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A continuing research program is currently under way at the Univer­
sity of California for the purpose of establishing the usefulness of 
viscoelastic analysis as applied to an understanding of the rheologic 
characteristics and structural responses of asphalt concrete. As a pre­
liminary step, the asphalt concrete mixture to be used in preparing the 
test slabs was subjected to an extensive program of triaxial compres­
sion testing, covering a range of load types including creep, stress 
relaxation, constant rate-of-strain, and repeated load lateral pressures 
from 0 to 250 psi and temperatures from 40 to 140 F. From the results 
of triaxial tests at a specific temperature and lateral pressure, visco­
elastic constants for a four-element rheologic model were derived; 
values for these constants were obtained for the entire range of 
ambient conditions studied. This phase of the research thus produced 
a basic system of data relating the general stress-strain-time charac­
teristics of the test mixture. 

A comparison of the deflections predicted by viscoelastic theory with 
those measured during the slab tests indicated that the slab profiles 
from both sources had the same general shape and time dependence, 
but that the measured values had magnitudes considerably greater than 
those given by theory. The deviations between the two sets of values 
increased with increased temperature. 

Also included is a discussion of the probable source of the differences 
found between the slab test data and theoretical predictions. 

• A CONTINUING RESEARCH standing of the behavior of asphalt 
program is currently under way at concrete pavements inasmuch as (a) 
the University of California for the the load conditions that may be im-
purpose of establishing the usefulness posed on such pavements cover a wide 
of viscoelastic analysis as applied to range in time—from the essentially 
an understanding of the rheologic static condition associated with 
characteristics and structural be- vehicle parking areas to the rapidly 
havior of asphalt concrete. This ave- applied repeated loads occurring on 
nue of approach may aid in the under- heavy-duty highways and airfield 
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taxi ways—and (b) the stress vs 
strain characteristics of asphalt con­
crete are time-dependent. 

Although elastic theory may prove 
useful in the design of the pavements 
under fast-moving wheel loads, the 
effect of very slowly applied or static 
wheel loads cannot be considered by 
this approach. Moreover, the accumu­
lation of small deformations under 
repeated load application and the 
subsequent rutting of asphalt con­
crete also cannot be accounted for 
by elastic theory. Thus, an approach 
wherein the time dependence of the 
stress vs strain characteristics of 
asphalt concrete can be considered 
would seem appropriate for analysis 
of certain aspects of pavement be­
havior. 

A number of papers have already 
been presented dealing either with 
the basic viscoelastic properties of 
asphalt concrete or with the develop­
ment of possible theoretical relation­
ships for the behavior of flexible 
pavements (J, 2, 3, U, 5). Recently 
attention has been directed to an at­
tempt at joining these two avenues 
of research through a study of the 
reactions of actual paving slabs sub­
jected to static loading on an idealized 
elastic foundation. 

This paper is concerned with a 
presentation and discussion of two 
types of test data: (a) the results of 
four types of triaxial compression 
tests used to evaluate the viscoelastic 
properties of an asphalt concrete mix­
ture over a range in temperatures 
and lateral pressures, and (b) the 
results of deflection measurements 
performed on test slabs of the same 
mixture under static loading on a 
large spring base. Included as an 
essential part of the discussion is a 
presentation of the mathematical re­
lationships necessary to define the 
rheologic properties of the mixture in 
terms of a simple linear viscoelastic 
model both for the triaxial compres­
sion tests and for the slab tests. 

An important feature of this paper 
is a comparison of actual test data 
with similar results predicted from 
theory. 

MATERIALS 

The scope of the investigations 
made it necessary to restrict the lab­
oratory investigation to tests on a 
single asphalt concrete mixture. The 
physical properties of the asphalt and 
aggregate used in this mixture have 
been described in detail elsewhere 
(1) ; therefore, only a brief descrip­
tion is included here. 

One 85- to 100-penetration asphalt 
cement was used in the investigation. 
Results of standard tests on this as­
phalt are given in Table 1. Based on 
absolute viscosity measurements by 
sliding plate micro viscometer (6) 
and capillary viscometer over a range 
in temperatures, the asphalt would be 
classed as a material approaching 
Newtonian behavior. These results 
are presented elsewhere ( i ) . 

