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Tabulated Values for Determining the Complete 
Pattern of Stresses, Strains, and Deflections 
Beneath a Uniform Circular Load on a 
Homogeneous Half Space 
R. G. AHLVIN and H. H. ULERY, respectively. Chief and Engineer, Special Proj­
ects Section, Flexible Pavement Branch, Soils Division, U. S. Army Engineer Water­
ways Ejqwriment Station, Vicksburg 

Results of extensive computations are presented in a manner that permits 
simple determination of the complete pattern of stress, strain, and 
deflection at points beneath a uniform circular load on an elastic, 
homogeneous, isotropic, half space. Tabulations are presented of 
eight factors for a dense network of points in terms of depth below the 
load and radial distance from the load axis. Simple formulas are 
presented using these factors and Poisson's ratio by which any 
coordinate stress, strain, or deflection may be determined for any 
value of Poisson's ratio. 

•THIS PAPER presents results of computations of stress, strain, and deflection at 
points beneath a uniform circular load on an elastic, homogeneous, isotropic half space. 
These results are being reported in the hope that they will provide a useful reference 
to anyone concerned with the distribution of stress and strain induced by tire or footing 
loads that may be treated as uniformly distributed circular loads. Computations of this 
type are not new {1, 2, 3); but the results presented are somewhat more extensive, pro­
vide a denser network oTvalues, give greater accuracy, and treat Poisson's ratio more 
directly than previously published information. The method of presentation is also some­
what different in that tabulations have been made of each of eight functions which can be 
combined through simple equations to give any coordinate stress, strain, or deflection 
for any value of Poisson's ratio. 

I The computations reported were made in connection with an investigation of pressures 
and deflections in homogeneous soil masses. This was part of a larger study of the action 
of loads on flexible pavements conducted at the U. S. Army Engineer Waterways Experi-
nient Station. Theoretical values of stress, strain, and deflection were developed for 
comparison with equivalent values measured in field test sections (7, 8, 9). These 
theoretical values were computed using equations developed by Love (§) and other 
methods (8 and 9). 

In the computations, certain functions were obtained that repeat themselves and are 
independent of Poisson's ratio. These are the functions that are tabulated and presented 
vhlch combine in simple formulas to give stress, strain, or deflection for any value of 
ijoisson's ratio. Tables 1 through 8 give the data in terms of depth below the loaded 
area and offset distance from the center of the loaded area, of the eight functions needed 
to determine any desired stress, strain, or deflection. The tables give values for 
depths in radii of 0, 0.5, 1, 1. 5, 2, 2. 5, 3, 4, 5, 6, 7, 8, and 9 for offset distances 
from the load axis in radii of 0, 1, 2, 3, 4, 5, 6, 7, 8, 10, 12, and 14. In addition, 
values are presented for depths in radii of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 
i, 1.2, 1.5, 2, 2.5, 3, and 4 at offset distances in radii of 0. 2, 0.4, 0.6, 0.8, 1.2, 
aind 1.5. A few values are included for depths of 10 radii and a few for fractional radii 
depths at other offset distances. The values included represent those needed for com­
parison with equivalent values measured in test sections as mentioned previously. 

I It might appear strange that, with the modern computing equipment now available, 
tabular results of the type reported are not already commonly available. 
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The computations, however, involve elliptic functions and were made through use of 
values tabulated by Legendre in 1826 (4). Direct determination of elliptic functions as 
part of a computer program is sufficiently complex and time consuming that extensive 
results of the type being presented herein have not been programmed, computed, and 
reported. 

The simple relations which combine the tabulated functions and Poisson's ratio to 
give stresses, strains, or deflections are 
Bulk stress ^ 

e = 2p(l + i.)A = (T̂  + + CTg = (1) 

Vertical stress 
= P " A + B1 (2) 

Radial horizontal stress 
CT = p [2vA + C + (1-2I^)f1 (3) 
p L 

Tangential horizontal stress 
CTg = p [2vA - D + (1 - 2I^)E] (4) 

Vertical-radial shear stress 

-pz = ẑp = (5) 

Bulk strain 

e = p ^ (1-2.)A = . e . = (6) 
m ^ m 

Vertical strain 

[(1- 2I.)A + B ] (7) 
m 

Radial horizontal strain 
1 + v = [(1 - 2v)F + C ] (8) 
^m ^ ^ 

Tangential horizontal strain 
1 + V = P ^ ^ ^ [(1 - 2v)E - d ] (9) 

Vertical-radial shear strain m 

^ m m ^ 
Vertical deflection 

1 + V 

m 
Radial horizontal deflection 

0)̂  = P r [zA + (1 - î )H ] (11) 

w = p - ^ (-pr) [(1 - 2 î )E - D ] =-prfg (12) 
m 

Tangential horizontal deflection 
tOg = 0 (13) 
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Symbols and sign conventions follow Timoshenko (6). Figure 1 may give a clearer 
concept of most of the symbols. 

A, B, C . . . H 
z, p, e 

e 
T 

pz 

7 

e 
CO 

m 
P 
r 

functions, whose values are given in Tables 1 through 8; 
coordinate distances in radii, cylindrical coordinates-
positive to the right, outward, and downward; 
normal stress—positive for compression; 
letter subscript indicates axis parallel to which the line of 
action of the stress lies; 
sum of three mutually perpendicular normal stresses at a point; 
shear stress—positive in positive quadrant and negative in mixed 
quadrant; 
letter subscripts for shear stresses indicate (a) direction per­
pendicular to plane on which stress acts, and (b) the direction 
in which it acts; 
shearing strain; 
subscripts for shearing strain have same meanings as those for 
shear stress; 
strain—positive for compression; 
subscripts for strain have same meanings as those for normal 
stress; 
sum of three mutually perpendicular strains at a point; 
deflection—positive downward and outward; 
subscripts for deflection have same meanings as those for nor­
mal stress; 
Poisson's ratio; 
modulus of elasticity in compression—always positive; 
surface contact pressure; and 
radius of circular loaded area. 

2 ' 

Z 

P ' 0 , 2 

ELEMENTAL CUBE WITH FACES 
PARALLEL TO PRINCIPAL PLANES 

MAJOR PRINCIPAL 
PLANE 

POINT AT WHICH 
ELEMENTAL CUBES 
ARE TAKEN 

ELEMENTAL CUBE WITH FACES 
PARALLEL TO AXIAL PLANES 

ELEMENTAL PRISM WITH 
TWO FACES AT 4 5 ° TO 
PRINCIPAL PLANES 

V 

Figure 1. S t r e s s d i r e c t i o n s . 
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From the symmetry of the circular load, It can readily be seen that there Is no shear 
on vertical planes through the load axis. It follows that these must be principal planes; 
therefore, the tangential-horizontal stress, a. , must be a principal stress (the same Is 
true for strain). The remaining two prlnclpar stresses may be obtained from the fol­
lowing expression: , ^ 

ai, 2, s = g ^ 

In which ai, a, s are principal stresses. Maximum shear stress, T^^^, may be 
obtained from the expression: 

_ ai - as 
''̂ max 2 

These expressions can be found elsewhere (6, 7, or in almost any textbook on mechanics). 
They are Included here for ready reference." 

As an example of the use of the functions and equations presented, assume that ver­
tical stress, strain, and deflection values are desired at a depth of 3.0 radii and offset 
of 6.0 radii for a Poisson's ratio of 0.3, modulus of elasticity of 10,000 psl, and sur­
face contact pressure of 100 psl for a circular loaded area of 10-in. radius. Vertical 
stress, a , will be determined from Eq. 2. Taking the value of function A from Table 
1, for 3 Adii depth and 6 radii offset, to be 0. 00505 and for B from Table 2 to be 
-0.00192 and substituting It In Eq. 2, 

= 100 (0.00505 - 0. 001&2) = 0.313 psl 
Vertical strain, t^,, is determined from Eq. 7. Inasmuch as functions A and B again 
apply, the preceding values again are used. Substituting them in Eq. 7, 

f ̂  = 100 jp"^^^^ [(1 - 0.6)0. 00505 - 0. 00192 j = 13 x lO"' in. /in. 

Vertical deflection, b ,̂ is determined from Eq. 11. Function A again applies, but 
function H must be obtained for 3 radii depth and 6 radii offset in Table 8. The value 
is 0.14919. Substituting in Equation 11, 

oĵ  = 100 10 [(3)0. 00505 + (1 - 0.3) 0.14919] = 0. 015545 in. 

In summary, this paper presents tabular values for elg^t functions that can be com­
bined in simple equations to give values of coordinate normal or shear stress or strain 
or of coordinate deflections for any desired value of Poisson's ratio for a uniformly 
distributed, circular load on an elastic, homogeneous, isotropic half space. Values 
are presented to five decimal place accuracy for each radius of offset from the load 
axis up to 14 and for each radius of depth up to 9. Values for fractional radii offset 
and depth are given to depths up to 4 radii for points beneath and just out from under the 
load. The paper Is being presented for use as a reference to the computational results 
included rather than for the more usual purpose of reporting recent research findings. 
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Distribution of Stresses on an Unyielding Surface 
Beneath a Pneumatic Tire 
D. R. FREITAG and A. J . GREEN, Respectively, Chief and Engineer, Mobility Sec­
tion, Army Mobility Research Center, U. S. Army Engineer Waterways Experiment 
Station, C E , Vicksburg, Miss. 

Small diaphragm-type pressure-sensitive cells were set 
flush with the surface of a rigid steel plate to measure 
vertical pressures beneath pneumatic tires. Measure­
ments were made while the tire was stationary and whUe 
it was moving at about 2 mph. Tests were made with 
several sizes of smooth-tread tires to evaluate the effect 
of load, inflation pressure, and tĵ pe of tire construction 
on the magnitude and distribution of pressures at the 
tire-surface interface. The data show that under many 
conditions the distribution of pressures over the contact 
area was far from uniform. 

•THE ASSIGNED MISSION of the Army Mobility Research Center, U. S. Army Engineer 
Waterways Experiment Station, Vicksburg, Miss., is to conduct research that will lead 
to an increased capability of the Army to travel off the road. 

Before any marked improvement in the mobility of military vehicles can be effected, 
a basic understanding of how soft, yielding soils support and provide traction to wheeled 
and tracked vehicles must be developed. One phase of the research being conducted at 
the AMRC to acquire this knowledge is concerned with the distribution of stresses 
induced by a pneumatic tire in the medium on which it operates. It includes the meas­
urement of stresses at the interface between the tire and the surface that supports it 
and at locations within a yielding mass of soil. 

This paper describes results obtained from that portion of the research dealing with 
the interface stresses beneath a pneumatic tire on an unyielding surface. 

TEST APPARATUS 

Pressure Cells 
Commercially available pressure-sensitive cells of the deflecting-diaphragm type, 

manufactured by Consolidated Electrodynamic Corporation, were used to measure the 
stresses. These cells were Vss in. in diameter and were fitted into holes in a rigid 
steel plate. The surfaces of the cells were aligned with the plane of the upper surface 
of the plate. These cells, particularly when Inserted in the plate, are Insensitive to 
lateral forces and, it is believed, give accurate measurements of the vertical stresses 
caused by the imposed tire loads at the surface. Bonse and Ktthn have done similar 
work (1); however, they measured horizontal as well as vertical forces. 

Tires 

The tires used in this program were selected from among those being used in other 
phases of the mobility research programs to provide a range of sizes, shapes, and 
constructional details. All were tested without tread. These tires are shown In Figure 
1 and a brief description of each is given in Table 1, 

i h 
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TABLE 1 
TEST TIRES 

Size No. of 
Plies 

Original Tire Tread Pattern Construction 
Section 
Height̂  

(in.) 
11.00- 20 12 Military, nondirectional Conventional 9.03 

cross-country 
9. 00- 14 8 Molded smooth without tread Conventional 5.48 
9. 00- 14 2 Molded smooth without tread Conventional 6.05 
6.00- 16 4 High-speed highway Conventional 4.91 
6. 00- 16 4 Agricultural lug Radial ply 5.20 

16. 00-15 2 Molded smooth without tread Bag-type tire 5. 28 
^ S e c t i o n height i s v e r t i c a l distance from highest point on rim to a plane taagent to 
crown as unloaded t i r e . 
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4 PLY RiTiNG I I 6 .00 -15 4 PLY 
BUFFED SMOOTH I BUFFED - SMOOTH 

TERRA TIRE 
1 6 1 5 2 PLy 

Figure 1. T i r e s used i n program. 

TEST PROCEDURES 
The test tire was mounted in a single-wheel mobility test carriage, as shown in 

Figure 2, and towed slowly (about 1 ft per sec) over the steel plate containing from 2 
to 10 cells inset side by side. The relative position of the tire with respect to each of 
the cells was carefully measured and recorded, as was the total width of tire actually 
in contact with the surface. The response of each cell to the tire load was recorded 
continuously on an oscillograph. A typical cell registration is shown in Figure 3. 

After the wheel had rolled over the cells, it was lifted off the surface, shifted later­
ally a predetermined distance, and rolled over the cells again to obtain stress measure­
ments at a different line on the face of the tire. When only two cells were employed, 
many such shifts were made. In all tests replicate measurements were made. These 
included stress measurements under the same point on the tire by means of more than 
one pressure cell. 

During the repeated passes of the test tires, it was found that the data scatter was 
decreased and reproducibility enhanced by causing the same cross-section of the tire 
to contact the same cells on every pass. Apparently slight differences in smoothness 
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Figure 2. 

5y 
Arrangement f o r measuring contact pressure on a hard surface with 9.OO-II1 
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F i g u r e 3. T y p i c a l recording, 9.00-lU, 2-PR smooth t i r e , 890-lb load, 25 percent 
d e f l e c t i o n . 

of the tire surface can cause differences in the registration of the cell. These diffi­
culties were especially pronounced in the case of the 6, 00-16 radial-ply tire. This 
tire originally had a heavy lug tread. Buffing left the outside surface of the tire fairly 
smooth, but a variable wall thickness was evidenced by a rippled interior surface. 

RESULTS OF TESTS 

Method of Presenting Data 
The raw data from the test runs consist of a series of pressure cell registrations, 

each representing the variation in pressure induced over the length of the tire contact 
area at a particular distance from the centerline of the tire path. These registrations 
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Figure U. Distribution of vertical stresses under 11.00-20, 12-PR smooth t ire, 3,000-lb 
load, at three inflation pressures. 



18 

are readily converted to stresses by means of the cell calibrations and, as such, repre­
sent longitudinal sections of the total stress pattern. From the longitudinal sections and 
the recorded distance that each cell was offset from the path centerline, lateral sections 
of the stress pattern are drawn. Finally, if desired, a plan of the dynamic tire-contact 
patch can be drawn and on it a map of equal stress lines constructed. 
Effect of Inflation Pressure on Siterface Stresses 

The effect of tire inflation pressure on the distribution of vertical interface stresses 
is illustrated by the stress maps shown in Figure 4. These maps were developed from 
data obtained in tests with the 11. 00-20, 12-PR tire carrying a 3, 000-lb load. 

It can be seen that the interface stresses are not uniformly distributed, particularly 
at the lower inflation pressures. A ridge of high pressure, which probably results 
from the transmission of the load through the relatively stiff tire sidewalls, is found 
to exist at each side of the contact patch. There is a tendency, also, for an area of 
relatively h i ^ stress, to exist at the leading and trailing edges of the contact area. 

A summary of the stress data shown in Figure 4 is given in Table 2. 
These data reveal that the average contact pressure was greater than the inflation 

pressure for 15- and 30-psi inflation and less for 60-psi inflation. The stress recorded 
in the central portion of the contact area appears to bear a fairly consistent relation to 
the mflation pressure. On the other hand, the maximum stress recorded is relatively 
constant and independent of inflation pressure. The exception to this generalization, 
the localized high stresses recorded at 30-psi inflation pressure, could have been due 
to tire irregularities. In all instances the magnitude of the maximum stress is much 
greater than might be expected on the basis of the inflation pressures. The load com­
puted from these stresses ranges from 1. 2 to 13.9 percent higher than the measured 
load. Similar work is reported by Vanden Berg and Gill of the National Tillage Machin­
ery Laboratory, U.S. Dept. of Agriculture (2). 

Effect of Tire Load on Interface Stress 
Figure 5 shows lateral and longitudinal sections of the stress patterns developed by 

the 11. 00-20, 12-PR tire at each of three tire loads, 1, 500, 3, 000, and 4, 500 lb. 
Wheel loads computed from these stress measurements were 1,641, 3,154, and 4,693 
lb, respectively. The inflation pressure was maintained constant at 30 psi in all of 
these tests. The lateral section delineates the stresses beneath the axle centerline, 
and the longitudinal section shows those at the centerline of the tire path (see Fig. 5). 
These sections are simpler to construct and view than are the stress maps, and indi­
cate the stresses almost as well. 

TABLE 2 
SUMMARY OF STRESS DATA 

Katlo ol Ratio of 
Inflation Average Maximum 

InQa- Stress Pressure Contact Stress 
tion Tire at to Pressure Maximum Measured Computed to 
Pres­ Deflec­ Center Center (3, 000 Lb/ Stress Wheel Wheel Center 
sure tion' Point Point Contact Measured Load Load' Point 

Tire (psi) (%) (psi) Stresses^ Area) (psi) (psi) (lb) (lb) Stresses 
11 00-20, 15 30 4 21 0 72 26 5 89 3,000 3,418 4 26 

12-PR 30 19 4 39 0 77 37 0 111 3,000 3, 154 2 84 
60 12 5 80 0 75 52 3 88 3,000 3,035 1.10 

to hard surface) divided by the unloaded tire section height, all multiplied by 100 
'stress recorded in central portion of contact area 
'Load computed from measured stresses 
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The pattern of distribution of stress across the lateral sections is different from 
each test load. The variation does not seem to follow a consistent trend with the change 
in load, however. This suggests that at least some of the stress variation may be due 
to tire surface irregularities. The data for the 3, 000-lb, 30-psi load are the same as 
described previously, and there was some doubt of the accuracy of the maximum stress 
registration in that comparison also. 

Although a rather broad generalization must be made, the data appear to suggest 
that the maximum stresses, which are recorded at the edges of the contact area, are 
chiefly a function of the load. The stresses at the interior of the contact area, with 
some notable exceptions, could be said to be independent of-load and, therefore, prob­
ably determined principally by the inflation pressure. The average contact pressures 
for the 1, 500-, 3, 000-, and 4, 500-lb loads are 35.1, 37. 0, and 38. 8 psi, respectively, 
increasing approximately in proportion to the wheel load. 
Effect of Number of Plies in Tire Carcass on Interface Stresses 

The two 9. 00-14 tires used in the tests described in this section were constructed 
in the same mold using the same type of material. They are intended to be identical, 
insofar as possible, in all respects except in the number of cord layers used in their 
construction. To date, stresses under these tires have been measured only for one 
tire load and at relatively few inflation pressures, but the effect of the sidewall stiff­
ness on the stresses is very evident in the data obtained. 

Stress maps and lateral sections under the axle center line are shown for the two 
tires in Figure 6; both tires carried the same load. The inflation pressures were 

4500-LB LOAD 

3000-LB LOAD 

1500-LB LOAD 

oL 

DIRECTION OF TRAVEL 

HORIZONTAL S C A L E 
IN INCHES 

Figure 5. Vertical stresses along principal axes of contact ellipse, 11.00-20, 12-PR 
smooth t ire, 30-psi inflation pressure. 
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a-PR TIRE 
15 3 - PSI INFLATION PRESSURE 

miss 

2-PR TIRE 
17 6 - PSI INFLATION PRESSURE 

Figure 6. Distribution of v e r t i c a l stresses under two 9-00-li* t i r e s of different ply 
ratings, 890-lb load, 2$ percent deflection. 

TABLE 3 
DISTRIBUTION OF VERTICAL STRESSES UNDER TWO 9 00-14 TIRES 

OF DIFFERENT PLY RATINGS 
Katio 01 Average Ratio of 
Inflation Contact Maximum 

Infla­ stress Pressure Pressure Stress 
tion Tire at to (890 Lb/ Maximum Measured Computed to 
Pres­ Deflec­ Center Center Contact stress Wheel Wheel Center 
sure tion Point Point Area) Measured Load Load Point 

Tire (psl) (%) (psl) stresses (psl) (psl) (lb) (lb) Stresses 
9.00-14, 15 3 25 25 0.75 16.9 49 890 1,082 2.40 

8-PR 
9 00-14, 17.6 25 22 0.90 16.3 26 890 977 1.32 

2-PR 
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adjusted to allow the same percentage deflection and, as a consequence, to obtain about 
the same average contact pressure—16.3 psi for the 2-PR tire, 16.9 psi for the 8-PR 
Ure. 

