Tables of Stresses in Three-Layer Elastic Systems
A. JONES, 'Shell" Research Ltd., Thornton Research Centre, Chester, England

The tables of values of stresses arising in a three-layer
elastic system loaded over a circular area, published by
Acum and Fox, have been extended to cover a wider range
of parameters. Values of the vertical stresses at both
interfaces are given, and are accurate to within 1 percent.
The calculations were performed on the Ferranti Mark I*
computer at Koninklijke/Shell Laboratorium, Amsterdam.

The work forms part of a program for the development
of a method for the design of flexible roads.

sIN GENERAL, road design involves the determination of the thicknesses and elastici-
ties of the various layers in the road structure to insure that the stresses and strains
developed are within permissible limits. The present analysis assumes that the design
is based on a knowledge of the stresses at the interfaces between the layers on the axis
of symmetry below a circular loaded area.

The first analysis to take into account the different elastic properties of the various
layers was given by Burmister (1) in 1943. In a series of subsequent papers (2) he
derived expressions for the stresses and displacement in two- and three-layer systems.
However, he did not publish any stress values and only a small number of values of the
surface deflection at the centre of the loaded area for a two-layer system. Fox (3) pro-
duced extensive tables of stresses in two-layer systems in 1948, and in 1951 Acum and
Fox (4) produced tables for the normal and radial stresses in three-layer systems at
the intersections of the axis of symmetry with the interfaces. The tables in this paper
form an extension, to a much wider range of the parameters, of those of Acum and Fox.
(Stress and displacement values for one given system were published by Schiffman (5)
in 1957).

The road system considered in this paper consists of three layers, as in Figure 1.
The stresses that have been computed are listed in Table 1, where the numerical sub-
scripts refer to the layer.

Throughout the tables it is assumed that Poisson's ratio is equal to 0.5 and that there
is full friction at the interfaces. For convenience, the stresses are printed on the
assumption that compression stress is positive.

Values of these stresses are given in Appendix A for all combinations of the following
parameter values:

EvVE: = k; = 0.2, 2.0, 20.0, 200.0

E2/Es = k; = 0.2, 2.0, 20.0, 200.0

a/hs = a; = 0.1, 0.2, 0.4, 0.8, 1.6, 3.2

hy/ha = H = 0.125, 0.25, 0.5, 1.0, 2.0, 4.0, 8.0

Each stress value is expressed as a fraction of the applied load. Stresses for all
values of a, appear in a block and the blocks are arranged in groups of four in ascending
order of k;; these groups are arranged in order of k; and finally in sets in order of H.

The calculations were performed on the Ferranti Mark 1* computer at Koninklijke/
Shell Laboratorium, Amsterdam. The machine program was written to calculate 36
stress values at the same time; viz., 6 stresses for each of 6 values of a,. The infinite
range of integration (see Appendix B) was truncated at such a point that the contribution
from the omitted portion was negligible. The finite part of the range was then split into
a number of equal intervals and the integrals were then evaluated over each interval
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Figure 1. Structure of layered system.
TABLE 1
NOTATION FOR STRESSES GIVEN IN APPENDIX A
Stress First Second
_ Interface Interface
Vertical c c
Z) Z3
Vertical and radial (upper layer) 2 " °r, %% = Ory
Vertical and radial (lower layer) %% Or %25 = rs

separately using a Gauss quadrature formula. Some difficulty was encountered near the
origin due to the fact that the integrand had an essential singularity on the negative real
axis, this was overcome by subdividing the first interval.

The following checks (which are perfect apart from a constant factor) were built into

the computer program.

Cy = Op, = ki (c:zl - crrz) (first interface)
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O = Op, = ko (crz2 - crs) (second interface)

In most cases the two sides of these equations agreed to five significant digits but
where this was not so the disagreement was still less than 1 percent. All numbers in
the tables, however, are correct only to within one digit in the last decimal place printed.

As a further check some results were obtained for comparison with those of Acum and
Fox. These are presented in Appendix C with the corresponding values from Acum and
Fox's paper in brackets.

A typographical error was found in the published solution of Acum and Fox and was
corrected before the tables were calculated.

A brief mathematical description of the problem is given in Appendix B, together
with some notes on the assumptions involved in setting up the problem and the correct
expressions for the stresses.

ACKNOWLEDGMENTS

The author wishes to record his gratitude for the assistance given by his colleagues
in the production of the tables. He also wishes to thank the Management of Koninklijke/
Shell Laboratorium for the use of the computer, and the Directors of "Shell” Research
Limited for permission to publish this paper.

REFERENCES

1. Burmister, D. M., "The Theory of Stresses and Displacements in Layer Systems
and Applications to Design of Airport Runways.'™ HRB Proc., 23: 126-149
(1943). Discussion, pp. 144-148.

2. Burmister, D. M., "The General Theory of Stresses and Displacements in
Layered Systems.' J. Appl. Phys., 16: No. 2, pp. 89-96; No. 3, pp. 126-127;
No. 5, pp. 296-302 (1945).

3. Fox, L., "Computation of Traffic Stresses in a Simple Road Structure." Depart-
ment of Scientific and Industrial Research, Road Res. Tech. Paper 9 (1948).

4. Acum, W. E. A., and Fox, L., "Computation of Load Stresses in a Three-Layer
Elastic System.' Geotechnique, 2: 293-300 (1951).

5. Schiffman, R. L., Proc. 4th Internat. Conf. on Soil Mechanics and Foundation
Engineering, London (1957).

6. Sneddon, I. N., "Fourier Transforms.' McGraw-Hill (1951).



Oel
Oe¢ 3
Oe 4
0e8
I.6

33

Qe 1l
Oe 3
Oe¢ 4
0.8
1.6
302

Oe I
Oe 3
Oe 4
048
1.6
3¢23

Oel
Oe 2
Oe 4
0.8
1.6
302

0e66045
090249
0+95395
0099530
1. 00064
0« 99970

0066048
090157
0e¢ 95130
00992335
099918
1.00032

0666235
0e GO4Ig
095135
098778
0¢99407
0e9q82r

0466266
0e Q0370
094719
0e¢ 9910§
0. 99146
0099332

o
’;1§N

0.12438
0e13546
0s 104328
0e0QOIL

0+08777
0e04I29

Oer2285
0¢13916
os081i15
0.01323
0s04136
0.03804

0e 12032
0.11787
003474
0e14872

0« 50533
o.80990

Os11720
0¢ 10495
0e0I709Q
0e34427
Ie2X129
2.89282

Appendix A
0’. q "cr 0'"
0062188 0e 01557
0.67728 06060279
Oe§52I41 0.31282
0445053  0e56395
0.43884 0.86253
0020643 0e94143
Oeb1424 0s00892
0¢62582 0e03480
0. 40576 012656
0s0QI13 0637307
~ 0s30680 04740338
= 0e19075§ 0497137
oe60161 000256
0.58033 0e0lIOII
0617370 0+03338
= 0474358 013049
~ 2.52650 036443
— 4e05023 0e 76669
0+58599 0400057
0e 52477 0s00226
= 0.08543 0.00881
- 1.7213% 0s03259
- 6.05643 OeI1034
~I4e36408 0032659

0;.-0;.

0600332
0.01278
0e 04430
0410975

0¢13755
0e10147

0.01693
0.06558
0e23257
0662863
0693754
0e.82102

0.03667
0.12336
0e52691
1.61727
3+539.44
5eI5409

0es0§413
Oe2I312
0+ 30400
2467934
735978
16,228 30

179

\
H = 0.1 25
k| = 0.2

o, -0
2 I3

k. = 0.2

0.01659
0,06301
0e22I50
0¢54877
0¢68977
0+ 50736

kg 2 2,0

0e008 46
0e 03279
0.116239
0.31432
0¢49377
0es 41061

kg = ZLO

0.00133
0400717
0402635
0.03086
017947
0.25770

k. a 200,0

0 00027
0e 00107
0600402
001340
0.035830
c.0811¢



180

Oel
Qe 2
Oe 4
0.8
1.6

3e2

Oe 1
O0e¢ 2
Oe 4
0e8
1.6
32

Ol
Oe 2
Oe 4
08
1.6
3¢2

OelI
Os 2
Oe 4
048
I«6

3.2

o
1]

O« 43055
0.78688
0098760
I.01028
Ie006479
0s99322

0e 42950
0e78232
0.98044
0¢99434
0099364
0+¢09022

0+ 43022
0e73414
0697493
0¢97806
0.96921
0e985091

Oe 42023
0678267
0497369
0097295
0. 95546
0496377

o =C
8¢ Tg

Oe7161
I.0I1561
0.83924
0.63961
0665723
0+38165

0e70622

0497956
0470970
0.22319
= 0410983
= 0.23916

0.69332
0092036
0646583
~ 066535
- 2.82859
~ 5427906

0067488

0:85397
0e21163%
= 1.65954
= 6447707
—16.67376

O =
2¢ rp

0+ 35307
0. 50780
0e 419613
0e31981
032862
0610093

©e 35303
0.4308q
0e¢ 35483
0s111564

0e 09995
QelI4461

0 34662
0.46048
0.23297
0« 33270
I.41430
2.63954

0633744
Oo42698
0e 10582
082977
3+23855
8+33691

o
1]

001682
ce.063511
0e 33005
0.60886
090959
0eQ4322

0000896
0+ 03403
0012667
0e¢36932
0e721I13
0.06148

0e 00228
os008q9
003392
Oell35O0
0631263
0668433

0400046
0e.00183
0e 00711
0e02597
o.08700
0e26292

O =0
Bg Yga

0e 00350
0e01348
0004669
0e11484
0e13726
0409467

0e 01716
0406647
0e23531
0+563003

0¢97707
0es84030

0003467
0eI3541
039523
1649612
3¢28512
5205952

0e¢048483
0610043
0e7I221
2. 32652
6.26638
T45e25621

H =

kﬁ = 2.0

O =0
82 Iy

kﬁ = 002

0s 01750
0406741

023345
0e§7.18
0468630

047335

kh = 2.0

0.00858
0.03324
0e 11766
0e 31501
0.438¢3
0 42015

kg = 20,0

0e00I73
0e00677
002476
0007481
0e16426
0e25293

ks = 200,0

0e 00024
0.00095
0000356
0s01163

0603133
0e07128

0,125



Oel
Oe 2
Oe 4
0.8
1.6
302

Oe I
Oe 3
Oe 4
008
1.6
3e2

Ol
Qe 3
Qe 4
0.8
1.5
3e2

QeI
Oe 2
Oe 4
0.8
1.6
3¢ 2

Oi.

