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Using a matrix formulation the authors have extended a tech
nique first formulated by Thomson (19) which greatly simplifies 
the problem of determining the distribution of stress in a strat
ified semi-infinite elastic medium under the compressive ac
tion of a rigid body. This problem, first presented for an un
stratified medium by Boussinesq and generalized to layered 
systems by Burmister, becomes extremely cumbersome al
gebraically when more than one layer resting on a semi-infinite 
elastic solid is considered. The simplification proposed in 
the paper provides a ready solution of the boundary condition 
problem. 

A computer program in Fortran IV (IBM 7094) has been 
written for the numerical calculation of stresses, strains and 
displacements at any point in an ideally elastic multilayer road 
system, induced by one or more vertical axisymmetric sur
face loads uniformly distributed over circular areas. 

The calculation of the stress distribution with this program 
has proved to be effective and accurate, irrespective of the 
number of layers. 

•THE GENERAL analysis of stresses, strains and displacements in multi-layer sys
tems of linear elastic or linear viscoelastic media, has been the subject of many thorough 
and well-known studies (1-11). 

Because of the conside rable amount of algebra involved, a numerical evaluation of 
these stresses, strains and displacements has in most cases only been made for one 
or two-layer systems. There are some published papers, giving numerical values of 
stresses and strains in three or four-layer systems; but either the calculations were 
made for a limited number of particular points, or Poisson's ratio was taken to be equal 
to O. 5. 

By a more formal mathematical setup of the problem, we succeeded in simplifying 
the equations involved, which so far were thought to be too complicated to handle. With 
the help of the new setup a computer program has been written. This program makes 
it possible to calculate stresses, strains and displacements at any desired point in 
systems consisting of any number of layers and having arbitrary elastic constants. Re
sults have already been used in a number of road design studies (12-15). 

The system can be subjected over a circular ar ea of the free upper surface to a uni 
formly distributed normal stress. Using Hankel transform theory, the stresses, strains 
and displacements in each layer are found to be given in integral form (16, 17, 18 ). The 
integrand depends on four "integration constants." As they are functions of the transform 
parameter, they will be called the characterizing functions of the layer. These char
acterizing functions can be solved from the boundary conditions, the load situation at 
the surface, the requirement that the stresses and strains at infinite depth must be 
finite, and the continuity conditions for stresses and displacements at the interfaces be
tween two successive layers. 

Regarding the nature of this interfacial contact, two realistic situations are con -
sidered: (a) the adjacent layers are bonded together so that no slip occurs (rough in
terfaces), or (b) the interface is perfectly smooth and the two surfaces in contact are 
free from shear stress. 
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There are two methods to solve the characterizing functions. In the first, all the 
relations between the characterizing functions following from the boundary conditions 
are assembled in one matrix. This matrix is subsequently inversed. In the second, 
the relations between the characterizing functions of adjacent layers given by the con
tinuity relations of stresses and strains at the interfaces are used to derive recurrence 
formulas for the characterizing functions. When applied in a computer program for nu
merical evaluation of stresses, strains and displacements, this second method proved 
to be much faster and more accurate than the first. 

For highway engineering, it can be valuable to have an estimate of the stress and 
strain tensors under the simultaneous action of more than one uniform circular load. 
A subroutine gives these total stresses and strains under several loads, as well as the 
principal values and directions of the stress and strain tensors. 

On the basis of the analysis represented in this paper, a computer program has been 
written for numerical calculation of stresses, strains and displacements. 1 Its des
cription, some numerical computation aspects and the input and output schemes are 
given in Appendixes VII and VIII. 

GENERAL THEORY 

Assuming that there are no body forces or couples present and neglecting inertia 
forces, the equilibrium equation for the stresses is 

div a= 0 (1) 

Here, a represents the stress tensor. With Hooke's law for an isotropic ideally elastic 
material, and considering stresses and strains small enough to be described in an in
finitesimal elastic theory, this equilibrium equation can be expressed in terms of the 
displacement vector field~ (r, z) by 

- 1 -
Au + ~ grad div u = 0 (2) 

The symbolµ, is Poisson's ratio and A represents the Laplace operator. 
As a consequence of the circular symmetry of the problem the tangential component, 

u9, of the displacement vector field is zero. The radial and vertical components can 
be represented as derivatives of a stress function cf> (r, z) by 

u z 
2 (1 - µ

2
) A.cf> -~ o2 ~ 

E E 2 oZ 
(3) 

It can be shown that the stress function <fl is a biharmonic function satisfying the partial 
differential equation 

2 -( o
2 

1 0 o
2 

)

2 

A ~ (r, z) = - + r r + -- ~ (r, z) = 0 
o r 2 0 o z2 

With the aid of the Hankel transform of the stress function, defined by 

1This computer program and other appendixes are avai I able at cost of reproduction and hand ling. 
Refer to XS-15, Highway Research Record 228. 