Table 3 gives a summary of the data in Figure 6. 
For these conditions it is apparent that the stlffer tire distributes Its load less evenly 

than the more flexible tire. The stress pattern under the 9.00-14, 8-PR tire is similar 
In most respects to the patterns found for the 11.00-20, 12-PR tire; i. e., there are 
zones of high pressure near the sides and near the leading and trailing edges, the maxi­
mum stresses are much higher than the inflation pressure, and the ratio of the inflation 
pressure to the measured interior pressure is about 0.75. 

The average pressure imder the 9.00-14, 2-PR tire is very close to the inflation 
pressure. The maximum stresses are comparatively low and not maricedly greater 
than the inflation pressure. The ratio of inflation pressure to the measured stresses 
in the interior of the contact area for this 2-PR tire is about 0.90. 

Effect of Type of Construction on Interface Stresses 
Stress measurements were made beneath tires representing three rather dissimilar 

types of construction. Unfortunately, the sizes and shapes of the tires also were dif­
ferent, and a quantitative comparison of construction effects on stress magnitudes is 
therefore very difficult. These tires were (a) a conventionally constructed tire in which 
the plies cross at approximately a 45" angle, (b) a radial ply or belted tire in which one 
set of cords radiates from the tire axis and the other crosses at about 90°, being wrapped 
around the tire periphery, and (c) a bag-type tire in which the construction process is 
designed to create a tire with a roughly rectangular cross-section instead of the usual 
circular cross-section. 

Longitudinal and lateral sections of the stress pattern measured under each of these 
tires are shown in Figure 7. A 6. 00-16, 4-PR tire was the only size of radial-ply tire 
available for the tests. Therefore, to provide the closest possible comparison, data 
for a conventionally constructed tire were collected using a standard 6.00-16, 4-PR 
passenger-car tire buffed smooth. The bag-type tire used is the largest tire of this 
type that could be fitted readily into the test apparatus. All the tests were run with 
the same tire loading, and tire deflection was controlled rather than the inflation pres­
sure. 

Stresses along the lateral and longitudinal axles beneath the standard 6. 00-16, 4-PR 
tire are shown in Figure 7a. The ratio of the average measured interior stresses to 
the inflation pressure is 0.84 at 35 percent deflection and 0.78 at 15 percent deflection. 
A ridge of higher stresses exists near the edge of the contact area when the tire is 
deflected by 35 percent. The ratio of the stresses along this ridge to the average meas­
ured interior stress is 1.67. Table 4 contains data related to the standard 6. 00-16, 
4-PR tire and the radial-ply 6.00-16, 4-PR tire. 

TABLE 4 
COMPARISON OF TWO 4-PR TIRES 

Ratio of Average Ratio of 
Inflation Contact Maximum 

Infla­ Stress Pressure Pressure stress 
tion Tire at to (890 Lb/ Maximum Measured Computed to 
Pres­ Deflec­ Center Center Contact Stress Wheel Wheel Center 
sure tion Point Point Area) Measured Load Load Point 

Tire (psi) (psi) Stresses (psi) (psi) (lb) (lb) Stresses 
Standard 42.6 15 60 0. 85 42.4 63 890 924 1.25 

6.00-16, 12.5 35 18 0.78 15.1 46 890 993 2.86 
4-PR 

Radial-ply 46.6 15 75 0. 78 49.8 79 890 897 1.37 
6.00-16, 15.0 35 23 0.75 20.9 37 890 946 1.85 
4-PR 
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Figure 7. Vertical stresses along principal axes of contact ellipse of three tires of 
dissimilar construction under 890-lb load. 

TABLE 5 
VERTICAL STRESSES ALONG PRINCIPAL AXIS OF 

CONTACT ELLIPSE OF 2-PR TIRE 
Ratio of Average Ratio of 
Inflation Contact Maximum 

Infla­ Stress Pressure Pressure Stress 
tion Tire at to (890 Lb/ Maximum Measured Computed to 
Pres­ Deflec­ Center Center Contact Stress Wheel Wheel Center 
sure tion Point Point Area) Measured Load Load Point 

Tire (psi) (%) (psi) Stresses (psi) (psi) (lb) (lb) stresses 
Terra 30 2 15 28 0.90 27.5 42 890 894 1.25 

16 00-15, 15 6 25 18 0.89 16. 2 31 890 860 1.77 
2-PR 9.4 35 13 0.90 11 0 30 890 906 2.87 
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In testing the radial-ply 6. 00-16, 4-PR tire, it was necessary to obtain four to five 
replicate readings at each lateral position and average these readings to minimize the 
effects of surface roughness or nonuniformities in carcass stiffness. (Molding of agri­
cultural lugs left impressions on the interior of this tire.) 

Data representing the radial-ply 6. 00-16, 4-PR tire are shown in Figure 7b. The 
measured stresses at 15 percent deflection follow a unique pattern; i.e., pressures 
along the lateral section increase continuously from the edge to the center of the tire. 
When the radial-ply tire is deQected 35 percent, the effect of the relatively stiff tire 
sidewalls is indicated by a ridge of higher pressures along the side of the contact patch. 

Comparing the two tires, it can be seen that for a specific load and percentage deflec­
tion, the contact patch beneath the radial-ply, 6. 00-16, 4-PR tire is somewhat narrower 
than the one beneath the standard 6. 00-16, 4-PR tire; accordingly, the average contact 
pressures are higher for the radial-ply tire. Measured stresses at any specific point 
beneath the radial-ply tire are higher than those measured at comparable locations 
beneath the standard 6. 00-16 tire. 

The differences in the stresses measured beneath these two tires can be attributed 
primarily to the type of tire construction; however, they appear to be influenced to a 
slight degree by the differences in the tire inflation pressures (see Table 4). 

The stress sections for the bag-type tire (Fig. 7c) are somewhat irregular even 
though these tires were molded without tread. However, the manufacture of such tires 
is difficult and mold marks, seams, and unevenness of the tire contours were visually 
evident in the finished tires. The rather pronounced stress rise visible near the tire 
path centerline on the lateral sections of the stress pattern is believed to be due to 
such a molding irregularity. 

It can be seen that there is still a tendency for the maximum stress to occur beneath 
the tire sidewalls. For the two lowest inflation pressures, the maximums are about 
equal. At all inflation pressures the ratio of the inflation pressure to an average meas­
ured stress in the interior of the contact area is of the order of 0.90. Table 5 gives 
data related to the plot in Figure 7c. 

SUMMARY 
Although the interface stress measurements reported cannot always be adequately 

explained in terms of load, inflation pressure, tire type, etc., the data obtained sug­
gest some general trends. 

For a specific tire at a constant inflation pressure, the magnitude of the load is 
reflected the magnitude of the maximum stresses occurring at the interface on an 
unyielding surface. The general trend of these data is for the maximum stresses to 
be associated with the relative stiffness of the tire sidewalls. Considering all the fac­
tors involved, the ratio of the maximum stress to the average center point stresses is 
largest for the stiffer tires at relatively low inflation pressure. This supports a popu­
lar theory that when a tire is under inflated, its sidewalls support a proportionally large 
share of the wheel load, causing wear near the edge of the contact patch and gradual 
deterioration of the tire's sidewalls. 

The wheel load computed from the stresses measured usually exceeded the actual 
measurement, indicating that possibly an overreglstration of stresses had occurred due 
to testing techniques. The inflation pressure seems to have primary control over the 
magnitude of the stresses in the center part of the contact path. Of secondary impor­
tance in determination of these stresses is the relative stiffness of the tire carcass. 
The average measured interior stresses are consistently greater than the inflation 
pressures. The ratio of the inflation pressure to these stresses ranges from 0.72 for 
the stiffest tires to 0.90 for the most flexible tires tested. 
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Stresses in Yielding Soils Under Moving Wheels 
And Tracks 
D. R. FREITAG and S. J . KNIGHT, respectively, Chief, Mobility Section, and Chief, 
Army Mobility Research Center, Soils Division, U.S. Army Engineer Waterways 
Experiment Station, Vicksburg, Miss. 

As part of the study of cross-country vehicular movement 
conducted.by the U. S. Army Engineer Waterways Experiment 
Station, research has been initiated to determine the nature 
of the interaction between a vehicle's traction elements and 
a yielding soil. In one phase of this work, pressure-sensitive 
cells have been embedded in soft soils to measure stress 
intensities Induced by vehicles moving on the surface of that 
mass. The work is complicated by problems of soil homo­
geneity, instrument reliability, and data interpretation, and 
by soil flow that results in displacement of the cells. Measure­
ments have been made in soil beneath a pneumatic tire, a rigid 
wheel, and two types of crawler tracks. Results, although 
chiefly qualitative, provide some Insight into the manner in 
which vehicle stresses are transmitted to soft soils. 

•THE KEYNOTE of present-day military planning is mobility—the quick, precise move­
ment of forces on the ground and in the air. However, the mobility envisioned by mili­
tary strategists is not of convoys moving along roads and aircraft operating from perma­
nent airfields, but rather of vehicles moving freely over the landscape without depend­
ence on previously constructed facilities. If this concept is to be realized, the Army 
must acquire the most agile, mobile, and versatile overland vehicles that can be devised. 

Commercial interests have had very litUe motivation to develop vehicles with a high 
degree of cross-country mobility. Usually, it has been more practical and economical 
to build and improve roads than to Improve vehicles. Recently, however, mineral and 
oil exploration in northern tundra and muskeg regions, in tropical forests, and in desert 
sands has stimulated an interest in vehicles capable of operating in the most forbidding 
regions of the world. 

Present-day vehicles have been designed by rule of thumb, by instinct, or from frag­
mentary theoretical concepts. A complete, rigorous statement of the fundamental prin­
ciples that govern vehicular overland movement has not yet been formulated. Research 
studies that eventually will provide the basis for this formulation are being conducted 
by the Army Mobility Research Center (AMRC), a facility of the U. S. Army Engineer 
Waterways Experiment Station (WES). One phase of these studies involves the measure­
ment of the stresses induced within a yielding soil mass by the passage of a vehicle. 

To date, the stress measurement program has been chiefly exploratory. Wheels and 
traclcs of various types have been used to apply loads mainly on soft clay soils, and 
stresses have been measured with three different kinds of pressure-sensitive cells. 
Many problems of measurement and analysis have arisen; some of these seem to have 
been circumvented, whereas others remain annoyingly present. This paper describes 
the equipment and techniques employed in this study, some of the difficulties encountered, 
and the results obtained thus £a.r. 

2k 
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Figure 1. Schematic drawing, WES earth pressure cel l . 

PRESSURE C E L L S 

Types of Cells 

The WES earth pressure cell (Fig. 1) is 6 in. in diameter and is fabricated from 
stainless steel. Basic components are a mercury-filled fluid chamber with diaphragm, 
and a full Wheatstone bridge circuit consisting of four SR-4 strain gages hermetically 
sealed within the cell. Pressure applied to the face plate of the cell is transmitted 
through the mercury in the fluid chamber to an internal flexible diaphragm and produces 
deflection of the diaphragm proportional to the load. The four SR-4 strain gages are 
mounted on the diaphragm and are actuated by its deflection. The full Wheatstone bridge 
circuit practically eliminates the effects of temperature and of resistance variations in 
the lead wires. The strain-gage readings are calibrated by applying known loads to the 
face plate of the cell. Generally, a 60-/i in. movement of the SR-4 strain gage corre­
sponds to about a 1-psi load on the face plate of the cell. The cells are instrumented 
so that strain measurements are converted to stress and recorded directly in pounds 
per square inch on a direct-writing oscillograph. The ceUs used are rated at 50-psi 
capacity but can withstand somewhat larger pressures without damage. 

The WES fluid pressure cell (Fig. 2) is a single-diaphragm type in which the diaphragm 
is directly exposed to the soil and deflects in proportion to the applied pressure. Four 
strain gages (Baldwin SR-4) are cemented to the interior side of the diaphragm so that 
two gages are in tension when the other two are in compression. The four gages are 
joined to a four-arm Wheatstone bridge circuit. Pressure applied to the cell results 
in a resistance change in the gages which is linearly proportional to the pressure. The 
resulting signal is amplified and recorded on suitable equipment. The location of the 
gages on the same diaphragm and within the same housing produces good temperature 
compensation. The cells are hermetically sealed to prevent moisture from entering 
and causing cell deterioration. 

The C E C , type 4-312, pressure cell (Fig. 3) used in this study is a small, single-
diaphragm, fluid pressure cell, hermetically sealed (absolute), manufactured by the 
Consolidated Electrodynamics Corporation of Pasadena, Calif. In this study the small 
V2 - in . diameter ceU was mounted in a 3-in. diameter cell mount to provide greater 
positional stability. Applied pressure deflects the diaphragm of the cell a small amoimt 
(0. 0008 in. maximum deflection) causing a star spring arm to move outward, which, in 
turn, causes the strain-sensitive wires to be distorted. The distortion (strain) of the 
wires causes a change in resistance which is translated by the amplifying and recording 
equipment into a record proportional to the distortion. Inactive strain-gage arms are 
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Figure 2. WES fluid pressure ce l l . 
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Figure 3. Sectional view of CEC pressure ce l l . 

mounted within the cell housing to compensate for temperature changes. The resist­
ance arms are unbonded strain-gage windings connected internally in a four-arm Wheat-
stone bridge (full bridge) circuit with two active arms. 

Calibration of Pressure Cells 

The pressure cells used in these tests were calibrated in a reinforced steel tank in 
which the air pressure is built up in controlled amounts. In the calibration procedure, 
the pressure measured by the cells Is indicated on a direct-writing oscillograph or 
Baldwin SR-4 strain indicator, and compared with the pressure read on the laboratory 
test gage. Where a recorder Is used, the gain of the amplifiers is adjusted so that the 
maximum range of the recording paper is equivalent to the maximum applied air pres­
sure in the tank. This gain and resulting recorder indication can be reproduced in the 
field by means of calibrating resistors built into the amplifiers. When an SR-4 indicator 
Is used in the field, the pressure is calculated from the readings taken by the operator, 
using the calibration Victor obtained in the laboratory test. 

With both the C E C and WES fluid pressure cells, the air pressure is applied directly 
to the cell diaphragm in the calibration tank. However, in most cases the WES earth 
pressure cells are calibrated in what is called a "double-diaphragm" test chamber. In 
this procedure the air pressure is applied to the earth pressure cell through two dia­
phragms, one on each side of the cell. This method applies the force, developed by 
the air pressure on the diaphragm, evenly across the two faces of the cell, thus closely 
simulating soil action on a cell installed underground. 
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T E S T CONDITIONS 

Soil Preparation 
Tests were conducted on soils carefully placed in test pits. These pits were about 

4 ft deep, approximately 50 ft long, and wide enough to Insure that the loaded area was 
at a distance at least twice its width from the edge of the pit. Most of the data have 
been obtained from tests conducted on a high-plasticity clay soil, but some are from 
tests on a low-plasticity clay and a clean sand. In all cases the test soil was built up 
uniformly in lifts. Water content was controlled to achieve the desired properties in 
the clay, and density was controlled in the air-dried sand. 

Cell Installation 
After the test area was constructed, pressure cells were installed at various depths 

along the centerline of the intended vehicle path and at prescribed offsets. The minimum 
horizontal spacing between cells was 1 ft. To install a cell at a given spot in the test 
area, a 7-in. diameter hole was dug to the desired depth. The cell was then placed 
(aligned horizontally or vertically) in the hole at a specified depth, after which the soil 
was replaced and compacted manually. 

The position and movement of the cells were determined by making the following 
measurements before and after a test: (a) the north-south position ( i . e . , the station 
number) of the center of the cell; (b) the east-west horizontal offset distance from the 
centerline of the intended vehicle path to the center of the cell; and (c) the elevation of 
the center of the face of the cell, and of points (usually four) on the edge of horizontally 
placed cells. 

Test Loads 
Loads were applied to the test soils by a variety of moving wheels and tracks. In 

the early phases an actual vehicle was driven along a preselected path over the test 
area. These tests included runs with the M29C weasel, the E>4 and D7 engineer trac­
tors, and an M135 2 Vz-ton truck with 11. 00-20 tires. Later a load cart guided by a 
rail system was used to operate a single rigid wheel or a single pneumatic-tired wheel. 

• • • • 
2 3 4 5 6 7 8 

TEST WEIGHT = 5,640 LB 
CONTACT PRESSURE = I 8 PSI 

7g" 

WIDTH OF TRACK = 20" 
,3- <i. TO (t OF TRACK = 45" 

Figure U. Schematic diagram M29C weasel. 
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The M29C weasel (see diagram, Fig. 4) weighed approximately 5,640 lb, with opera­
tor. The weight of the weasel Is transferred to its tracks through four transverse 
springs attached to the underside of the chassis. A yoke at each end of each spring 
carries a pair of 8-in. diameter bogies. The two bogies of each pair are 12 in. apart 
(center to center), and pairs of bogies are 22 in. apart. The distance from the hub of 
the drive sprocket (at the rear) to the idler wheel is 104 in. On firm soil, a 78-in. 
length of the 20-in. wide tracks is in contact with the ground. The nominal contact 
pressure for the weasel is 1.8 psi. 

TEST WEIGHT = I 3 , 3 0 0 L B 
CONTACT PRESSURE = 8 2 P S I 

WIDTH OF TRACK 
<t. TO (£. OF TRACK 

13" 

Figure 5. Schematic diagram Dl* tractor. 

TEST WEIGHT = 32.350 LB 
CONTACT PRESSURE = 76 PSI 

14" 52" 
96" 

WIDTH OF TRACK = 22" 
<t.TO<t.OF TRACK = 7 8 " 

Figure 6. Schematic diagram D7 tractor. 
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The D4 engineer tractor weighs 14,800 lb (with blade). This weight is distributed 
to the soil through tracks 13 in. wide and 64 in. long, resulting in a nominal contact 
pressure of 8.9 psi. The girder-type track system consists of a large drive sprocket 
(at the rear), a large idler wheel, and four 9-in. diameter unsprung track rollers on 
10-in. centers. Each track pad is 7 in. long, with a grouser 1 Va in. high. Figure 5 
shows the D4 tractor without the blade. 

The D7 tractor weighs 32,400 lb, and each track is 22 in. wide by 96 in. long. Its 
nominal contact pressure (with blade) is 7.7 psi. The track system is generally simi­
lar to that of the D4. There are five 10-in. diameter track rollers spaced on 13-in. 
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J J 
TIRE SIZE= IIOOX 20 
I TO t OF TIRE = 7I>S" 
AVa LQM) PER WHEEL" 2937 LB 

Figure 7. Schematic diagram M135 2|-ton truck. 

H 0 R I 2 0 N T A 
F O R C E C E L 

Figure 8. Load cart. 
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centers. Each track pad is 8 in. long, and the grouser height is 2 In. A schematic 
drawing of the D7, without the blade, is shown in Figure 6. 

The M135, 2 7a-ton, 6x6 cargo truck has single-tandem wheels equipped with 11. 00-
20, 12-ply rating tires with nondirectional cross-country treads. A schematic diagram 
of this vehicle is shown in Figure 7. The truck was loaded with 5,000 lb of steel distrib­
uted uniformly over the truck bed. The gross weight of the vehicle was 17,600 lb. The 
front, front tandem, and rear tandem axles weighed 5,900, 5,600, and 6,100 lb, respec­
tively. For the tests the tires were Inflated to 15 and 60 psl. At 15-psl inflation pres­
sure the average contact pressure over the area of the total tire contact patch was 30.4 
psi; and at 60-psi inflation pressure the average contact pressure was 52.3 psl. 

The load cart used in these tests was designed to permit testing a single wheel iso­
lated from the influence of a vehicular suspension system (Fig. 8). The mechanical 
arrangements of the cart are such that the wheel is free to move vertically (and to roll 
down the test section) and yet the horizontal and vertical forces on the wheel can be 
separated and measured. The cart has been used with a rigid wheel 48 in. in diameter 
and 6 in. wide, and with a buffed-smooth 11. 00-20 tire at several load and inflation 
pressures on a variety of soil surfaces. 

SOURCES O F EXPERIMENTAL ERROR 

The difficulties of measuring stresses within a soil mass are well known. Even 
under the simplest and best-controlled static test conditions results are often erratic 
and not fully explainable. Chief among the factors that can influence results and over 
which the maximum possible control must be exercised are the soil conditions, the 
alignment and position of the vehicle, and the position and orientation of the cells. 

Sou Conditions 

Considerable Importance was attached to achieving and maintaining the most uniform 
soil conditions possible. In particular, great care was taken in replacing soil excavated 
to insert the pressure cells. Voids or hard lumps at the soil-cell interface are likely 
to affect the registration of the cell. Similarly, if the soil replaced arotmd the cell is 
significantly firmer, softer, or compacts differently than the adjacent soil, false regis­
trations of stress could result. 