0e 14648
0+ 39260
0+.80302
1.06594
1e02942

0e99817

0e14529
0.38709
0.786¢51
1.02218
0e¢ 09060
0+99393

0e 14447
0.38469
0077394
0098610
0e 93712
0.96330

OeI4422
0. 33388
0e7713I
0. 97701
0e gI6 45§
0692662

T -
8¢ I¢

1.80805
3275440
§e11847
3« 33600
1.81603
I.75101

1.81178
376886
516717
3¢ 43631
TeX52112
-~ 0,06394

I080664

3674573
5005489
2493533
=~ 1.27093
7+35384

178041
34680097
480711
1.90823
~ 5.28803
~21.53546

O =0
8¢ X

0009040
0.18772
Qe 25592
0.16930
oce.00080
0.038746

0. 09059
0018344
0.25336
0.17182
0e08751
0600345

0609033
oce18729
0+25274
0614627
006353
0636761

0.08947
0.1840%
0e24036
000541
0e26440
1.07627

o
S

0e01645
006407
0623135%
0e64741
1.00011

0+97317

0.00310
0s03170
oe11650
0634941
oebgors
0093487

0e00182
000716
0e02710
0e09061
0e 24528

0s 55490

0+00033
0e 00131
0e¢ 005094
0s01830
0. 06007

0s128395

o =0
8y Yp

0400333
0e01249
0004421
0e11468
0.13637
007578

0e0I543
0.06003
0e316.0
0e60403
0e97146
0538353

0002985
0e 11697
0043263
1.33736
299215
5064809

Oe 04010
oel5781
0¢ 59391
1.95709
§e25I10
I12.45058

181

H = (h125
kjll 20,0

O -0
8z X3
kh L 0.2

0.016112
0006244
0e2210§

0¢57342
0.684136

0+ 37890

ke = 2,0

0400771
Qe 03002
0.10820
0430247
0048573
0e 44179

k’ll 20,0

0e00I49
0000535
002163
0006687
0e14961

0e25334

k.-m.o

04000320
0e 00079
0000297
0000979
0+02626
0.06225%



182

a4

Oe I
Oe 2
Oed
0.8
1.6
3.2

QeI
Oe 2
Oe 4
08
I.6
3e2

Oel
Oe 3
Oe
0.8
1.6
3e2

Oel
Oe 2
Oe ¢
Ce3
1.6
3e2

Oh'

0.03604
012327
0e 35329
0e32050
Te12440

0+ 99 506

0e 03431
Oell491
0e 33218
0472695
100203
I.00828

0e¢03336
0e10928
0631004
0065934
0e879312

0+93300

0.033079
oe.10810
0+ 30639
0464383
0.84110
0.86307%

O =0
8¢ Ty

287564
7e44285
156410212
10.70261
703380
2435459

302259

8s024%2
17.6417%
27427701
23.38633
11.87014

3417763
8.66097
20012259
36429943
49+ 40857
§7+84369

326087
90260609
21.56482
41039378
69.63157
12095931

O =T
g¢ Y

0s0I433
0e03721
0.0770%§
0s00851
003512
0e 01177

0e0OI5II
0. 04012
0.08821

0613639

0e11693.

0.05935

o0s01539
0.04330
0e 10061
0e.18150
Qe 24704
0023027

0.01635
0e0}5I3
0s10782
0620949
0634816
0e60481

O;'

0601137
0004473
0.16785
0e53144
103707
1e 00400

0400540
04021067
0.08229
0627307
0¢63016
0.92550

0e.00123
000509
001972
0607045
0e2009673
049933

000025
0e00098
0e 00386
0s0I45S
0s05011

0eI5719

T =0
83 T

0.00201
0.007838
0.02013
ce0871.
0e 13705
0.06594

0. 00969
0e03512
0.14286
0. 45208
0.903561
0s 91469

0.01980
0s 07337
0+20337
I.01692
2.64313
4+89395

0.02809
0e 11136
043035
1. 53070
4056707
11642045

H =

0.125

ky = 200,0

o;;c;,
kg= 0.2

0e0I00}
0+03940
0614566
0e 43568
0e63524
0e32971

kg = 2.0

0.004385
0.0Ig06
0e 07143
0e22604
O« 3:5430
0e 45735

k¢== 20.0

0400009
0.00391
0601494
0.05083
0e13216
034495

ka = 200,0

0e 00014
0. 00056
0+ 00215
0.00765§
0e02234
0.0571I0



Os 1
Oe 2
Oe 4
0e8
1.6

302

Oel
Oe 2
Oe 4
0.8
1.6
3e2

Qe l
Oe 2
Oe J
0.8
1.6

3.2

Oel
Oe2
Oe 4
0.8
1.6
3e2

(-}
B¢

0ez7115
0e55109
0690404
0095559
0eg9g9703
099927

0627103
0.56010
0s90120
0¢94923

0099029
1.00000

0e26945
056161

0. 90102
0e Q4012
097277
0499075

0+ 27072
oe65909
0e89724
0093596
cs96370
097335

-0

a
3¢ T4

0.05598
0.12628

0el4219
0¢12300

0+10534
0605063

005477
0e12136
0eI2390
0e 05482
0+ 00519
002216

005192
0eI1I209
0.08622
0s07351
0e 10234
0e7IgOI

004956
0. 10066
0e0.12.3
0e24071
1000743

-

T =0
3¢ Irg

0627990
0.63138
0e71096
001490
0452669
0425317

0+27385%
0450631
0s61949
0e 32410
0602594
oe. 11080

0+25960
0e 55045
Oe 43I1L
0 36756
2.01169
359542

0624778
0¢ 50330
0e21242
1.201257
503714

2454264 —12471320

o
&

0e 0259
0e04392
0e175138
0648699
0e81249
0e929SI

000739
0.02893

0e 10654
0e32617

0e6g9047
0e95508

0000222
000877
0603354
0eII5G§53
0e33692
©e73532

0+00051
000202
000701
0002951
0eI0IQ3
0e 30707

O =0
B YT

0. 00274
0e.01060

003744
0009339
0eI3917
OeIIIXY

0e 01400
0.05434
0e19780
0+ 56039
0096216
0e37221

0.03116
0e1222%
Oe 3155904
Ie4428%
3e37001
Se 10000

0e04704
0413557
0e 70524
2440535
6682481
1545931

183

H= o. 25

kq L 0.2

o =0

8 T3
0.2
0401370
0s05302
0.18722
0.40196
069586
0¢55569

2.0

kg =

kg =

0+ 00704
0e02742
oe0939g0
o.28019
0.43103
0. 43610

k‘ 2 2000

0e 00156
0.00611
002275
007214
0.16550
0e25503

kg = 200.0

0+00024
0400093
0¢00353
0401203
0603412
0+07730



184

Ol
Oe 2
Oe 4
0.8
1.6
3e2

QeI
Oe¢ 2
Oe 4
008
1.6

3.2

Oel
Oe 3
Qe 4
0.3
I.6
3e2

Oe I
Qe 2
Oe 4
0.8
1.6
3e2

0;‘

015577
0+ 43310

0e¢ 793551
1.00871

102425
0.99617

0.15524
0+42809
0477939
0e¢ Q0703
0.98156
0.99840

0s 15436
0es2462
0.766247
0¢92757
0e9I3903
0095243

OeI5414
0+ 42365
0476296
0.91600
0088406
0e89712

O -0
24 ¢

0038558
0672176
1.03476
0.38833
0.66438

0+ 41539

0.23362
0e7022§
0096634
0066885
0s17331
0.05691

0+27580
0.67115
0e84462
0.2I95TI
1622411
304320

0626776
063873
0s71520
0.23250
3,098 ¢6
g.18214

T =
8¢ Ia

0e 14329
0036088
0e51738
0644416
O0e 33219
0e20773

0.14181
0e35112
0+ 48317
033442
0003665
0602846

0e 13790
0e33557
0 42231
0. 10976
0.61205%
I.53160

0.13388
00319037
0+35810
014125
1e54928
4459107

o
Sg

0e01348
0405259
0010094
Oe 54570
0.90553
093918

0e 00710
0s02783
0e 10306
0.31771
0466753
0093793

000179
0. 00706
0002697
009285
0e264524
0e607%54

0e 00036
0e00I43
0600557
0e02064
0607014
0e 21692

O =0
8g T

0400277
0001075
0003843
0.10337
0e 14102
0e.09804

0e013$3
0005278
0619178
Oe 55211
0s.95080
0«89390

0e02728
0e10710
0¢ 39919
1.2656%
2.94860
4489878

003814
0+ 15040
0+ 57046
1.92536
535936
12.64318

Hoe 0025
k‘ L 2.0

O =C
52 T3
k. = 0.2
0001384
0005377
O0eIQ211
0.51689
0s 70510
0e¢ 49020

kg'l 2,0

0.00677
0.02630
0.09589
0e.2760%
0647540
0044695

li = 20,0

000136
0400536
001996
0+06328
0e14743
0624494

kg = 200,0

000019
0e 00075
0+ 00285
0000963
0.,02680
0.06322



Oel
Oe2
Oe &
0.8
1.6
3e2

Os I
Oe 3
Oe 4
0e8
1.6
3«2

Oel
Qe 2
Oe 4§
0.8
1.6
32

Oel
Oe 3
Oe 4
0.8
1.6
3e2

O,

0s04596
Oel5125
0. 41030
06854564
112013
0499676

0.04381
0e14332
0e 37882
0e75904

0+98743
100064

00042136
0013708
0e 35716
0068947
0.85400
0+ Q0325

0004204
0413584
0e 35237
0467286
0.81223
0.82390

clq-cl‘q

0ed1450
1076675
3¢59650
4458845
2431165
Ie24415%

053218
‘083766
3486779
5+50796
4024281
197494

0e65003
I.90693
4213976
64489438
6.05639
6005854

0.65732
1.93764
4+26004
6.92871
8e55770
10.63614

o =0
8¢ Ig

0e03072
0.08834
0.17983
0622042
0sI1553
0.06221

0.03162
0.09188
0+19339

0e 27540
0e3I2I3

0+ 09876

0e 03250
0409535
0+ 3230699
0+32:47
0e 34782
0¢30293

0.,03289
0.009638
0. 21300
034743
0¢42789g
0e53181

0;‘

001107

0404357
0e16337
0e 51644
I.0I1061
04900168

0.00530
0402091
0007933
0e26273
0661675
0eg1258

0e 00123
0400488
0.01388
0e06741
0e 20115
0e 248647

0400024
0+ 00095
000372
0.01399
0s048130
0015278

O =0
2g Yra

000202
0000793
0e 029312
0.08771
0614039
007537

0600962
0s03781
OeIAISO
0+ 44710
0eQOII§
0¢93254

0e01930
0.07623
029072
0+98565¢
2¢§5231
4076234

0.02711
0610741
0e41459
1. 46947
4036521
10.93570

185

H = 0025

k'lB ZLO

-
%821y

kg = 0.2

OeOIOII
060396 4
014653
0443854
0.70194
0037934

k.li 2.0

0e00481
o.01891
0+.07079
0622355
0e 45058
0e 46627

ka== 20.0

0e 00096
0400381
0e01454
0s04928
0e12762
0023812

kga 20,0

0+ 00014
0.00054
0+ 00207
040073$
002183
005468



186

OQI
0-2
Os 4
0.8
Ie0
3e2

Oel
Ce 2
0‘4
Oe8
1.6

302

Oel
Oed
Ce 4
0.8
I.6
3e2

Oel
Oe2
Oe 4
08
I.6
3e2

o
34

0e0II3Q
0.,04180
0elna1gbh
0. 42603
O0e Q4520
I.10738

0+ 00909
00032009
0s 10384
030477
04656986
0e98447

0e¢00776
06027241
ce 0353,
0e23137
Oe 46833
0e71083

0e 007424
0e 02616
0e08141
0621203
0e 408796
0e 56613

A
% Iy

CeB6G 1
2671354
683021
13,1066
I3¢79134
2e72001I

0495553
3410763
8.37352
18.95534
31.13909
23.93500

I.03733
305904483
1030023
26041442
57+ 46409
G0s29034%

I,19099
4000058
IT1.96405
32497364
82477997
139437439

g =0
24y r»