The aggregate used in the mixtures 
was a crushed granite from Watson-
ville, Calif. (7, 8), with a uniform 
specific gravity of 2.92. I t was origi­
nally intended that one dense grada­
tion of the material (a %-in. 
maximum size gradation conforming 
to the 1954 State of California stand­
ard specifications) be used in both 
the triaxial compression and the slab 
tests. For the triaxial compression 
test specimens, this was readily ac-

T A B L E 1 
I D E N T I F I C A T I O N T E S T S O N A S P H A L T 

Test Result 

Pen. at 77 F . , 100 g, 6 sec 96 
Pen. at 39.2 F . , 200 g, 60 sec 24 
Penetration ratio 26 
Flash point, Pensky-Martens ( ° F ) 445 
Viscosity at 275 F ( S S F ) 138 
Heptane-xylene equivalent 20/25 
Softening point, r ing and ball ( ° F ) 110 

T h i n film oven test, 326 F , 5 hr 
Percent weight loss 0.51 
Percent pen. retained 63 
Duct, of residue, cm at 77 F 100+ 
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complished by screening the material 
then recombining each of the frac­
tions in the amount required to pro-
into individual-size fractions and 
duce single specimens. The grading 
curve for these specimens is shown in 
Figure 1, together with the specifi­
cation limits. 

As described later, the slabs were 
prepared in the Richmond, Calif., lab­
oratories of the California Research 
Corporation, and the aggregate was 
supplied from the stocks of that or­
ganization. Due to the large quanti­
ties of aggregate required, these 
stocks could not be combined to dupli­
cate exactly the grading curve used 
for the aggregate in the triaxial com­
pression specimens. The grading 
finally accepted as the best compro­
mise is also shown in Figure 1. By 
comparing the two materials, this 
gradation appears deficient in sizes 
near the No. 8 sieve. The effect of 
this disparity was evaluated on addi­
tional specimens prepared using the 
second gradation. 

PREPARATION OF TEST SPECIMENS 

Two different types of specimens 
were required for the laboratory work 
associated with this investigation. 
For the triaxial compression tests, 
cylindrical specimens 2.8 in. in 
diameter and 6.5 in. in height (nomi­
nal dimensions) were used. Details 
of the method of preparation using 
kneading compaction (9) are also in­
cluded elsewhere (1). For these 
specimens, one asphalt content of 6 
percent (by dry weight of aggregate) 
was selected, this amount approxi­
mating the design value for the type 
and gradation of aggregate used, 
based on the State of California mix 
design procedure. The ingredients for 
the specimens were mixed at 230 F. 
The density of the specimens as de­
termined by water displacement was 
approximately 150 pcf with only 
minor variations between individual 
samples. 

The slab tests used thin "plates" of 
asphalt concrete approximately 40 by 
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Figure 1. Grading curves for Watsonville aggregate. 
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40 in. square and 1.5 in. deep. The 
slab specimens were prepared at the 
Richmond laboratories, where equip­
ment of the size necessary for such 
an operation was available. This 
process involved the production of all 
the required slabs simultaneously by 
the construction of a small (approxi­
mately 4 f t wide by 25 f t long) pav­
ing strip with the desired thickness 
(about 1.5 in.) Upon cooling, the 
pavement was broken into segments 
approximating the size of the test 
slabs and transported to the Uni­
versity of California laboratories 
for final trimming and testing. Each 
segment was supported during this 
entire process by a heavy plywood 
form to prevent possible damage 
from accidental bending. 

Inasmuch as a complete descrip­
tion of the functions of the Cali­
fornia Research Corporation paving 
laboratory has been published by that 
organization (10), no attempt made 
to detail the methods used to pro­
duce the test strip from which the 
slabs were taken. However, the mix­
ing temperature employed was 300 F 
(slightly above the 230 F used for the 
triaxial cylinders, due to the heat 
losses involved in handling the pav­
ing mixture), and considerable com-
pactive effort was applied to the strip 
by alternate applications of steel and 
pneumatic rollers. 

Also, the results of the procedure 
described were gratifying, as the test 
slabs were quite uniform in texture 
and thickness. Samples cut from the 
slabs after all test measurements had 
been completed gave a unit weight by 
water displacement of 152.5 pcf. 

Unfortunately, extraction tests on 
the slab mixture (performed as a 
routine check by the California Re­
search Corp.) disclosed that the act­
ual asphalt content of the compacted 
slabs was only 5.1 percent, instead of 
the desired 6.0 percent, increasing the 
necessity for checking the compara­
tive properties of the original triaxial 

test mixture and of the modified slab 
mixture. 