Whenever possible, the excavated soil was maintained at its original water content 
and packed carefully by hand back Into the hole and around the cell. The procedure 
was found to be much easier if the electrical connections entered the cell from the side 
rather than from the bottom. Also, it is believed that the most uniform and consistent 
results were obtained when the soil was quite soft. If the soil was stiff, some difficulty 
was experienced in filling the larger voids and in achieving a state of compaction com­
parable to that of the surrounding soil. 

During the course of the test program, it was noted that the stress registrations 
obtained on the first few repetitive passes tended to be more erratic than for subse­
quent passes. This effect was believed to be due, at least in part, to the compaction 
of the replaced soil and the "seating" of the cell within the soil mass. It was observed 
also that the cell often indicated a residual stress even after the load had passed. This 
phenomenon has been noted and reported in conjunction with other tests (1). In evalua­
tion of the stresses induced by the passage of the vehicle, the residual stress was con­
sidered the zero state for each pass and only the stress Increment was employed in the 
analysis. 

Vehicle Alignment and Position 
The position of the load relative to the pressure cells must be known if an analysis 

of the stresses is to be made. In all tests the position of the load elements at any time 
along the length of the test lane was determined electronically. 

Tracked vehicles were guided down the test lane by the driver, who was aided only 
by markers indicating the intended location of the track path. Control of lateral posi­
tion or alignment in this manner was not particularly precise and some variations in 
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stress registrations are believed to have resulted, particularly when a vehicle's track 
did not penetrate into the soU. 

In tests with the trucks, a channel was used to guide the wheels of the nontest side 
of the vehicle. This was hefpful but not completely satisfactory, because the degree of 
control varied with tire inflation pressure and depth of rutting. The most recent approach 
has been to separate the test wheel from the vehicle and place it in the load test cart, 
described earlier, with flanged wheels rolling on rafls. This h s provided a positive 
control of wheelpath. 

Cell Position and Orientation 

The pressure cells were precisely positioned during Installation. However, as the 
soil yielded under the loads, the embedded pressure cells moved with it. Cell dis­
placements of as much as 5 in. have been recorded. Depending on the original posi­
tion of the cell relative to the load, the cells could move in any direction, tflt, twist, 
or combine all these movements. In general, the cell movements corresponded to 
hypothesized soU-flow patterns. Cells directly beneath the load path tended to move 
downward and along the traffic path in a direction opposite to the direction of travel. 
Cells some distance outside the path of the load element often moved upward. If the 
vertically placed cells tilted, they tended to tUt away from the centerline of the traffic 
path. Some movements such as ceU twisting are not so readily explained, however. 

Cell movement introduces an element of doubt in the validity and applicability of the 
stress registrations. Except in a few instances, it is not known if the cells moved 
gradually over the duration of the test or if the movements were rather abrupt. How­
ever, even if position corrections could be made for each cell registration, there is 
no assurance that the moving cell measures a true stress. 
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RESULTS OF TESTS 

Typical Test Data 
In Figure 9 the maximum stresses recorded at various cell depths beneath the cen­

ter of an 11. 00-20, 12-PR pneumatic tire have been plotted. The plotted points in 
Figure 9a represent data obtained when the tire was inflated to 15-psi pressure; in 
Figure 9b, the data are from 60-psi inflation pressure tests. It can be seen that infla­
tion pressure has little apparent effect on stress levels below about 6 in. At lesser 
depths, the high stresses are associated with the high inflation pressure. 

Also, at the 6-in. depth the strength of the test soil had little influence on the stress 
level. Test 5 was conducted in a very firm soil that might be expected to be capable of 
spreading the load more effectively than a softer soil. This does not appear to have 
been the case, although it is possible that the observed values are due merely to an 
effect on the registration of the cells. 

The amount of scatter displayed In these plots illustrates the problems involved in 
the analysis of the data. In Figure 9a, for example, the three data points above the 
6-in. depth representing test 2 results are quite divergent. However, Inasmuch as 
this section was relatively soft, these shallow-depth cells experienced considerable 
movement. The cell of this group that registered about 17-psi stress moved 1.4 in. 
downward, 3. 5 in. laterally, and 1. 0 in. along the traffic path while tilting sideways 
19y2 degrees. The cell registering about 25. 0 psi moved downward 1.9 in . , later­
ally 1.3 in . , longitudinally 1. 8 in . , and tilted 23 % degrees. The ceU registering 
about 39 psi moved downward 2. 8 in , , laterally 0, 5 in , , and longitudinally 1,3 in , ; 
its tilt was less than 6 degrees. 

Effect of Vehicle Type 
The several vehicles used in the test program can be grouped into three broad 

classes: (a) vehicles with unsprung wheels rolling on a relatively rigid track; i . e,, the 
D4 and D7 engineer tractors; (b) vehicles with spring-suspended wheels rolling on a 
relatively flexible track; i , e,, the M29C; and (c) vehicles with wheels but no track. The 
great difference in size and weight of the vehicles representing each of the classes as 
well as differences in the soil conditions tested precludes any logical comparison of the 
actual magnitudes of the stresses recorded. However, the patterns of stress induced 
by each of the vehicle types can be studied readily, and these are found to be of some 
significance. 

In Figure 10 the stresses recorded under the wheeled vehicle are shown. Well-
defined maximum stresses are associated with the passage of each wheel. The stress 

STRESS 

Figure 10. Stresses m fine-grained soil , M135 2|-ton truck, l5-psi tire inflation 
pressure. 
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varies smoothly and in proportion to load imposed by each wheel. The stresses recorded 
under the vehicle with a flexible track are shown in Figure 11. is seen that the track 
has transferred some of the stress from the soil Immediately under the wheel to the 
region between the wheels. Nevertheless, a definite maximum occurs in the stress 
trace in association with each wheel of the vehicle. The maximums differ in magnitude 
but this can be shown to be due to differences in the load on each of the wheels. 

Finally, the stress under a rigid-track vehicle appears as in Figure 12. The trace 
is not smooth. The fluctuations apparenUy are not caused primarily by stress intensi­
ties under each wheel but seem to occur in a random fashion. The rigid track tends to 
distribute the loads carried by the wheels, but in doing so pays a penalty in terms of 
vibrations and shock loadings. The stresses under the rear of the vehicle are very low. 
This is believed due to the bulldozer blade that makes the tractor rather nose-heavy. 

Thus, from these data it can be concluded that a rigid-track distributes the load 
much more uniformly than the more flexible track, and that the greatest stress intensi­
ties are found under the wheels when there is no track at all . This observation agrees 
well with the known soil-strength requirements for the three vehicle types (2). The 
engineer tractors are able to operate on soft clay soils that cause difficulty to flexible-
track vehicles and are impassable to wheeled vehicles. 

S T R E S S 
IN P S I 

C E L L D E P T H , 3 IN.^^ :J ; 

Figure 11. Stresses in fine-grained soil , M29C Weasel, 1.8-psi contact pressure. 
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SPROCKET 

Figure 12. Stress recorded under Bh, cel l EP93, 6-in. depth, test 2, second pass. 
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Comparison with Elastic Theory 

To provide some basis for estimating whether the measured stresses were reason­
able, a theoretical computation of stresses was made for the cell position-load condi­
tion that existed on the last pass of each test. Computations were made using the 
Boussinesq solutions for the stresses in an isotropic, elastic, homogeneous mass of 
semi-infinite extent due to a static vertical load uniformly applied over the contact area. 
Although the assumptions involved are obviously crude for the case of soft, yielding 
soils under moving loads, it was believed that such comparisons were worthwhile. 

In some instances the elastic theory appeared to provide at least a good working 
approximation of the stresses. For example, the dashed line drawn through the data 
points of Figure 9b represents the theoretical vertical stress due to a uniform circular 
load of an area equal to the tire contact area. 

However, the measured stresses were generally greater than the computed stresses 
by a factor ranging from a little more than one to about four. Further, the ratio of the 
measured and computed stresses appeared to vary with the cell location. To study the 
manner in which the stress ratio (and ultimately that of the measured stresses) varied 
with the cell location, average values for depth, offset, and stress ratio were deter­
mined for simUarly located cells for the tests with the rigid single wheel. The average 
depth of the cell is plotted against the average stress ratio for three offsets (0.0, 4.2, 
and 7.4 in.) and the average offset is also plotted against the average stress ratio for 
two depths (approximately 9 and 12 in.) in Figure 13. Although the trend of these data 
is not definitive, it indicates that the ratio of the measured to the computed stress is 
a function of the cell location. Furthermore, it Indicates that the measured stresses 
follow a pattern other than that of the stresses computed from elastic theory. The data 
from tests conducted with the 600-lb load provide sufficient Information for a direct 
comparison of computed and measured stress patterns in a portion of the stress field 
(Fig. 14). For the region for which data are available, this comparison shows that the 
stress induced in the soil is greater than that predicted by means of elastic theory. 

0 

0- W OFF ler 

7 

r -IN OFFi 

0 ; 

1 / ^J V / / / i y / 
A 

S 2 0 2 & 3 0 
A V E R A G E S T R E S S RATIO 

M E A S U R E D S T R E S S / C O M P U T E D S T R E S S 

/I'lM DiPTH 

9-IN DEPTH 

A V E R A G E S T R E S S RATIO 
M E A S U R E D S T R E S S / C O M P U T E D S T R E S S 

Figure 13. Effect of depth and offset on stress ratio. 



36 

HI 
X 
o z 

z 
o 

(£ 
I -
ui 
Z 
iiJ 
a. 

I 
I -
0. 
UJ 
o 

L E G E N D 

C O M P U T E D S T R E S S 

A V C M E A S U R E D S T R E S S 

N O T E : V E R T I C A L N U M B E R B Y P O I N T I S 
A V G M E A S U R E D S T R E S S IN P S I 

N U M B E R IN P A R E N T H E S E S I S 
C O M P U T E D S T R E S S IN P S I . 

O F F S E T IN I N C H E S 

Figure 11*. Distribution of vertical pressures in soil , 600-lb load. 



37 

SUMMATION 

This study of stresses in yielding soils by means of pressure cells has not as yet 
produced any particularly useful results. It is believed, though, that much can be 
learned from this approach if some of the more perplexing problems can be solved. 
In particular, the very broad scatter of results must be narrowed. Previous work with 
pressure cells leads to the conclusion that from a purely mechanical standpoint a high 
degree of precision can be expected. 

Probably much of the data dispersion encountered was due to nonuniformity of soil 
properties, particularly those created during cell placement. These should be sus­
ceptible of being minimized by carefully controlled preparation of the test soil and 
meticulous care during cell installation. Steps are being taken to improve techniques 
in this respect. 

It would be useful to be able to locate each cell precisely at any interval during the 
course of the test To date, no one method of doing this has been very accurate, par­
ticularly for the smaller cells. With good fortune and minor movement of the cell, 
probing with a small-diameter stiff wire can be employed advantageously, but frequently 
the only accomplishment is serious disturbance of the soil. Probably a system based on 
reflected waves eventually will provide the required location-fixing ability. 

Finally, more knowledge of the effect of soil properties on the response of embedded 
pressure cells, and of the effect of the shape of the cell on its response is needed. 
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Use of Stress Loci for Determination of 
Effective Stress Parameters 
R. YONG, Visiting Research Engineer, Armour Research Foundation of Illinois Insti­
tute of Technology, Chicago, and Assistant Professor of Civ i l Engineering, McGUl 
University, Montreal, Canada; and 
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Professor of Civi l Engineering, Illinois Institute of Technology 

Recent investigations and studies have shown that the laboratory-
measured values for Internal friction and cohesion C for sensitive 
clays are much larger than the calculated field values. The need 
for a better correspondence in measured and calculated field 
values in such soils is evident. The study described herein was 
designed to Investigate the use of stress loci for determination of 
the shear parameters not only for sensitive soils but also for nor­
mally consolidated clays, because it i s realized that the state of 
stress in a soil specimen at any one condition of strain is an 
indication of the nature of stress resistance derived therein. 

In consolidated undralned triaxlal tests on both laboratory 
consolidated and fleld-tmdlsturbed clays, the curve joining the 
points on the Mohr diagram representing shear and effective 
normal stress on the rupture plane at varying stages of strain 
has been used in this study to indicate the stress locus. By 
defining the friction parameter ^ as that parameter in the shear 
stress vs normal stress region wherein the shear stress increases 
with the effective normal stress, and the cohesion parameter U as 
the parameter in the same region where the shear stress Increases 
despite a decrease in the effective normal stress, it has been pos­
sible to arrive at values for these parameters wUch correspond to 
the difference measured by recent investigators. Using conventional 
methods involving effective stresses, the measured angle of friction 
for an lllltic clay was 20". However, using the stress locus, this 
angle was found to be lO". Although U was found to be a function 
of the consolidation history for normally consolidated clays, its 
magnitude can also be determined from the stress locus and 
evaluated for the corresponding consolidation or overburden 
pressure. 

•IN CONSOLIDATED undralned triaxlal tests on fine-grained soils, pore pressure 
measurements taken during the period of tests reflect the effective stress condition 
within the soil specimen—assuming that effective stress is the difference between the 
total stress and the measured pore pressure. Under the application of a deviator 
stress, corresponding measured pore pressures can be used to indicate the effective 
stress condition on a prescribed plane at any one condition of axial strain. Casagrande 
and Hlrschfeld (2), and Holtz and El l i s (4) among others have used this technique of data 
presentation to compare effective stress and pore pressure build-up under deviator 
stress application for various soil types and at varying confining pressures. Crawford 
(3) has used a slightly different technique to arrive at a stress locus, and in doing so, 
offers a method for Interpretation of the effective stress parameters. 

Inasmuch as there is reasonable doubt as to the interpretation and significance 
of the strength parameters (internal friction and cohesion) when applied to both 
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recompacted and undisturbed soils, it would seem most appropriate to use the stress 
locus as a means of observing the stress condition on a prescribed plane within a soil 
specimen, and to deduce therefrom the parameters giving rise to the components of 
soil strength. Recognizing that the definition of both "cohesion" and "friction" may not 
be semantically correct as used in soU testing, the physical significance of these 
terms and parameters may well be taken as descriptive of observed soil behavior. If 
the normal stresses and shear stresses on the surface of ultimate failure as obtained 
from trlaxial data show that the component of shear resistance Increases as the effec­
tive normal stress Increases, it seems most reasonable to deduce that this constitutes 
a friction shear component. With this in mind, it is felt that the stress locus that de­
scribes the stress condition on a prescribed plane within a soil mass provides a very 
useful tool for use in interpretation of fundamental shear strength components or 
parameters. 

The purpose of this paper is to present a method for interpretation of effective shear 
strength parameters giving rise to their respective strength components, based on a 
knowledge of the stress conditions on the &llure plane during stress application. It is 
recognized, however, that the "friction" and "cohesion" parameters are primarily 
descriptive and that although the method described defines a technique for obtaining 
quantitative values for these parameters, it is understood that both may be operative 
over the entire range of shear resistance. However, in accordance with the definition 
of these parameters, the predominant shear component i s used to define the corres­
ponding operative parameter. 

THE STRESS LOCUS 

In general, the "stress-vector" technique used by Casagrande and Hirschfeld (2) 
has been used with certain deviations in selection of the failure plane and subsequent 
approximations following the initial stress locus determination. The stress locus 
defines, in terms of measured and calculated quantities, the shear and effective normal 
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stresses on a prescribed plane. The dependency of stress on both pore pressure and 
strain can also be clearly seen in this system of presentation. 

In the ordinary interpretation of the shear strength parameters of a cohesive soil, 
(p is taken as the slope angle of the rupture line derived from the envelope of failure, 
(Mohr's circles) and C is the intercept of the extended rupture line on the vertical shear 
stress axis. Such a rupture line depends on (a) the load under which the soil has been 
consolidated and (b) whether or not total stresses or effective stresses are used in 
plotting the Mohr's circles. If it is recognized that the shear strength of any normally 
consolidated clay soil increases with consolidation pressure from zero at zero consoli­
dation pressure and that only effective stresses have meaning m this build-up of strength, 
then it is apparent that the true envelope of Mohr's circles must pass through the origin. 

In the following discussion (Fig. 1) is the angle that the rupture line makes with 
the horizontal. The point of tangency of the rupture line with the failure Mohr's circle 
defines the slope angle ai = 45° +<pi/2 of the plane in the specimen on which failure 
would occur if the shear strength could be attributed entirely to interparticle friction. 
K, however, this strength is partly derived from cohesion (developed from the consoli­
dation pressures), <pi will not be the true friction angle and ai will not necessarily 
define the true failure plane. If now the shear stress vs effective normal stress curve on 
the ai plane is plotted over the range of stresses from a (effective lateral stress) to 
the maximum ai (effective axial stress), the stress locuS (broken curve) is obtained. 
In examining the manner in which the shear stress on this plane changes with normal 
effective stress, it can be seen that the shear stress increases with normal stress to 
the point where the tangent to the curve is vertical. Beyond this point the shear stress 
increases as the normal effective stress decreases. A line through this point and the 
origin (slope Bi) defines a new friction angle which in turn defines a new failure plane 
(slope 02 = 45° + /Si/2). The stress locus for this new plane defines sti l l another fr ic ­
tion angle /J2. This process may be repeated to give other a angles but it can be shown 
that all additional a angles will lie between ai and as and the additional /3 angles will not 
differ greatly from the /Jz angle. A new 0 angle {<p2) corresponding to az is also shown. 
This is the slope of a line through the origin and the terminal point of the stress locus. 
If the total shear strength is actually composed partly of friction and partly of cohesion, 
neither nor <p2 is actually a true angle of internal friction. The angle that most nearly 
approximates a true friction angle is /3 and because successive approximations such as 
already described will yield a p not differing much from fis the latter may be taken as 
representing the proper friction angle or friction parameter p . The C is that part of 
the shear strength which is independent of the normal stress on the particular plane. 
Ja most cases, the C_value will vary with the normal consolidation pressure ov,. The 
particular _^lues of C given in Figures 4, 5, 6, and 7, however, are for oj. =0. At a 
particular a the actual C would be the vertical distance from the p -plane to the <(>-
plane. 

SAMPLE PREPARATION AND T E S T PROCEDURE 

Both laboratory consolidated and field undisturbed samples were used as test sam­
ples for the consolidated undrained triaxial tests. All laboratory samples (artificial 
soil) were consolidated from a slurry to a water content of about 45 percent and at a 
corresponding void ratio of about 1,3 in consolidation tubes provided with both end and 
side drainage. The solids used were illitic with a liquid limit of 39. 0 and a plasticity 
index of 18. 0 (94 percent of the particles were less than 105 u in size), and a kaolinitic 
clay with a liquid limit of 70. 2 and plasticity index of 29.4, The tube-consolidated soils 
were further consolidated in the triaxial cell at the predetermined cell pressure under 
incremental pressure loadings. Final water contents varied from 29 to 23 percent for 
the illite clay, and 44 to 49 percent for the kaolinite clay, depending on final cell pres­
sure. 

To reduce possible particle interaction arising from interparticle forces, artificial 
soil samples were also consolidated using ethylene glycol (C'2H4 {OK)2) as the pore 
fluid. In a clay-liquid system there exist attractive and repulsive forces between the 
particles. In general, the attractive forces are insensitive to system characteristics 
but the repulsive forces can be altered considerably depending on the system polarity 
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In replacing water with ethylene glycol in a soil- l iquid system, t te repulsive forces are 
reduced. Because ethylene glycol i s less polar than water, this also permits the attrac­
tive forces to play a much larger role in the development of shear strength, allowing 
more contact between particles and thereby increasing the " f r i c t iona l " contribution to 
strength. The purpose of the tests with ethylene glycol was therefore (a) to compare 
the shape of the stress locus curve with that obtained using water, (b) to see i f the 
" f r ic t iona l" part and "cohesive" part of the curve as previously described s t i l l existed, 
and (c) to compare the f r i c t ion angles obtained in the two cases. The preparation pro­
cedure was similar to that used for samples with distUled water as the pore f lu id . In 
this instance, ethylene ^ y c o l was also used in both the saturation and pore pressure line 
for the test series. 

As s t i l l another test of the stress locus characteristics, any "undisturbed" samples 
of Chicago clay were tested in the same manner. These were obtained f r o m freshly taken 
Shelby tube samples. The properties of this clay corresponded to those described by 
Peck and Reed (10). Because of the possibility of a slight precompression, the test 
samples were not fully^ consolidated in the t r iaxia l cel l pr ior to load application. Thus, 
i t may be argued that tp obtained f r o m this series may be somewhat low. 