0e00..33
0s01357
0s03415
0s 06503
0e 00896
0e0I365

0600873
0e0I55.
0+0413q
0092738
0e¢I5595
0415493

0e00544
0e0I1707
005155
013207
0e23732
049645

0e 00596
0e02005
0.05982
0e 16437
Ooe 41390
0.0.;687

(o3
%2

2800539
0eD2334
2409024
0e31735
0eB83371
I«I0259

0400259
0e01027
0e0/000
OeI45I3
0e.12040

ce8 454

0.00065
0e 00257
0eOIOI
0e0334.,
0eI131.3
0e373:2

0e00OOT 4
0s000556
0e00224
0.00871
00323,
0eII04Q

T =0
%2 X

Qe ONOOD
0e 00357
0e 01365
0e 0.6z
0eIO05QI
0e035038

0s 00407
0e0ISII
0.06221
0e«21560

0458553
o«00101

0. 00351
0es03%421
0613365
Oe 49135
I.53333

3450g6 4

0e0IRII
0e 05223
0e2055I
0e7753
2463062
750287

H = 0.2

ky = 200,0

O =0
g Y3
kg = 0.2

0e 00451
0e017834
0s056824
0e23118
0« 52955
0e ;3037

kg = 2.0

0e 00203
0e 00306
0e03II0
0e10030
0e¢20277
Oe 4505

ke = 20,0

0s 00043
Oe0OO0IT7I
06003553
0e 02457
0070692
0s18048

kg = 200,0

0+ 00007
0e 00025
0+00103
0.00388
0e0I320
0e03301



Oel
Oe2
Oed
0.8
1.6

3e2

Oel
Oes 2
Qe g
0.8
1.6
32

Oel
Oe2
0o 4
0.8
I.6
32

Oel
0'2
Qe g
0.3
1.6
302

L

0607943
0.27139
04663753
0eQIIg3
0095334
0eQQ3IO

0« 07000
0427046
0e65347
0639579
001217

0+991389

0.07362
026873
0.655188
0.87101
0e¢39553
0e95392

0.07820
026803
0.04904
0.8564006
Oe 86677

0e8g703

O =
8¢ 1y

040170§
0e05724
Ooe 13089
OeIS5SIG
0.13250
0.06976

0. 01617
0+ 05375
0s11770
OeII2§2
0.04897
c.01380

2.0I43Q
0.0466¢9
0e09018
0e01260
024336
0+ 53220

0e0I241%
0e03912
0+ 06006
Cel044

0e67154
1.856126

o -
8¢y Ya

0s08527
0.28621
0e65444
0077571
0656248
0¢34379

0e08083
0e25377
0e58348
0e552538
0424486
oe. 06000

0607196
0623345
0s 45089
0.06317
1.21630
266100

0.06213
0e19558
0e30029
0e§22324
3+ 35768
9e 30628

o
Ss

0e000I4
003577
0s 13135
0¢38994
0e 72106
0439599

0+ 00557
0002190
0e08222
0e20429
0e60357
0eQI2I

0s00175
0e.003592
0s02596
0e0G552
0e28721
0:664245

0000041
0e00163
0e006 43
0002436
0.08540
0+26457

o -0
22 YTg

0¢ 00206
0.00304
0e02924
0.08369
013729
0s12672

0e 01074
0e04200
0eI5534
0+ 47045
0490072
0¢9438s5

O0e0241§
0¢ 09519
0e 36003
I.19I51I
2005400

0003632
0.14576
0« 56051
I.09771
5077669
13463423

187

H = 005
k' 8 0,2

A
8z Xy

k. = 0.2

0s01030
0,04020
0s 14622
0e 11343
0.686 247

063371
ka= 2,0

0400537
0402103

0607767
0e23523
Oe 45036
0¢47102

k' a 20,0

0s00I21
0600476
os01800
0.05958
OsT 4770
0¢23339

kg = 200,0

0e 00018
0e 00073
0.00280
000934
0.02388
0.06817



188

Qe I
Oe 2
Oe 4
0.8
1.6
302

Oe I
Oe 2
Oe d
0.8
I.6
302

Oel
Oed
Qe 4
0.8
1.6
3e2

QeI
Oe 2
Oe 4
0.3
1.6
302

0;'

0¢ 044906

0.15978
0s 44523
0.83298
I.05462
0099967

0.04330
0el5325§
0e 42077
0675633
0+93447
0.98301

0e04I93
0.14808
0+ 40085
0s69098
0079338
085940

0.024160
014676
Oe 39570
0¢67257

O -
8¢ I¢

0.03398
o0.28904
0.72313
1.03603
0.83475
0e45IIgQ

o.03250
0.28318
0s70119
0.96681
0+ 70726
0433878

0.030244
027574
0eb67174
0.861091
0439588
0e 41078

040786
0e26353
0e54303
073947

[ N
2¢ Y

0404199
O0el4i52
0.36156
0s 51802
0e 31737
0es22560

0s045125
0e14159
0s 35060
0s 43341
0¢35363
0. 16939

0e 04022
0.137879
0433587
0+43095
0e19794
0420539

0.03932
0e 1326
0e32152
©e37474

0074106 = 002761 = 0.01381
0075175 = 1433545 = 094273

[
82

0400903
0403551
013314
0042190
0e85529
Oe 94500

0e00465
0s01835
0.,06974
0+23256
0¢ 56298
0088655

0e00IX7
0,00464
0401790
0+06476
0.19803
0.49238

0000024
0.0000§
0e 00374
0e0I16

0e 04972
0. 15960

C
z‘-oi.

0.00181
0e00711
0602634
0.07992

0+13973
0610667

0.00393

0003454 .

00129514
0041187
0.85930
0096353

0.01778

. 0e07027

0.26817
0e91168

2.38377
4e 47022

0002515
0+ 00968
0¢ 33497
1036766
4403937
10.25631

Hao 005
k"’ 2.0

0;;4&5
kh = 0.2
0+ 00906
0+03554
OCel3172
0+ 39962
0469363
0053336

kg = 2.0

0400430
0e.01727
0.06477
0.20594
0. 42965%§
0e 48176

ke = 20,0

-
L)

0.00089
0.00351
0.01341
0.04558
0.1191g
0e22391

kg = 200,0

000013
0. 00050
0e00Ig2
0000684
0.0204§
os05123



a4

Qe I
Oe 2
O
0.8
1.6
302

Oe I
Qe 2
Qe 4
03
1.6
3e2

Oel
Qe2
Oe 4
0.8
1.6

302

Oel
Qe 2
Qe 4
0.8
1.6
3e2

[+
8¢

0e0I3S5I
005079
0. 16972
Oe 7191
0.97452
1009911

0.0I122
004172
o.13480
035175
0e 70221
0e Q7420

0400990
0003648
0e11448
0627934
0+ 50790
0+ 70903

0e 00960
0403526
0 10970
0e26149
0e 45078
0+ 57074

O =0
B4y

0e16526
04589138
3023121
3054353
627334

0. 17997
0+61779
1089817
4¢09592
6e22002
5.41828

019872
0e72364
2419520
524726
10630212
16. 38520

0621440
0¢78493
20 34430
663342,
I4eIX4G0
29.95315

g =0
8¢ YTg

0.00826
0402946
0.08337
0.161568

0417743
0.06367

0400900
0603239
0¢09401
0e.20480
0e 31100
0e 27001

0.0099 4
0003613
010976
0426236
0e§ISIL
0481926

0.01072
0403925
0e12221
0e 31172
0470574
149791

d;‘

000596
002361
0« 0QIIO
0431904
0+82609
1.08304

0+ 00259
0.01023
0.039963
0eI4419
0e 42106
0e82256

0400063
0e 00251
0.00988
0603731
012654
0.35607

0e00013
0e 00054
0e 00214
0.00331
003070
0e 10470

-0
0;. s

0e 00098
0+00386
0e0X474
0.04967
011279
06009527

0e 00440
0e01744
0e06722
0423476
0e620.6

0093331

0¢ 0091I
0.03520
0s14116
0e51585
I+.59341
3+69109

0.01355

0+05395
0.2110§

06+79583
2467578
7451457

189

He Obs
k"' 20,0

o =0
8 Y3

kg = 0.2

0000483
001029
0007369
0+24834
0456395
0e 47037

kg = 2.0

0+.00230
0s00872
0.03361
0.11733
0,31023
0+46916

k.” 20.0

0. 00046
0.00181
0+ 00706
0402579
0407967
0.18455

kg = 20000

0000007
0.00027
0e00106
0400398
0.01338
0s03307



190

Oe1
Oe 2
Oe 4
0.8
I.6
32

Oel
Oed
Oe 4
0.8
1.6
3e2

GelI
Oe2
Oed
0.8°
1.6
32

Oe X
Oe 2
Oe 4
0.8
1.6

32

%,

0000363
e 0L 414
0.05256
0s18107
0053465
1.04537

0e 00215
0.003825
0402946
0e0g503
0.27135
0.62399

Oe¢ 00149

06003564
0eOIgII
Ce05574

0¢13946.