INSTRUMENTATION AND TEST 
TECHNIQUES 

Four types of triaxial tests were 
performed to determine the rheologic 
behavior of the asphalt concrete mix­
ture: (a) creep tests, (b) stress 
relaxation tests, (c) constant rate-of-
strain determinations, and (d) re­
peated axial load tests. The tests 
were conducted at three tempera­
tures, 40, 77, and 140 F, with three 
lateral pressures being used at each 
temperature, 0 (unconfined), 43.8, 
and 250 psi. These values of tempera­
ture and pressure were selected to 
cover the range of practical interest. 
The apparatus and procedures used 
in these tests have been described 
elsewhere (1). 

For the creep tests, three levels of 
stress were employed for each tem­
perature and lateral pressure combi­
nation. In the repeated load tests 
(essentially, repeated creep tests), 
only one level of stress was employed 
due to the relatively long time re­
quired for a particular test. The 
cycle selected for the repeated load 
determinations involved application 
of the desired stress for 1 sec and 
at the rate of 20 applications per 
min. For the stress relaxation tests, 
three levels of initial strain were 
tested for each set of ambient con­
ditions. The constant rate-of-strain 
determinations were performed at 
load rates of 0.01, 0.10, and 1.0 in. 
per min for the various conditions. 

The satisfactory completion of the 
triaxial test program required the 
preparation and testing of over 250 
specimens. Thus, it is believed that 
these test data can be accepted as an 
accurate portrayal of the stress-
strain-time characteristics of this 
test mixture over the wide range of 
test conditions. 

The slab tests required the design 
and construction of considerable 
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special equipment. Essentially, the 
proposed structural analog required 
apparatus by which the slab could 
be placed under static load on a 
foundation of constant elastic prop­
erties. In addition, this apparatus 
had to include some means for con­
trolling the environmental tempera­
ture within fairly rigid limits. 
Provision also had to be made for 
measuring the deflected shape of a 
test slab and for observing changes 
in that shape with time. 

A major portion of the device con­
structed to satisfy these requirements 
is shown in Figure 2. The flexible 
foundation was provided by approxi­
mately 1,600 %-in. diameter coil 
springs, arranged in a pattern of 
equilateral triangles in such a way 
that each spring would account for 
1 sq in. of the surface area. Because 
each spring was required by specifi­
cation to have a constant of 200 lb 
per in., such a configuration thus 

provided a foundation with a vertical 
resistance k of 200 psi per in. A 

rubber membrane was placed 
on the surface of the springs to pro­
tect them from the entrance of 
foreign material and to provide an 
improved bearing surface for the as­
phalt concrete slabs. Plate bearing 
tests performed on the spring base 
justified the use of a theoretical 
foundation constant of 200 psi per in. 

Loads for the various slab tests 
were provided by the use of pneu­
matic cells and are similar to those 
used in the creep and repeated load 
tests {1). Inasmuch as a rather 
large range of loads was involved, it 
was necessary to employ several sizes 
of these cefls to obtain sufficient sensi­
tivity. A typical intermediate size is 
shown in Figure 2, attached to the 
frame used to provide a suitable re­
action surface. 

The entire spring base (as well as 
the reaction frame) was securely 

F i g u r e 2. S l ab - t e s t i ng device w i t h r u b b e r membrane s t r i p p e d back to show s p r i n g base 
(note pneumat i c load cel l h a n g i n g f r o m the center o f the r eac t ion f r a m e ; e lectronic re­

corder f o r use w i t h d i f f e r e n t i a l t r a n s f o r m e r s appears i n b a c k g r o u n d ) . 
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fixed to a large block of cast iron. 
This provided an extremely level and 
rigid support for the unit, as well as 
an excellent heat-stabilizing sink for 
temperature control. 

The test unit (F ig . 2) was de­
signed to fit under a heavily insulated 
plywood cover, which was set on 
wheels to facilitate its movement. 
When locked in place over the spring 
base, the cover completed a nearly 
airtight enclosure with very low 
thermal conduction. Temperature 
control within the enclosure was ob­
tained by the use of a large refrigera­
tion unit in combination with an elec­
tric heater; both were attached to a 
master thermostat. A battery of 
electric blowers was used to provide 
a high degree of air circulation. 
These devices combined to permit 
temperature control within ± 1 F , 
over a range from -1-30 to -t-150 F . 

Records of deflected shapes of 
loaded slabs were provided through 
the use of a system of linear variable 
differential transformers. A single 
small transformer was rigidly mount­
ed in the center of the coil spring, 
directly below the load center, with 
its movable core attached to the rub­
ber membrane. This device was used 
to record the center deflection of a 
given slab. Deflections at locations 
away from this point were indicated 
by several larger transformers above 
the slab, spaced along a radial line 
from the center. A typical test setup 
of this type is shown in F ig . 3. The 
control wires from these gages were 
run through the insulated cover to 
an electronic chart recording unit 
(background F i g . 2 ) . 