Because complications can arise as a result of partial and incomplete saturation of 
the test samples, a l l samples were allowed to take in pore f lu id i n the t r iax ia l chamber 
under a low confining pressure —3 psi . Pore pressure response was determined as a 
function of cell pressure increase to ascertain the degree of saturation of the test sam­
ple. Both side f i l t e r strips and double membranes were used as standard procedure. ' 
A rate of loading of 0. 001 in . per min was selected as a reasonable rate of strain load­
ing corresponding to the results obtained by Osterberg and Perloff (9) and with due cog' 
nizance of the effect of other possible factors Involved as suggested and discussed by 
Seed ( ^ ) . 

RESULTS AND INTERPRETATION 

The results of the tests reported herein are not meant to be used specifically as 
qiiantltative data but to point out and h i g h l i ^ t the role and application of stress loci i n 
evaluation of the significant effective stress parameters. Because the technique involved 
defines the stress conditions on a predetermined plane, i t i s necessary to explain the 
significance of the stress locus in terms of components of shear strength. Following 
the method previously described for determination of the stress locus. Figure 2 shows 
the stress loci fo r two extreme conditions. These are the conditions defined pr imar i ly 
by the response of the pore pressure under application of the deviator stress. 

In Figure 2, stress locus B represents the condition where there is no pore pressure 
response under deviator stress application. The specimen is consolidated in the cell to 
a consolidating pressure of before load application. When the load is applied, because 
pore pressure response is zero, is equal to (lateral pressure for shear test) at 
a l l times and hence remains constant 

CTj = CTj + A a 

in which A . ( t = deviator stress (because pore pressure \i i s zero). The stress locus 
defined is coincident with the line determined f r o m the tangent of the rupture envelope 
to the maximum deviator stress circle (not shown in the figure). The angle resulting 
therefrom is 45" + <(>/2. In tests conducted on saturated Ottawa sand at close to the 
cr i t i ca l void rat io, l i t t l e or no pore pressure was recorded except very close to failure 
where condition of incipient fai lure creates irregular strains in the specimen. The stress 
loci drawn f r o m these tests were s imilar to that defined by case B in the figure, except 
close to the rupture point. The total strength component operative over the entire stress 
region is then the f r i c t ion stress component. 

Stress locus A in Figure 2 defines the condition for f u l l pore pressure response-
assuming that such a condition can be achieved in an ideal case. Following consolida­
tion under the consolidation pressure of ac any application_of the deviator load results 
in a f u l l response of the pore pressure. In consequence, ffc - = constant, and as = 
ac - u . Therefore, the condition defined indicated thatip=0, the rupture envelope for 
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case A , would be a horizontal l ine. In this instance, the inclination of the plane of 
fai lure Is 45° and the stress locus defined is shown at 45° in the f igure. Assuming that 
the ideal case for pore pressure response can be found, this would then indicate that 
the total shear strength component i s the "cohesion" component. 

Except for soils where pore pressure response is neither of the two extremes, the 
shear strength components w i l l be operative throughout the entire test. Figure 3 shows 
the stress loci fo r soils with varying pore pressure response going f r o m stress locus 
A, which is for a soil with a small f r ic t ional strength component and with high pore 
pressure response under load application, to stress locus B, which is fo r a soil of a 
higher f r ic t ional quality with a lesser pore pressure response, and f ina l stress locus 
C i l lustrat ing the case for a s t i l l smaller pore pressure response and a much higher 
f r i c t i on resistance component. Holtz and El l i s (4) have shown stress loci for a r t i f i c i a l 
clay soils mixed with sand and gravel, and their results indicate the trend shown in 
cases A, B, and C in the f igure. The higher the proportion of sand and gravel, ,the , 
lesser is the pore pressure response and the more the stress locus trends f r o m A to -
C, indicating the increasing influence of the f r i c t ion strength component with propor­
tional increases of sand and gravel. 

The results of the consolidated undrained t r i ax la l tests on both laboratory consoli­
dated and natural soils are shown in Figures 4 through 7. Both the f i r s t and second 
approximations for the stress loc i are shown. 

In Figures 4 and 5, the soil used was i l l i t e clay and the variable component was the 
pore f lu id . As expected, the shear strength fo r the i l l i t e clay with disti l led water as 
its pore f lu id was much lower than that of the same clay with ethylene glycol as i ts pore 
fluid—for corresponding densities and void ratios. Without going into the mechanism of 
particle interaction possibly ar is ing as a result of interparticle forces, the argument 
can be resolved around the development of a higher f r i c t i on strength component i n the 
case of glycol in the absence of clay-water interaction-. In comparing the f r i c t ion angle 
tp between the two cases, there is a difference of about 2. 5° between the (p established 
by the terminal points of the stress loc i (and the tangents of the effective stress circles) . 
(p = 22° for the il l i te-clay with glycol and <p = 19. 5° fo r the same clay with disti l led water. 
However, in making the comparison on the basis of the effective f r i c t ion angle, defined 
by the maximum effective normal stress on the stress locus, the difference between the 
two ^ s is 5°; i . e., tp = 14° and <p = 9° for the Ulite clay with glycol and disti l led water, 
respectively. The void ratios f o r the samples ranged f r o m 0.83 at a cel l pressure of 
20 psi to 0.67 at a cel l pressure of 56 psi . Variation in void ratio between companion 
samples was ^ 0. 02 at the same cell pressure following f inal consolidation in the cel l 
and pr ior to load application. _ 

The case fo r kaollnite is shown in Figure 6 where <p i s reported as 11. 5°. In the test 
on Chicago clay, results show «p to be equal to 11° (Fig. 7). Peck and Reed ( ^ ) report 
the value of 11° for consolidated quick tests on a Chicago clay with slightly higher con­
sistency l i m i t s and water contents. The result fo r the slow tests given in the same 
report was 20^. The comparison is made here to show the use of the stress locus f o r 
evaluation of tp. However, because there was a difference in consistency l i m i t s and 
natural water contents, presumably there would also be a small difference in the evalu­
ated ' f r ic t ion* angle. 

The rupture envelopes for a l l soils were established by the terminal points of the 
stress loc i . These in general defined a straight line f o r the same soil tested. The 
angle v> resulting f r o m the establishment of the rupture envelope may be questioned in 
view of the technique used to obtain the second approximation for the.stress locus as 
shown in Figure 1. However, the difference in ip values by the two procedures is rela­
tively small . In Figure 8, only two cases are shown for the rupture envelopes drawn 
f r o m the common tangent to the stress circles fo r I l l i t e clay with both types of pore 
f l u i d (glycol and dist i l led water). In comparing the effect of pore f l u i d on the f r i c t i on 
angle <p in this f igure wi th those in Figures 4 and 5, i t can be seen that the percent 
difference is less than 1 percent. Although this correspondence may seem fortuitous, 
i t can be shown that, by successive approximations fo r determination of the stress 
locus as shown in Figure 1, the f i n a l answer derived f o r ip w i l l be identical with that 
shown in Figure 8. Li this instance, the second approximation for stress locus de­
termination has been fotmd both adequate and sufficiently accurate. 
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The maximum effective normal stress points on the stress loci fo r identical soils 
tested at varying confining pressure can be joined approximately by a straight line 
passing through the or igin . The deviation f r o m the straight line i s slight. 

SIGNIFICANCE OF STRENGTH PARAMETERS 
DERIVED FROM STRESS LOCI 

I t must be emphasized here that although both Tp and C may be obtained f r o m the 
stress loc i , there is no possible way to define the actual boundaries of operation fo r 
these two parameters as l imi t ing factors. Crawford (3) has shown thiit the f r i c t i o n 
angle varies with strain and increases as strain increases when measured in the con­
ventional manner. In line with this, the cohesion parameter wiU also vary with strain. 
I t is now wel l accepted that both these parameters are not constant during the entire 
test for measurement of shear strength, and i t is fur ther accepted that they are depend­
ent on both pore pressure and strain—although i t can be argued that strain may in turn 
be dependent to some extent on pore pressure. 

The stress locus does not pretend to define the l imi t s of operation of the parameters 
because i t is wel l understood that both shear strength components are operative through­
out the state of stress. Rather, i t defines the relation between the shear stress and the 
effective normal stress for any one specimen subject to load application under the pre­
scribed conditions. I t is believed that the f r i c t i on strength component increases rapidly 
in the in i t ia l stages of load application and reaches a peak while the cohesion strength 
component is s t i l l Increasing. Beyond the peak f r i c t ion component strength, total shear 
strength increases due to the continued increase of the cohesion strength component. 
This is shown in Figure 9. The stress locus in previous figures shows the shear stress 
increasing as effective normal stress Increases (not necessarily as a linear function), 
to a point where shear stress increases while effective normal stress decreases. The 
f r i c t ion strength component i n the figure is drawn on this basis to interpret the variation 
of this component with strength. This does not necessarily mean a decreasing f r i c t ion 
angle with increasing strength because the f r i c t ion strength component Is dependent on 
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both (p and effective normal stress. Schmertmann and Hall (11) also give data to show 
that <p increases with increasing strain as determined f r o m their cohesion-friction-
strain technique in which the pore pressure is controlled. 

The total shear strength remains the same regardless of the method or technique 
used for interpretation of the strength component. Interpreting Crawford's (3) data on 
the basis of stress locus, <p = 9° instead of 17° as reported. The soil considered in 
this reported study was a sensitive marine clay. As pointed out by Bjer rum (1) in con­
ventional consolidated undrained t r i ax la l tests on sensitive marine clay, ' the e lect ive 
f r i c t ion angle measured does not correspond to the effective f r i c t i on angle calculated 
f r o m the ratio of undrained shear strength to effective overburden pressure. Althougji 
laboratory tests gave values of effective f r i c t ion angle ranging f r o m 32° to 25° for 
increasing plasticity index, the calculated values for actual f ie ld conditions gave values 
of f r o m 6 to 8°. On this basis, the stress locus technique as applied to Crawford's 
data seems to bear out the value suggested by Bje r rum. However, whether this i s the 
actual effective f r i c t ion parameter seems to be more a question of definition. 
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For overconsolidated or partially saturated clay soils, the stress locus derived f r o m 
the consolidated undrained test w i l l give a characteristic " f r ic t iona l" performance not 
unlike case C in Figure 3. The significance and interpretation of these loci w i l l be dis­
cussed at a later date inasmuch as the present study is restricted to normally consoli­
dated soils. 

CONCLUSIONS 

The stress loci technique used in this study shows the stress condition on a plane in 
the soil specimen at any one condition of strain. Although i t is understood that the shear 
strength parameters are operative over the total stress range, a method is proposed 
here that defines the effective parameters, C and ^ , on the basis of their dominance 
in component strength contribution to total strength. By defining the effective f r i c t i on 
angle p in terms of a dependency on effective normal stress increase, a means for 
a r r iv ing at the parameter for normally consolidated soils is established. 

In terms of the strength components, i t is believed that the dominant component 
should define the operative parameter at i ts maximum point. The method suggested by 
this study has not been tested in terms of f ie ld application where i t is believed ver i f ica­
tion or contradiction of the value of the parameters derived therefrom can be obtained. 
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Discussion 
CHARLES C. LADD, Assistant Professor of Soil Engineering, Department of C i v i l 
Engineering, Massachusetts Institute of Technology.—There is no doubt that better 
methods need to be developed fo r relating the shear strength parameters i n terms of 
effective stresses as measured by t r iax la l tests to those that describe actual strength 
behavior in the f i e ld . The parameters developed by-the authors could be a step in the 
right direction. However, the interpretation of the physical significance that the authors 
have attached to these parameters is considered by the wr i t e r to be incorrect. 

Referring to Figures 2 and 3, which show effective stress vector curves f r o m con­
solidated undrained t r i ax la l tests with pore pressure measurements, the authors state 
that i f there is "zero" or "low pore pressure response" (in other words, Skempton's 
A factor is close to zero), thie resistance to shear is p r imar i ly f r ic t ional i n character 
because i f "the component of shear resistance increases, i t seems most reasonable to 
deduce that this constitutes a f r i c t ion shear component." On the other hand, i f there is 
a " f u l l " or "high pore pressure response" ( i . e . , the A factor is close to unity), the 
material has l i t t l e f r ic t ional resistance and hence the resistance must be predominately 
cohesional i n character because the shear stress is increasing while the effective nor­
mal stress is decreasing. 

Test data on a saturated Ottawa sand close to the c r i t i ca l void ratio are quoted to 
support the preceding argument. Because the vector curve showed an increasing effec­
tive normal stress as the shear stress Increased (the A factor was very low), the " f r i c ­
tion stress component" was, by definition, operative over the entire stress region. One 
cannot question that the strength of a sand is predominately f r ic t ional i n character. How­
ever, i f the authors had run a consolidated undrained test with pore pressure measure­
ments (CU test) on a sample of loose sand, the proposed cr i te r ia for defining f r ic t iona l 
behavior would he inconsistent. This i s shown in Figure 10 which presents vector curves 
f r o m CU tests on dense, medium, and loose specimens of a fine sand. The curves have 
been plotted f r o m stress-strain data reported by Bjer rum, et a l . (2). (The curves are 
not exact because the figure f r o m which the data were scaled was very small . However, 
the general shapes of the curves are correct . ) Although the strength of a l l three speci­
mens is certainly f r ic t iona l i n character, the proposed c r i te r ia would define the strength 
as cohesional, cohesional and then f r ic t iona l , and f r ic t iona l f o r the loose, medium, and 
dense specimens, respectively. 

Similar inconsistencies arise i f the c r i t e r ia are applied to clays. Vector curves f r o m 
CU tests on normally consolidated and overconsolidated specimens of a plastic clay 
( P . I . = 40 percent) are shown in Figure 11. By the authors' c r i te r ia , the strength of 
the normally consolidated specimen, where A approaches unity, is predominately 
cohesional and that of the overconsolidated specimen, where A becomes negative, is 
predominately f r i c t iona l . The Hvorslev parameters and hypotheses concerning the 
mechanism of shear strength in clays (for example, Lambe (4) and Ladd (3)) suggest, 
i f anything, that the opposite i s more plausible. 

Although the wr i t e r disagrees with the interpretation that the authors have attached 
to their parameters, he feels that their analysis of strength via the shape of vector 
curves may develop into a most promising avenue of research. For example, CU tests 
by Bailey (1) have shown that leached samples of Boston blue clay that had been consoli­
dated in sea water show very low f r i c t i on angles at maximum stress difference and 
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marked decreases in strength at strains in excess of the strain at maximum stress 
difference. Such a soil might wel l exhibit a low f r i c t i on angle in the f ie ld under condi­
tions of undralned shear. (The samples were leached i n the t r i ax ia l cells so that no 
disturbance occurred pr ior to shear.) 
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R. YONG and E. VEY, Closure—The test results reported by Dr . Ladd fo r saturated 
sand and overconsolidated clays corroborate very wel l the current authors' findings 
of their in i t ia l study of the restrictions and limitations of the stress locus technique. 
The importance of this restr ict ion was demonstrated in s imilar tests by the wr i t e r s 
and evaluation procedures for overconsolidated and partially saturated clays. Included 
also, as a means for further definition of the nature of the effective stress parameters 
were tests on saturated sands and si l ts . Extreme care was taken in the paper to res t r ic t 
the proposed method of evaluation to normally consolidated clays subjected to consoli­
dated undrained t r iax ia l tests. 

The in i t ia l test results obtained f r o m CU tests on various soil types showed that the 
stress locus can indeed vary over the entire range of forms shown in Figure 10 by 
Dr . Ladd f o r dense, medium, and loose fine sand. However, this same variation can 
be obtained with any soil type, depending on pore pressure response under load. In the 
case of fine sand, this response varies with the density at which the specimen was pre­
pared. In the case of clay, i t varies principally with pre stress history, method of 
specimen preparation, and testing procedure. The e^ect of specimen preparation and 
testing procedure on the character of the stress locus has been wel l i l lustrated in other 
recent studies. 

Because the technique proposed is essentially one that includes the variation of pore 
pressure coefficient A, i t can be said that the stress locus is actually a measure of A 
fo r any particular specimen. Perhaps the significance of the stress locus is better 
viewed in this manner, because in the f ina l analysis i t is the performance of the speci­
men that is the object of strength evaluation studies. Based on the intrinsic dependency 
of the stress locus on pore pressure coefficient A, and on other recent studies i t is 
f a i r l y apparent that the stress loci shown in Figures 4 through 7 of the paper are accept­
ably those derived f r o m normally consolidated clays. In particular, i t is interesting 
to note f r o m Henkel's studies that plotting his stress paths on the same basis as the 
stress loci demonstrated in the paper, the stress loci fo r normally consolidated and 
overconsolidated clays agree wel l wi th the current authors' suggestions. As stated in 
the paper, "For overconsolidated or partially saturated clay soils, the stress locus 
derived f r o m the consolidated undrained test w i l l give a characteristic ' f r i c t iona l ' per­
formance not unlike case C in Figure 3." 

To apply the working hypothesis to cases other than normally consolidated clays 
would be extending i t beyond the defined l imi t s of the test and the restrictions imposed 
by the wr i t e r s . I t i s perhaps unfortunate that a l l the different varieties of stress loc i 
were not included in the original presentation. However, i t was purposely intended to 
res t r ic t the paper to a consideration of normally consolidated clays and to defer consid­
eration of both overconsolidated and partially saturated clays unti l more data are available. 



A Rheological Analysis of Shear and Consolidation 
Of Saturated Clays 
ADEL S, SAADA, Research Assistant, Princeton University 

This study deals with "saturated clay," characterized by its 
dry density and moisture content, A change in the moisture 
content gives another material with other properties. On this 
material , the classical laws of rheology are applied and the 
behavior in shear and consolidation analyzed in their light. 
A quick analysis of the state of stress in a t r iaxia l test shows 
that the shears due to the deviator of stresses f o r m a circular 
cone tangent to the octahedral plane for any system of axes 
rotating around the axis of the sample. 

Five series of tests show that in "saturated clay" the direc­
tions of maximum shear stresses and strains coincide and are 
Independent of the stress at fai lure. This stress is not in f lu ­
enced by the isotropic component of the stress tensor, which 
causes the major part of the pore pressures. The tests show 
that the material has no true yield l i m i t and that the curvature 
of the stress-strain diagram is influenced by the rate of strain 
at a l l stress levels. Finally, creep tests show that the rate of 
strain at the steady stage is dependent only on the value of the 
stress and independent of the load path. 

The preceding results lead to the conclusion that a saturated 
clay is a viscoelastic material and that in i ts steady state of 
creep the laws of the theory of elasticity regarding the distr ibu­
tion of stresses are applicable. This opens the door to the 
wealth of information gathered in the study of high polymers. 
A general rheological model is given and analyzed, together with 
possible simplifications and the meanings and limitations of the 
various parameters, 

eTHE MECHANICAL properties of a soil are characterized by the internal f r i c t ion and 
the cohesion. Rolling and sliding f r i c t ion together with the resistance due to the geom­
etry and relative position of the grains are usually gathered under the name of internal 
f r ic t ion . True cohesion is explained as that part of the clay resistance due to the force 
of attraction which exists between the clay mineral particles. Li t t le is known about the 
bond between the clay particles. I f Terzaghi's assumption is accepted that a water shell 
surrounds each clay particle and is so f i r m l y tied to i t by electrochemical forces that 
i t is nearly solid near the particle's surface, then i t can be concluded that the shear 
strength in clays must be transmitted through the water shells separating the single 
grains. The cohesion is in this way determined by the strength of the adsorbed water. 
In modern l i terature, there is a great controversy concerning the r igidi ty and thickness 
of the adsorbed layer. However, i t seems uncertain that a f i r m r ig id bonding of the 
adsorbed water, i f i t exists, could endow the mass of saturated clay with true strength 
allowing for the existence of a true yield l i m i t of practical significance. 

This paper has as its subject the fundamental behavior of saturated clays on a phe-
nomenological level. In other words, with awareness of the behavior and influence of 
each of the two solid and liquid soil phases, the author deals with the material "saturated 
clay" without t rying to separate and recombine the effects of each phase. The paper 
considers that a change in the moisture content gives a different material with different 
mechanical properties. ^2 
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The study is divided into three distinct but interrelated parts. The f i r s t part dis­
cusses tests conducted to establish whether the material could be classified as plastic 
or viscoelastic. Based on this classification, the second part gives rheological models 
in shear and in consolidation and indicates a method of analyzing test results for both 
cases. The th i rd part discusses some implications of the study and proposes a method 
of design appropriate to the type of material as classified in the f i r s t part. 

The symbols used throughout this paper are defined in Appendix B. 

