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Cut-and-Cover Tunnel Subgrade Modeling 

]OHN S. HORVATH 

Mathematical models that can be used to construct reinforced­
concrete "box" tunnels using the cut-and-cover method are re­
viewed and critiqued. Newer models consistently provide better 
agreement between calculated and observed behavior than tra­
ditional ones do (the "rigid method" and Winkler's hypothesis 
with a constant coefficient of subgrade reaction). In addition, 
determining the appropriate model parameters is conceptually 
straightforward with the newer models. With current computer 
analysis capabilities, there is no reason to continue using tradi­
tional models that were reasonable alternatives when only manual 
calculations could be performed. Detailed recommendations for 
modeling subgrades in practice are presented with consideration 
given to the capabilities of commercially available structural anal­
ysis computer software. Other factors that influence the structural 
analysis of this type of tunnel are also discussed. 

Reinforced-concrete "box" tunnels constructed using the cut­
and-cover method have been used for decades for transpor­
tation applications and are an important part of several major 
projects currently under design. This latter fact has resulted 
in renewed interest in the way to model the soil subgrade 
underlying the base slabs of box tunnels, especially in con­
sideration of the dramatic advances in the computational cap­
ability of microcomputers within the past few years. Mathe­
matical models, also called subgrade models, used for 
constructing reinforced-concrete box tunnels are reviewed and 
critiqued. Models that can realisti<;ally be used in routine 
engineering practice are emphasized, although other models 
are noted for the sake of completeness. 

CURRENT PRACTICE: REVIEW AND 
DISCUSSION 

Parameters of Interest 

A subgrade model is not necessarily a general soil model. It 
is intended to approximate only the important aspects of a 
particular soil-structure interaction problem. Therefore, the 
accuracy of subgrade models should be judged on consider­
ation of the parameters that are important to a particular type 
of structure. Bending moments in the base slab and slab set­
tlements, both total and differential, are of primary impor­
tance in box-tunnel design. The slab-subgrade contact stress, 
which will be referred to as the "subgrade reaction stress" or 
simply "subgrade reaction" as suggested by Liao (1), is gen­
erally of secondary interest, as is shear within the base slab. 

A key premise of this paper is that an acceptable subgrade 
model should produce accurate estimates of both moments 
and settlements from a single analysis. This is consistent with 
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other problems in modem structural analysis in which accu­
rate estim~tes of loads and deformations of structural mem­
bers are expected from the same analysis. However, this phi­
losophy has not, in general, been used in past analyses of 
tunnels. 

Problem Components 

A base slab and the subgrade that supports it are integral 
parts of the overall tunnel structure (see Figure 1). The reason 
is that the load-deformation behavior of any one component. 
(roof slab and walls, base slab, or subgrade) depends on the 
behavior of the other two. Therefore, these three components 
should be analyzed as a single composite unit. This renders 
the problem highly indeterminate. With modem computer 
software, the structural components can be accurately ana­
lyzed. However, the way in which the subgrade effects are 
modeled has generally not improved by using computer ap­
plications. Therefore, this paper focuses on the issue of im­
proving the subgrade modeling. 

It is useful to define the coefficient of subgrade reaction: 

k(x) 
p(x) 

w(x) 
(1) 

This parameter is completely general and independent of a 
particular subgrade model. An important point is that k(x) is 
an observed result and not an assumption. However, this fact 
has not been emphasized in the past and will be used sub­
sequently as one way of evaluating the accuracy of subgrade 
models. 

Traditional Methods of Analysis 

Rigid Method 

Although numerous subgrade models have been developed 
over the years (2), only two have been used extensively in 
U.S. practice. The simpler one, which assumes that the base 
slab is perfectly rigid and has a straight-line distribution of 
subgrade reaction, is the Conventional Method of Static Equi­
librium (CMSE). It is often referred to as the "rigid method." 
The CMSE is not a true subgrade model because it does not 
produce an estimate of total settlement of the base slab, al­
though it does imply that there is no differential settlement. 
The base slab is treated as a footing and settlements are es­
timated separately using any one of several methods devel­
oped for footings. This is a classic example of the traditional 
approach in which separate analyses are used to estimate 
moments and settlements. 
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FIGURE 1 Components of typical box tunnel. 