0e 302247

0s00133
0,00498
0e 016 49

0004553
0e 10209

o
s;ﬂ;‘

0.,22388
081903
2.523553
6e11429
10.8270%
9e34213

0e 25620
098772
31905380
8e71973
20.15765
3425229

0.318457
I.195083
4002732
I12.00835
32+77028

7762943

0. 37065
Te40493
488215
1533902
4593954

0.18358 r28.13051

-0
o;' T'g

0.00I1I2
0.00410
0.01263
0.030§7
0s 05411
0e04671

0.00133
0e 0040
0e01593
0s04360
0e¢10079
0s 17126

0400159
0+ 00598
002014
0e06004
016385
0.38815%

0e.00133
0+ 00702
0s 02431
0. 07670
0e 22970
0e620635

O;‘

0e00255
0e0OI021
0,04014
0e15048
0.28201
I.00671

0600094
200373
0eOILT74
0e05622
0s190358
0e 529123

0e 00023
0600094
0600372
0e0I453

0e05399
oe13091

0¢ 00005
0+ 00022
0s00086
000340
0es0I3L5
0.04854

O =0
8g I

0400033
0e 00130
0e 00506
0s01844

0+05399
0e08624

0.00128
0. 00509
0.019g6
007434
0023833
Oe 54931

0e 00257
0.0102§
0604017
0e 15452
0,53336
I.56409

0+001387
0s0I54.
0e05118
0e 23698
086345
2.80877

H 5, 0.5
ky = 200,0

o, -
g Iy

k' = 0,2

0e 00163
0+ 006 48
0.02529
009221

026093
0ed3121

k@ = 2,0

06 00064
0e 00254
0. 00998
0.03717%
OelINnIg
0e27466

ka" 20.0

0e 00013
0400051
0¢ 00202
0400773
0e02692
0.07320

kg L d ZXLO

0e 00002
0e 00008
0e¢00031
0s001I18
06004132
0e0I404



Oel
Oe 2
Oe 4
0e8
I.6

323

Oel
Oe 2
O 4
0.8
1.6
3¢ 2

Oe I
Oe2
Oe 4
08
Xe6
3e2

Oe I
Oe 2
Oe 4
008
Ie6
3e2

0;'

0e 02090
0.08023
0027493
0e¢67330
0e¢92595
0.95852

0402045
0+07845
026816
oe.65090
0.83171
0494153

0.01981
0407587
035817
0eb1544
0e73884

0+82936

0401952
0607473
0e 25363
0. 59853
0473387
0470243

G =0
8¢ X4

0.0046 3
0401773
0+05976
0e13313

Ge15978
0.09723

0000410
0e01561
0.05166
OelIIll
0e10364
006067

0400309
0s0I14§
0e03540
0.05163
0+07213
0.25560

000214
0.00777
0+02075
0.00538
0.28050
0490955

o =0
8¢ T

0s02320
0. 08865
0.29878
0669092
0.70888
0048612

0.02052
0e.0780%§
0e253828
0e 555955
051819
034335

0.0I529
0e05726
017702
0.25817
0e 360091
127847

0e010068
0s03833
0s10332
0+02690
1.40250
4¢54826

o
Sa

0e 00541
0.02138
0e.0812%
0036887
0e60229
0.82194

0.00356
0s0141I0
0e05427
0e13842
0¢48957
0.81663

oe00118
0e00471
0001846
0+06339
0e21770

053012 |

0s00028
0400110
0s00435
0e01679
0s06020
0e191309

O =0
83 Ta

0.00128
0400503
0.01903
0e06192
0. 13002
0414348

000687
0e 02713
0.10351
0e 34703
0+79635

0¢99757:

001591
0.06310
0+24396
0.86114
2636054
4428169

0e 02412
0.,09587
0e37417
1.36¢c30
4e23305
10+ 35507

191

Hs 1.0
kgﬂ 0.2

o =0
8ag Ts
kh = 002

0.00638
0s 02515
0409516
0+30660
oesbH5010
0671743

kl a 2,0

0e 00343
0e01357
0605175
0s17351
0039993
0049379

k.li 20,0

0e.00080
0600313

Ve 01220

0+ 04300
o.11803
0e21408

k. = ZXLO

0. 00012
0, 00048
0s00187
2400685
002119
0405133



192

Oe 1
OCe 3
0.4
0.8
1.6
3e2

QeI
Oe 2
Oe¢ 4
0.8
146
3.2

OeI
Oe2
Oe 4
0.8
1.6
3e2

Oel
Qe 2
Qe 4
0.8
1.6
3.2

0;’

0.01241
0004816
0.17203
0+ 48612
0eg9I3IZ2
1.04671

0.01083
0.04176
0414563
0s39942
0e71032
0e02112

0.00063
0.03697
o.1280%
0e 33263
0e 52721
0.65530

0¢ 00925
0003561
0.127348
0s31422
0046897
Oe §II6I

0’" -O'r'

0.02136
0.08396
0.28366
071634
0eg7206
0.60001

002170
0e.08337
0284901
071341
I.0256380
090482

002249
0.08618
0.296 40
0e762092
I.25168
I.70723

0.02339
0s 09018
0« 31470
0e83274
I.53521
2¢76220

[ 4
8¢ Xp

0s 01093
0.04198
014433
0+ 35842
0. 486073
0. 30046

0. 01090
0e04169
0s14246
0+ 35670
Oes §I340
0e 45241

001124
0.04309
0614320
0+38146
0+.62584
0.89361

0s0II70
Oe 04509
015735
Oe 41639
0.76760
1.33210

O;.

0+00490

0e01943

0.07495
0626193

01676!!
0e95935§

0.00241
000958
0. 03724
0sI3401
038690
ce.75805

0« 00061
0e00241
0e 00G50
0003578
0e 12007
0e 33669

0e.00013
Oe 000§ I
0e 00202
0000753
0.02874
0e097581

O =0
g3 X

0+ 00096
0.00378
0e0X448
0004924
0.11558
0e12527

0+00453
0.01797
0.069134
O0s 24250
0.63631
0¢97509

0400920
0.03654
OelI4241
051815
1.56503
3e51128

0s01319
0s05252
0+ 20609
0+75955
2¢ 53100
699283

H = 1.0
kﬁ = 2,0

[« S o
52 X3

ks m 0,2

0.00478
oc.01890
0e07241
0024630

0¢ 57790
0626137

kg = 2,0

0.00227
0.,008099
0e03467%
0eI2125
ce31815
0+ 48754

ka" ZLO

0.00046
0.00183
0+ 00712
0+03591I
0e0782¢
0.17556

ks = 200.0

0¢00007
0.00026
0s 00103
0.00385
0.0126%
0+ 03495



Ol
Qe 2
Qe 4
0.8
I.6
3.2

Oel
Oe 2
Oe 4
0.8
I.6
302

Oel
Oe 2
Oe 4
0.8
1.6
3¢2

Oel
Oe 3
Oe¢ 4
0.8
1.6
302

Oi'

0000417
0.01641
c.06210
0321057
0058218
106296

0400263
0e 01029
0.03310
0eX2173

0¢ 31575
0.66041

0400103
0400751
0.02713
0.0802%7
0e17961

0e 34355

0.00176
0. 00683
0002443
0006983
Qe I4191
0+22655

O =
By Y4

0e 04050
015675
0+ 55548
1.53667
2477359
255195

004751
0018481
0666727
197428
4+ 37407
6+97695

0.05737
0e22418

0.832430
2.50672
6e77014
15423252

0.05733
0e26401
0.98346
3023164
9+28148
24485336

O -
8¢ ra

0. 002032
040073 4
0002777
0007683
0013858
0e12760

000233
0600924
0+03336
0.09871
0.31890
0+34885

0.00287
0.0II3I
0e04121
0.12984
0.33851
076163

0400337
001320
0404917
0e 16158
0e 46407

1024263

o
Sg

0400271
0.01080
0e04241
0+ 15303

¢ 49705
1.00217

0s00l00
0400397
0.01565
0.059038
0¢20098

0¢ 53393

0.00024
0.00098
0.00387
0001507
0005549
0.18344

0+ 00006
000022
0.00088
0.007348

001339
0e¢049II

O =0
Bg Tg

0.00039
0.001I§5§
00 00606
0+02198
0.06327
0+ 00906

0«00160
0.00637
002498
0+ 09268
0029243
0+65446

0.00322
0.01283
0605063
019267
0.66326
1.38634

0¢00478
0.01908
007557
0e 29194
1.05385
3¢ 37605

193

Hau 1.0
k] a 20,0

o -0
gg Iy

kg = 0.2

0e00195
0000777
0.03023
0e 10991
06031635
0+ 49525

kg L] 2,0

o.00080
0400319
0601249
0¢04634
0014626
0033733

kl s 20,0

0.00016
0e 0006 4
0400253
0000963
0.03316
0009432

k' s 200,0

0400003
0.00010
0.00033
0.00146
0400527
0.01688



194

Oel
Oe 2
Oe 4
0.8
1.6
3e2

OelI
Os 2
Oe ¢
0.8
1.6
3e2

Oe 1l
Oe 2
Qe 4
0.8
1.6
3e 2

0.1
0.2
Oe 4
0.3
1.6
3e2

%,

0e00117
0.00464
0.01814
0. 06766

0622994
o.62710

0. 00049
0.001g§
0+ 00746
0e02627
0.08556
0s25186

0e 00027
0e 00104
0+.00384
0s01236

0403379
008859

0e 00021
0.00082
0.00298
0s00893
0.02065
0004154

o =C
4 Ty

0405507
0621467
0.781901
2.380355
5¢57945
9¢29529

0.06883
O 26966
I«00I3I
3249712
8eg2442
20.813387

0.08469
0e333I2

1+ 25495
4e26100

12.91800
3504291

0e10075
039741
Is§512334
5+28939
17.01872
52423015

O =0
£¢ Ta

0+00028
0+ 001079
0600391
0.0II1GO
0e 02790
0.0:648

0e 00034
0« 00135
0e 00501
ce.01625
0e04452
0. 10417

0400042
0.00167
0e005627
0s 02130
0.06459
oe18021

0e 00050
0e 00IQQ
0400756
0.02645
os08509
0.26118

O;.