(4) 
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Figure 1. Stresses in a multi-layer system. 
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(5) 

where Jo (tr) denotes the Bessel function of the first kind and of zero order, Eq. 4 be
comes an ordinary differential equation in the Hankel transform of the stress function: 

--(2 (JI! [cl>}=O ( d2 )2 
dz2 o 

(6) 

The general solution of Eq. 6 is 

(7) 

The "integration constants" A ( €), B ( t), C ( €) and D ( () depend on the Hankel trans
form parameter €and the elastic parameters of the material, Young's modulus E and 
Poisson's ratio µ. They are called the characterizing functions of the material and can 
be solved from the boundary conditions. 

For a system of N layers (Fig. 1) of different homogeneous ideally elastic materials, 
each layer being of uniform thickness and infinite dimensions in all horizontal directions, 
stratified vertically over the semi-infinite last one, one introduces for each layer n the 
stress function ~n (r, z). The Hankel transform of these stress functions is again given 
in terms of four characterizing functions An ( (), Bn ( ~), Cn ( ~) and Dn ( (). The subscript 
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gives the number of the layer n in which 4>n and the characterizing functions are 
defined. 

In total, there are 4 N unknown characterizing functions, to be solved from 4N bound
ary conditions. 

If the N-layer system, bounded by the surface z = 0, with the z-axis pointing ver
tically into the system, is uniformly loaded over a circular area (radius a) with normal 
load stress - P, then the first two boundary conditions, giving the load situation, are 

Cl' zz =-P 0 ~ r ~a, z = 0 (8) 

= 0 r >a, z = 0 (9) 

T = 0 O~r;:: oo , z = 0 (10) 
rz 

The situation at the N -1 interfaces between the N layers gives rise to 4 (N -1) bound
ary conditions. It is assumed that the layers remain in contact and that the vertical 
stress and vertical displacement are continuous at these interfaces. Two further real
istic assumptions about this interfacial contact can be made. Either the adjacent layers 
are bonded and no slip occurs at the interfaces (rough interface), so that shear stress 
and radial displacement are continuous, or the layers can slip over each other without 
any shear stress (smooth interface). In the latter case, the shear stresses on both 
sides of the interface are zero. Expressed in mathematical form these conditions 
become 

n n + 1 
n a zz = n CJ zz (11) 

n n + 1 u u 
n z n z 

(12) 

n n + 1 
T T rz n rz n 

(13) 

and 
n n + 1 u = u 
n r n r (rough interface) (14) 

or 

(smooth interface) (15) 

Super- and sub-prefixes refer to the layer number and the interface number in the sys
tem, respectively. Surfaces and layers are numbered from the top surface (zero inter
face) downwards. 

The two last boundary conditions result from the requirement that the displacements, 
stresses and strains are finite at infinite depth. From Eq. 7, the two characterizing 
functions AN ( ~) and CN ( ~) of the base layer N must be equal to zero. 

(16) 

In Appendix I it is shown how the stresses in an isotropic ideally elastic material can 
be expressed, with the aid of Hooke's law in terms of partial derivatives of the dis
placement field ii (r, z), and consequently in terms of the Hankel transformed stress 
function 'iJt 0 ( 4> (r, z) } or the characterizing functions A(~), and B( ~), C ( t) and D (t). 
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The continuity relations (Eqs. 11-14) for a rough interface lead to four linear rela
tions between the characterizing functions of the layers on both sides of each interface. 
In Appendix II, it is shown how the characterizing functions of each layer can then be 
given as a linear combination of the characterizing functions of one of the adjacent 
layers. First a change of variables is applied: 

a~=X 

r= aR 

z= aZ 

h = aH 
n n 

~ 4 A (~)=-aPS (x)J1(x) n n 

~ 4 B (~) = -aP T (x) Ji (x) 
n n 

~ 3 C ( O = - a P U (x) Ji(x) 
n n 

~ 3 D (0=-aPV (x)J1(x) n n 

1 + µ 
K = n 

n 1 + u 1 · n+ 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

Her e hn r epres ents the depth of the nth layer. Denoting the transformed character 
izing fu_nc tions Sn (x), Tn (x), Un (x) and Vn (x) as the components of a characteristic 
vector Sn (x), we can wr ite 