The concept that a base slab is essentially a large footing 
has unfortunately created a persistent perception that design 
requires only some "allowable bearing pressure." This is in­
correct because footings and base slabs are significantly dif­
ferent in this regard. For example, for a footing supporting 
a building wall, the width is varied to match some "allowable 
bearing pressure" that is based on consideration of allowable 
settlement and the safety factor against a bearing failure under 
service load. On the other hand, the width dimension of a 
base slab is predetermined by the width of the tunnel. Thus 
the designer has relatively little control over the magnitude 
of the total settlement and bearing stresses that will result 
and must decide whether these parameters are of acceptable 
magnitude. If not, either a deep foundation alternative is used 
or the design of the structure is modified. 

Winkler' s Hypothesis 

The other traditional subgrade model is Winkler's hypothesis. 
In its basic form, it is simply an assumption that the settlement 
( w;) at some point i on the subgrade surface is caused only 
by the applied vertical normal stress (subgrade reaction) (p;) 
at that point [see Figure l(c)]. Mathematically, this is ex­
pressed as 

(2) 

where kw· is the Winkler coefficient of subgrade reaction at 
Point i. The parameter kw; is sometimes referred to as the 
"soil spring constant" or by a similar term because the most 
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common physical interpretation of the abstract behavior de­
fined by Equation 2 is that of an independent spring oriented 
vertically. For an arbitrary number of contiguous points along 
the x-axis, the general form of Winkler's hypothesis is 

p(x) = kw(x)w(x) (3) 

where kw(x) is Winkler's coefficient of subgrade reaction for 
the general case. An important point is that Winkler's hy­
pothesis forces the coefficient of subgrade reaction to become 
a known problem input rather than a calculated problem re­
sult. This was not emphasized in the past. 

There is nothing inherent in Winkler's hypothesis that re­
quires the Winkler coefficient of subgrade reaction to be con­
stant in the x-direction, nor is there any reason why the value 
of kw(x) at some point cannot vary with the magnitude of 
applied load at that point. However, a constant value of kw(,--c), 
independent of load magnitude, is assumed traditionally. This 
evolved from pre-computer days when the only chart or tab­
ular solutions available for a beam on a Winkler subgrade 
("beam on elastic foundation") were based on a constant 
value of Winkler's coefficient of sub grade reaction. Assuming 
a constant value, Equation 3 becomes 

(4) 

where kw
0 

is a constant. 
A contentious issue that has interested both practicing en­

gineers and researchers for decades is the appropriate value 
for kw

0 
in a specific problem. Methods for estimating kwo fall 

into two broad categories: (a) tabular or chart values and 
(b) those with some link to the theory of elasticity. The 
most widely referenced table or chart is from Terzaghi (3). 
Elasticity-based methods are generally based on collocation 
(matching) of Equation 2 with a p; and w; from some closed­
form solution for an elastic continuum. A detailed discussion 
and comparison of several of these methods are provided by 
Horvath (4). However, any discussion of the accuracy of dif­
ferent methods for estimating kw

0 
is relative because Winkler's 

hypothesis with a constant value of the Winkler coefficient of 
subgrade reaction is a poor model of the behavior of an actual 
soil subgrade, a fact recognized for more than 50 years. This 
is illustrated using the two limiting cases of a flexible and rigid 
foundation as shown in Figure 2. For an actual subgrade, the 
resulting coefficient of subgrade reaction, k(x), is not uniform 
in either case. This is because of the mechanism of "load 
spreading," which is primarily the result of vertical shearing 
within the soil. Using the spring analogy, the springs in actual 
soil are not independent (as Winkler's hypothesis implies); 
they are coupled or linked together so that an applied load 
at one point produces settlement at many points. Conversely, 
the settlement at some point is influenced by applied loads 
at other points. 