CLASSIFICATION OF SATURATED CLAY 

In spite of their structural complexity, engineering materials may, with fa i r approxi­
mation, belong to either of the two types defined in terms of the characteristic d i f fe r ­
ences in their inelastic deformation (7, 8): 

1. The plastic materials. Here the deformational response to applied forces beyond 
the elastic or yield range results in permanent changes within the aggregate structure. 
Up to the elastic o r yield l i m i t the material can either store, reverslbly and indefinitely, 
a certain quantity of energy, or i t can withstand a certain level of stress without contin­
uing deformation. Beyond this l i m i t , yielding and/or work hardening occurs and the 
capacity of storing energy is maintained or increased; also, the effect of past stress is 
pronounced and permanent and does not vanish with t ime. Materials whose plastic 
behavior is dictated by a Coulomb type of plasticity ( t = a tan (p) have a yield l i m i t (shear 
strength) that increases with the increase of the compressive normal stresses. Thus, 
an increase of the volumetric stresses acting on these materials results i n a propor­
tional increase of the shear strength. 

2. The viscoelastic materials. Here the dissipation of the applied energy depends 
not only on the material i tself, but also on the rate at which work is done by the load. 
Volumetric compressive stresses have a small effect on the shear behavior, because 
viscosity increases very slowly with the increase of the normal stresses. The curva­
ture of the stress-strain diagram at a definite stress level varies with the momentary 
strain rate. The material can store a certain amount of energy for a finite t ime, but 
this energy is dissipated with the relaxation of the induced shear stresses. In other 
words, flow occurs under any shear stress however small; also, the effect of load 
history vanishes with t ime. 

State of Stress in a Tr iaxia l Test 

A state of stress is represented by a tensor. This tensor can always be considered 
as the result of the superposition of an isotropic (hydrostatic or volumetric) and a 
devlatoric one. In terms of the principal stresses (compression is considered positive 
and tension negative): 

CTi 0 0 

02 0 

03 

m 

S, 

in which 
m 

(Ti + 02 + CTs 

0 0 
Sz 0 

S3 

m 

is the mean or isotropic stress, and S, 0 is the ^ "^ i " "̂ m characterized by T S. 
deviator. In any material , the isotropic component is the main cause of the volume 
changes and the deviatoric component is responsible for the flow and fracture of the 
material . 

In a classical t r iax ia l test, a cylindrical sample is subjected to an increasing ve r t i ­
cal pressure and a constant lateral pressure (aa = cts) until fracture occurs. The state 
of stress at any time can be decomposed in the following way into isotropic and devia-
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tor lc components: 

ffi 0 0 
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m 
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0 Si 0 0 

0 + Si 
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2 

The Mohr c i rc le representing this state of stress is shown in Figure 1. For the circle 
to represent the state of deviation alone, the or igin of the axes is shifted f r o m 0 to 0' with 

r 

I s / , 

Figure 1. Mohr diagram for state of deviation Ln triaxial compression test. 

T 

Figure 2. Mohr diagrams for constant volxime saturated clajr. 
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r«, <Ti + 2 02 00' = a_ = m 3 

A pure deviation can be applied to the material i f the stress increments are made in 
a way such as to keep the isotropic component of the stress tensor constant. In a t r i ­
axlal test, this is done by Increasing the vert ical pressure and decreasing the lateral 
pressure so that 

vert ical stress increment _ „ 
lateral stress decrement 

In the range of small strains, volume changes due to the state of deviation can be 
neglected as being of the second order. However, with the increase in magnitude of 
the strains, these second order effects become important and result in pore pressures 
i f the drainage is closed. 

Experimental Investigation 

A series of tests was made with a white kaolinite type of New Jersey clay designated 
by its trade name as Grantham clay. Its l iquid l i m i t is 77 percent, i t s plastic l i m i t 32 
percent. About 60 percent of the material is smaller than 2 fi. The material , in powder 
f o r m , was mixed t ho rou^ ly with water, the mixture being in i ts natural state at about 
95 percent of saturation. Complete saturation and specific moisture contents were 
obtained by t r iaxla l consolidation under various volumetric stresses. 

Effects of Volumetric Stresses and Rate of Strain on Shear Behavior. —Undrained 
t r iax ia l tests on the same saturated clay material and under various lateral pressures 
are known to give s imilar stress-strain characteristics and Mohr circles at fai lure 
having the same diameter. These circles are located at different distances f rom the 
origin (Fig. 2) and correspond to the various values of the mean stress am- Thus, in 
spite of an equal increase in the normal stresses on a l l the planes of the material being 
tested, the magnitude of the deviator of stresses at fai lure does not change. 

The value of the maximum stress difference (cii - as) increases with the rate of strain 
and the stress-strain curve moves towards smaller strains for h i ^ e r strain rates. A l l 
plastic and viscoelastic materials are influenced by this variable; the difference is that 
this influence extends over the whole range of the stress-strain curve in viscoelastic 
material , and only on that part beyond the yield l i m i t in plastic materials. Several iden­
tical samples with the same moisture content were tested in compression under various 
rates of vert ical strain. In a l l cases and at a l l stress levels, the curvature of the stress-
strain diagrams varies with the change of the rate of strain. Figure 3 shows the true 
stress, true strain diagram of two of the samples. The presence of a true elastic l i m i t 
would have caused the two curves to coincide at the stress levels below this l i m i t . I f 
i t exists, i t is so small that i t could not be recorded for the material under consideration. 

Existence of a True Yield L i m i t . — Two types of tests are possible and were performed 
to find the level of shear stress that can lae applied to the material without causing per­
manent deformations. 

The f i r s t type is the relaxation test. In this test a certain deformation is applied to 
the sample and the decay of the induced stress measured with the t ime. A sample of 
2 .8- in . diameter, 7 .4- in. height at a moisture content of 35.80 percent was given an 
ini t ia l axial deformation of 0. 013 in . The axial stress was applied by means of a proving 
r ing and the ini t ia l ly induced octahedral shear stress was 6.08 psi . The relaxation of 
the stress as indicated by the proving r ing dial was accompanied by a slow creep of the 
material . Figure 4 shows the stress plotted against the logarithm of the t ime. I t 
dropped to zero in a period of 56 days. The octahedral shear stress at fai lure for the 
same sample was 22.6 psi . The curve was expected to have an inflexion point beyond 
a value of the time equal to 2 x 10* min and theoretically the stress should have tended 
to i ts f inal value asymptotically. This, however, was not recorded. 
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Figure 3. Influence of the rate of strain on the stress-strain curve ((T-
moisture content = 36.60 percent). 

0; 

The second type of test is the creep test. In this test a small, constant shear stress 
is applied for a period of t ime, then removed and the resulting rebound is measured. 
This rebound, f o r any stress smaller or equal to the yield l i m i t , should bring complete 
strain recovery. A series of creep tests were performed under a certain number of 
deviators (6, 12, 18 psi) fo r a period of 24 hr . The deformations during this period 
and after the release of the stresses were measured (Fig. 5). The fact that a deviator 
equal to one-tenth of the deviator of fracture (60 psi) results i n permanent deformation 
allows one to conclude that no true yield l i m i t of practical significance exists in the 
considered material . At a later date, a creep test performed on the same type of clay, 
but at a higher moisture content, showed that even under a deviator of 1 psi , permanent 
flow occurred (Fig. 6). The deviator of fracture for this last material was 38 psi . 

In summary these tests show that on the level of investigation, the material consid­
ered flowed under any shear stress and that i t had no true yield l i m i t . 
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Figure h. Decay of induced octahedral shear stress with time. 
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Figure 5. Creep under various deviators of s tress . 

Effect of Load Path on Strain-Time Characteristics. — The main aim of this group 
of tests was to study the effect of the load path on the steady state part of the creep 
curve. One of the principal characteristics of vlscoelastlc materials is that in a creep 
test, once a constant rate of strain is reached, i t is only a function of the magnitude of 
the applied stress and Independent of the load path. Three identical samples of 2. 8-in. 
diameter and 7.4-ln. height were subjected to various deviators (discussed later) for 
periods varying between 65 and 80 hr. Table 1 gives the sequence of loading. Results 
of these tests are shown in Figure 7. For all the curves an apparently Instantaneous 
response, a retarded response, and a flow at a constant rate are present. Up to the 
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Figure 6. Creep under a deviator of 1 p s i . 
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Figure ?• Independence of constant rate of s train from stress path. 

TABLE 1 
Sample Applied Deviator (Si - S2) (psl) 

A 1 2 18 24 30 36 42 48 54 60 
B 1 8 24 30 36 36 42 38 54 60 
C 24 30 36 36 36 42 48 54 60 

deviator preceding fracture, the constant rate has been found to be dependent only on 
the total value of the devlatorlc stress, and In Figure 7, 

°'A2 = « B 1 

"AS = « B 2 

« A 4 = "'BS 

- " C I 
= a^^, etc. 

Thus, the angles a describing the constant rate are Independent of the rate of stress and 
the load path. 

Summary. —To sum up the results of the experimental Investigation, the material 
under consideration presents the following features in its shear behavior: 
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Figure Shape of samples tested in pure 
deviation. 

1. The deviatoric component of the 
strain tensor does not depend on the isotropic 
component of the stress tensor. 

2. The curvature of the stress-strain 
diagram at all stress levels is affected by 
the rate of strain of the material. 

3. The material flows under any shear 
stress. 

4. The constant rate of strain in creep 
tests is independent of the load path and is 
a function of the stress alone. 

These four items are the necessary and 
sufficient conditions for a material to be 
classified as "viscoelastic." 

Possible Surfaces of Flow and Failure 
in Triaxial Compression Test 

In an ideal linear viscoelastic material, 
the directions of maximum shearing stresses 

81 IB 
( a ) • 

Figure 9. Fracture surfaces in t r i a x i a l compression tests. 
• 
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and maximum shearing strains coincide. In such a material, failure would most prob­
ably occur along surfaces inclined at 45° to the horizontal (though viscoelastic considera­
tions cannot be extended to failure). The isotropic component of the stress tensor acts 
normally and equally on all planes and would not favor any surface of fracture. The state 
of stress produced by the deviator alone gives on planes inclined at 45° a maximum shear 
equal to 0. 75 Si (Fig. 1) and a normal stress equal to 0. 25 Si. Real viscoelastic materials 
are influenced to a very small extent by normal stresses and under a given deviator, fa i l ­
ure might occur along surfaces subjected to a shear stress slightly smaller than the maxi­
mum and to a very small normal stress. In Figure 1, point A represents a plane on which 
the deviator of stresses gives a shear stress equal to approximately 94 percent of the 
maximum and a normal stress equal to zero. This plane is the octahedral plane and 
its Inclination to the horizontal is equal to 54. 75°. Thus, conical surfaces having this 
inclination are potential surfaces of flow and fracture. 

A number of samples were turned down to the dimensions shown on Figure 8 to avoid 
end effects and tested in triaxial compression. In all the cases where no excessive 
bulging occurred before failure, the tangents to the surfaces of fracture make with the 
horizontal angles near 54. 75° (Fig. 9a). In the case of cylindrical samples, the frac­
ture starts at one of the ends because of the concentration of stresses, but i t takes the 
direction of minimum shear resistance which seems to be that of the octahedral plane 
(Fig. 9b). Figure 9c shows one of the samples tested in an unconfined way with grease 
applied on both end plates. The sample kept a cylindrical shape (no rotation of principal 
axes) and the inclination of the surface of rupture was very near to the octahedral incli­
nation. 

The same tests were run on an illite type of clay called grundite clay at various 
moisture contents. The results were similar to those obtained for the kaolinite Grantham 
clay. 

RHEOLOGY OF SHEAR 
Models to illustrate viscoelastic behavior in shear are built up from combinations of 

two model elements: 
1. A perfectly elastic spring to represent elastic deformations obeying Hooke's law. 
2. A dashpot with a liquid obeying Newton's law of viscosity to represent viscous 

deformations. 
The two simplest combinations of these two models are the Kelvin body, which repre­
sents a solid viscoelasticity, and the Maxwell body, which represents a liquid viscoelas-
ticity. 

A Kelvin body is composed of a spring and a dashpot in parallel (Fig. 10a). Charac­
teristic of it is the retardation time (time of response) T = n/G. It is the time neces­
sary to produce (1 - l/e) of the full elastic deformation under a given stress. It is a 

.JL_ 

Figure 10. a) Kelvin body, b) Maxwell body. 
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sort of l imit after which the strain tends to its final value at a very slow, decreasing 
rate. 

A Maxwell body is composed of a spring and a dashpot in series (Fig. 10b). Charac­
teristic of i t is the relaxation time also defined as T = T ) / G . It is the time necessary for 
a stress to decay to l/e of its original value while a constant strain is maintained. In 
a way, it is a time limit after which a sizeable decrease in the stress level is associ­
ated with a long and ever-increasing time (7, 17). 

In both ideal bodies the relative importance of the elastic and the flow mechanisms 
apparently depends not only on the magnitude of G and n but also on the time scale of 
the experimental investigation. Either of the two mechanisms wil l tend to overshadow 
the other unless the time scale of the observations is of the order of magnitude of n / G , 
a circumstance that wi l l allow the appearance of the composite nature of the deformation. 

The behavior of a real material usiially cannot be described by the two constants v 
and G of the ideal bodies However, the introduction of several such constants wi l l 
permit reproduction of rather complex behavior. 

Necessity for a Distribution of Retardation Times 
The kind of isotropy that is present in the material is a statistical one When study­

ing the deformational characteristics, the fact that each clay particle is surrounded 
a hull of adsorbed water, whose viscosity varies between infinity and that of more or 
less free water, tends to complicate the problem when a factor of viscosity (23) is 
chosen in a quantitative analysis. An average value can always be chosen during the 
process of deformation, but this value would only be valid at a certain location of the 
material. There is a wide range of particle sizes in a clay soil, and the strength of 
the bonds between them is very h l ^ l y influenced by these sizes and particularly by the 
spacing and geometric arrangement between the particles. When subjected'to a stress, 
the material necessarily presents in its delayed response a wide range of retardation 
times. Theoretically, a retardation time implies complete recovery on release of the 
stress. Yet this wi l l not be the case in clays. The delayed response that the creep 
curves of Figures 5 and 6 show is only partially recoverable and is accompanied by a 
continuous reorientation of the particles. A constant rate of deformation under a con­
stant energy level (Figs. 5, 6, 7) denotes the establishment of a statistical equilibrium 
between a continuously applied energy and the dissipation that proceeds in small suc­
cessive jumps and has the appearance of continuity. At this stage the rate of energy 
dissipation is only a function of the deviator of stresses and is given in terms of the 
octahedral variables by 

«, 3 d r . H 3 (TQct)' 

^ D = 2 ar J "oct ^ ^oct = 2 -2̂ 5 (1) 

in which Wj^ is the rate of energy dissipation. 
The condition of viscous flow is given by 

^ o c t - ' - — W ^ (2) 

Model Representation of a Viscoelastic Saturated Clay 
On the phenomenological level, any viscoelastic material presenting a whole spectrum 

of retardation times, whatever their origin, can be represented by n Kelvin bodies in 
series, with a Maxwell body to take care of any pure elasticity and pure viscous flow 
(Fig. 11a). For a constant devlatorlc stress, the strain in such a model is given by 
(15) 
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Figure 11. a) General model for a v iscoelast ic saturated clay in shear, 
b) Four parameters experimental model (Burger's body), 
c) Strain-time curve under a constant deviator of stress . 
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For a continuous distribution of retardation times, which can be assumed in clays; 

' i j e» = 1 ^ - ( l -e- t /^)dT 4 - ] (4) 

where J = l /G is called the compliance of the Hooke element. Thus, the finite set of 
constants (Jn, T^) is now replaced by J(T) which gives the amount of elastic compliance 
associated with the retardation time T (the continuous parameter). This is referred to 
as a distribution of retardation times or distribution of compliances. This distribution 
should be obtainable from the experimental determination of the creep function: 

2e 
^ t ) = - r ^ (5) 

but this presents considerable difficulties. Andrews (3) has proved that J(T) can be 
obtained to a first approximation from the creep curve (Fig. 3) using the expression: 

J(T) = ^ P(t) - ^ (6) 

Alfrey (1) has given a graphical method to obtain this distribution from the experimental 
creep curve (see Appendix A). 

The model of Figure 11a has as an aim a qualitative description of the creep behavior 
under a particular stress. The phenomenological treatment of the problem is only inter­
ested in the resulting behavior which is materialized by the creep curve; the model must 
be considered as a whole, with all its elements acting together and giving a strain com­
parable to that of the material. Under a constant stress, each of the Kelvin bodies gives 
a simple exponential curve and the true deformational curve wil l keep the general expo­
nential shape. 

To approximate an experimental curve one does not need a continuous distribution of 
retardation times; in general, two or three elements are sufficient to approximate a 
creep curve of classical shape. The use of the continuous distribution greatly simplifies 
the computations and allows a relatively simple graphical construction to study the effects 
of mechanical variables on the properties of the material represented by the coefficients 
G and ri. 

Simplified Four-Parameter Empirical Model 
Ideal creep curves should be determined over the complete time range from 0 to GO. 

Experimentally it is difficult to determine the short-time response accurately; this means 
that the short-time behavior of the material wi l l not show up. In terms of models, Kel­
vin bodies with a retardation time smaller than the smallest time observable experimen­
tally (say, 1 or 2 sec) would behave as a pure spring (pseudo-elastic)(Figs. 11a, l i b ) . 
Kelvin bodies with retardation times falling within the time scale of the experimental 
investigation can be approximated by one Kelvin body with an average retardation time. 
Long retardation times appear as true flow (pseudo-flow) and can be approximated by 
a Newton element. Thus the simplest model to take the place of the most general one 
is the four-elements model known as the Burgers body (Fig. l i b ) . Each of the param­
eters of this model is followed by the letter E standing for experimental or empirical 
(1). Figure 11c shows the shape of its strain-time curve for a constant deviator (S.J 
(1, 6, Jl^, The curve represents ^ 
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About this empirical model the following may be said: 
1. GjE is the modulus of the Hooke element that replaces an element of ideal elas­

ticity and a certain number of Kelvin elements with small retardation times. This 
modulus is by no means a constant, and its physical meaning does not go beyond the 
fact that it is related to the internal structure at the instant of application of the stress 
and during that period of response which seems to be instantaneous In general, the 
use of a Hooke element implies instantaneous response and complete reversibility, which 
is not at all the case when the internal structure changes continuously as a function of 
the stress and strain and their time derivatives. (Temperature is not considered.) If 
the distribution of J (t ) is known, G^g is given by 

J(T)dT (8) 

t i being the smallest amount of time measurable. Actually from a creep test the only 
way to get G . - is to divide (S,.) by twice the instantaneous pseudo-elastic strain. 

lUi 1] o 
2. Ggg and rjgg are the parameters of that Kelvin body which takes the place of all 

the models whose retardation time falls between t i and tz (Fig. 11). If the distribution 
of J (t ) is known, then 

J - = J(T)dt ' (9) 
^2E •'ti 

in which tz is either the time at which the test is stopped (the curve becomes a straight 
line at infinity) or the time at which i t is decided that the creep curve can be considered 
a straight line (steady state of creep), can be given by a weighted mean value: 

^^Tj(T)dT 

J(T)dT 
(10) 

From a creep test G„„ is obtained by dividing (S..)^ by twice the total retarded response 
(Fig. l i e ) . 2E i j o 

3. r)3g corresponds to all responses that appear to be true flow and can be obtained 
directly from the slope of a creep curve at the steady state. Theoretically it is given 
by 

1 
V. 

± . , Tiw dx 

Limitations and Difficulties of a Model Representation 
The previous model representations were inspired by the creep curve of the material 

under a particular stress and the presented physico-chemical considerations. The fact 
that only the over-all behavior of the model could be compared with the over-all behavior 
of the material was already emphasized. The author seeks to represent only an outside 
appearance by means of a series of "linear elements," an experimental curve to fit for 
a particular stress. 
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The previous rheological equations 
imply the constancy of the parameters G 
and rt, and solutions of these equations 
given in classical treatises on rheology 
are valid only for linear viscoelastic 
behavior. This is not the case for satu­
rated clays. The retardation times of the 
various Kelvin elements are not constant. 
Of course, no objection can be made to 
picking up a specific experimental creep 
curve, representing i t by a series of 
linear Kelvin elements, and finding the 
distribution of retardation times, if i t is 
remembered that what is deduced from 
that creep curve is not valid for any other 
state of stress even for the same material. 

Effect of Stress Increase on Rheological 
Parameters 

Eq. 4 can be written in terms of the 
octahedral variables: 
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Figure 12. F i r s t step of Alfrey's construc­
tion to obtain distribution of the retarda­

tion times. 