0.00097
0.00388
0e.01538
0405952
0021214
0.60056

0¢00029
0600116
0e 00460
0e01797
0.05671
0622047

0e 00007
0+ 000238
Oes OOI1IO0
0e00436
0016873
0s06167

0+ 00002
000006
0.0002§
0e¢00100
0600392
0s0I5O5

-G
ch b o'}

0e 00010
0400041
0.00160
0e00607
0e.02028
0e 04847

000035
0es00138

0400545
0002092

0407335
0.21238

0. 00062
0000248
0+00985
0.03825
0+1308¢
0+ 45544

000037
0+00347
0s01331
0.05403
020250
0470093

H= 1.0
K, = 200.0

o -0
33 Iy

kj = 002

0e 000§I
0600203
0.00801
0¢073037
0eIO0I4O0
0e24236

kh = 2.0

0.00017
0+ 000649
0.00273
0.01046
0035668
0e10644

ke = 20,0

0e¢ 00003
0e00012
0e 00049
0+00101
0+.00599
0e02277

k. = aXLO

0+ 00000
0600002
000007
0e00027
0.00101
0+ 00350



Qe l
Qe 2
Oe 4
0.8
1.6

3e2

Oel
Oe 2
Oe 4
0.8
1.6
3.2

Oe I
Oe 2
Oe 4
0.8
I.6
3e2

Ol
Oes 2
Oe 4
0.8
1.6
3e¢2

G;'

0e 00540
0.02138
o.083209
0. 28150
0068908
0¢93103

0.00502
0+01986
0.076 30
0.26196

0463535
0.87025

000444
0.01756
0. 06706
0e23561
0.51029
o0.65700

0. 00414
0.016735
0s06231

0420757

T =C
8y Iy

0.00121
0.00.477
o.01821
0.061006
0+13660
0.128q9

0.000938
0.00389g
0.01485%
0.04977
0s10924
0e 12296

0+ 00056
0es00221I
0.00319
0.,02431

10403070

0.00926

. 0s00032

0. 00124
0e00436

0400955

O =g
8¢ X

0e 006024
0+02386
0.00106
0e30531
0e68299
0.64493

0. 00494
001953
0¢07449
Ose 2.‘,875
0.54641
061462

0.00283
0s 01105
0.04097
06121653

0eI5352
0.04632

0.00160
0.00621
0.02180

0.04774

0445550 — 0402172 = 0.10861
0648642 = 04155839 =~ 0077944

o

000242
0+0096 4
0403770
0,13832
0¢ 40830
0e73496

oce.00180
0.00716
0e02315
0e10§23

Oe¢ 33075
0.68 388

0000635
0.00260
001030
0403956
013743
0¢ 37409

0e 00015
0.0005§8
000231
0000905
0.03363
0.1I105

T =0
83 Ya

0e 00060
0.00240

0000939
0e03422

0.09826.

0e1570§

0+00339
0.01350
0.05288
0010467
o0s 57811
I1.00109

0.0082%
0403286

0612933

0e48595.

1.55804
3039883

0.01234
0+04922
0¢ 19550
0¢74256
2452847
6.69835

195

HI = 2.0
ki L 0,2

ci;dgw
k. = 002

000303
Qe0l302
004695
OeI721I2
0649131
0678523

kg = 2,0

0.00I70
000675
0002644
0.09733
0s2890%§
0. 50100

kl s 20,0

0e 00041
0.00164
0. 00647

. 003430

0. 07790
0.16994

k. = 200.0

0+ 00006
0.0003§
0400097
0000371
001264

0003349



196

O.I
Oe 2
Oe 4
0.8
1.6
3e2

Oe Il
Oe 2
Oe g
0.3
1.6

33

OOI
Oe 2
Oe ¢
0.3
1.6
32

Oe I
Oe 2
Oe 4
0e3
1.6

3e2

%,

0600355
0e0I415
0e05493
0s19661
0e 55306
00966 47

0+ 00250
0400991
0+.03332
0s 13516
0036644
0667354

0.00181
0s00716
0e 02745
0e¢ 09306
0.23065
0e 37001

0,00164
0e 00647
0e02470
0.08326
0.19224
0e25526

g
681 e

0.00545
0e021I155
0.08266
023226
0.678244

079393

0. 00555
0.02109
0.0846%
0e2936%
0475037
Ie 17294

000652
0.02585
0+10017
0.35641
1.00785%
2.16033

0600773
0.03090
0e12030
0443693
1.32870
3¢ 40662

o =0
B¢ TIp

0e00272
ce01078
0e04133
0e14113
0+ 33922
0439596

0.00278
0.01099
0e04231
0014683

0e37542
04+ 53647

0.00326
001293
0e 05007
0e17821
Ce 503G2
I.03017

0. 00389
0« 01544
0. 06014
0e 21827
0.65434
I.70332

o
&2

0s00216
0.00861
003386
0sI2702
0e 40376
0e83197

0« 00I0QO
0.00397
0e01560
0+05974
0e 20145
0e 51156

000025
0¢00090Q
0.00394
0e0OIS3)

0s05599
0.17843

0e D000}
0600021
0.00085
0400335
ce01283
0e0.612

T =0
Zg T

0+ 00041
0. 00162
0+ 00634
0402349
0+ 07109
0e12583

0.00183
0. 00750
0.02950
0e.11080
0e 35515
0e77434

0.00378
0. 01507
0.05958
0e227qG5§
0¢78347
2013215

000542
0e021863
0e03573
0e33214
1.19190
3467558

Ha= 2.0
Ky = 2.0

o;;<23
k" °.2

000203
0.00809
0e.03172
0eI1%44

0e35545
0e62913

kh = 2.0

0400094
0e 00375
Qe 01475
0e 05540
017757
0¢38717

kﬂ = 20.0

0.00019
0¢ 00075
0.00298
0e0I140
0e03G1I7
0¢10661

ks = 200,0

0e 00003
0e00011
0e 00043
0s001656
0+00596
0e01338



Oe 1
Oe 2
Oe 4
0e8
T.6

3e2

Oel
0.2
Oe 4
0.8
1.6

3e2

Oe I
Oe 2
Oe 4
0.8
1.6
3.2

Oel
Oe 2
Oe 4
0.8
1.6
3e2

di’

0400134
0400533
0402100
0+ 07950
0026613
0+67882

0. 000589
0.00235§
0e¢00Q22
0e03412
0e10918
0.20183

000033
0e 00130
0.00503
0.01782
0e.05012
0e 11331

0+ 00027

0.00106

0. 00406

0e 01397

0.03538
c.06182

0.00968
0.03839
0.14845
0e 52414
Is41720
3.38258

0001219
0404843
Oe 18857
0.68332

2.04134°

4460426

0.01568
006236
0e24425
0+90594
2491994
7+95104

001927
0407675
0e30182
1.1355S
3+83254
ITe55403

O =0
8¢ Tp

0400048
Ooe 00192
0e¢ 00741
0s02621
0e07085
0s11QI3

0e00061
0e 00242
0000943
0.03419
010207
0+ 33021

0.00078
0.00312
0.012231
0e+ 04530
014600
0e39755

0e 00096
0,00384
0e QI 509
0.05673
0e19163
0e 57770

o
82

0e.00108
0+00429
001702
0. 06576
023136
0.6 3006

0400033
060030
0.00513
0402023

0e07444
0+23852

0.00008
0e¢00031
0e00I123
0.00485
0001362
0e06723

0. 00002
0e 00007
0+ 00028
0. 00110
0e 00431
001644

o =
8 Ta

0¢ 00014
0400055
0.00216
0.00820
0e 02740
0e06384

000051
000203
0.00803

0403093
0.10364

0+ 30709

0000094
0400374
0e01486
0.05739
0621190
0¢67732

0e 001312
0e 00524
0.02085
0.08180
0+ 30676
104794

197

H= 20
k‘ = 20.0

o =0
g rs

kgﬂ 0,2
0e 00063
0e 00273
0.01078
0e041012
0¢13698
0e¢ 31019

kb = 2.0

0+ 00035
0+ 00101
0400401
0e01547
0e05§432
0eI5354

ky = 20,0

040000§
0400019
0. 00074
o.00289
0e010560
0.03387

kg=l200.0

0400001
0400003
0400010
0¢00041
0400I%3
0.00524



198

aq

Oel
Os 2
Qe 4
0.8
1.6
3e2

Oe 1
Qe 2
0'4
0.8
1.6
32

Oe 1l
Qe 2
0e 4
0.8
16
302

Ol
Oe 2
Oe¢ 4
0.8
I.6

3.2

O;'

0.00036
0. 00144
000572
0s 02231
o.08215
0.26576

0¢ 000II
0.00045
0+00I79
0.0068%
002441
0e 08061

0e0000§
000018
0400071
0.00261
oe00819
0., 02341

0«00003
0e 00012
0. 00047
0e00163%
0e 00445
0000929

001350
0.05366
Ce 20911
0.76035%
2429642
5028589

0.01737
0e06g13
0627103
I1.00803
3427590
Qe OZIQS

0.02160
0.03604
0.33366
1.27835
4¢35311
13.26373

002587
0eIO3I0
0s 40676
Te54951
5043705
17.58810

O =0
2y Ta

0e 00007
0400027
0e«00105%
0e001380
0e01148
0002643

0e 00009
0+ 00035
0e.00136
0e 00504
ce01638
0e 04511

0e0QOOII
0400013
0.00169
0. 006139
0e02177
0. 06634

0400013
0+ 00052
0+00203
0400775
0.02719
0e08704

o
B2

000033
0e00L30
0e00518
0+02038
0.07675
0e25434

0e 00008
0e 00033
0e00I31I
0e00520
0e 02003
0e072:3

0+ 00002
0e 00007
0400030
0e00IIg
06004067
0e01734

000000
0.00002
0e 00007
0e 00026
0e00IO04
0+ 00409

O =
Zg ra

0e 000073
0e 00012
0600046
oe00180
0000049
0.0Ig91I2

0s 00009
0.00036
000132
0400553
0002043
0. 06638

0e000I
0.00058
0.00229
0. 00g01
0403390
0. 116656

0«0001g
0e 00075
0e 00300
0.01183
Oe O.';.S IS
0s 16107

H= 20
Ky = 200,0

O =0
Zg T3

k. = 0.2

0e000IS
0e000%8
0e00232
0s 00901
0e03244
0609562

k. = 2,0

0. 00004
0.00018
0e 00071
0.00277
0s0I021

0s03319
kl = 20,0

0e¢ 00001
0400003
Qe 0OOII
0e00045
0e00OI70
0+005813

kg = 200.0

0+ 00000
0e 00000
0.00002
0.02006
0000273
0. 00081



a4¢

o.I
Oe 2
Oe 4
0.8
1.6

3'2

Oel
Oe2
Oe ¢
0.3
1.6

3e2

e 1
Qe 2
Oe 4
0.9
1.6
3e2

O’I
°.2
Oe 4
0.8
1.6
3e2

O;'

0+ 00139
0« 00555
0e 02105
0s03435
0+23870
0e 70074

0s 00123
0s 00/ 01
0601042
0e 07447
0025449
0.62072

0e 0007
0e 00345
0+.01367
0e 05207
0eI7367
O« 30955

0e000649
0+ 00274
0s01079
0e0C4074
0e 13117
026403

T =0
2y T4

0.00023
Qe 00112
Qe 004 14
0.016-36
0e0552Q
0eII355

000026
0.00104
0e00412
0e0I574
0405311
ceIz§2.