There are many reasons why Winkler's hypothesis with a 
constant coefficient of subgrade reaction is still used exten­
sively in routine design practice despite its poor representation 
of actual subgrade behavior. Probably the most significant, 
practical reason (even in the current computer age) is that it 
allows the subgrade reaction, p(x), to be eliminated as a vari­
able in the problem solving. For example, the behavior of the 



24 

Foundation 

Subgrade 

Winkler's Hypothesis 
(constant coefficient 
of subgrade reaction) 

flexible IT 1 1 IT 
(p(x) unHorm) ~ i j ~ 

w(x) uniform 

Actual 

w(x) variable 

(load can be concentrated or distributed) 
rigid 

(w(x) uniform) 

p(x) uniform p(x) variable 

FIGURE 2 Comparison of subgrade response. 

base slab shown in Figure l(b) is given by 

d 4w(x) 
D~ + p(x) = q(x) (5) 

where D is the flexural stiffness of the slab (assumed con­
stant). Combining Equations 4 and 5 yields the behavior of 
the combined base slab and subgrade: 

(6) 

Thus the subgrade effects are easily accounted for in the stiff­
ness matrix of the base slab as the external, independent 
springs transverse to the slab (5). Commercially available 
structural analysis software that is used in practice can easily 
accommodate such a model. 

Although Winkler's hypothesis does produce an estimate 
of total and differential settlements, traditional practice is to 
"believe" only the moments calculated using this subgrade 
model. The calculated settlements are often ignored, which 
means that a separate analysis must be performed to estimate 
the expected settlements. This is based on recommendations 
by Terzaghi (3). 

New Methods of Analysis 

Pseudo-Coupled Concept 

In an effort to retain the accustomed mathematical and mod­
eling simplicity of Winkler's hypothesis with a constant coef­
ficient of subgrade reaction, yet provide results closer to real­
ity, "pseudo-coupled" subgrade models have been developed 
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relatively recently (5). Examination reveals that this is not a 
new type of subgrade model at all but simply a return to the 
general form of Winkler's hypothesis (Equation 3). The as­
sumption of a variable Winkler coefficient of subgrade re­
action mimics the effects of coupling of the soil springs without 
explicitly doing so mathematically. Therefore, existing soft­
ware can be used because the soil springs are still independent; 
they just vary in magnitude. 

Any number of variations in kw(x) might be assumed when 
the pseudo-coupled subgrade concept is used. As a result, 
several versions of this concept have been proposed to date. 
They can be grouped into two categories: 

• Generic variations that can be applied to any problem 
and 

• Problem-specific variations. 

The generic variations now in use assume an increase in kw(x) 
near the edges of the base slab. This comes from Figure 2 
where, for relatively simple loading, the coefficient of subgrade 
reaction will always increase at the edges of the foundation, 
regardless of the relative foundation-subgrade stiffness. The 
simplest suggestion is to double the traditional constant value 
of Winkler's coefficient of subgrade reaction, kw

0
, along the 

edges of the base slab (5). The basic value of kw
0 

would have 
to be determined using the methods discussed by Horvath 
(4). A somewhat more sophisticated version of this, which is 
discussed by Bowles (5), is to use a variation in the Winkler 
coefficient of subgrade reaction based on the theory of elasticity 
(usually the solution for a uniformly loaded flexible area). Typ­
ically, this produces a Winkler coefficient of subgrade reaction 
that is also about twice as large along the edges of the base slab 
than in the center, but with a gradual change in between. Again, 
the basic value at the center of the base slab to which this 
empirical variation would be applied would have to be de­
termined from the methods discussed by Horvath (4). 

Examples of the problem-specific category are provided by 
Liao (J) (a summary of key aspects are also provided by Liao 
[6]) and the Discrete Area Method (7). In these methods, 
both the magnitude and variation of kw(x) are predicted. Liao 
developed a solution for a variable Winkler coefficient of 
subgrade reaction that is based on a uniformly loaded slab of 
different relative stiffnesses and widths under plane-strain 
conditions and is supported on an isotropic, homogeneous 
linear-elastic continuum of finite thickness. He developed his 
solution specifically for analyzing tunnel base slabs. 

The Discrete Area Method is completely general in the 
type of foundation to which it can be applied, although it has 
been used primarily for building mat foundations. This method 
requires separate but parallel structural and geotechnical anal­
yses in which the foundation element (base slab, mat, etc.) 
and subgrade are divided into the same checkerboard of areas 
(discrete areas), using an arbitrary number and shape of areas. 
In the structural analysis, each arbitrary area of the foundation 
is supported on an independent spring of potentially different 
stiffness from the others. In the geotechnical analysis, an elas­
tic continuum is subjected to perfectly flexible loaded areas 
on its surface, with each load uniform but potentially different 
in magnitude. Spring stiffnesses (in the structural analysis) 
and applied surface loads (in the geotechnical analysis) of 
each discrete area are varied in an iterative, trial-and-error 
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process until the deformation patterns from the two analyses 
match within some acceptable difference. It is assumed that 
this match provides the unique solution to the problem. Thus 
the major difficulty inherent in the pseudo-coupled concept 
is overcome because the variable Winkler coefficient of subgrade 
reaction used in the structural analysis (a) is determined spe­
cifically and uniquely for a given problem by matching the 
patterns of one analysis to those of a separate, rigorous anal­
ysis of the subgrade and ( b) does not depend on some generic 
solution. Although the Discrete Area Method is perhaps the 
ultimate pseudo-coupled method and appears to give good 
results consistently for building mats (7), its inherent iterative, 
trial-and-error nature has discouraged its widespread use in 
practice. 

