots are obtained for any given
response variable. However, differences exist for values of
Hyey other than 0. In this case, Models 1d and 2 compare
closely with the simple models, and Models la, ib, and Ic
generate an incorrect roll response,

Although the simulation results in this paper are based on
a tire equation that is not sensitive to load, all of the models
can be easily extended to include load sensitivity in the lateral
tire force calculations. Figure 14 compares the vertical force
time histories for the right front tire. The 6-df and 10-df models
agree closely, and the 4-df model produces estimates that may
be sufficient to capture the rudimentary handling effects of
tire load sensitivity.

Body roll - deg Time - sec
0 1 2 3 4
0 ¢
-5
-1
~1.5

FIGURE 12 Predicted roll angle responses.
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FIGURE 13  Front and rear suspension roll axes that ave
not collinear,

CONCILUSIONS

This paper shows how a symbolic multibody code generator
is used to rapidly develop real-time vehicle dynamics models.
Making comparisons between the models was easy, because
all of the models were formulated using the same sets of
vehicle parameters. The simpiest simulation program runs
more than 40 times faster than the most complex, yet the
predictions of the overall system response were very close.
The general approach of building simulation programs with
a code generator has several advantages over the wse of hand-
coded programs:

e The development time is smail. The first working 10-df
model reported in this paper was developed and debugged in
2 days. The other 10-df models required less time. The initial
versions of the 4- and 6-df models were done in several hours,

@ The generated code runs fast, For a given model, the
automated software for developing simulations usualty for-
mulates efficient equations and then generates code that is as
fast or faster than that which can be written by experts (10).

® Models with different levels of complexity can be for-
mulated and compared, to speed the debugging process and

BF verlical tire force - N Time - sec

0 1 P 3 4

-3600 . . ;
N s S DO

4800 {itﬁ/( SN I
iopoF ¢ DOF

-4000

-4200

-4400

FIGURE 14 Vertical tire foxces simualated by models,
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ensure that the modeling assumptions have the intended
results.

® A model can be rapidly fine-tuned to run with maximum
detail in real time on available hardware. Radical changes
can be made in connection between bodies with little effort.

The capability of a simufation program to run in real time
depends on the computational efficiency in the equations of
motion and the minimal integration time step required. The
relatively close agreement seen between the simpte 4-df model
and the others argues that simple multibody models, with no
high-frequency eigenvalues, offer a sound basis for building
low-cost driving simulators. Complexities can be added such
as roll steer, compliance steer, steering system dynamics,
aerodynamic effects, nonlinear tire behavior, load-sensitive
tires, dynamic tire lags, nonlinear springs and dampers, and
so on. The model runs so fast that there is plenty of room for
additional computations if they do not affect the required
minimal time step.
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