.00. ' J ( T ) ( l - e - t / ^ ) d T (12) 

The creep function *(t) becomes 

2 ' « 
V'(t) 

oct 
•̂̂ oct̂ o L o o 

e-*/"̂ ) dT (13) 

The distribution of retardation times can thus be obtained by Alfrey's method for dif­
ferent values of (T ) i f the creep curves are plotted in terms of y H . This has been 
done for the creep°5ir^es of Sample A (Fig. 7) for Si - 82 = 18, 24, -and 36 psi. 
The deviator increments were 6 psi corresponding to T ^ ^ ^ = 2.82 psi. 

The sigmoidal curves giving the relation between 

2 r H 
oct 

^ V t 
and logiot are shown in Figure 12, and the distribution of retardation times for the 
various stress states on Figure 13. The latter figure shows clearly that the distribution 
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Figure 13. Distribution of retardation times under various deviators of s tress . 

of compliances for different retardation times, although keeping the same general shape 
of a Gauss curve, varies for different stress increments. For a linear viscoelastic 
material all the curves in this figure would coincide. The area under each of these 
curves corresponds to the value of of the empirical model. The most important 
compliance for the different stress levels corresponds to the same value of the retarda­
tion time. 

Effect of Change in Moisture Content on Rheological Parameters 
An Increase of the moisture content has been found to produce a much wider distri­

bution of retardation times under a given stress. It causes the whole spectrum to shift 
towards smaller retardation times. The coefficient G J E changes rapidly because a cer­
tain number of mechanisms that are retarded at low moisture content become instan­
taneous at a higher one, and some in the pseudo-flow category pass into the retarded 
one. On the other hand, the viscous resistance to changes within the group of mechan­
isms classified as flow decreases together with the true, giving as a final result a net 
decrease in the viscosity for the apparent steady stage of flow. (Thus, decreases.) 
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General Remarks on Rheological Approach in Shear 
The previous analysis is based on the behavior of one material, namely kaolinlte 

Grantham clay. Even though no extrapolation to other materials can be made, the 
analysis may shed some light on the general approach to the shear problem. 

Clays have been represented since 1931 (29) by a Bingham body, and statements are 
often made that they have a yield l imit . It seems strange, however, that in the present 
case a material that belongs to a group classified as very stiff {2^ (qy = 38 psi) did flow 
under a deviator of 1 psi. It is the opinion of the author that, at least for normally con­
solidated clays, the importance of the yield l imit has been exaggerated. 

Overconsdidated saturated clays may require a certain level of stress to overcome 
possible interlocking effects. Through a phenomenon similar to work hardening, addi­
tional strength could be mobilized to stop deformations imder a given stress (28). How­
ever, i t is possible that beyond a certain limit necessary to overcome this interlocking 
the materials might behave as a viscoelastic material. This necessarily introduces 
dilatancy, and the volume changes would be a function of the degree of the over consoli­
dation. 

In the case of highly overconsolidated clays, dilatancy phenomena become very impor­
tant. The material is in general very brittle and the validity of a viscoelastic analysis 
similar to the one presented becomes questionable. 

RHEOLOGY OF CONSOLIDATION 

Distribution of Volumetric Relaxation and Retardation Time s 
In consolidation, the material changes continuously. For a given external volumetric 

stress, the problem can be stated in terms of either the decay of the induced pore pres­
sure or the volumetric strains in the material. 

If the problem is stated in terms of the induced pore pressures, the phenomena 
involved are relaxation ones. Near the drainage surfaces, the induced pore pressures 
relax instantaneously. The relaxation times vary from point to point and at each instant. 
This is due to the various lengths of the flow paths to the drainage boundaries, the range 
of viscosities around each solid particle, and the continuous change in the permeability 
of the material. The phenomenological approach does not attempt to separate the effects 
of these variables on the relaxation of the pore pressures; it simply considers that there 
exists a whole spectrum of relaxation times which is generated during the decay of the 
pore pressures. This spectrum can be obtained from the relaxation curve (1) and is 
only valid for one particular state of external volumetric stress. The pore pressures 
tend asymptotically to zero (Fig. 14). 

77/776 
Figure Ih. Decrease of pore pressures with tune under given volumetric stress . 
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Figure l 5 . Volume changes with time under given volumetric stress m t r i a x i a l consoli­
dation test. 

If the problem is stated in terms of the volumetric strains, the phenomena involved 
are retardation ones. Instantaneous and retarded responses appear for the same rea­
sons as in the previous approach. The distribution of retardation times can be obtained 
from a volumetric creep curve and is only valid for one state of stress The strain-
time curve has a horizontal asymptote, as volumetric stresses do not cause unlimited 
flow (Figs. 15a, 15b). 

Model Representation 
In consolidation, the problem is in general expressed in terms of volume changes 

The model discussed in this section deals with retardation phenomena alone. 
A material that exhibits in its volumetric behavior a whole spectrum of retardation 

times and no unlimited flow can be represented by n Kelvin bodies in series with a 
Hooke element to simulate any instantaneous deformation (Fig. 16). By analogy with 
Eq. 3 the volumetric strain in such a model can be written: 

H 
^m o 

1 
3K. 

n 
r 

n=l 
3K (1 Tnv\ (14) 

in which Kj^ is the elastic bulk modulus (the spring constant), is the volumetric vis­
cosity, and T = jjjj/Kn is the volumetric retardation time. 

For a contmuous distribution of retardation times Eq. 14 becomes: 

H ^ ^ r 
•m = (̂ m^o • 3K_ 

00 J,, ( T . ) 
V V (1 - t / l V)d ••v (15) 

in which Jy = l / K is the volumetric compliance of the Hooke element. The distribution 
of the volumetric compliances can be obtained from the experimental determination of 
the creep function: 

*vft> 
m o 

(16) 

by means of Alfrey's graphical method. The distribution wil l vary from one state of 
stress to the other 

As in the case of shear, simplifications can be made in the model representation. 
The simplest model to take the place of the most general one is the three-element 
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Figure l 6 . General model for clay consoli­
dating under given volumetric stress. 

Figure 17. Three-element experimental model. 

model composed of a Hooke and Kelvin 
body in series (Fig. 17). The remarks 
made earlier about the parameters of the 
empirical model in shear and the limita­
tions of a model representation apply in 
the case of consolidation. However, there 
is no flow term equivalent to . 

General Itemarks on Rheological Approach 
in Consolidation 

In a classical consolidation test, stress 
increments follow at certain regular intervals and in general act during a period of 24 
hr. For each load stage it is customary to plot the volumetric deformations or the 
strains vs the logarithm of the time (Fig 15b). This is the first step of Alfrey's con­
struction to obtain the distribution of retardation times. The slope of this curve for 
different values of (log t)t=Tv gives a bell-shaped curve which is the required distribu­
tion (Fig. 18). The area under this curve represents the total deformability Each 
stress increment is associated with a different distribution. If, in all cases, the area 
S2 falling beyond logio 1, 440 min = 3.158 (Fig. 18) is negligible, the final e vs log p curve 
would be a good representation of the behavior of the material under volumetric stresses. 
The accuracy decreases if the area S2 increases. In other words, a classical test is 
valid for those clays whose spectrum of retardation times, under the considered stresses, 
is mostly shorter than 24 hr. 

Another point of importance is that of the "secondary consolidation." There is some­
times a basic misunderstanding of the problem Both viscous flow due to shear and 
volumetric deformations corresponding to the existence of a spectrum of retardation 
times are often gathered under the same name. What shows up in a laboratory triaxial 
consolidation test as secondary consolidation is the result of volumetric retardation 
times larger than 24 hr. The process is hydrostatic, decreases, and is bound to stop. 
The secondary consolidation part of the experimental curve must finally reach a hori­
zontal asymptote. As for the constant rate of settlement of buildings (5̂ , 28, 29), i t 
finds its direct explanation in the section on "Experimental Investigation," in'which a 
saturated clay has been proved to exhibit a constant rate of strain which is a function 
of the stress alone. 
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Figure 18. Distribution of retardation 
times In consolidation. 

Time. 

Figure I 9 . Creep stages under various devi­
ator s of stress. 

PRACTICAL APPLICATIONS 

Determination of the Shear Stress at Fracture 
In this study, a line has been drawn between volumetric effects and deviatoric ones. 

Volumetric stresses cause consolidation and changes in the composition of the material 
(i .e. , in the moisture content) but they do not result in permanent flow. Deviatoric 
stresses are responsible for flow and fracture. If the two effects are considered 
separately, to each material composition is attached a certain deviator of fracture under 
given testing conditions. The deviator of fracture can be obtained by means of one single 
unconfined compression test (Figs. 1, 2). This, however, would not allow for any siz­
able creep to take place. 

If a saturated clay behaves as a viscoelastic material, creep phenomena must be 
considered Fracture is associated with the deformation as well as with its time deriv­
ative (Fig. 19). Under a given deviator, deformations wi l l , in general, occur at a 
rapidly decreasing rate (primary creep) until a state of dynamic equilibrium is reached. 
At this stage the distortional energy applied to the material is dissipated at a constant 
rate given by Eq. 1. Deformation reaches a limit at the point of fracture. When this 
limit is reached, the continuity of the transformation from mechanical potential into 
heat energy is broken. Separation starts at points where the mechanism of coherent 
place change of particles is not available for the release of the potential energy of the 
applied forces (38). The disruption of a certain number of bonds increases the energy 
accumulated in the remaining ones (third stage of creep). Fracture is thus a chain 
reaction process that can be accelerated by higher stresses (Fig. 19). 

Distribution of Stresses in Saturated Clay Soils 
In a viscoelastic material, the amount of deformation or strain is not a direct indi­

cation of the stress. In the discussion of the effect of stress increase in rheological 
parameters, the material under consideration was shown to be nonlinear in its retarded 
response. Also, i f the rate of strain at the steady state part of the creep curve is plot­
ted vs the applied shear stress, the resulting curve is far from being a straight line 
(non-Newtonian). Thus, nonlinearity seems to extend throughout the viscoelastic behav­
ior. Hence, Boltzmann's principle of superposition, as well as the elastic-viscoelastic 
analogy (J.), cannot be applied. 
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In a semi-infinite medium, a stress distribution computed by means of the theory of 
elasticity would only be an approximation of unknown magnitude. As Tschebotarioff 
(30, p. 205) states. 

Nevertheless, observations on the behavior of so i l s indicate 
that the Boussinesq solutions can be applied with reasonable 
accuracy to cohesive so i l s and even, with some l imitations, 
to granular s o i l s , such as sand. 

Regarding the value of Poisson's ratio v which is used in computing the lateral stresses, 
thus in determining the value of the maximum shear stress, he says, 

Thus the possible variation of T ' because of \meertainties 
In the value of the Poisson ratio of so i l s i s negligible and 
does not exceed 15 per cent. 

The validity of a stress distribution based on the theory of elasticity during the constant 
rate of creep wi l l be assumed in the following section. 

On the Foundation of Structures on Saturated Clay Soils 
If a saturated clay is treated as a vlscoelastlc material, the amount of vertical 

settlement due to creep might be used advantageously to determine the allowable pres­
sures acting on a fotmdation. Such an analysis can at this stage of development be made 
for a constant volume material, and the creep would be due to the effects of the deviator 
of stresses alone. The procedure would be as follows: 

Under the center of a given foundation, the distribution of stresses can be computed 
by means of Newmark's charts with a Poisson ratio of 0.5. Undisturbed samples taken 
at various depths under the foundation are then submitted in the laboratory to the same 
deviator of stress or the same octahedral shear stress as computed, and the rate of 
permanent vertical strain dei/^^ is deduced from a constant volume creep test (Fig. 
20). This rate of strain is then plotted against the depth Z (Fig. 21) and the area 
between the resulting curve and the Z-axis represents an upper limit to the rate of 
settlement of the foundation due to creep. The following two points are to be noticed: 

1. In the field the loads are applied gradually, but a laboratory test would not have 
to go through the various loading stages, because in a vlscoelastlc material the effect 
of the rate of stress vanishes with time (Fig. 20). 

_ Laboycxfory Locxolfn^ 

Field. LooLcLtng 

Time 
Figure 20. Determination of constant rate of ver t i ca l settlement from laboratoiy creep 

test under given maximum or octahedral shear stress . 



72 

ianc^-cle, Toct 

Figure 21. Rate of v e r t i c a l settlement due to creep. 

2. The distribution of stresses according to the theory of elasticity is assumed to 
be valid and the foundation is considered perfectly flexible. 

In the previous analysis, the constancy of the moisture content in the material is 
assumed. Under the given stresses the material consolidates and its rate of creep 
under the same deviator decreases. One can make an initial analysis for an initial 
moisture content (Curve A, Fig. 21) and one for a final moisture content (Curve B, 
Fig. 21). For the latter, the material wi l l have first to be consolidated in a triaxial 
cell, then subjected in an undrained condition to the computed deviator. Al l the curves 
representing the rate of settlement due to creep for intermediate values of the moisture 
content would be enclosed between Curves A and B. 

The rate of settlement as given by the area between Curve B and the Z-axis should 
not exceed the tolerable rate of settlement. 

For most clays, settlements due to consolidation wi l l overshadow those due to creep, 
and it is only when consolidation is mostly finished that creep starts to be noticed. In 
the case of peat, however, creep phenomena are predominant and the presented method 
wil l be of value in estimating the allowable pressure on a foundation. 

CONCLUSION 
This paper has attempted to bring out the basic ideas behind a viscoelastic Theologi­

cal analysis in shear as well as in consolidation. Mechanistic models and their limita-
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tions have been presented and discussed. The separate treatment of volumetric and 
deviatoric phenomena avoids the measurement of pore pressures in the laboratory. 
This, however, does not imply that in the field their measurement is not necessary. 
They are the easiest way to know how the moisture content changes; in other words, how 
the material changes. A method of design based on creep has been proposed, and it 
appears that it can fruitfully be used, together with the theory of consolidation, to pre­
dict buildings settlements. The method, however, does not contain any stability criteria. 
This point requires extensive testing and is currently being investigated. 

It is hoped that this study wil l help bring a better understanding of the deformational 
characteristics of saturated clays. 
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Appendix A 
Approximate graphical method to determine the distribution of retardation times from 
a creep curve 

In the study of J( T ) i t is preferable to express J in terms of Inx. Creep tests may 
extend for months, and the logarithmic scale is a very convenient one in such cases. 
If 

K ( T ) = T J ( T ) (17) 

and if K( T ) is plotted against Inr, an area under this curve is exactly equal to the area 
under J ( T ) vs T, 

J ( T ) d T = K ( T ) d l n T (18) 
Ti I n r i 

i f Inr = X,then 

K ( T ) = T J ( T ) = ê  [ j ( e ^ ) ] = L(X) (19) 

The distribution of the function L(X) is completely equivalent to that of J( T ). Thus the 
distribution of the elastic deformability J among the various retardation times can be 
represented either by a plot of J( T) vs T or by L(X) vs X. The total deformability 
possessing a retardation time in the range between TI and TZ is given by the area under 
either of these curves between the two values of the abscissa. 

In terms of L ( l n T ) the amoimt of elastic deformability possessing a retardation time 
between the limits of TI and T2 is given by 

Inr2 Inr2 
J = f L ( l n T ) d l n T = f L(X)dX (20) 

The following method gives an approximation to J( T ). An approximation is derived to 
the function L(log T) in which 

L ( l o g T ) d l o g T = J ( T ) d T (21) 

(Because only the Integral of this quantity is relevant for computation, the change in the 
independent variable (Inr to log T ) is immaterial.) 

The steady flow component is f i r s t subtracted of the creep curve and the rest is 
Op 

plotted as i j vs log t. When the slope of this curve is determined and plotted 
W o 

against (log T)^^^, this curve which can be called L ' (log T) is a fair approximation to 
the actual distribution function L(log T ). L'(log T ) fails to show sharp discontinuities 
in L(log T ) but reproduces the general contour. If L(log T ) is a smooth distribution 
(which in general is the case for clay), L* (log T ) is a good approximation. 

The area imder the curve is exactly equal to the value of 



y--̂ ^̂  = octahedral shearing strain in the Hencky measure. 

76 

Appendix B 
NOTATIONS 

D = diameter of solid particles. 
E = subscript standing for experimental or empirical, 
e = base of Napierian logarithm—void ratio, 

eij = deviator of strains. 
G = specific gravity of solid particles—shear modulus-

spring constant in shear. 
H = superscript standing for Hencky. 

i = subscript (1, 2, 3). 
j = subscript (1, 2, 3). 
J = compliance of Hooke's body = l /G. 
K = elastic bulk modulus—spring constant in consolidation. 
L = length of sample. 
In = Napierian logarithm, 

log = common logarithm, 
m = subscript standing for mean. 

Su = deviator of stresses. 
t = time. 
u = vertical deformation. 
V = stands for volumetric, 
w = moisture content. 
W = energy. 

(X, Y, Z) = trirectangular coordinates. 
a = angle determining the constant rate of flow in a 

„ creep test. 
V = octahedral 

A = Increment. 
X = Inr. 
T) = viscosity of the Newton body in shear. 
u = viscosity of the Newton body in consolidation. 
V = Poisson ratio. 

â ^ = OQ^J. = mean stress equal to the octahedral normal stress. 
( T . = principal stresses. 

T = retardation time—shear strength in CoulomWs 
equation: r = a tan 4. 

Tjjg^ = octahedral shear stress. 
<p = angle of internal friction, 

^(t) = creep function. 
€j = principal strains. 

e „ = mean strain, m 

Discussion 
ROBERT L . SCHIFFMAN, Associate Professor of Soil Mechanics, Rensselaer Poly­
technic Institute—This paper presents an interesting review of the rheological litera­
ture, especially where i t concerns infinite spectrum models. It is worthwhile to see, 
in the soil mechanics literature, the reproduction of analyses that have established 
themselves in other disciplines. One must be cautious, however, in the making of an 
interdisciplinary transposition to be complete and to maintain the physical basis for 
such a move. 

The author used a phenomenologlcal analysis, in which he considered the total behav­
ior of a two-phase material (solid and water) with minimal consideration of the influence 
and interactions of each phase. 

It is the writer's opinion that this approach is of limited usefulness and does not add 
to a fundamental knowledge of soil behavior. 
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This discussion takes up four topics of the author: 
1. Treatment of consolidation. 
2. Statements concerning the necessity and sufficiency for defining a material as 

vlscoelastic. 
3. Statements concerning a yield l imit . 
4. Conclusion concerning the need for laboratory pore pressure measurements. 
The author uses a multispectrum model to analyze the volumetric behavior of a 

saturated clay. Because he does not attempt to analyze the physical implications of the 
rheological parameters, one must consider the proposed method of analysis as being 
empirical. 

An empirical approach, such as this one, may well be justified if i t enables the solu­
tion of soil engineering problems in a more accurate fashion than is presently available. 
It would be enli^tening if the author would present an example (taken from the field) in 
which his method can be quantitatively compared to other, relatively standard, proce­
dures. Such an example would be of interest where the effects are both of a primary 
and secondary nature. 

The author refers to situations in which there is a constant rate of settlement. 
Although there may be examples of structures settling at a constant rate, the vast 
majority of observed secondary compression effects show a linear settlement log t plot. 
These case records show that the settlements occur at a decreasing rate. 

As a theoretical treatment of consolidation, the author's use of rheological models 
does not shed any light on the physics of the process. The author gathers together total 
behavior in a parametric model. As such this analysis makes no distinction between 
fluid and solid behavior and their various components. 

From a macroscopic point of view, the process of consolidation is possibly the best 
understood of all phenomena in soil mechanics. This understanding comes about by the 
analysis of component behavior and the assessment of deviations from idealized condi­
tions. 

The theory of consolidation is a rigorous theory built on a finite set of physical ideali­
zations. The physics of the theory as postulated by Terzaghi (41) considered volume 
changes as an ideal one-dimensional situation. As such, the vertical strain and the 
dilatation are coincident. The stated physical assumptions are 

1. The soil is fully saturated. 
2. The soil components (water and solid) are incompressible. 
3. Darcy's law is valid. 
4. The coefficient of permeability is constant throughout the process of consolidation. 
5. The time delay in consolidation is due only to the permeability of the soil. Time 

rates of consolidation are thus controlled by the rate of water expulsion. 
On the basis of these assumptions, the well-known consolidation pore pressure results: 

= I f <"> 

More generalized consolidation theories as established by Florin (42) and Blot (43, 44) 
have extended the original work of Terzaghi to three-dimensional compression. Eq. 22 
and the conditions preceding i t become a special case of the general theory. 