Although the pseudo-coupled concept appears to be the 
long-sought improvement to the traditional use of Winkler's 
hypothesis with a constant coefficient of subgrade reaction, 
the actual improvement in a given problem is subject to sig­
nificant variability that can be difficult to assess. The reason 
for the difficulty is that the degree of improvement depends 
on how closely the actual problem being analyzed matches 
the assumed problem that was used to develop the variation 
in the values of kw(x). Thus, the fundamental deficiency of 
the pseudo-coupled concept is that the correct answer must 
be known beforehand to be able to choose values of kw(x) 
that will result in calculating the correct answer. The reason 
for this circular logic is that the pseudo-coupled concept, which 
is just Winkler's hypothesis, does not incorporate soil-spring 
coupling inherently so it is incumbent on the engineer to input 
the coupling effects. Thus, the accuracy of results depends on 
how accurately the actual coupling effects can be estimated 
beforehand. 

Multiple-Parameter Models 

Because of the uncertainties inherent in the pseudo-coupled 
concept, there is a need for a subgrade model that incorpo­
rates spring coupling in the model's mathematics and is easy 
to implement and use in routine practice. Of all such models 
investigated, the most promising appear to be in the general 
category of multiple-parameter models. In addition to in­
cluding spring coupling, these models are attractive because 
they are surface-element (two-dimensional) models whose 
governing equations do not require explicit consideration of 
the subgrade depth. The depth effects are built into the de­
rivation of the equation defining the behavior of the subgrade 
model. A detailed discussion of multiple-parameter subgrade 
models identified to date is provided by Horvath (2). 

The most accurate multiple-parameter model that has been 
identified and studied in detail to date is the Reissner Sim­
plified Continuum (RSC) (8). Its governing equation is 

(7) 

where CR
1

, CR
2

, and CR
3 

are constants. Spring coupling comes 
from the terms involving the second derivatives of w(x) and 
p(x). Unfortunately, implementing this model into practice 
has been slow. The primary reason is that the solution requires 
consideration of subgrade boundary conditions that involve 
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the first derivatives of both w(x) and p(x). The structural 
analysis software now used in practice cannot accommodate 
the latter condition directly. Work is in progress to develop 
an indirect method for implementing the RSC subgrade model 
within the capabilities of existing software. As an interim 
improvement, a recent suggestion (9) is to use a multiple­
parameter model that is intermediate in accuracy between 
Winkler's hypothesis and the RSC. This model is usually re­
ferred to as Pasternak's hypothesis. Its governing equation is 

(8) 

where Cp
1 

and Cp
2 

are constants. Spring coupling comes from 
the term involving the second derivative of w(x). Of impor­
tance here is that not only is there no boundary condition 
involving the first derivative of p(x), but p(x) itself can be 
eliminated as a variable by combining Equations 5 and 8 so 
that the behavior of the combined base slab and Pasternak 
subgrade is defined by 

D d4w(x) - C d2w(x) + C (x) = q(x) 
dx4 P2 dx2 P1 W (9) 

This is recognized as the equation defining the behavior of a 
beam-column with constant column tension of magnitude 
Cp

2 
supported on independent vertical springs of stiffness 

Cp
1

• Therefore, the combined model of the base slab plus 
Pasternak subgrade will be referred to as the "beam-column 
analogy." The spring coupling inherent in Pasternak's hy­
pothesis can be visualized as a pseudo-column tension that, 
from a structural-behavior perspective, effectively 'increases 
the base-slab stiffness. Most important, the modeling sim­
plicity of a foundation supported on independent springs is 
preserved. Because structural-analysis software can model a 
spring-supported beam-column under constant tension, im­
plementing the beam-column analogy into practice is simple. 
General recommendations for evaluating the coefficients 
Cp

1 
and Cp

2 
are presented in detail by Horvath (9). An ex­

ample is included in this paper. 