I n performing a given slab test, the 
slab was first carefully slipped from 
its plywood form onto the spring 
base. The deflection gages were then 
positioned as shown in F i g . 3 and cal­
ibrated. Next, the cover was rolled 
over the slab and the temperature 
controls were actuated. As soon as 
the temperature of the slab reached 

equilibrium at the desired level (usu­
ally about 24 hr) the test could be 
performed. Load was applied by 
means of the pneumatic cell, using a 
rubber-surfaced plate to simulate a 
flexible bearing surface. The load 
was maintained either until the de­
flections as (indicated on the record­
er) reached equilibrium or until the 
capacity of the transformers was ex­
ceeded. 

This test procedure was carried out 
at the same three temperatures em­
ployed in the triaxial testing, 40, 77, 
and 140 F . Two slabs were loaded at 
each temperature, with differing 
stress levels. A 1-in. diameter rubber 
loading foot was used at 40 F and 
77 F ; and a 2-in. diameter foot was 
used at 140 F . These limitations were 
imposed by the necessity for main­
taining an approximation of infinite 
boundary conditions for the slab. The 
resultant data from the slab tests are 
discussed in detail and compared 
with that predicted by viscoelastic 
theory in a later section. 

B A S I C M O D E L T H E O R Y 

The use of model systems composed 
of purely elastic springs and purely 
viscous dashpots to aid in derivations 
associated with the use of linear 
viscoelastic concepts is by this time 
a fairly familiar feature of such an­
alyses (1, 2, 11, 12) and no attempt 
is made to amplify this subject here. 

The viscoelastic model (F ig . 4) 
was selected for study in connection 
with the investigations discussed in 
this paper. I t should be noted that 
this is the same four-element model 
suggested by K u h n and Rigden {13) 
for use in research with asphalt ce­
ments. The authors ( i ) have also 
suggested its possible value for de­
scribing the rheologic behavior of 
asphalt concrete. This model is cap­
able of accounting for instantaneous 
elastic deformation, retarded elastic 
deformation, and viscous flow. The 
first two types of deformation are 
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F i g u r e 3. Slab test apparatus ready for operation, showing ( a ) ins tru­
mented slab ready for testing and (b) closeup of differential t rans former 

installation. 
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This equation can be simplified: 

± 
J 

Figrure 4. Four-element model. 

recoverable, whereas the viscous flow-
is, of course, irrecoverable. It can be 
seen that these are precisely the 
properties often suggested as being 
characteristic of asphalt paving mix­
tures ( l i , 15). 

Mathematically, the four-element 
model shown in Figure 4 is equivalent 
to the Burgers model, a system often 
mentioned in discussions of visco-
elastic analysis; the Burgers model 
also has the three types of response 
previously mentioned. The basic dif­
ferential equation governing the 
stress-strain-time characteristics of 
the four-element configuration can be 
stated as 

dt'^ \ 7/1 7?2 J d t rji r].. 
c i t ) 

dt" \ J d t 
e ( t ) (1) 

dt' dt 

d p dt 

<r ( t ) 

( t ) (2) 

in which 

C3—E1+E2 

El E2 

Eqs . 1 and 2 can be written in 
terms of differential operators Qit) 
and P { t ) as 

Q ( t ) a = P { t ) e (3) 

F o r the creep test, where ai{t)=<To 

(a constant) and E I ( 0 ) : and 
Ei+E,_ 

0-1 and El refer to axial stress and 
strain, the solution of E q . 1 becomes 

e i { t ) — CTo 
El 

EAE^+E^) 
exp 

E2 12 
(4) 
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in which 

El E2 

F o r creep recovery on removal of 
the stress ao at t—to, the solution of 
E q . 1 for i > to is 

— exp 

E , i E i + E , ) 
exp -

t-to 

\ _ { C s R 2 - C , ) exp { - R 2 t ) + 

( C , - C , R i ) exp ( - R , m (6) 

in which C i , C^, C3, and d are the 
same as for E q . 2, 

C x 1 

2 2 

C i 1 
R^= V C i ' - 4 C 2 

2 2 

'72 

F o r the constant-rate-of-strain test, 
(5) where ei(t) =C t and E I ( 0 ) = 0 , the 

solution of E q . 1 is 

F o r the relaxation test, where 
£ i ( f ) = £ o (a constant) and (TI(0) = 
Eo ( £ ' i - | - £ ' 2 ) , the solution of E q . 1 is 

i t ) = 
R2—Ri 

c i i t ) 
{R2—Ri)Ri R2 

IR2 ( C 3 R i - C ) exp { - R , t ) + 

Ri ( C i - C ^ R ^ ) exp { - R ^ t ) 

