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Motivation
• Started as a prototyping experiment for application on large scale 

networks with noisy count data and possible use in persistently 
updated real time models

• Exploring the least squares formulation and the gradient method for 
solution quality and performance

• Making the open source prototype available in public domain may 
help demystify the ODME black box and encourage…
“proper and responsible application of ODME” –ref: 

http://tfresource.org/Destination_Choice:_Data_Sources

http://tfresource.org/Destination_Choice:_Data_Sources


Formulation
Broadly, two well known formulations for ODME problem (problem is 
underspecified):

• Maximum entropy via ME2 etc. [Willumsen (1978)]
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Solution Algorithm

Gradient descent in general… 

𝑋𝑋𝑘𝑘+1 = 𝑋𝑋𝑘𝑘 − 𝜆𝜆𝑘𝑘∇𝑜𝑜|𝑥𝑥𝑘𝑘
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Where,
𝑋𝑋𝑘𝑘 = initial solution or solution at iteration k
𝑋𝑋𝑘𝑘+1 = updated solution at iteration k+1
∇𝑜𝑜|𝑥𝑥𝑘𝑘= 𝑔𝑔𝑡𝑡𝑎𝑎𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑐𝑐 (𝑜𝑜𝑚𝑚𝑡𝑡𝑡𝑡𝑐𝑐 𝑐𝑐𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡 𝑝𝑝𝑎𝑎𝑡𝑡𝑐𝑐𝑚𝑚𝑎𝑎𝑙𝑙 𝑖𝑖𝑡𝑡𝑚𝑚𝑑𝑑𝑎𝑎𝑐𝑐𝑚𝑚𝑑𝑑𝑖𝑖) 𝑑𝑑𝑎𝑎𝑙𝑙𝑐𝑐𝑖𝑖 𝑎𝑎𝑐𝑐 𝑖𝑖𝑘𝑘
𝜆𝜆𝑘𝑘 = 𝑡𝑡𝑐𝑐𝑚𝑚𝑐𝑐𝑎𝑎𝑏𝑏𝑙𝑙𝑖𝑖 𝑡𝑡𝑐𝑐𝑖𝑖𝑝𝑝 𝑡𝑡𝑚𝑚𝑠𝑠𝑖𝑖

Numerous applications 
including Machine 
Learning etc…



Application to ODME

OZONE DZONE PATH INDEX PATHFLOW

1 3 1 148

1 3 2 102

2 3 1 210

2 3 2 145

Path Flows

OD PAIRS

1 -> 3 2 -> 3

LINKS 2 0.407 0.407

5 0.593 0.593

OD PAIR TRIPS
1 -> 3 250
2 -> 3 355

OD Flows

Assignment...

LINK 2

LINK 5

Flow Proportion Matrix



Application to ODME – Link Flow Evaluation

LINKS

2 5

OD PAIR 1 -> 3 0.407 0.593

2 -> 3 0.407 0.593

OD Flows

LINK 2

LINK 5

Flow Proportion Matrix

OD PAIR 1 -> 3 2 -> 3
TRIPS 250 355

L2 = 250*0.407 + 355*0.407 = 246

L5 = 250*0.593 + 355*0.593 = 359

Link Flows



Application to ODME – Gradient Evaluation

LINKS

2 5

OD PAIR 1 -> 3 0.407 0.593

2 -> 3 0.407 0.593

Error (Va – Ca)Flow Proportion Matrix

LINKS 2 5
ERROR e1 e2

Gradient …. 



Application to ODME – Step Length

LINKS

2 5

OD PAIR 1 -> 3 0.407 0.593

2 -> 3 0.407 0.593

OD FlowsFlow Proportion Matrix

OD FLOW 1->3 2->3
ERROR 250 355

Evaluate Gradient Value at OD flow… 

Final Step Length by Projection of Gradient… 
{ref: Spiess (1990)}



Matrix Sparsity 
Matrices for implementation of Gradient Method can be huge, 
including the prior / seed matrix in the objective function can make it 
even larger… 
Fortunately, the Flow Matrix is very sparse i.e. lots of zero cells! 

Network Zones Counts Total Array Cells Percent Non-Zero Cells

Newport 160 128 417,176,529 0.043%

Winnipeg 1136 4424 1,594,355,889,456 0.003%

Tokyo 3406 3380 3,118,216,303,004 0.001%



Results from Real World 
Seed Adjusted

Network Zones Counts R2 %RMSE R2 %RMSE

Winnipeg 1136 4493 0.88 38% 0.94 25%
Tokyo 3406 3380 0.77 35% 0.89 24%



Results – Quality and Run Time

Entropy
Formulation Newport Winnipeg

Entropy max w OD constraint (Bell) -12974.58 -355398.47

Least Squares w OD constraint -6989.18 -59786.55

Run Time

Formulation and Solution Method Winnipeg Tokyo

Entropy max w OD constraint (Bell) - Newton Raphson 76min 24s 52min 11s

Least Squares w OD constraint - Gradient Descent 1min 38s 3min

Entropy…

Run Time…



Finally
• Where is the code: 
https://github.com/joshchea/python-tdm/blob/master/scripts/MatEstimateGradient.py

• Credits:
Klaus Noekel – adult supervision 
Sergio Grosso – providing test networks and feedback 
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