0e000IJ
0s 00072
0+00283
0e0I039
0e 03700
0e108.1

0s0001Q
0e 00073
0.00300
0e01IGQ
0.042352
0e14545

O =
%y T

0+ 001471
0e00562
0s02220
0+.08428
0e27617
0e 567738

0.00131
0s 00521
Qe 03059
0.07569
0e26554
0eH2622

0400090
06003583
0e01417
0« 05444
Qe 13949
Oe 54203

0e 00097
0+0033g
Oe 01544
0405905
0021753
0e72224

o
Zg

0e 00086
0e 00345
0e0I371
005323
0419003
0e51382

0. 00071
0002383
0e0I125
0+04383
0e 15904
Oe 5455

0.00023
0e0OOIIL
000443
0e0I7LL
0e.0052%
0420955

0e0000d
0e 00024
0e00095
0+00373
001456
0s05161

T =0
S Y

0,000273
0400001
0.00360
0+01394
0404909
0.12670

000130
0s00518
002057
0607977

0+28357
0s 75651

0. 00325
0e.012g3
0.05159
0e 20134

0.73322
2413066

0.00437
0s01G47
0+077852
0e 304732
113373
3+ 50603

199

H = J0
k¢ = 0,2

0;.-Gi’
kK, = 0.2

0e00IL4
000454
ce01801
0.06963
025545
0.63352

kg = 2,0

0e 00065
0e00259
0e01028
04039839
014178
0. 37825

ks = 20,0

0e 00016
0600065
0.00258
0s 01007
003666
0e10683

ks = 200,0

0e 00002
0e 000IO
0, 00039
0e 00152
0400567
0e01793



200

asg

QeI
Oe 2
Oe 4
0.8
1.6
32

Oel
Oe 2
Oe
0.8
I.6
3e2

QeI
0'2
Oe 4
0.3
I.6
3.2

Oel
0.2
O
0.8
I.6

3e2

0;'

0e.00103
0e 00411
0e0I631
0.063109
0e22413
0.60654

0+00057
0+00223
Oe 00905
0s 03500
0e12354
Oe3i121

000030
0e 00119
0+ 00459
0+ 0I70Q0
00056045
0+1.979

0. 00023
0. 00001
0.00360
0e0I350
04 0:400
0e001323

o
24 T¢

0e00123
OOOOSII
0e02022
0e 07722
0e2505%
Oe 53702

0s00147
0.00587
0e02324
0.036957
0e3I215
0031908

0.00201
0.00801
0.0319I
0e12£27
Qe 45100
e 35427

0400263
0e0I050
004179
0.16380
0060898
198899

O =0
2y T2

0e 00064
000256
o.0lOII
0.03861

Ce I2Gg77
0e29352

0s 00074
000293
0e01162
0e¢04479

(2]
0s 15603
0. 400952

0e001I01
0e 00,02
0e 01505
0e06213
0e22550
0.68212

0.001731
0s00525
0+ 02000
0s.03190
O« 30149
0e993.349

o
22

0e 00073
0.00312
0s01241
0.04912
0e17617
0e«50917

Qe 00035
0. 00137
Oe 0054.’r
0402135
0e 07072

0e2% 541

000008
0+ 00034
0e00I34
Qe 00532
0e 02049
0eD7204

0e 00002
0e00007
0s00020
Ce00II}
000451
0eQI708

[ J
23 T

Oe000I4
0. 00057
0600226
0+003797
0.031733
0+ 03500

0e 00065
0e00260
0e¢ 010732
Ce04031
0e14735
0.43632

0. 00123
0. 00510
002032
000799!
0e 29001
0eg7701

os00130
0+00720
0.02870
0e11334
0ed3251
I..;9306

H = L0
k|= 2.0

o
t7]

kg = 002

0« 00071
0.00284
0e0II29Q
0e04322
0eI15566
O0s 42501

kg = 2,0

0. 00032
0e00I30
0. 00515
0s02015
0.07368
0.21816

k'li 20.0

0. 00005
000026
0.00102
0e 00400
0.0I500
0,0.88%

ks = 200,0

0+ 00001
0« 00004
0O 0001 ;
0400057
0.00216
0e 00727



a4

O
OJ
o.
Os
I.

3e

[ S Yo N e - JE TN N

Oe I
Qe 2
Qe 4
P ]
I.6

Qe 2
Qe 4
0e3
1.6
3e 2

0;'

0+ 00042
0.00165
0. 006673
0s 02603
0e00713
0e 3104

0e 00013
0e¢ 00054
0.00214
0.00337
0403109
OeIO0OI4O0

0. 00005
0s 00021
0.00083
0.00321
0s0IX30
003258

0+ 00003
0e 0001y,
0e0005.!
0e«00206
0e 00683
0e0I5Q0

O =0
%y ry¢

0.00233
0+000732
0.03692
014242
0. 49326
1.31627

0s 00312
0.01345
Ce 04044
Oelg2.7
0450749
2e0Q04Q

0.00;13
001651
0s0655¢g
0425739
ce05623
3¢10030

0003515
0e02055
0ce03101
0e 32231
Te21537
41395

O =0
g¢ Tp

0s000I2
0. 0004
0.00185
0e 00712
0002461
0.06581

Qe 00015
0e02052
0.00247%
0+00062
0603487
0010452

0e 00021
0400033
0.007338
0.01287
0004701
0+ 15549

0e¢ 00025
0+ 00103
0¢00410
0,01012
0s05079
0e30720

o
Lg

0e 00037
0e001,3
0,00538
0e0231I9
0.08758
0623747

0e 00010
0400039
0e 001§
0s.00610
0e02358
0003424

0+00002
0e 00009
0e 00035
0eCOI33
0e00542
0s 02051

0+ 00000
0e 00002
0000008
Oe 00030
0e0O0I20
0e¢00468

U =
23 T

0.00004
0e 00017
0.00068
0e 00266
000983
002900

0e 000I§
0400050
000235
0, 00924
003488
0sII553

0+ 00025
000099
06001396
0e01565%

0405993
0+ 20905

0400033
0s00I3I
000524
0e 02077
oe080734
0.23061

201

H = 40
k'l' 20.0

o
5."ry

kh s 0.2

0s00021
0e00083
0.00340
0e0I331
0604914
0014051

k.ll 2.0

0400007
0.00039
0.00117
0.00462
0s01744
0605776

ke = 20,0

0e 00001
0e¢ 00005
0s00020
0400078
0e 00300
0401045

kg = 200,0

Oe 00000
0e 00001
0¢00003
0O« 00010
0e¢ 00040
0e 00145



202

a4

Oe 1
Qe 2
O 4
068
1.6

3.2

OeI
Oe 2
Oe 4
0.8
1.6
3e2

Oel
Qe 2
Oe 4
0.8
1.6
3.2

Oe I
Oe 2
Oe 4
0.8
I.6

302

o
%4

0. 00010
0+00043
0.00167
0.006957
0.02562
0.09166

000003
Os000ITI
0. 00042
0. 00168
04006 46
0e 02332

0+00001
0. 00003
0s 00013
0e000§0
0.00186
0.00612

0+« 00000
0+ 00002
0+ 00007
0« 00025
0.00085
0+ 00225

O -0
BT Ty

0. 00334
001333
0e 05295
020021
074824
2.25046

0400437
001745
0e06g47
0e27221
I«01140

3+23913

0600545
0.02178
0e08673
06341231
1.28%73
4033974

0.006352
0+02600
0.10389
Oe £09097
I.56284
5e 43870

T =0
&¢ Xa

0e00002
0s 00007
000026
0.00103
0e 0037
0s0II25

0+00002
0+ 00009
0.00035
c.00136
0e 00500
0.01645

0400003
0e 0001
0+00043
0.00XI71
0¢006.4
0.02195

06 00003
Oe000I3
0+00052
0s00305%
0e 00781

0e0274%4

o
Z3

0e000I0
000039
0e 00157
000625
002427

0+.08799

0e 00002
04 00009
0e00036
0e00I42
0s 00550
0e.02126

0. 00000
0e 00002
000003
0e 00031
00012,
0.00433

0+ 00000
0e 00000
0400002
0e 00007
0e¢ 00027
0s 00107

O =0
8 X

0e 00001
0+ 00003
0+ 00013
0.00051
000195
0e.00660

0+ 00002
0400009
0600036
0e0O0ILA
0400553
0e0IQ51

0e 00003
0e 000IZ
0e¢ 00054
0+002I§
0600333
Qe 03010

0e 00004
0e 00017
0e00058
0000269
0e0IO04Q
0.03866

H = }o0
k¢ = 200,0

o =0

f2 Is
kl = 002
0e 00004
0.000I6
0.0006%§
0e0025%

0400075
0.03298

k." 2.0

0. 00001
0e¢0000§
0.00018
0400072
0e 00277
0600975

k] = 20.0

0e Q0000
Oe 00001
0¢ 00003
Oe O0O0II
000042
OOOOISO

ke = 200,0

0+ 00000
0+ 00000
0400000
0400001
0400005
0+00019



QeI
Oe 2
OCe 4
0.8
1.6
32

Oel
Oe2
Oe 4
0.8
I.6

3.2

Oel
Qe 2
Qe 4
0.8
"1.6
3e2

Oel
Oe 3
Qe 4
0.8
1.6
302

)
a4

0e¢ 00035
0. 00142
0400566
0.02240
0008589
0e291313

0e 00030
0e 00120
0600479
0.018g4
0407271
0024933

0+ 00016
0e 000635
0.,00260
0.01026
0.03926

0eI3335

0. 00009
0. 00036
0e 00145
0400573
0.02160
0.069133

Og =0

"

0+ 00006
0.00023
0¢ 00000
0e40035.}
0.01335

0s.04270"

0+ 00008
0« 00030
0e00I21
0e00480
oe.018 1
0+ 06307

0400010
0. 00040
o.00153
0.00629
0ec2463
Qe.09123

0.0001§
0400059
0.00235
0s00933
0.03710
0e 14226

O O
2¢ T

0400028
0s 00113
0.00449
o.01769
0+ 06673
0621350

0+00038
0.00152
0. 00606

0602399
0+09206

0431534

0400049
0.00193
0400790
003143
0eI23I4
0e 45615

0. 00074
0.00294
0.01176
0+ 04690
0.18549
071130

0;.