S (x) = n + 1 R S (x) 
n n n+l 

(26) 

Here n ~ 1 R represents a 4 x 4 matrix giving the relation between the characteristic 

vectors of the layers on both sides of the interface. The elements of this matrix depend 
only on the elastic parameters of the layers, the depth of the interface in consider ation 
and the reduced dimensionless Hankel transform parameter x. By repeated use of Eq. 
26, the characteristic vectors for all layers can be expressed in terms of the charac
teristic vector of the base layer: 

and especially 

- n+l N - ( 
Sn (x) = n R ... N _ l R SN x) 

- 2 N - - () Si (x) = l R . . . N _ l R SN (x) = RN SN x 

(27) 

(28) 

The matrix RN is the product matrix of all the (N - 1) matrices n + 
1 R, where n = 1, n 

... ' N - 1. 
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Finally, the boundary conditions at the top surface give two relations between the 
characterizing functions of the top layer, which by means of Eq. 28 are expressed in 
the two non-vanishing characterizing functions of the base layer. With the aid of these 
relations, the characterizing functions of the base layer can be solved. Representing 
these boundary conditions at the top surface again in the dyadic form, 

(29) 

where A0 is a 2 x 4 matrix and Bo is a two-dimensional vector (see Appendix II), a re
currence formula for the characteristic vectors of the layers in a system with only 
rough interfaces follows: 

(30) 

In the more general case, where some layers can slip along each other without any 
shear stress and others make a rough contact, the recurrence formula for the charac
teristic vectors is somewhat more complicated. In Appendix III this general recurrence 
formula is derived. 

For large values of the reduced Hankel transform parameter x, Eq. 30 for the char
acteristic vector of each layer can be simplified. This is demonstrated in Appendixes 
IV and v. 

The characterizing functions being solved, the displacement field u (r, e) is calcu
lated by back transformation of the transformed stress function and subsequent differ
entiation according to Eqs. 2 and 3. 

cI>(r, z) = f ~ ;;t
0 

( cI>(r, z)} J
0 
(~r)d~ 

0 

(31) 

The stress function, the displacement field u (r, z), the stresses and strains are thus 
given in integral form (Eq. 31 and Appendix I). It is not possible to evaluate these in
tegrals analytically, but a computer program has been written for numerical evaluation 
(see Appendix VII). 

To minimize the computer work, the components of the stress and strain tensors and 
those of the displacement field u (r, z) are given as linear combinations of five funda-
mental integrals: ( ) 

- Ra 1 + µ 
ur (r, z) = n Int (4) (32) 

En 

< rr 

u 
-a(l+un) 

z 
(r, z) = 

En 
Int (3) 

1 + µ. 
= + 

( 
zz 

E n 

2 (1 - µn2) n [ Int ( 1) + Int ( 4) ] - Int (2) 
E n 

1 + µ 
< = - __ n Int (4) 

ee En 

1 + µ.n 2µn ( 1 + µn) 
~Int (1) + E n Int (2) 

(33) 

(34) 

(35) 

(36) 
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1 + µ n 
€ =---Int (5) 

rz En 

cr rr = + Int (1) - 2 Int (2) +Int (4) 

a = - Int (1) zz 

cr
9 

= - Int (4) - 2µ Int (2) e n 

T = - Int (5) rz 

(37) 

(38) 

(39) 

(40) 

(41) 

where the fundamental integrals are defined as 

00 

Int (1) =Pf [{-Sn+ ( 1 - 2µn - xz)un}exz 

0 

+{Tn+(l-2µn+xz)vn}e-xz] J
0

(xR)J1(x)dx (42) 

00 

Int (2) =Pf [ Unexz + Vne-xz] J
0 

(xR) J1 (x) dx 

0 

00 

Int (3) = Pf [ {- Sn + ( 2_ - 4 u n - x z) Un} ex Z 

0 

( 43) 

+{-Tn+ (-2+4µn-xz)vn}e-xz]Jo(xR~Ji(x) dx (44) 

00 

Int ( 4) = Pf [ {Sn + ( 1 + x Z) Un} ex Z + {- T n + ( 1 - x Z) V n } e - x Z J J 1 (x ~kJ 1 (x) dx 

0 
(45) 