The general three-dimensional theory of consolidation is based on small strain, small 
velocity theory. The saturated soil mass is considered a two-phase continuum. The 
soil structure is represented by a linear elastic material, and the water phase is repre­
sented by an incompressible, Newtonian fluid, which does not develop strain components. 
The entire soil mass is of spatially uniform density. For an isotropic system (a restric­
tion also imposed by the author) the effective stress-strain relations follow the linear 
theory of elasticity: 

<i ^hi ' 2G.^. (23a) 
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^xx ^ V ^ 'zz (23b) 

in which 
a|. = effective stress tensor, 

A = dilatatioi^ 
= Kronecker delta, 

G = shear modulus of soil structure, 
V = Poisson's ratio of soil structure, 

e.j = strain tensor. 

Because the fluid components produce no strains, the strain tensor (cy) in the effec­
tive stress-strain relation is the strain tensor for the soil mass. 

The fluid phase behaves according to the Navier-Stokes equations for steady flow. 
The flow equation follows Darcy's law. It is assumed that the soil is isotropic with 
respect to flow. 

'w i 
in which 

Vj = velocity vector, 
X. = coordinate component, 
k = coefficient of permeability, 

= unit weight of water, 
u = pore pressure. 

Eqs. 23 and 24 form the equations governing the material prq)erties of the system 
within the general idealizations imposed on the mass. The component portions are 
coupled by the effective stress relationship: 

CT.j = + u6y (25) 

in which 
c T . j is the total stress tensor. 

The soil mass must be in equilibrium and must satisfy the law of conservation of 
mass. As such, the soil mass is govemed by the stress equilibrium and the continuity 
equations: 

aXj axj i 

1 d A 

F, = 0 (26a) 

9x. a t 
(26b) 

If, in a given boundary value problem, only the pore pressure were of concern, then 
Eq. 26b with appropriate boundary and initial conditions would suffice to define the prob­
lem. As shown by Gibson and Lumb (45) the general three-dimensional pore pressure 
equation for time-independent total stress is 
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k „ 2 „ _ 3 (1 - 2i/) au /,„x 
^ ^ " - 2 0 ( 1 + ..) - t ^ " ) 

In ideal one-dimensional consolidation, the lateral strains vanish and there are no 
shears across vertical planes. The pore pressure equation for time-independent total 
stress is then 

^w 
a\i 1 - 2v au 

I F " = 2G(1 - v) Tt 
For an incompressible soil structure (i/ = 0. 5) the pore pressure equation does not 

exhibit time delay, and thus the consolidation wi l l be instantaneous. In this case the 
solution becomes trivial because there is no consolidation. The solution for (u) is not 
tr ivial , as i t is the incompressible pressure distribution in the soil mass. 

Because the physical system and the resulting mathematical relationships conform 
exactly to Terzaghi's theory when reduced to one dimension, the preceding theory is 
defined as the three-dimensional theory of primary consolidation. 

Rheologically, the pore pressure dissipation in primary consolidation can be repre-
sentedjjy a spring and dashpot model. The elasticity of the model, represented by a 
spring, physically represents the elastic soil structure. The viscosity of the model, 
represented by a dashpot, represents the water viscosity. The physical and mathe­
matical system described requires that the pore pressure dissipation be represented 
by a Maxwell model (46)(Fig. 10b). 

The rheological model just described, like aU rheological models, is purely a 
mechanical analogue to a physical phenomenon. In this case, i t is an "exact" analogue, 
because the differential equation and initial condition governing the model are identical 
to the differential equation and initial condition governing the physical phenomenon. 
Any other rheological analysis of pore pressure in primary consolidation, based on the 
physical conditions outlined, must be considered as ad hoc and thus empirical. 

This analysis only considers an elastic soil structure phase and an incompressible, 
viscous water phase. A distinction is understood to exist between the soil particles and 
the soil structure. Whereas the particles are considered incompressible, the soil 
structure is viewed as a system of soil particles connected by springs. Using this 
physical approach one can logically consider volumetric changes as equivalent to changes 
in moisture content. 

Blot's analysis considered a compressible water phase. Inasmuch as this condition 
is of little importance in saturated clays i t is not considered in this discussion. 

Secondary'consolidation has come to mean, by usage, the inclusion within the effec­
tive stress-strain relationships of a viscosity effect. Proposed analytical theories of 
secondary consolidation have universally used a linear viscoelastic effective stress-
strain relationship. A generalized form of such a relationship for an isotropic material 
is 

n-O j , n m.O 

In Eq. 29 the coefficients (AQ) and (BQ) represent the elastic constants of the soil 
structure. Al l the other physical assumptions of primary consolidation are the same 
in secondary consolidation. 

As presented in this discussion, secondary consolidation is considered to occur 
simultaneously with the primary phase. This concept was used by Taylor (47) in 
theory B, in which he demonstrated, both theoretically and experimentally, that one-
dimensional secondary consolidation could be approximately represented by a Kelvin 
model (see Fig. 10a) in the effective stress-strain relations. 

Because the theory is a small strain, small velocity, linear, isotropic theory, i t is 
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permissible to separate the effective stress-strain relations into deviatoric and volu­
metric components. An analysis of Taylor's theory B shows that the volumetric effective 
stress dilatation relationship is elastic. The deviatoric effective stress-strain rate 
relationship is Newtonian (46). Rheologically, one spring (volume change) and one dash-
pot (deviator) couple in the one-dimensional effective stress-strain relations in parallel 
to form a Kelvin model. 

Although Taylor, in 1942, did not use the definitions used in this discussion, the 
mathematics of the analysis prove that the relationships described are the same as 
Taylor's. 

Ishii (48), Tan (49, 50, 51), and Gibson and Lo (52) have analyzed another theory. 
This theory considers the volumetric effective stress-dilatation relationship to be elastic. 
The deviatoric effective stress-strain relationship has the mathematical structure of a 
Kelvin model coupled in series with a spring. 

Lo (53) and Murayama (54) have considered changes in the microscopic structure 
during secondary consolidation by introducing a yield limit in the effective stress-strain 
relationship. Biot (55, 56) has developed a general mathematical structure for a three-
dimensional analysis of secondary consolidation for isotropic and anisotropic media. 

The theories and analyses cited are far from complete. However, they form signifi­
cant steps in the development of a theoretically sound and experimentally valid method 
of analysis. In these cases the principles of rheology were used to develop the basic 
effective stress-strain relations, using physical concepts of behavior and/or experi­
mental evidence. Once the rheology of the volume change and deviator of the solid 
phase was developed, the model analysis of secondary consolidation was based com­
pletely on the laws of mathematics and continuum mechanics. 

The previous discussion was devoted to the subject of linear theories of secondary 
consolidation as they existed at the time of this discussion. It is not to be implied that 
these are the only effects. In actuality, secondary effects come about because of the 
nonlinearity of the effective stress-strain relations; the inelasticity of the soil structure; 
pore pressure effects in shear; the errors induced by using small strain theory; the 
nonlinearity of fluid flow relations, such as variations in permeability with hydraulic 
gradient The term "secondary" is not to be interpreted as second order. Many of 
the effects mentioned are of major significance in soil behavior. For example, the 
development of pore pressures during shear, thou^ arbitrarily defined as a secondary 
effect, is of major significance in the development of knowledge of soil behavior. 

The point is that by going through a methodical, careful, step-by-step analysis, 
one can analyze each idealization in turn and proceed to build theories and methods of 
analysis that wil l have general applicability. The author's analysis, based on his Eqs. 
14 and 15, place permeability, viscosity of the soil structure, and the boundary condi­
tions of the test in an arbitrary volumetric compliance, which then loses its physical 
meaning. 

The author states four conditions which he states are necessary and sufficient for 
a material to be classified as viscoelastic. Inasmuch as a statement of necessary and 
sufficient conditions is derived from mathematical logic it must be viewed in that light. 
The author states, by claiming necessity and sufficiency, that a material is viscoelas­
tic i f and only if the four conditions listed are met (57). 

The fourth condition requires that the constant rate of strain in creep be independent 
of the load path and be only a function of the stress. The "constant rate of strain" por­
tion of this statement eliminates a Kelvin model from the author's classification of visco­
elastic materials. The strain rate of a Kelvin model in creep (constant load) wi l l be 
an exponential function of time, and thus is not constant. Inasmuch as Kelvin materials 
are considered viscoelastic, one can only conclude that the author's statement of neces­
sity and sufficiency is incorrect. 

Though precision and rigor are always important and should be inherent in every 
paper, i t would appear, however, that the author has carried this attempt to extremes 
that would eliminate his own analysis of consolidation from the realm of viscoelasticity. 

The author concludes from his experiments that the soil he studied did not exhibit a 
true yield limit of practical importance. Further, he states the belief that the "impor­
tance of the yield limit has been exaggerated." 
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Three questions are raised here. First, is the author justified in making the state­
ment concerning the existence of a yield limit for the soU tested? Second, can this 
statement be generalized to normally consolidated clays? Finally, what is the impor­
tance of the yield limit? 

It is the writer's opinion that the first two questions must be answered in the nega­
tive on the basis of the evidence given in the paper. Possibly, the author's position 
would be clearer if the data presented in Figures 4, 5, 6, and 7 were re-analyzed. 

Figure 4 presents a relaxation-type test. It is apparent from the author's descrip­
tion of the test and the sharp stress drop-off at 56 days that the strain during the test 
did not remain constant. To present a complete picture capable of independent analysis, 
the author should present a strain-time record. It would appear that the test used a 
"soft" proving ring which permitted strain changes along with stress relaxation. 

The author presents creep test data in Figures 5, 6, and 7. The graphical manner 
in which the data were presented, the limited test description, and the lack of sufficiently 
complete information on sample preparation make it difficult to analyze the author's data 
and thus to accept his conclusions. Information on the following points seems necessary: 

1. Method of sample preparation and information on sample homogeneity at the time 
of the test; in particular, the measured degree of saturation during the creep tests, and 
the state of prestress induced by the triaxial consolidation. 

2. The measured effect of volumetric stress on shear behavior. The author refers 
to strength behavior in undrained tests. What data does he have on the stress behavior? 

3. Data points on the creep plots. 
4. Moisture content data, including changes in moisture content with creep and mois­

ture content distributions within a sample during creep or at least at the end of the test. 
The concept of a yield limit in the rheological literature has a distinct meaning. It 

is defined as the intercept on the stress axis of a strain rate-stress plot (rheological 
diagram) resulting from a series of creep tests. The yield limit is thus a state of 
stress that defines a boundary between no flow (zero strain rate) and flow. Test results 
reported by Bingham (58), Geuze (9, 59), Tan {51), Haefeli (60), De Josselin de Jong 
(61), and Murayama (62^ have all found that a yield limit exists for saturated clays. 

It was the writer's tentative belief in 1959 (^1) that there was some doubt as to the 
existence of a yield l imit . Factual knowledge and experience gained subsequent to 
1959 has convinced the writer that the preponderance of evidence points towards the 
existence of a yield l imit . 

Because the author does not provide data points and a precise graph, i t is not pos­
sible to construct a rheological diagram and thus verify the author's statements con­
cerning the existence of a yield l imit . 

Assuming that the author can justify his statements about a yield limit i t is doubtful 
that his conclusion regarding its importance can be documented. A single test series 
on artificially prepared samples is insufficient to generalize for undisturbed soil. In 
the writer's experience in the Netherlands, it has been found that many of the soils used 
in dike and embankment cores have a yield l imit of up to 40 percent of the shear strength. 
In analyzing conventional Dutch practice, one would find that, in many cases, the factors 
of safety are such that the working shear stresses are at, or slightly below, the yield 
limit. Geuze (59) has suggested that, in these cases, the yield l imit can be used to 
provide a no-flow analysis. 

The author recommends an analysis of foundation settlements based on a constant 
volume basis (Poisson's ratio of 0. 5). He then correctly states that the creep (settle­
ment under constant load) would be due only to the deviator components. If this analysis 
were carried to its conclusion, there would be no settlement due to consolidation, as 
the theory of three-dimensional consolidation has as its limiting condition, instantaneous 
deformation at Poisson's ratio of 0. 5 (63). The author attempts to correct this incon­
sistency by performing an analysis at an initial and a final moisture content. By this 
method, the best that the author can achieve are upper and lower bounds of the settle­
ment rate. The author determines the settlement rate at an alleged initial and final 
time in the consolidation process. It thus does not appear possible to integrate the 
settlement rate to provide time-settlement predictions. Were he to test at sufficient 
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intermediate moisture contents to provide a reasonable estimate of time-settlement data, 
the amount and length of testing required would be prohibitive. 

The author's method of obtaining an initial analysis (curve A, Fig. 21) is not truly 
initial. He does not state whether his test is consolidated undrained or unconsolidated 
undrained. If it is the latter, then the measured strain-rate is not truly an initial one, 
but one taken at some time after settlement has started. If it is the former, then the 
process of consolidation wi l l additionally alter the point in prototype time at which the 
creep rate is calculated. 

The last paragraph in the section on practical applications appears to negate much 
of the author's previous writing in this paper. In this paragraph the author indicates 
that his creep analysis is of minor importance for most clays but wi l l be of value in the 
analysis of "peat." The tests are confined to one clay. Considering the fact that the 
term "peat" covers a wide variety of soil types, i t appears doubtful that the author's 
single series of tests on an inorganic clay can be so broadly extended. Peats vary from 
highly fiberous open-structured materials that show practically instantaneous settlements 
to colloidal gels with creep effects only. In the writer's experience some peats have 
shown substantial changes in moisture content under both volume change and deviator 
stress, whereas other deposits have shown substantial volumetric and deviatoric strains 
without change in moisture content. 

The author makes a point in his conclusion that the separate treatment of volume 
change and deviator components permits laboratory analysis without pore pressure 
measurements. His thesis seems to be built on the predication that moisture content 
is, at least, the most predominant influence in soil behavior, and furthermore, that 
during shear creep the moisture content remains unchanged. 

The author's analysis is the logical conclusion arrived at by considering the soil 
mass as a linear vlscoelastic continuum exhibiting small strains and small velocities. 
The only modification to this theory in the author's hypothesis is that the shear proper­
ties remain constant at a constant moisture content but wUl vary from moisture content 
to moisture content. This would be a justification for running undrained creep shear 
tests to obtain the creep rate. 

The author's basic proposition is that if the volume is held constant during a pure 
deviator test the shear properties wil l remain constant. Using this proposition along 
with small strain, small velocity, linear, continuum theory, he is then free to separate 
volumetric and deviatoric components and to analyze laboratory tests on a total stress 
basis. 

Two points of view can be brought to bear on this proposition. From the microscopic 
point of view, a saturated clay is a system of discrete particles in an electrochemical, 
nonconservative force field. As such the over-all material properties wUl constantly 
change, under stress, due to changes in particle orientation and changes in interparticle 
forces. From the macroscopic point of view, the material property relationships can 
be considered nonlinear, and thus the uncoupling of shear and deviator is not strictly 
permissible. 

Pore pressures occur in undrained shear tests and affect the shear behavior. This 
measured effect is evidence of the interactions between shear and volume change. The 
effective stress principle and analyses using pore pressure parameters (64) can be 
viewed as reasonable linearizing modifications to the uncoupled volume change and 
deviator mechanics, for the purpose of considering interactions between these two 
components. 

The interaction of volume change and deviatoric components is not a phenomenon 
unique to soil mechanics. The literature discussing the rheology of polymers has 
recognized this effect for several years. "Weissenberg" or "normal stress effects" 
recognizes that in shear a polymer wil l develop normal stresses that are functions of 
the shear strain. 

It is appealing to ignore pore pressures and examine everything on a total stress 
basis, even i f confined to the laboratory. The soil mechanics literature for the past 
40 years has devoted major sections to this thesis. The pendulum has swung back and 
forth. The literature shows that advances in fundamental knowledge and engineering 
practice have almost exclusively stemmed from methods and analyses that consider and 
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measure pore pressures. At this time there is probably greater activity in the labor­
atory and in practice devoted to measuring pore pressures and pore pressure effects 
than ever before. Pore pressures play an important role in the stress-strain-time 
behavior of soil and in the strength of a soil. To advocate ignoring pore pressures, 
at any time, would be to advocate ignoring a basic material property. 

The laws of continuum mechanics and rheologic principles are extremely useful tools 
in the analysis of soil mechanics problems. In the development of theories and practical 
approaches, however, the mechanics of the system must conform to known or reasonable 
approximations of physical reality. 
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ADEL S. SAADA, Closure— Professor Schiffman's discussion reveals little that is new. 
It reiterates the well-known Terzaghi theory of consolidation (41) and classical concepts 
of continuum mechanics (65) as understood by the discusser. It wi l l be shown herein that 
in many instances this understanding is in conflict with the most fundamental definitions 
on which these theories are built. Although the author fails to see the reason why these 
theories are restated in such great detail in a discussion, there are no disagreements 
as long as they are faithful copies of the original statements. 

Exception is taken, however, to any adumbrations by the discusser; for example, in 
the discussion on consolidation: "The soil structure is represented by a linear elastic 
material, and the water phase is represented by an incompressible, Newtonian fluid, 
which does not develop strain components For an isotropic system (a restriction 
also imposed by the author) the effective stress-strain relations follow the linear theory 
of elasticity." Although the author finds the idea of a Newtonian fluid that flows but does 
not develop strain components rather imusual, he does not understand how anyone would 
be led to make the second statement. Isotropy and linear elasticity are two properties 
that have nothing in common, and the f i rs t does not imply the second. 

A few sentences later, there is the following statement in the discussion: "The fluid 
phase behaves according to the Navier-Stokes equations for steady flow." Steady flow 
is defined as a flow in which the velocity at any given point does not change with time. 
Yet, the essence of the Terzaghi theory of consolidation is that the pore pressure gradi­
ent changes with time, a thing that changes pore water velocities from instant to instant. 

Regarding the author's treatment of consolidation, the discusser does not seem to 
realize that in essence the same operations as in Terzaghi's analysis are applied. The 
modulus of volume change my in Terzaghi's theory is obtained from an experimental 
curve; so is the modulus of the spring if Figure 16 is reduced to one Kelvin body. One 
is the inverse of the other. The general case of a distribution of retardation times is 
presented in this study. The phenomenon can be expressed as accurately as one wants 
by increasing the number of models. The various compliances and dashpot viscosities 
can easily be obtained by means of Alfrey's construction shown in Figure 18. 

Regarding the discusser's statement that a majority of observed secondary compres­
sion effects show a linear settlement on an e-log p plot, the discusser is referred to the 
two last paragraphs of the section "General Remarks on Rheological Approach in Shear" 
and to several references (5, 9, 28, 29). 

The dissipation of pore pressures can be represented by a Maxwell body, as can be 
any system of relaxing stresses. However, the statement that in this particular model 
the spring physically represents the elastic soil structure and that the dashpot represents 
the water viscosity is incorrect. The establishment of the equation governing the behav­
ior of a Maxwell body is based on the fact that the same stress acts on the spring and 
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the dashpot, whereas in Terzaghi's theory the stresses are transmitted from the liquid 
to the solid phase. Al l that can be said is that under an externally applied stress, the 
process of relaxation of the pore pressures due to the expulsion of the water can be com­
pared to the relaxation of the stresses in the spring of a Maxwell body because of the 
presence of the dashpot. 

Also, the second sentence in the discusser's statement "The rheological model just 
described, like all rheological models, is purely a mechanical analogue to a physical 
phenomenon. In this case, i t is an 'exact' analogue, because the differential equation 
and initial condition governing the model are identical to the differential equation and 
initial condition governing the physical phenomenon" is again incorrect. How the dis­
cusser has reached this conclusion is not known. However, if he has done so by applying 
a Fdurier sine transform to the heat transfer equation as he did in his paper (46), it 
must be pointed out that this is mathematically i f not logically incorrect. The equations 
describing a behavior in a transform domain must f irst be inverted before any meaning­
ful comparison can be made with other equations in the real domain. 

The author has warned against possible misunderstanding in the use of rheological 
models. When a spring is used either in this paper or in the Kelvin body "representing" 
Terzaghi's theory, i t simply takes the place of a certain compliance or compressibility. 
It does not mean that the material is elastic in the sense defined in classical mechanics 
(7, 65) and is much less linear (1̂ ). For a given stress increment, Terzaghi assumes 
that the relation between the void ratio and the effective stress is a straight line (66, 
pp. 221), but the slope of this line and the coefficient of volume change my vary from 
one increment to another. Kelvin's body is merely a convenient way to illustrate the 
process of transmission of pressure from the liquid phase to the solid one (66). An 
examination of any e log P diagram shows that a consolidating clay behaves neither 
as an elastic nor as a linear material under successive states of stress. 