0400027
0.00108
0e00432
0s0I71I
0.06610
0623182

000023
0. 00091
0+00364
0¢01446
0es05601
0e10328

0.00009
0400037
0s 00149
0400594
0e02320
oe.08510

0400002
0e 00008
0e¢ 00032
0.00127
0e00503
0e01Q12

O =0
2 YTg

0400007
0.00028
0+00I113
0e 00449
0e0I72%
O 05907

0600041
000163
0+.00660
0.02616
0.100380
035008

0.0010§
0e00421
0.01679
0. 0666 4
0.25871
0692473

0.00162
0. 006 48
0e.02557
0e10287

0+ 40238

1. 48097

203

He= 800
kg = 0,2

[
Za T3

k. = 0.2

0. 00035
0e00142
000567
0. 02246
0e08624

0¢29533

kh = 2.0

0e.00021
0+ 00083
0+00330

* 0e0I308

0e050.40
0eI17504

k"’ ZLO

0+00005§
0s 00021
060003 4
0.00333
0e0OI2C4
0e0:6224

k‘ﬂ 200.0

0s 00001
0600003
0400013
0400051
0+ 00201
0400740



204

a4

o.
o.
Oe
Ce
I.

3e2

N

O\ QO .ga

Qe
Oe
Oe
o.
Ie

303

(o) N0 o -Sauy XU Y]

Qs 1
Qe 2
0. l;.
0.8
1.6

Oe
Ooe
Oe 4
0ed
I.6

[ ST )

0;'

0s00028
0e0OII3
0e 00451
0.01736
0006895
Qe24127

0e 000173
0+ 00053
000213
000844
003269
0eI1640

0¢0000§
0e 00019
0s00076
0e 00300
0e0II§
0e 04003

0e 000073
0e 00011
0.00042
0e 00167
o.00529
0.02070

O -0
B8 Ty

0e 00023
0e00ITII
0e 00444
0.0I752
0s00562
0e22014

0.00039
0e 00157
0+00623
002487
009597
0+ 33506

0+00001
0+ 00242
0.00967
0,030 ;5
015010
0e54042

0.00032
0000328
0401310
0,05215
0620491
0076769

O =0
8¢ X

0e000I4
0+ 00056
Oe 00222
0+00376
0e03331
0. 11007

0. 00020
0. 00079
0s003I4
0e0I244
0e04708
0e 15803

000030
08 00IZI
0s00 ;834
0e0IQZ2
0e 07505
OCe27.,71

0600041
0s 001564
00006355
0s 02608
0e10245
0.3838.4

o
Ep

0e 00024
0e00096
0e00384
0e0I§22
005900
0620949

0e 00010
0e 00041
0e 00164
0.00653
0002555
0e00Q 410§

0e 00002
0e000IO0
000040
0+ 00I59Q
0e 00030
0024009

Oe 00001X
Oe 00002
0e 00008
0e 00034
0+ 00135
06006527

O =g
%2 I

Oe 00004
0e00017
0e0006¢
0400275
0.01060
0.03603

0e 00020
0400073
0e0031II
0.01237
0e.04802
0.17138

0e 00037
0e00149
0.00596
0e02369
0e 00274
0e34233

0e00052
0e 002005
0.00825
06035287
0612033
0e43719

H = 800
kh = 2.0

O =0

%z I3
k‘ = 0.2
0e 000422
0e00087
0e 00347
0601373
0e 05298
0613466

k. = 2.0

0400010
0+ 00039
0e 001556
0.00613
0e02.401
0008594

k.=’ 20.0

0+00002
0e¢ 00007
0e 00030
ce00113
0e00.64
0e0I712

k. = 20000

0e 00000
0s 00001
0.00004
0+.00016
0+ 00065
0400244



Oel
Oe 2
Ose 4
0.8
1.6
3e2

O.I
Oe 2
Oe 4
0.8
I.6
3'2

Qel
Qe 2
O 4
P
1.6
3e 2

OII
0.2
Oe 4
0.8
1.6
3'2

o
]

0. 00012
0s 00047
Q¢ O0IQO
0.00754
0. 02047
o.10317

0e 00003
0.00013
0+ 00050
000200
0+ 00736
0602944

0e 00001
0. 00004
0e 00014
0¢00076
0e 00217
0e 00791

0e 00000
0.00002
0. 00006
0e 00025
0+ 00006
0e00319

o =0
8y Iy

0+000%6
0.00223
0.00839
0s 03522

0.13569
0e 47240

0+ 00079
0e00310
0.01360
0405007
0.I9496
0e70700

0.00105
0e002425%
001696
006751
0e26466
0eq8450

0.00I33
0e00§31
0002122
0003453
0e 33268
1.25614

O =0
8¢ Ta

000003
0e 000LTI
0000044
0400176
0.00678
0.02362

0e 00004
0e 00016
0+000063
0e 00250
0+ 00975
0¢03535

0e 00005
0e00021
0.00085
0.00338
0e0I3273
0.04922

0% 00007
0e 00027
0e 00105
0e00:23%
0001563
0e 06281

o
g

0+0001I1X
0e 00044
000176
0e00701
0602746
0. 101.5

0600003
Oe0OOI1L
0e000.3
0s 00170
0000573
0e02579

0. 00001
0.00002
0+ 00000
0es 00037
0600147
0e00575

0e 00000
0600000
0400002
0e¢00003
0600032
0.0012%

O =0
833 Ty

0e 00001
0+ 00005
0« 00020
0400079
0+ 00306
0«0I10§

0e 00004
0e 00016
060005 4
0e 00253

0e¢ 00993
Oe 03678

0400006
0e0002§
0400100
0+00363
0s01555
0e05392

0000003
0s 00032
0e001283
0. 00509
0e 02000
0s07660

205

H= 80
ky = 20,0

O;;*;,
kl = 0,2

0e 00006
0000035
0400090
0000393
0.01528
005524

kg” 2,0

0e 00002
0. 00008
0e00032
0e 00127
0400496
0e01339

k." 20.0

0e 00000
0+ 00001
0.0000%§
0.00020
0400078
0e 00295

kg= ZD.O

0+ 00000
0¢ 00000
0e 00001
0e 00003
0e.0001I0
0+ 00033



206

QeI
Oe 2
Oe 4
0.8
I.6
302

Oel
Oe 2
Qe 4
0.8
1.6
3«3

Oel
Oe 2
Oe 4
0e8
1.6
323

Oel
Oe 2
Oe 4
0e8
1.6
3e2

0;'

0. 00003
Qs 00011
000046
0.00182
0600720
0s 02781

0200001
0.00003
0. 00010
0+ 00041
oe.00162
0s00625

0s 00000
0e 00001
0e¢ 00002
0400010
0400039
0e 00149

0e 00000
0400000
0. 00001
0 00003
0400013
0¢ 00047

T =0
By Ty

0. 00033
0400330
0e0O1320
0+s05242
0e2041l
0e74013

0.0010q
0400438
0e01748
0.06956
0e27262
1.01332

0e 001136
000546
0e02181
0008687
0s 34202
1.29I90

0.00163
0.00654
0.02613
O0el0417
Oe4Il21
Io56843

o =0
8y Ty

Qe O0000
0400003
0e 00007
0 00036
Qe Q002
0s 00370

0.00001
Oe 00002
0.00009
000035
000136
0600507

O« 00001
0.00003
Oes OOO0II
0+ 00043
0e00I71
0.00646

0¢ 00001
0e 00003
0e 00013
0e 00052
0e 00206
0.007324

o
t

0400003
0e0O0OII
0600044
0e00I75
0e.00693
0e02656

0e00001L
0e 00002
0e 00009
0.000306
0+ 00149
0e00584

0e 00002
0e 00001
000002
0e 00003
000032
0e00I27

0¢ 00000
0+ 00000
0400000
0e00002
000007
0400027

O O
g2 Y

0400000
0e 00001
0s 00004
0s 00014
0+ 00056
Oe 00212

0400001
0+ 00002
0+00009
0e 00037
0400145
0+00547

0+ 00001
0400003
0. 00013
0. 00052
0e 00204
0400777

0e 00001
0. 00004
0e 00016
0400063
0e00249

0s 00G57

H = 8“)
k| = 200.0

T =0
8 I's
kﬁ = 0.2

0e0000T1
0« 0000%§
0.00013
0+ 00072
0e00282
0s01033

ke = 2.0

0e¢ 00000
0e 00001
0e 00008
0e00013
0400072
0600273

k. = 20.0

0400000
0e 00000
0+ 00001
0.00003
0400010
0400039

k. = 200.0

0e 00000
0+ 00000
0+00000
0e 00000
0400001
0e 00005




207

Appendix B
A MATHEMATICAL DESCRIPTION OF THE PROBLEM

A diagrammatic representation of the system was given in Figure 1. The system 1
consists of a semi-infinite elastic solid bounded at the surface by two finite elastic
layers of constant thickness. The surface is loaded uniformly over a circular area and
so, if cylindrical polar coordinates (r, 6, z) are used, the stresses and strains in the
system will be independent of the angle 6.

Assumptions

1. The Applicability of the Theory of Elasticity. —The materials involved are assumed
to be homogeneous and isotropic, the stress/strain relationship to be linear and the
modulus to be the same in compression as in tension.

2. Description of System.—The three layers are horizontal and have different elastic
properties. The two upper layers are weightless and of infinite extent in the horizontal
plane. The bottom layer is infinite in the horizontal plane and semi-infinite in the verti-
cal plane.

3. Boundary Conditions. —The surface of the top layer is free of shear stress. Out-
side the circular loaded area the surface is free of normal stress and inside the load is
uniformly distributed. All stresses and displacements are zero at infinite depth.

4, Continuity Conditions. —The three layers are continuously in contact and act together
as a composite medium. At the interfaces the normal and shear stresses and the vertical
and horizontal displacements must be the same in both layers. |

TABLE 2
NOTATION FOR STRESSES

Stress Symbol
Vertical normal o,
Radial normal o

. . T
Circumferential normal %
Shear T

- - N - -——

}

\
!

r

\
A

-

~N

!

' °

Figure 2. Components of stress in cylindrical co-ordinates.
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5. Poisson's Ratio. —This is assumed to be equal to 0.5 in all three layers, the main
reasons being that the algebra involved in developing the stress expression is consid-
erably simplified. This value of Poisson's ratio corresponds to an incompressible
medium.

Derivations of the Expressions for the Stresses in a Three-Layered System

The notation for the stresses is presented in Table 2. To take advantage of the sym-
metry of the problem cylindrical polar coordinates have been used. The components of
stress are shown in Figure 2.

The equations of equilibrium are obtained by considering the total force for a small
element in both the radial and vertical directions.

Ao ar g -0
T Iz r 6 _
S-IT- + Y + T =0 (la)
T 30, T
rz z rz _
5 "% t ot =0 (1b)
(Because of the axial symmetry in the problem, Tro and Tgg aT€ Z€ro, and there

is no equilibrium condition for the §-direction).