+ C , { R 2 - R i ) - \ (7) 

(0 

i ' 
5 

2 sec Isec 

o i 
Time 

(a) Applied Load vs Time 

•Maximum strain envelope 

% 0 
^ o 

Strain t 

(b) Triaxial Cylinder 

5 10 2 4 6 
Time - seconds 

(c) Response of Four- Element Model 
F i g u r e 5. Creep and repeated-load relationships for the four-element model. 
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in which all constants are the same as 
for E q . 6. 

Eqs . 4 and 5 can be used to deal 
with repeated-load applications by the 
simple expedient of shifting the 
time scale so that these two re­
lationships fit each successive cycle 
of loading. This process may be 
visualized by inspection of Figure 5. 
F o r the first load cycle, Eqs . 4 and 5 
can be applied directly, because this 
load condition is identical to creep 
loading. The four-element model, if 
undisturbed during creep recovery, 
will rebound until only the irrecover­
able viscous flow due to the free 
dashpot remains. If , however, a 
second cycle of load is applied before 
rebound is complete, cumulative 
buildup of strain in addition to vis­
cous flow may occur. Eqs . 4 and 5 
may be used to study the second cycle 
of load in Figure 5, because the value 
of strain at t=ti can be taken as the 
new initial value. By this same ap­
proach, load cycling may be examined 
indefinitely. 

A P P L I C A T I O N O F M O D E L T H E O R Y TO 
A N A L Y S I S OP T R I A X I A L T E S T R E S U L T S 

Eqs. 4 through 7 completely estab­
lish the mathematical relationships 
necessary for employing the four-
element model in connection with the 
various types of triaxial tests dis­
cussed herein. These relationships 
were used in conjunction with test 
data to compute values for the four 
constants, Ei, E^, r]„ and rjz over the 
range pf ambient conditions selected 
for study. Figures 6 through 9 show 
plots of these numerical values versus 
temperature and lateral pressure. 

The viscoelastic constants for the 
four-element model are most easily 
approximated from the results of a 
creep test, although they can be esti­
mated, with some diflficulty, from 
relaxation test data. Figure 10 shows 
how such processes may be carried 
out. I n general, the values plotted in 
Figures, 6 through 9 were estimated, 

/o 

ii 6 
I 

^ 2 

Note: 
• =0 
o - 4 3 8 psi 

40 60 eO lOO 120 I40 
Temperature - °F 

F i g u r e 6. Relat ion of Ei to temperature 
and la tera l pressure. 

for a particular set of ambient condi­
tions, by first considering creep data 
from tests under those conditions. 
Four constants providing a satisfac­
tory agreement between theory and 
data were selected and then applied 
to the equations governing the con-
stant-rate-of-strain and relaxation 
tests, for further comparisons be­
tween theory and test results. The 
constants were then adjusted, if 
necessary, to provide the best possi­
ble over-all agreement for all three 
test types. To reduce the work in­
volved in performing these numerical 
manipulations, Eqs . 4 through 7 were 

, 2 

. • 

^— o ^ psi 

40 60 80 100 
Temperature-T 

120 140 

F i g u r e 7. Relation of to temperature 
and la tera l pressure. 
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10' 

10* 

10' 

10' 40 

Note: 
• = L 
o =4 
B = 2 

aterol pre 
1.8 psi 
SOpsi 

ssure =C 

60 80 100 
Temperature- °F 

120 MO 

for CT3 = 0 and as=43.8 psi lie almost 
on the same curve). 

2. E2 (F ig . 7 ) . This plot shows the 
same general characteristics as F i g ­
ure 6. However, values of E2 seemed 
less susceptible to changes in temper­
ature than those for Ei, and more 
susceptible to changes in lateral pres­
sure. 

3. 7?i (F ig . 8 ) . Values of -qi dis­
played a marked decrease with in­
creases in temperature. The effect 
of lateral pressure, however, was not 
clear cut. 

4. 772 (F ig . 9 ) . This constant 
showed considerable increases in 
value with increases in either tem­
perature or lateral pressure. 

It should be emphasized that these 
values of Ei, E2, and 772 are simply 
arbitrary constants selected for use 
in connection with E q . 1. I t would 
probably be a mistake to attempt any 

F i g u r e 8. Relat ion of vi to temperature 
and la tera l pressure. 

programed for solution on a digital 
computer. 