True Continua 

Two categories of subgrade models are more accurate than 
multiple-parameter models. The first is boundary-element so­
lutions of an elastic continuum in which the subsurface con­
ditions are not modeled explicitly. The depth effects are built 
into a two-dimensional equation applicable only over the 
surface of the continuum. This is identical conceptually 
to the multiple-parameter surface-element models discussed 
previously, but the boundary-element method is more 
accurate because it involves more rigorous (and complex) 
mathematics. 

The other category is explicit modeling of the continuum 
depth. As summarized by Horvath (8), closed-form elastic 
solutions have very limited use because of the large number 
of variables involved; therefore true continuum modeling is 
generally limited to using the finite-element method. In this 
case, a variety of soil models might be used, including linear­
elastic and hyperbolic stress-strain models. Because of the 
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effort involved in developing and debugging finite-element 
meshes, using this method, although perhaps offering the clos­
est analytical match to reality, is generally impractical on a 
routine basis. 

CASE HISTORY: BACKGROUND DATA 

Introduction 

A goal of this paper is to illustrate the accuracy of various 
types of subgrade models using a case history. Because of the 
dearth of suitable published data for cut-and-cover tunnels, 
the case history used in this paper involves a mat foundation 
for a building. However, the geometric and physical condi­
tions for this mat are almost identical to those of a typical 
tunnel section, including the application of an uplift water 
pressure on the base s1ab. Consequently, use of this case 
history is relevant to cut-and-cover tunnels. -

The building is the Whitaker Laboratory, which was con­
structed at the Massachusetts Institute of Technology campus 
in Cambridge, Massachusetts, in the 1960s. A detailed com­
pilation of relevant structural and geotechnical data and ob­
served- settlements was published previously by DeSimone 
and Gould (JO). 

Structural Analyses and Properties 

The Whitaker Laboratory mat is significantly longer than it 
is wide and orders of magnitude stiffer at foundation level in 
the longitudinal direction compared with the transverse di­
rection. As a result, mat flexure was essentially limited to the 
transverse direction, which is identical to the behavior of a 
typical tunnel base slab. This restriction was taken advantage 
of in the current study by performing only a plane-strain anal­
ysis in the transverse direction. This also simplifies the pres­
entation of results and the assessment of the accuracy of the 
subgrade models considered. 

® 
445 kN-m/m (100 k-ft/ft) 
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A transverse section through the Whitaker Laboratory mat 
is shown in Figure 3. It is 1.14 m (3.75 ft) thick. Note the 
great physical similarity to a center-wall box tunnel. Also 
shown are the service loads from an analysis of the super­
structure frame neglecting any differential settlement. The 
moment loading along the exterior below-grade walls, which 
coincide with Column Lines A and C, is the result of the 
lateral earth and water pressures on these walls. Not shown 
is the 292-kN/m (20-kip/ft) axial compressive force per unit 
width on the mat from these loads. The flexural stiffness of 
the mat alone in the transverse direction was given as 2.58 
x 106 kN-m2/m (1.9 x 106 kip-ft2/ft). The superstructure 
stiffness, using the simple additive method discussed by the 
American Concrete Institute (11), was 2.31 x 105 kN-m2/m 
(1.7 x 105 kip-ft2/ft). Note that the mat is relatively much 
stiffer than the superstructure. Because the settlement data 
used to compare actual and calculated mat behavior were 
obtained about 6Y2 years after the superstructure was poured, 
one-third of these stiffness values was used to account for 
assumed time-dependent effects on the Young's modulus of 
the concrete. Cracked-section behavior of the mat was con­
sidered and modeled using Branson's equation. The cracking 
moment for this mat was estimated to be 667 kN-m/m (150 
kip-ft/ft) . 