In the general three-dimensional case in rectangular coordinates, each of the six
components of strain (three normal and three shear) may be expressed in terms of the
three components of displacement. Thus these equations are not independent and three
relationships exist between the six components of strain. These are called the compati-
bility conditions, and they may be expressed in terms of components of stress by using
Hooke's law. In cylindrical polar coordinates with axial symmetry the compatibility
conditions become

2 2
Vzcr'?(ar'ae)+ liua—ax'3(°r+°9+°z)=o (22)
2 2 1 13 _
VO + 2 Op - %) * Yo F5F Op g to,) =0 (2D)
where yu is Poisson's ratio and
2 _ d° 1 23 32
Vi=seE * a7 ta

is the Laplacian operator.

The components of stress and displacement may be expressed in terms of a stress
function ¢ in such a way that Eqs. la and 1b are identically satisfied. These expressions
are

0, = & [(2-wvie - 22] (3a)

o0 = a [ave - 5] o

% = 35 LAV~ T 3%) (3¢)

Ty = [(1-wvie - 227 (3)
Displacement 1 220

(vertical) w =

+u 2 1 3p
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2
(horizontal) u = - (I—EE-) aa—r:;— (31)

in which E is the modulus of elasticity.
It may be shown quite easily that Eqs. 2a and 2b are satisfied provided ¢ is a solution
of the biharmonic equation:

vie = 0 (4)

in which V2 is again the Laplacian operator.

The problem is thus reduced to the solution of this partial differential equation sub-
ject to the boundary conditions at the surface, the interfaces and at infinite depth. The
boundary conditions are expressed next; the numerical subscripts refer to the different
layers.

Interface 1 Interface 2
(z = -hy) (z = -h;-ho)
Oy, = O, % = Oz (normal stresses)
Trzy = Trz, Trzs = Tras (shear stresses)
W1 = Wz Wz = Ws (vertical displacements)
u = Uz Uz = ug (horizontal displacements)
Tray = 0 (z = 0, surface free of shear stress)
Ws = Uz = crz3 = Trge = 0 at infinite depth
o, = 1 O<rc<a
(surface loading)
0, = 0 r>a

The radial stresses op are not continuous across the interface because the horizontal
displacements are equal; they are determined by the relevant modulus of elasticity.

The' partial differential Eq. 4 may be solved by using the Hankel transform*. However,
for purpose here the solution may be expressed in the following form.

The stress functions

©1 (top layer) Jo(mr) [(A, + Bz)e™ 4+ (C; + Dyz) e-mz]

¢z (middle layer) Jo(mr) [ (A2 + Buz) e™Z 4+ (C; + Du) e-mz]

¢3 (bottom layer)

Jo(mr) [ (Cs + Dsz) e—mz]

satisfy Eq. 4 and the conditions at infinite depth*#*. The ten constants are evaluated by
using the boundary conditions at the interfaces, the condition that the surface shear
stress is zero and by assuming a stress distribution of the form:

*The Hankel transform F(m) of order zero of the function f(x) is given by

@©

F(m) =I xi‘(x)Jo(mx)d.x

o
for details of the application of this transform to problems in three dimensional
elasticity, see (6).
**Jo(x) 1s the Bessel function of order zero.
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a, (r, m) = -mJo(mr)

The final expressions for the stresses and displacements are then given by

a [--]
o, = [ I az(r, m) r dr dm (5a)
o0
a ® or(r, m) + cre(r, m)
0, =0g = J. J‘ 3 r dr dm (5b)
oo
The total surface load is given by
a [--]
_[ I oz(r, m) r dr dm
0 0
a -] (-]
= - _[ [ mr Jo(mr) dr dm = - I aJyam)dm = - 1 (6)
0o o o

The final expressions for the stresses and displacements are obtained by substituting
the stress functions ¢ into Eqs. 3a through 3f for the components of stress and then using
the Eqs. 5a and 5b. The algebra involved is quite considerable but is simplified by
assuming that Poisson's ratio is equal to 0.5 in all three layers. The expressions for
the components of stress that appear in the tables are given next.

(1) PFirst interface

q
]

24 "(1-K) I 31J1 (a,x) %t'%l dx
o

o
_ X
20, = [ 2134 (aex) %&72 dx
[}

]

X
20, = (1-K) j a¢J¢ (ayx) %é-)ldx
[o]

(2) Ssecond interface

2a = (E)(11) [ 843y (agx) %t,gldx

20-1': -(1-K) I ayJq (agx) %éé?)E). dx

q
n



211

20, = ~(1-K)(1-N) J' a¢Js (a4x) %é’)‘-)- dx

The symbols and functions in-thesc expressions are’' defined as follows:

ay = a/thoy H = hy/he, k¢ = By/E2, and ke = B./Es,

ky =1 ko1
L =
K= et N -&-‘rk.+

£4(x) = (1410) o - mete™(HR) | () (o FX _ yegm(SHHx)

~(3H+2)x -(B+2)x

~Np4 (x)e - Npa(x)e

g1(x) = ’l%l? (1-Hx) {Ko-mx - N'e"(m*‘*)"} - 1—%; (147x) {e'Hx

_mao-(H+l+)X} . fl:kil'ix {G-Hx + m2o(Bek)x _ o ~3ix _Nae-(3H+l+)x}

-(3H+2)x -(H+2)x

~Nps (x)e - Npa(x)e
ge(x) = K(2-5ux)e™ T  (2-1x)e ™ - W (2s1ix)o~ (HHL)X

+KN2(2+5Hx)O-(H+L)x - Np’(x)e-(ﬂi+2)x - Npe (x)e—(H+2)x

-(H+1)x

Fi(x) = = (1+x+Hx)o - KN(4-x+Hx~2Hx" )e-(H+})x

K (1ex-Tie-271? Yo~ (GHH )X | N(1-x-Hx)e-(5H+3)x
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6 (x) = Kay ()o~CEHIE | oy m(Be)x o mOHe3)x e ()om(B#3.

Ga(x) = K(~2+x+5Hx~2Hx? )0"(3H+1 )x + (2~x-Hx) e-(H+1 ¥x

- N(2-5x-5hx)o” H3E | gn(o-seopix-10mx? )o~ (43)%

D(x) = 1+2KN(1+2x%)e 2 & KEN20~ME 4 K2o7HEX | spy(q4o? ) (MEHF2)x
o Neom(HHX oy e ey RHK _ pan oy m(2e2)x oy = (2
- 2KNA (142mxt )~ (2Hth)x

and

p1(x) = pa(-x) = -K(1+2x-Hx+2x?-2Hx?-LHEx>) + (1-2x-Hx+2x*+2Hx")

ps(x) = pa(~x) = K(4+2Hx+8x2+4Hx>) ~ (2-4x~SHx~2x" ~2Hx?)

- K* (2+L4x~5Hx+10x>+2Hx* ~20Hx> )

Ps(x) = pe(~x) = K(2+4x+Hx~-2x2-10Hx?+4Hx> ) - (2-Lx~5Hx-2x2-2Hx?)

pr(x) = 2+4x®-8Hx*+4H?x%+16H2x*

pe(x) = 2+L4x*+8Hx?+LH x®



213

qu (x) = N(2+5x+Hx-10Hx2) - (2-x-5Hx+2Hx*)
qa(x) = N(2+5x+5Hx) - (2-x-fix)
qs(x) = N(2+x+Hx) - (2-5x-5Hx)
qa(x) = N(2+x+5Hx+2Hx?) - (2-5x-Hx-10Hx?)

~Fhe expfession for g,(x) differs from that given by Acum and Fox in the fourth term
in the third bracket. This was discovered when an unaccountable discrepancy was noted

for values of O, = Oy An error was suspected when a certain lack of symmetry in

the expression for g1(x) was noted. Inspection showed that the coefficient of exp[ (3H+4)x]

should be NZ on both occasions, whereas the paper of Acum and Fox shows N instead of
N2 in the third bracket. When this change was made the disagreement disappeared. The
corrected expression was verified later when it was derived from first principles.

As a further check some results were obtained for comparison with those of Acum
and Fox. These are presented in Appendix C (figures in brackets being taken from
Acum and Fox's paper).

Appendix C
H = 0.25 k' s 500
k. = 5.0
a . g, O 0. =0
' 84 84 T4 8¢y ra ch ' o‘h-o’r Uza'cr;
0. § 0e74131 1.39458 0.37892 0.0876§ 0. 38000 oe.07600
0.7*10) (1.8900 03790 0.03749 (o. Soo) (0.0761
1.0 Oe Q44 ; Ie25311 0s35062 0626496 1.04512 0e20902
(0.9970 1.2700 0.2540 0s2650 I.0400 {(0.2050
ke = 5.0
kg = 400.0
[T 1 Oe 72401 1.6990; 0.33081 0eOIITI 0e70741 0+ 00707
(0e7220) 1.7000 0e 3400 (0.0117) (0e7070 (0s00707
1.0 o.aois? o.49:8§ 0.00836 o.o4xz§ 202318 0602232
(008070 (o.5o3o 0s1020) (0.0:13 z.zgoog 0e 0223
k. = m.o
ka = 5.0

0e§ 0e 30774 7047254 0.149;5 0.05798 o.z383? 0.04768
0.3030) (7.2900) (0.1500 0.0530 (0.2380 (0e0477)

1.0 064196 12.737%§ o.2547§ 0.,19381 0.7522? o.xso4§

0e6420) (12.7300) (o0.2550 oe1940) (047520 Os1500
k| = 50.0
ke = 100,0
0e§ 0.2?52? 8.73121 0. 17562 0000791 0e467..5 0000467
(o.z?fo (8.7200) (o.t7qo) 0.0079!) (0.4660) (0.00:66)
1.0 0. 5607 17, 7838 ° 34958 0.0292 1.61043 0.0161
o.57oog (17.,500 (0.3490) (000292 1.6100 00161

Continued
piciod Ly



214

Qe §

6‘5 [ O", -cl‘g
0002848 0021464
(0s0285) (o0.2150
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000524 0.3826
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0403766
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(0.0938)

H = 2.0

oh. °;a-°;n
0e00g55 0604100
0.00950) {(0.0409)
0003549 o0el532¢2
(0.0364 0e1530
0.00269 0. 00856
(0.00268) (0.00853)
0e01054 o.o333}
(0.0IOS (000330
0.00039 001430
(0s00041) (0e0147)
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(0.00163) (0.0575)
0e.00671 0402701
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ky =
k' =

5.0
5.0

-0
oig rs
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0,0306
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ce00171
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00065
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(test 10), the sample expanded in the absence of water as could possibly occur with a
sampling technique. It is significant that the slopes of the recompression curves vary
considerably., Tests 6, 7, and 8 tend to follow the rebound lines 4, 5, and 9, and 11,
12, and 13 fall far higher. In particular, the slope of 13 is 17 times greater than that
of test 8 which measures the true compressibility of the clay.
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