The values plotted in Figures 6 
through 9 were obtained by consider­
ing each set of ambient conditions in­
dependently; because tests at three 
temperatures (40, 77, and 104 F ) 
were involved, with three lateral 
pressures at each temperature (0, 
43.8, and 250 ps i ) , nine individual 
determinations were made. However, 
when plotted in final form the con­
stants seemed to indicate reasonably 
clear trends, which may be summar­
ized as follows: 

1. £71 (F ig . 6 ) . Values of Ei indi­
cated a marked decrease with in­
creases in temperature. Lateral 
pressure increases produced a cor­
responding increase in Ei, although 
a considerable increase in lateral 
pressure was required to produce an 
appreciable effect (note that values 

to' 

^to' 

to' 

to-
40 

F i g u r e 9. 

60 80 too 
Temperature - °F 

120 t40 

Relation of 772 to temperature 
and la tera l pressure. 
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e.-

V/y Estimate Eg as shown at rigtit, then compute 
E, from initial conditions. 

(2) Compute from slope in 
(b) region of curve. 

(3) Evaluate T* (andtttus 7^,) from fit to one 

point in [O)region of curve. 

EXPf 

(a)Four-Element Model Relationships for 
Creep Tests. 

i 

/T 

(U Estimate E, 3 E^from initial conditions. 
(2JOtherconstants(7^iS r^gjare difficult to 

evaluate from a relaxation curve, but it 
can be shown that controls R,, which 
regulates the shape of the curve in 
region (a) while -j^gControls Rg, which 
regulates the shape of the curve in 
region (b) 

^^'^ =^ff, [(qRg-CjEXPh t) HC^- C^R, )EXP(- R, t)J 

f 
(b) Four-Element Model Relationships for 

Relaxation Tests. 
F i g u r e 10. Determination of four-element model constants from t r i a x i a l compression test 

results . 
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significant connection of the sug­
gested trends with recognized rheo­
logic criteria. 

To demonstrate the ability of the 
four-element model to reflect the 
characteristics of the paving mixture 
selected for study, Figures 11 
through 14 are presented. These 
figures show comparisons of uncon-
fined test data at 40 F with similar 
data as predicted by the four-element 
model relationships. Although the 
agreement between actual and pre­
dicted data was not perfect, the 
model appeared to reflect the charac­
teristics of the material to a marked 
degree over a wide range of load situ­
ations. The comparisons given in 
Figures 11 through 14 are fairly 
typical of those obtained for the other 
ambient conditions studied; the dis­
agreement between test data and 

theoretical predictions seldom ex­
ceeded 30 percent and was usually 
much less. Only for the case of re­
peated loading at high temperature 
and low lateral pressures, where 
some unexplained deviations occur­
red, did the four-element model fai l 
to achieve satisfactory expression of 
the rheologic characteristics of the 
paving mixture. 

I t should be noted in Figure 14 
that no attempt has been made to 
correct the deformation under the 
first stress application for the results 
presented. (This initial load incre­
ment can vary due, for example, to 
seating and apparatus continuity 
problems.) The shapes of the theo­
retical and actual curves however, 
are quite similar up to about 10^ 
stress applications. 
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V I S C O E L A S T I C S L A B T H E O R Y 

The viscoelastic equations and co­
efficients presented in the preceding 
discussion were used to produce 
theoretical predictions of the deflec­
tions measured during slab tests on 
the spring base. F o r the purpose of 
this paper, it was assumed that a 
paving slab resting on the spring 
base could be closely approximated by 
the structural analogy of a thin visco­
elastic plate on a Winkler foundation 
(approximated by a set of independ­
ent springs). 

Hertz {16) has presented a solu­
tion for the structural responses of a 
thin elastic plate on a Winkler foun­
dation. He showed that the deflec­
tions of such a plate could be 
obtained, in the case of an infinitely 
large plate in a state of axial sym­
metry, from 

D\/'w{r)-q{r)-v{r) (8) 
in which 

1 2 ( l - v 2 ) 

E—e\asi\Q. modulus; 

/ir= thickness; 

v=:Poisson ratio of plate, 

w ( r ) = vertical deflection of plate, as 
a function of radius, r, from 
center of load; 

g (r )=surface loading; and 

p ( r ) = foundation reaction. 