Subsurface Conditions and Subgrade Model 
Parameters 

The key soil parameter in tunnel base slab analysis is generally 
the compressibility (Young's modulus). Below the foundation 
level for this mat there is approximately 21 m (70 ft) of Boston 
blue clay. This is underlain by glacial outwash sands and till 
that were assumed to act as a rigid base. When dealing with 
a fine-grained soil (i.e., clay) as at this site, there are two 
limiting cases of soil behavior: the immediate (undrained) 
condition and the long-term (drained) condition. Only the 
drained condition was studied because the most complete 
settlement data published were for a time well after primary 
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FIGURE 3 MIT Whitaker Laboratory-Transverse section through mat foundation. 
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consolidation was complete. This is not necessarily the more 
critical condition in terms of bending moments in the mat. 

The procedure followed to arrive at a value of Young's 
modulus of the soil is detailed by Horvath (12). The equivalent 
average drained Young's modulus was calculated to be 38 
MPa (800 ksf). The drained Poisson's ratio was assumed to 
be 0.25. The shear modulus was calculated to be 15 MPa (320 
ksf). Using these elastic parameters, the coefficients for the 
various subgrade models compared in this study were calcu­
lated as follows: 

• Winkler's hypothesis/constant coefficient of subgrade re­
action. The Winkler-type simplified continuum has been found 
to be the most consistent method for calculating a constant 
value of Winkler's coefficient of subgrade reaction, kw

0 
(4). 

Horvath (13) derived the following equation for an isotropic, 
homogeneous layer: 

(10) 

where Es is the Young's modulus of the layer [38 MPa (800 
ksf)] and His the layer thickness [21.3 m (70 ft)]. 

• Winkler's hypothesis/variable coefficient of subgrade re­
action (pseudo-coupled concept) using generic solution. The 
simplest generic pseudo-coupled solution is to use the value 
from Equation 10 everywhere except to double its value along 
the edges of the base slab. 

• Winkler's hypothesis/variable coefficient of subgrade re­
action using Liao's method. Liao's results provide a uniform 
value for kw(x) within the middle 60 percent of the foundation, 
with increasing values of kw(w) between there and the edges 
of the base slab. The elastic parameters and problem geometry 
were used to estimate the appropriate values from charts and 
tables by Liao (1); 

• Beam-column analogy. As discussed by Horvath (2), there 
are at least five different ways to interpret the coefficients in 
Equation 8, which defines the behavior of this model. Of 
these, the Pasternak-Type Simplified Continuum appears to 
be the most logical. Horvath (14) derived the following for 
an isotropic, homogeneous layer: 

(11) 

(12) 

Equation 11 is identical to Equation 10 and represents the 
compression (spring) component of the subgrade. Equation 
12 represents the shear (spring coupling) component, which 
is visualized as a fictitious tensile column force. 

• Reissner Simplified Continuum. Horvath (8) derived the 
following for an isotropic, homogeneous layer: 

(13) 

(14) 
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(15) 

Equation 14 is identical to Equations 10 and 11 and represents 
the compression component of the subgrade. Equations 13 
and 15 represent the shear effects (Equation 15 is a pseudo 
beam-tension similar to Equation 12). 

PRESENTATION AND DISCUSSION OF RESULTS 

Introduction 

For all parameters studied, it was found that using a constant 
Winkler coefficient of subgrade reaction and the simplest var­
iable Winkler (pseudo-coupled) analysis where the coefficient 
of subgrade reaction was simply doubled along the edges pro­
duced nearly identical results. Consequently, the results for 
the latter analysis have been omitted from figures for clarity. 
In all figures, the results labeled "Winkler/variable" are those 
for Liao's pseudo-coupled solution. 

Settlements 

The comparison of calculated with average observed settle­
ments is shown in Figure 4. The mat exhibited a slight overall 
dishing, although it was relatively stiff, even in the transverse 
direction, and exhibited only modest differential settlement. 
The RSC model provided good agreement with observed be­
havior and the best of all models considered. The results from 
Liao's pseudo-coupled solution were also good. The results 
from the beam-column analogy (Pasternak sub grade) and us­
ing a constant Winkler coefficient of subgrade reaction were 
similar and compared less well with observed behavior. 

Bending Moments 

The comparison of calculated moments is shown in Figure 5. 
Also included here are the results for the traditional method 
of assuming a rigid mat. Because of the known theoretical 
accuracy of the RSC model and the good comparison of ob­
served settlements with values calculated using the RSC model, 
the RSC results were assumed to be correct for relative com­
parisons. As is typical, the relative range in calculated mo­
ments is less than that in settlements. Of particular note is 
the excellent agreement between the RSC and Liao methods 
as well as the significant underestimation of positive moments 
near the center using the rigid method. It is of interest to note 
that the theoretical cracking moment [667 kN-m/m (150 k-ft/ 
ft)] would be exceeded only near the center of the mat. 