00 

Int (5)= Pf [ {Sn+ (2 "n +xz) Un iexz + {Tn + (- 2 Un +x z)v n} e-xz ]J1 {xR)Ji(x) dx 

0 
(46) 

J1 (xR) and J 0 (x) are Bessel functions of the first kind and of first and zero order, 
respectivelv. 
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Given the actual conditions encountered in practice, it is sometimes of interest to 
know the sum of stresses, strains and displacements under the simultaneous action of 
more than one uniform circular load. The differential eq_uation for the stress function 
is linear, while the boundary conditions at the top surface are additive. The tensors 
of the total stress and the total strain, as well as the vector for total displacement can 
then be obtained as the tensor sum and the vector sum of the stresses, strains and dis
placements calculated under the separate action of each uniform load. But the tensors 
and vectors have first to be represented in one common coordinate system, for which 
a Cartesian coordinate system is chosen. 

Let the position vector from the origin of the common frame to each center of load 
be given by 

A. = i A . +]A . 1 x, 1 y, 1 
(47) 

The transformation of the representation of the tensors and vectors in the local cylinder 
coordinates (r, 9, z) of the load Pi to the common Cartesian frame (x, y, z), is gov
erned by the transformation laws (see also Appendix VI) : 

T cr
1
. (x, y, z) = F. a . (r, 9, z) F 

1 1 

T 
£

1
. (x, y, z) = F. £. (r, 9, z) F 

1 1 

- ( T -u. x, y, z) = F. u. (r, 9, z) 1 1 1 

(48) 

(49) 

(50) 

The suffix i denotes the stresses, strains and displacements induced by the separate 
load Pi. The transformation matrix Fi is given by 

x-A y - A . 
x, i l •l 0 

r. r. 
1 1 

- y +A . x - A . 
II F. II y,1 x, 1 0 (51) 

1 r . r. 1 1 

0 0 1 

The matrix is the transposed matrix of Fi, and r i is given by 

r . =~(x-A ·)
2

+(y-A · )
2 

1 x, 1 y, 1 

The total stress and strain tensors and the total displacement vector are, respectively, 

cr t t (x, y, z) = E a . (x, y, z) 
0 i 1 

(52) 
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E: tot (x, y' z) = ~ E: i (x, y' z) 
1 

lit t (x, y, z) =!:ii. (x, y, z) 
0 . 1 

1 

(E3) 

(54) 

PRINCIPAL VALUES AND DIRECTIONS OF THE STRESS AND STRAIN TENSORS 

It is possible to derive numerical values of a stress or strain tensor at a particular 
point in some representation such as cylinder coordinates or Cartesian coordinates. 
This means adopting a numerical value for a force in the direction of one of the coordi
nate axes, acting on a unit area of a surface normal to the same or normal to one of 
the other coordinate axes. 

The maximum and minimum values of normal stresses and strains at a particular 
point and the direction in which they act are the principal values and the principal di
rections of the stress and strain tensors, respectively. There are standard methods 
to develop these principal values and directions. 

The numerical values of the maximum shear stress and shear are equal to one- half 
of the algebraic difference between the maximum and minimum values of the principal 
stress and strain. This maximum shear stress (or strain) acts in a plane bisecting the 
angle between the directions of maximum and minimum normal stress. 
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Appendixes 
The original manuscript of this paper contained eight appendixes giving the deriva

tion and a description of formulas and expressions involved. These may be obtained 
from the Highway Research Board by special arrangement. Inquiries should refer to 
XS-15, Record 228. Short abstracts of each appendix follow. 

APPENDIX I 

When only infinitely small deformations are considered, the appropriate measure of 
the deformation is the symmetric part of the gradient tensor of the displacement vector
field, the infinitesimal strain tensor E (r, z). For the linearly and ideally elastic and 
isotropic material considered, the stress in the medium is related to the strain by 
Hooke's law. So we can express both the strain and the stress in terms of partial de
rivatives of the stress function 4' (r, z), or the Hankel transformed stress function 
Jf o ( 4' (r, z) } . 

Using the inversion theorem of the Hankel transform theory we can obtain the stress 
function <I> (r, z), the components of the displacement vector-field u (r, z) as well as the 
components of the strain and stress tensors in an integral form, the integrand containing 
the reduced characterizing functions Sn (x), Tn {x), Un (x), Vn (x) and the Bessel func
tion J 0 (xR) or J1 (xR). Of all these integrals only the five integrals given in Eqs. 42-
46 are linearly independent. 