I t has already been mentioned that 
the basic differential equation for the 
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four-element model can be expressed 
in terms of the differential operators 
P{t) and Q{t). By replacing the 
modulus of elasticity in the D-term 
of E q . 8 with the ratio of these opera­
tors, P{t)/Qit), an expression for 
the viscoelastic behavior of the slab 
can be obtained: 

D(t)y*w(r,t)=q{r,t)-pir,t) 
(9) 

It can be seen that the time-
dependence of w, q, and p is also 
implied by this process. The solution 
of this differential equation, utilizing 
an application of the correspondence 
principle relating elastic and visco­
elastic boundary value problems, was 
carried out through the use of in­
tegral transform methods U)- The 
result for the deflections due to a 
uniform load of radius applied at 
t=0 and held constant is: 

w(r,t) = Qo I 0 0 

k JO 

f{a,b) 

ab(a—b) 

JAx)Jo(^-^^dX (10) 

in which 
A=an integration variable; 

0 - 0 = u n i t load on area of radius n ; 
fe=foundation modulus; 

Ci, C2, C3, and C4=basic viscoelastic 
constants, E q . 2; 

.12( l - v = ) . 
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+ 

A* + l 

A = C,/C,; 

B=2- - 4C.; 

F = C r - 4 C 2 ; and 

/(a.,f)) = {exp {at)\_a-h + Ci^ab + C2b'\ 
—exp {ht)iah- + C^ah + C2a] 

The foregoing equation is tedious 
to evaluate by desk computational 
methods; therefore, it was programed 
for the digital computer. 

The derivation of E q . 10 for use in 
the analysis of the deflections of the 
asphalt paving slabs tested for this 
paper involved certain important as­
sumptions, as follows: 

1. The thin-plate theory deflned by 
E q . 8 was derived by neglecting the 
effects of transverse normal and 
shearing stresses. 

2. The basic theory also required 
the assumption that the plate (slab) 
material had equal properties in ten­
sion and compression. 

3. Poisson's ratio for the plate 
(slab) material was considered to be 
independent of time, in order to 
achieve an important (although not 
absolutely essential) mathematical 
simplification. 

4 . The lateral dimensions of the 
plate were taken as infinite, in rela­
tion to the size of the area affected 
by the imposed load. 

The importance of these assump­
tions in influencing the ability of the 
theory, as exemplified by E q . 10, to 
describe the deflections of the test 
slabs is discussed later. 

C O M P A R I S O N O F V I S C O E L A S T I C S L A B 

T H E O R Y W I T H T E S T D A T A 

The results of deflection measure­
ments on a typical test slab at 40 F 
are shown in Figures 15 and 16. F i g ­
ure 15 shows deflection measured 
under the center of load versus time; 
Figure 16 shows the proflles of the 
slab for various times after load ap­
plication. Similar data were obtained 
for each of the slabs tested. The 
loads at each temperature were 
selected arbitrarily from theory as 
being those which would produce de­
flections roughly corresponding to 
values obtained from field measure­
ments on typical pavement installa­
tions. 

Also shown in Figures 15 and 16 
are the theoretically predicted curves 
produced by the application of E q . 10. 
These curves were computed for each 
of the six test slabs by applying the 
viscoelastic coefficients ( C i , C2, C 3 , 
Ci) obtained from the unconfined 
triaxial compression tests at the same 
temperatures. The constants derived 
from unconfined tests were used be­
cause, except for the region directly 
below the loaded area, lateral pres­
sures in the slabs were estimated as 
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being negligible. Poisson's ratio for 
each temperature was estimated 
from the results of volume change 
measurements previously reported 
( J ) . 

A large disparity between theory 
and test data is apparent from an 
inspection of Figures 15 and 16; simi­
lar disagreement was found for all 
of the comparisons made. I t is in­
teresting to note, however, that the 
disagreement was affected to some 
extent by temperature. The test re­
sults at 40 F , for example, show a 
ratio of measured deflections to those 
predicted by theory of almost 2:1 
after 15 min of load application 
(Figures 15 and 16); at 77 F the 
ratio was more on the order of 3:1. 

Although data such as those shown 
in Figures 15 and 16 might raise a 

question as to the value of viscoelas­
tic analysis as applied to problems 
such as the one under consideration, 
there are a number of important fac­
tors which should be cited in argu­
ment against such an early, and 
possibly mistaken, conclusion. These 
factors are considered in the follow­
ing. 