Coefficient of Subgrade Reaction 

As defined in Equation 1, the coefficient of subgrade reaction, 
k(x), is the ratio of sub grade reaction to settlement. It is an 
observed result. However, using a subgrade model as simple 
as Winkler's hypothesis (with either a constant or variable 
Winkler coefficient of subgrade reaction) requires knowing 
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the k(x) input beforehand. Therefore, one way to evaluate 
the accuracy of analyses performed using Winkler's hypoth­
esis is to compare both the magnitude and variation of that 
assumed with the actual. Because contact stresses were not 
measured for this mat, the actual value is unknown. However, 
the value calculated using the RSC model was considered to 
be correct. Because the RSC model inherently incorporates 
spring coupling, the coefficient of subgrade reaction does not 
have to be assumed beforehand when using this subgrade 
model. 

The comparison is shown in Figure 6. The generally good 
agreement between the values assumed in Liao's pseudo­
coupled method and the RSC model explain why Liao's method 
produced good estimates of settlements and moments as shown 
previously. Similarly, the fact that the "actual" (RSC model) 
coefficient of subgrade reaction is not constant (nor does sim­
ply doubling the edge values provide significant improvement) 
explains why the traditional use of Winkler's hypothesis with 
a constant coefficient of subgrade reaction (or simply doubling 
the edge values) does not provide as good an estimate of 
settlement and moments. 

CONCLUSIONS 

Although only one case history was illustrated, the results are 
consistent with theoretical work (8); parametric studies in­
volving foundation elements of numerous combinations of 
thickness, loading, and subgrade stiffness (8); and other case 
histories (12 ,15). Therefore, the following conclusions with 
respect to subgrade models are based on a collective evalu­
ation of all work and not just the one case history: 

• The Conventional Method of Static Equilibrium, which 
implies a perfectly rigid base slab, provides poor approxi-
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' mation of observed behavior. Virtually all base slabs exhibit 
some flexibility relative to the subgrade. Because moments 
of both signs will occur in base slabs, moments calculated 
assuming mat rigidity can be unconservatively in error in at 
least one sign. 

• Using Winkler's hypothesis with a constant coefficient of 
sub grade reaction does not produce accurate estimates of both 
moments and settlements from a single value of Winkler's 
coefficient of subgrade reaction. 

• The accuracy of results from using a variable Winkler 
coefficient of subgrade reaction (pseudo-coupled concept) are 
variable. The simplest approach of doubling the otherwise­
constant value of kw

0 
along the edges of the mat produced 

very little difference compared to using Winkler's hypothesis 
with a constant value for kwo· On the other hand, Liao's method 
produced results that agreed very well with the observed be­
havior and those calculated using the RSC subgrade model. 

•The accuracy of results from Winkler's hypothesis is, in 
general, directly related to how well the assumed magnitude 
and variation of Winkler's coefficient of subgrade reaction 
matches the actual. 

• The. accuracy of results of the recently suggested beam­
column analogy (which incorporates the Pasternak subgrade 
model) is also variable. In the case history shown, the results 
were only slightly better than those using Winkler's hypothesis 
with a constant coefficient of subgrade reaction. For other 
case histories (9), the improvement was considerably better. 
Based on work performed to date, the degree of improvement 
offered by the beam-column analogy appears to depend on 
the stiffness of the foundation relative to the subgrade. This 
is because the spring coupling represented by the pseudo col­
umn tension simply adds to the flexural stiffness of the foun­
dation element. If, as with the case history in this paper, the 
foundation is already quite stiff, the improvement will be 
modest. For cases where the foundation element is relatively 
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more flexible (either a thinner element, stiffer subgrade, or 
both), the improvement would be greater. 

• Of the subgrade models considered, the RSC provided the 
best agreement between observed and calculated settlements. 

RECOMMENDATIONS 

Subgrade Models 

As with the above conclusions, the following recommenda­
tions are based on work in addition to the results presented 
in this paper. The overall recommendation is that· a single 
subgrade model is used to calculate all parameters of interest 
in the design of a cut-and-cover tunnel (moments, settlements, 
etc.). Within this context, the following specific recommen­
dations are made: 

•Use of the Conventional Method of Static Equilibrium 
("rigid method") should be discontinued. 