APPENDIX II 

It is shown that the conditions for continuity of stress and displacement on an inter
face between two layers result in four relations between the characterizing functions of 
the layers on both sides of the interface. When the interface is rough, the four charac
terizing functions of one layer are linear combinations of the four characterizing func
tions of the adjacent layer. As a consequence, when all interfaces are rough, the four 
characterizing functions of the top layer are, by repeated application of this principle, 
linear combinations of the four characterizing functions of the base layer, and vice versa. 

The boundary conditions for stress, strain and displacement at infinite depth require 
that two of the four characterizing functions of the base layer are equal to zero. From 
the boundary conditions at the top surface, giving two linear relations between the four 
characterizing functions of the top layer, the remaining two characterizing functions of 
the base layer can be solved. 

For greater lucidity and ease of handling, matrix formulation has been used in our 
calculations. 
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APPENDIX III 

In the more general case where some layers can siip over each other without any 
shear stress, the solution of the boundary condition problem is more complex. No 
"direct" linear transformation can be found by which the characterizing functions of the 
layer on one side of the smooth interface can be expressed in those of the layer on the 
other side. 

Again the continuity conditions for stresses and displacements on a smooth interface 
give four relations between the characterizing functions of the layers on both sides of 
the interface. We divide these relations into two pairs. By one pair we express the 
four characterizing functions of the layer above a given smooth interface as a linear 
combination of only two, so far independent, characterizing functions. With the aid of 
the two remaining relations we solve, in a way wholly analogous to the method developed 
in the preceding appendix, the characterizing functions of all the layers between this 
given and the next smooth interface as linear combinations of the two independent char
acterizing functions of the layer just above the given smooth interface. 

Beginning with the base layer, we repeat this procedure until we can solve the char
acterizing functions of the layers between the top surface and the first smooth interface. 

APPENDIX IV 

For large values of the reduced Hankel transform parameter the recurrence formulas 
for characterizing functions of the elastic layers can be simplified considerably. The 
4 x 4 matrices, representing the linear transformation between the characterizing func
tions of adjacent layers, can then be subdivided as to the magnitude of numerical values 
into four 2 x 2 submatrices. 

The product of the 4 x 4 matrices, incorporated i{l the recurrence formulas, reduces 
for large values of the Hankel transform parameter t0 the product of 2 x 2 matrices, 
each being a certain submatrix of the '1 x 4 matrices. This means in particular that the 
inverse matrix occurring in the solution of the boundary value problem can now be de
veloped as a product of the inverses of the 2 x 2 matrices considered. The result, the 
asymptotic form of the recurrence formulas for the characterizing functions of the 
layers, only contains the physical parameters of the overlying layers. 

APPENDIX V 

In the more general case where some interfaces in the multilayer system are smooth, 
the asymptotic evaluation of the recurrence formulas for the characterizing functions 
of the layers proves to be as simple as in the case of a system with rough interfaces 
only. 

APPENDIX VI 

This appendix describes in some detail how the representation of the displacement 
vector, the stress tensor and the strain tensor in cylinder coordinates is transformed 
into a representation in Cartesian coordinates. 

APPENDIX VII 

On the basis of the analysis presented in this paper a computer program has been 
written for the numerical evaluation of the stress, strain and displacement in any arbi
trary point of a multi-layer system. The program selects the integrals to be computed 
by com[Jariu~ Lhe aclually required stresses, strains and displacements with Eqs. 32-
41. Then the zeros of the relevant products of Bessel functions are calculated. 

The integrations are performed successively over intervals between two zeros of the 
product of Bessel functions. The values of the characteristic functions are calculated 
and the expression between square brackets of the integrand is computed and subse
quently multiplied by the relevant product of Bessel functions. The Bessel functions 
are evaluated from their Chebyshev series. 
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Once the numerical values of the integrand between two zeros are !mown, the Gauss 
quadrature integration method is used to evaluate these contributions to the integrals. 

Whenever the difference between the values of the characterizing functions and their 
asymptotic values becomes smaller than 10-8 the integration is performed by using the 
asymptotic form. 

If more than one load on the top surface is considered, the program calculates in 
each prescribed place in the multi-layer system the stresses, strains and displace
ments caused by any separate load. From these values the total stresses, strains and 
displacements are calculated. 

The computer program also contains a subroutine for the calculation of the principal 
values and directions of the stress and strain tensors. 

APPENDIX VIII 

This appendix describes in detail the practical use of the computer program, the 
form of the input and output data and the run time. 