It was mentioned earlier that 
slight differences in asphalt content 
and aggregate gradation existed be­
tween the triaxial test cylinders and 
the slab specimens. A comparison 
between the results of triaxial com­
pression tests in creep, stress relaxa­
tion, and constant-rate-of-strain load­
ing for the two mixtures failed to 
disclose any significant differences 
in their rheologic properties. Thus it 
was believed that the explanation of 
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the disagreement between test results 
and the viscoelastic thin-plate theory 
found in the slab studies might be 
afforded by a critical examination of 
the assumptions made in deriving 
and applying that theory, as follows: 

1. The basic assumption that trans­
verse normal and shearing stresses 
could be neglected is open to ques­
tion; however, it is unlikely that the 
errors introduced by this simplifica­
tion would be of the order of magni­
tude discussed here. 

2. The assumption that asphalt 
paving mixtures have the same prop­
erties in tension and compression is 
almost certainly in error. Unfor­
tunately, few data are available on 
this subject at present. Quite prob­
ably, the stiffness of asphalt mixtures 
in tension is less than in compres­
sion; this difference might also be 
time-dependent. These factors could 
easily cause errors in this theory, as 
given by Eq. 10, of the magnitude 
shown in Figures 15 and 16. Re­
search is currently under way to 
evaluate this possibility. 

3. The assumption of a constant 
Poisson's ratio for a viscoelastic ma­
terial can also be questioned. How­
ever, for the purpose of this paper 
it was found expedient to employ this 
assumption, after careful considera­
tion of the possible resultant effect on 
theoretical calculations. Values for 
the Poisson's ratio of the slab ma­
terial at the desired temperatures 
were estimated from the results of 
volume change measurements during 
unconfined constant-rate-of-strain 
tests, as has already been mentioned. 
The results are given in Table 2. As 
can be seen, the assumption of a con­
stant ratio at each temperature is 
nearly correct. 

4. The infinite boundary conditions 
assumed for Eq. 10 were apparently 
satisfied at all temperatures used dur­
ing slab testing. In all cases the de-

T A B L E 2 
P O I S S O N ' S R A T I O S C O M P U T E D F R O M 

V O L U M E C H A N G E M E A S U R E M E N T S 
( C O N S T A N T - R A T E - O F - S T R A I N T E S T S ) 

Temp. Load Rate Poisson's 
( ° F ) iin./min) Ratio 

40 0.01 0.371 
40 0.10 0.358 
40 1.00 0.30BMapDrox.) 
77 0.01 0.492 
77 0.10 0.484 
77 1.00 1 

140 0.01 0.49.5 
140 0.10 0.498 
140 1.00 1 

^ Volume changes difficult to record at this load rate. 

flections measured at a radius of 
20 in. from the center of load (i.e., 
the edge of the slab) were relatively 
negligible, as suggested by theory. 

5. In addition to the formal as­
sumptions previously listed, use of a 
linear viscoelastic model in deriving 
Eq. 10 implied that the levels of 
stress and strain imposed on the test 
slabs be kept in the linear range. 
This range was not well defined in 
the triaxial compression test phase of 
this research, due to the time de­
mands required for such definition. 
If the loads imposed on the test slabs 
were such that the linear material 
range was exceeded, the disagree­
ment shown in Figures 15 and 16 
might easily be explained in part. 
Further investigation of this problem 
is also under way. 

S U M M A R Y A N D C O N C L U S I O N S 

The ability of an analytical system 
founded on a simple, linear, visco­
elastic model to express the rheologic 
characteristics of an asphalt con­
crete was demonstrated by the data 
presented herein. The comparisons 
made here to triaxial compression 
test results through the use of the 
four-element model clearly showed 
that it could provide a general ap­
proximation of the properties of the 
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material under study over a wide 
range of load types and ambient con­
ditions. The errors obtained during 
such comparisons in most cases were 
less than 30 percent. 

The success obtained in the appli­
cation of viscoelastic analysis to the 
prediction of the deflections of the 
slabs of the test mixture placed under 
static loading on an elastic founda­
tion was less marked. However, f u r ­
ther research into areas such as the 
comparison of relative properties of 
asphalt mixtures in tension and com­
pression and the study of the linear 
limits of these properties holds prom­
ise that such analysis can be vastly 
improved. I t must be remembered 
that elastic techniques, as they might 
be applied to such a problem, would 
only be capable of giving one set of 
deflections under a specific load; the 
necessary variations in those deflec­
tions wi th time would not be availa­
ble. Thus, wi th further attention to 
some of the considerations mentioned 
in the foregoing discussion, i t would 
seem that viscoelastic theory might 
yet serve to provide a better analytic 
framework fo r application to specific 
loading conditions fo r asphalt con­
crete pavements. 
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