•Use of the traditional form of Winkler's hypothesis 
with a constant coefficient of subgrade reaction should be 
discontinued. 

• The general form of Winkler's hypothesis with a variable 
coefficient of subgrade reaction (the pseudo-coupled concept) 
can produce acceptable results provided that the reference 
analysis used to produce the values of kw(x) matches the prob­
lem of interest in terms of geometry, loading, and foundation 
stiffness. Thus the simple methods of doubling the Winkler 
coefficient of subgrade reaction at the edges or using a generic 
variation based on an elastic solution should not be used. 
Liao's method appears to be quite promising, and it is ex­
pected that the charts and tables provided by Liao (J) will be 
published soon so that designers of cut-and-cover tunnels will 
have access to this useful method [Liao has provided limited 
plots ( 6)]. The Discrete Area Method consistently produces 
good results, but it appears to be too cumbersome for routine 
practice, especially on smaller projects. This will likely con­
tinue to limit its use to those who are familiar and comfortable 
with the method. 

• As an interim general-purpose method, the beam-column 
analogy should be used because it incorporates the Pasternak 
multiple-parameter subgrade model, which is fundamentally 
more accurate than Winkler's hypothesis. However, a bound­
ary condition involving w'(x) [the first derivative of w(x)] at 
the edges of the base slab must be dealt with. This issue is 
discussed by Horvath (9). Based on a limited study of this 
model to date, it is recommended that the continuity of w'(x) 
be assumed. This can be achieved by specifying a zero-column­
tension boundary condition at the edges of the base slab. It 
is also recommended that zero-horizontal-deformation 
boundary conditions be imposed at each edge of the base 
slab. This is to prevent calculation of fictitious horizontal 
deformations of the mat of a very large magnitude. 

• Recommendations 3 and 4 should be considered only 
interim measures until such time that consistently more ac­
curate subgrade models, such as the Reissner Simplified 
Continuum, can be implemented using structural analysis soft­
ware that is available to practicing engineers. As stated pre­
viously, methods for accomplishing this are already under 
development. 
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• On large projects, at least one comprehensive model of 
the en_!ire structure and subgrade should be developed and 
analyzed using a finite-element program such as, SOIL­
STRUCT (14), which can model all stages of excavation, con­
struction, and loading. The results from such an analysis, if 
conducted in the beginning of the project and, ideally, in 
conjunction with an instrumented test section, can be used to 
calibrate simpler models for project-specific conditions. 

It is important to note that all of the recommended methods 
require knowledge of Young's modulus for the subgrade ma­
terials as well as the depth to an effective "rigid base" beneath 
the tunnel. Because there is considerable judgment involved 
in determining both parameters, any problem in practice will 
require studying the sensitivity of the calculated results to 
some reasonable range in both parameters. In addition, the 
final structur~l design should be based on an evaluation of . 
the range in calculated bending moments. 

Structural Analysis 

Although this paper has focused on subgrade models, other 
structural aspects that should be considered include the 
following: 

• The well-known behavioral aspects of the tunnel con­
crete, such as modulus reduction, with time and cracked sec­
tion behavior; 

• Seasonal temperature variations of tunnel roofs that can 
cause lateral expansion of the roof and increased lateral earth 
pressures on the side walls. As a result, this will influence the 
loading on the base slab (15). Geothermal analyses should be 
performed to evaluate the thermal variation to determine 
whether they are significant (16). If they are, as an alternative 
to designing a heavier tunnel section to withstand the higher 
stresses, an economic evaluation of more-modern design strat­
egies should be performed. Specifically, a newly-identified 
geosynthetic product, "geofoam," could be used to provide 
several functions (17). For example, geofoam could be used 
above the tunnel roof as thermal insulation or along the exterior 
side walls to cushion the effects of expansion and contraction. 

•The use of "thick" elements (in which the effect of shear 
on flexural stiffness is considered) for modeling the founda­
tion element versus the usual "thin" elements based on simple 
beam theory (Horvilleur and Patel, unpublished data). The 
conclusion of these studies suggest that shear effects are sig­
nificant in some cases. Therefore, it would appear to be pru­
dent to always model a base slab using thick elements if the 
analysis software used has this capability. 
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