Regarding the "proposed" analytical theories of secondary consolidation which have 
used a linear viscoelastic effective stress-strain relationship, the author has never 
heard of any experimental investigation that, while attempting to prove these theories, 
came out with constant parameters under the various stresses. This is a necessary 
condition for any viscoelastic body to be classified as linear. 

As for the analysis of Taylor's theory B by the discusser, i t is incorrect. Taylor 
has attempted to add to Terzaghi's theory the effects of a plastic resistance assumed 
proportional to the rate of strain. Both the modulus of volume change in Terzaghi's 
theory and the factor of proportionality (r?) in the plastic resistance vary from one 
effective stress to another. The relation between effective stresses and measured 
strains in Taylor's theory involves small strains but i t is not linear. 

Taylor did not mention that his combination of effects had anything to do with a Kelvin 
body, though he was familiar with such a body (66). The idea of representing the volu­
metric behavior of a material by a fraction of a Kelvin body and the deviatoric behavior 
by another fraction probably did not occur to him because i t is evident that such an 
attempt can only lead to an absurdity. However, assuming for a moment with the dis­
cusser that the volumetric effective stress-dilatation relationship is elastic and that 
the deviatoric effective stress-strain relationship is Newtonian, then the discusser 
concludes: "Rheologically, one spring (volume change) and one dashpot (deviator) 
couple in the one-dimensional effective stress-strain relations in parallel to form a 
Kelvin Model." Such rheology is not Taylor's. How can a material classified as elastic 
under volumetric stresses and Newtonian (in other words, a liquid) under deviatoric 
stresses become a viscoelastic solid (see "Rheology of Shear") under combined stresses? 
Certainly, drawing a spring and a dashpot and joining them by two straight lines does 
not have the power of transforming the material from a liquid to a solid state. Any 
possibility of a misinterpretation from the author's side is eliminated by the discusser's 
statement: " . . . the mathematics of the analysis prove that the relationships described 
are the same as Taylor's." The mathematics of Taylor has no relationship with that 
of a Kelvin body. 

The subsequent paragraphs in the discussion up to the point where the discusser 
considers the four conditions for viscoelasticity form a bibliographical revue that does 
not appear to be pertinent. Also, at least two references (52, 53) show that the mate­
rial is not linear. 
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Figure 22. Strain-time relation under decreasing stress. 

When analyzing the items that led the author to classify the material as viscoelastic 
under deviatoric stresses, the discusser appears to have concentrated solely on the 
final paragraph of the section "Existence of a Tone Yield Limi t . " He seems to have 
overlooked the creep tests that led to that statement, the reason for which they were 
performed, and most Important, the fact that the first section in the paper states that 
for viscoelastic materials the effect of load history vanishes with time. The constant 
rate of strain, when present, must be a function of the stress alone. The statement in 
question is a result of the creep tests and does not present any ambiguity when looked at 
as such. Any ambiguity that may exist Is only a temporary one, because shortly there­
after in the section "Rheology of Shear" i t is stated that a Kelvin body represents a solid 
viscoelasticity and a Maxwell body represents a liquid viscoelasticity. Also, the general 
model to represent the behavior of the material in shear and to f i t the performed tests 
Is given in Figure 11 which represents a liquid type of visocelasticity. The author's 
treatment of consolidation contains several statements classifying the phenomenon as 
belonging to the solid viscoelasticity class; for example, under "Rheology of Consolida­
tion, " the first subsection states: "The strain-time curve has a horizontal asymptote, 
as volumetric stresses do not cause unlimited flow (Figs. 15a, 15b)"; and the second 
subsection states: "A material that exhibits in its volumetric behavior-a whole spectrum 
of retardation times and no unlimited flow can be represented by n Kelvin bodies in series 
. . . (Fig. 16)." 

The remarks about precision and rigor, as well as those about the elimination of con­
solidation from the realm of viscoelasticity could have been avoided i f the discusser had 
not overlooked what Is before as well as what is after item 4. The author believes that 
reasonings based on mathematical logic should be made after and only after a thorough 
examination of the material to be analyzed. 

Regarding the experimental investigation. Figures 5 and 6 represent exact, to-scale 
deformation time curves obtained by joining experimental points. The graphical manner 
in which these data are presented conforms to the style of the Highway Research Board. 
Figure 7 has been presented in a schematic way; if it were presented in an exact way, 
the inclination of the steady state part of the creep curves would not appear at all The 
data points of these tests were used to establish the distribution of retardation times and 
to classify the material as nonlinear (Figs. 12, 13). 

The strain-time curve related to Figure 4 was not presented because the author did 
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Figure 23. Stress-strain relations for a material consolidated under 35 psi> 

not think any particular information could be deduced from i t . This curve is not a creep 
curve because i t represents the deformation of the material under a decreasing stress 
(It is given in Fig. 22), It was pointed out under "Existence of a Tone Yield Limit" that 
the drop of stress after 56 days was not expected. Many reasons could be given for this 
sudden drop, but if i t is to be attributed to the proving ring, i t would be due to its stiff­
ness, not to its softness as stated by the discusser. 

The sample preparation has been fully described in the section "Experimental Investi­
gation": the consolidation pressure for the creep tests was 55 psi. Saturation was checked 
at the end of each test performed in this investigation and foimd close to 100 percent within 
the range of accuracy of slide rule computation. 

The fact that for a saturated clay the shear behavior is not influenced by the volumetric 
component of the stress tensor is not new. Habib (Jl) presents a number of stress-strain 
diagrams for samples consolidated at the same volumetric pressure and tested under 
various lateral pressures. These curves nearly coincide. In this study, and for the 
material used. Figure 23 shows two extreme cases. Two identical samples were consoli­
dated under a volumetric stress of 35 psi and brought to failure in a period of 6 min, one 
at a constant rate of deformation and the other in a pure deviatoric way keeping con­
stant The two stress-strain curves nearly coincide. 

The request for data In the discusser's point 4 is unexpected. Al l the tests in shear 
were undrained tests. The whole approach in shear in this study (see introduction) is 
based on the concept that a change in moisture content gives a different material with 
different properties. As for the distribution of moisture content within the sample during 
creep, the author does not know any method of obtaining i t . In this study, the moisture 
content was considered to be evenly distributed in the samples, as is usually done. Its 
value for the three creep tests was 34.30 i 0.1 percent. 

As to the question of the yield limit, the author concludes that the definition given in 
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the f i rs t section has been overlooked. This definition is the usual one given in mechanics 
of material (7). Though being an intercept on a flow diagram, the concept of yield l imit 
implies either no deformation at all or complete reversibility. A flow diagram is not 
necessary to determine the existence of a yield l imit . In this study, a stress difference 
of 1 psi produced a deformation such that only a small fraction of it was recoverable. 
This is enough to state that, i f a yield limit exists, it is smaller than 1 psi and of no 
practical importance considering an unconfined compressive strength of 38 psi. A flow 
diagram is a convenient way of representation, but the tendency to extrapolate a flow 
curve to its point of intersection with the stress axis is a common, but highly question­
able, procedure. 

Also, concerning the list of authors who have all found that a yield limit exists for 
saturated clay, there is the matter of their own definition of such a limit, the way they 
confirmed i t experimentally, and its importance relative to the consistency of the mate­
r ia l . As often happens, authors do not all use the same definition and do not come to 
their conclusion through a unanimously approved testing technique. Although Bingham 
(58) used a capillary method—see remarks of Terzaghi (29)—Geuze (9, 59) found a level 
of stress at which no deformation could be detected, and Heafeli (60) extrapolated a line 
on a flow diagram. As for de Josselin de Jong and Geuze (61), i f they did demonstrate 
the existence of a yield l imit , they do not seem to have followed either the definitions 
or the methods used in the two previous references. When these studies are considered 
from the same datum line, the term "al l" does not carry the same weight anymore. 

The discussion related to the suggested method of analyzing the settlement due to 
"creep" does not appear related to this paper. The discusser seems to have understood 
that the author suggests computing the total settlements of buildings by means of creep 
tests alone and he has based his discussion on such an imderstanding. It has been made 
clear, however, in this paper that consolidation is a volumetric process mainly due to 
volumetric stresses and synchronous with water expulsion. The remarks about the 
water expulsion which is bound to stop and the constant rate of settlement which cannot 
be due to water expulsion seem to the author sufficient indication that it is the effect 
of the shear stresses on what is called secondary consolidation that is being analyzed. 
To obtain curves like those in Figure 21, only the steady part of the creep curve is 
considered. This seems sufficient to show that the author is concerned with what hap­
pens after the process of water expulsion is nearly terminated or when it cannot account 
for all the observed settlement In the section "On the Foundation of Structures on Satu­
rated Clay Soils," it is only a question of deviator of stresses and rate of settlement due 
to creep. Indeed, the deviator of stresses causes secondary volume changes, but when 
the settlements due to shear occur at a rate of Vs or 1 in. per year, i t seems permissible 
to ignore these secondary volumetric effects. The previous analysis can find its direct 
and indirect experimental proof in the same references the discusser presents to make 
his points. Taylor (47) presents data showing that practically no hydrostatic excess 
pressure exists in his samples during secondary compression; in other words, no 
volume changes occur. He recognizes the necessity of attributing i t to remolding 
caused by shear strains, and remarks that i t is more pronounced in a unidimensional 
than in a three-dimensional compression where the disturbance of the soil structure 
is less. As a result, he postulated a law (theory A) which does not depend on permea­
bility. Gibson and Lo (52, p. 11) refer to experimental evidence obtained by Taylor, 
Koppejan, and Geuze and state that these authors pointed out that secondary compres­
sion takes place at a time when the excess pore water pressure is practically negligible. 
The experimental work of these authors indicates the validity of the principle of dividing 
secondary consolidation into a volumetric component accounting for the slow and decreas­
ing expulsion of water and a deviatoric component accounting for permanent, nearly con­
stant rate flow. To evaluate the settlements due to shear at the end of the process of 
water expulsion, i t is stated in the same section that the samples taken at various depths 
have to be first consolidated under the computed volumetric stresses and only then sub­
jected to the deviator (curve B, Fig. 21). 

Regarding the last paragraph of the section just mentioned, the author fails to find 
where he stated that his creep analysis was of minor importance for most clays. When 
two phenomena occur together (in this case, consolidation and creep), one can overshadow 
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the o ther f o r a p e r i o d of t i m e wi thou t the l a t t e r being of m i n o r impor t ance . A n example 
i n e l emen ta ry rheology i s g iven by a M a x w e l l body under a sudden imposed s t r e s s . 

A s f o r the exper ience of the d i scusse r r e l a t ed to peat, the author has never heard o f 
any "sa tura ted" peat o r o ther type o f c lay that could show substant ia l v o l u m e t r i c s t r a in s 
w i thou t changes i n w a t e r content, cons ide r i ng the e x t r e m e l y h igh p re s su re s needed to 
compres s both phases wi thou t any losses . 

F o l l o w i n g t h i s comes another s tatement: "The au tho r ' s ana lys i s i s the l o g i c a l con­
c l u s i o n a r r i v e d at by cons ide r ing the s o i l mass as a l i n e a r v i scoe las t i c cont inuum 
e x h i b i t i n g s m a l l s t r a in s and s m a l l v e l o c i t i e s . " T h i s e n t i r e paper i s a i m e d m a i n l y at 
d i scuss ing the non l inea r i t y o f the m a t e r i a l . Sections on the mode l and the e f f e c t s o f 
s t ress increase and change i n m o i s t u r e content on r h e o l o g i c a l p a r a m e t e r s contain a lmos t 
nothing but s ta tements po in t ing to t h i s n o n l i n e a r i t y . F igu re s 12 and 13 show i t as c l e a r l y 
as possible F i n a l l y , the f i r s t pa ragraph of the sect ion " D i s t r i b u t i o n o f Stresses i n 
Saturated Clay Soi l s" f u r t h e r d iscusses the non l inea r i t y of the m a t e r i a l . 

The end of the d i scuss ion i s a c r i t i c i s m of the approach that at taches a shear s t rength 
to each m o i s t u r e content and a stand i n f avo r of pore p ressu re measurements i n the 
l a b o r a t o r y . The fac t that , i n an undra ined tes t on a sa tura ted c lay , pore p re s su re s 
occur has never been denied by the au thor . Whether these pore p re s su re s a f f e c t the 
shear behavior i s another ques t ion. When i n an undra ined tes t on a sa tura ted c l ay the 
imposed v o l u m e t r i c s t r e s s i s changed, the pore p res su res change by the same amount . 
Ye t the M o h r c i r c l e s at f a i l u r e keep the same d iame te r ( F i g . 2), (4, 11, 19, 26, e t c . ) . 
The s t r e s s - s t r a i n cu rves , a lso , a r e ha rd ly a f f e c t e d by t h i s change i n pore p re s su re s 
( F i g . 23), (11). I n o ther w o r d s , f o r g iven m o i s t u r e contents, the shear behavior i s not 
a f f ec t ed by tHe changes i n pore p r e s su re s . Unless the express ion "shear behav ior" has 
a meaning o ther than u l t i m a t e s t rength and s t r e s s - s t r a i n r e l a t i onsh ip , the p rev ious 
statement i s t r u e and has been es tabl ished e x p e r i m e n t a l l y at leas t since 1947 (19), 
whether the s t r a i n s a r e s m a l l o r not . 

No a t t empt w i l l be made to d iscuss the p r o s and cons o f pore p r e s su re measurements 
i n the l a b o r a t o r y and consequently the v a l i d i t y of the M o h r - C o u l o m b f a i l u r e c r i t e r i o n i n 
t h i s c l o s u r e . The author w o u l d l i k e to point out , however , that the d i scusse r ' s s tatement: 
" T o advocate i g n o r i n g pore p r e s su re , a t any t i m e , w o u l d be to advocate i g n o r i n g a basic 
m a t e r i a l p r o p e r t y , " should have been accompanied by h i s d e f i n i t i o n o f the t e r m " m a t e r i a l 
p r o p e r t y . " The pendulum has indeed swung back and f o r t h , but never as f a r back as 
p r o m o t i n g pore p re s su re s to t h i s r a n k . Pore p re s su re s a r e as much a m a t e r i a l p r o p ­
e r t y as a r e the s t resses induced i n the cement of a piece o f concrete under t e s t ing . 

The measurement of pore p re s su re s i n the l a b o r a t o r y w i l l keep i t s present i m p o r t a n t 
status as long as the M o h r - C o u l o m b f a i l u r e c r i t e r i o n i s used and as long as one ignores 
the f a c t that i t i s the w a t e r that i s a t the o r i g i n o f the e l e c t r o c h e m i c a l f o r c e s b ind ing the 
s o i l p a r t i c l e s and that , l i k e the cement i n concre te , i t i s an inherent p a r t of the m a t e r i a l . 
A change i n the m o i s t u r e content gives another m a t e r i a l w i t h o ther p r o p e r t i e s . 

I n conc lus ion , i t i s not a s imp le d i f f e r e n c e o f op in ion that separates the w r i t e r and 
the d i scusse r . I t i s a t o t a l and complete d isagreement on mos t of the d e f i n i t i o n s and 
basic concepts of rheology and the way they a re to be app l i ed . T h i s d isagreement extends 
to the unders tanding and i n t e r p r e t a t i o n of e x i s t i n g r e s u l t s and theor i e s and the conc lu ­
sions that can be d r a w n f r o m t h e m . The author hopes that t h i s exchange w i l l r e s u l t i n 
a be t te r unders tanding of the poss ible uses and l i m i t a t i o n s o f rheology i n the study of 
saturated c lays 
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Vertical Stresses in Subgrades Beneath Statically 
Loaded Flexible Pavements 
GEORGE F . SOWERS and A L E K S A N D A R B . VESIC, Respec t ive ly , P r o f e s s o r and A s s o ­
c ia te P r o f e s s o r o f C i v i l Eng inee r ing , Georgia Ins t i tu te of Technology 

F u l l - s c a l e s ta t ic load tes t s have been made of s ing le , dua l , 
and dual tandem t r u c k t i r e loads on f l e x i b l e pavements to 
de t e rmine the s t ress d i s t r i b u t i o n i n the subgrade and the 
r e l a t i v e load spreading a b i l i t y o f d i f f e r e n t base course 
m a t e r i a l s now i n use by the Georgia Highway Depar tmen t . 

The measured s t resses below t o p s o l l and s o i l bound 
macadam base pavements a r e comparab le to those computed 
by the Bouss inesq t h e o r y . The measured s t resses below 
the sand asphal t a r e comparab le to o r s l i g h t l y m o r e than 
those computed by the Bouss inesq . The s t resses found 
below the s o i l cement base a r e much l o w e r than those 
g iven by Bouss inesq and a r e comparable to the s t resses 
fo tmd the two l a y e r e l a s t i c t h e o r i e s . Aspha l t i c concre te 
o v e r l a y s reduce the s t resses to the same degree as an 
equa l th ickness o f the t o p s o i l o r s o i l bound macadam. 

• T H E R A T I O N A L DESIGN of any s t r u c t u r a l sy s t em, i n c l u d i n g pavements , r e q u i r e s a 
knowledge o f the s t resses induced by the imposed loads . However , l i t t l e i n f o r m a t i o n 
i s ava i lab le r e g a r d i n g the s t resses developed i n the u n d e r l y i n g so i l s by wheeled vehic les 
suppor ted by pavements . The purpose o f t h i s r e s e a r c h was t o Invest igate the s t resses 
produced i n s o i l subgrades by whee l loads such as t r u c k t i r e s on f l e x i b l e pavements . 

A m a j o r f u n c t i o p of any pavement i s to spread the concent ra ted load d e l i v e r e d to i t 
by the whee l s u f f i c i e n t l y so tha t the s t r e s s u l t i m a t e l y t r a n s m i t t e d to the u n d e r l y i n g s o i l 
w i l l not cause shear n o r excessive d e f o r m a t i o n . The r i g i d pavement does t h i s by beam 
o r s lab ac t i on . The f l e x i b l e pavement sys t em ac t i on i s m o r e complex—the load i s spread 
through, a mass o f d i s c r e t e p a r t i c l e s tha t r e a c t l i k e an e las t ic con t inuum when they a re 
con f ined . The f l e x i b l e pavement i s composed o f l a y e r s , a l l o f w h i c h con t r ibu te to the 
load spread ing , but some w i t h m o r e spec ia l i zed func t i ons . The su r face r e s i s t s the 
v e r t i c a l and t r a c t i v e loads as w e l l as the w e a r of the whee l s and p rov ides a smooth 
roadbed. The base course i s the m a i n load spreading m e m b e r . I t i s usua l ly the t h i ckes t 
l a y e r and the one tha t i nvo lves the grea tes t v a r i e t y of m a t e r i a l s and methods o f cons t ruc ­
t i o n . The subgrade, e i t h e r na tu r a l s o i l o r compacted f i l l , f u r n i s h e s the u l t i m a t e sup­
p o r t f o r the l oad . Some pavements inc lude a subbase course that se rves as a t r a n s i t i o n 
between base and subgrade. R e s u r f a c i n g o r o v e r l a y i n g w i t h asphal t ic concrete r e s t o r e s 
a damaged su r face . I t a l so adds another l oad - sp read ing l a y e r to the pavement sys t em. 

Of course , the s t resses a t any po in t i n the subgrade cons i s t of combina t ions o f shear 
and n o r m a l s t r e s s . Whether a l l the components o f s t r e s s o r only c e r t a i n ones need be 
evaluated depends on the c r i t e r i a es tab l i shed f o r pavement p e r f o r m a n c e and des ign. 
The e a r l i e s t methods of des ign w e r e r e l a t e d t o shear and shear f a i l u r e i n the subgrade; 
t h e r e f o r e , i n these methods shear s t resses have been cons idered the mos t i m p o r t a n t . 
Recent s tudies ind ica te tha t d e f l e c t i o n may be the be t t e r index t o des ign; and t h e r e f o r e , 
the v e r t i c a l n o r m a l s t r e s s i s o f grea tes t s ign i f i cance . I n t h i s p r o j e c t , on ly the v e r t i c a l 
n o r m a l s t r e s s has been inves t iga ted . 

Al though f l e x i b l e pavements en joy widesp read use, l i t t l e i n f o r m a t i o n has been a v a i l ­
able r e g a r d i n g the way i n w h i c h v e r t i c a l s t resses a r e t r a n s m i t t e d th rough t h e m i n t o the 
subgrade. V a r i o u s s i m p l e assumpt ions have been p roposed . One such method assumes 
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tha t the whee l i s concentra ted at a poin t on the pavement su r f ace . The v e r t i c a l compo­
nent o f the load spreads u n i f o r m l y ove r an a r ea def ined by a cone whose v e r t e x i s a t the 
pavement sur face and whose sides slope at 45° w i t h the v e r t i c a l . A second method assumes 
the contact a rea o f the t i r e to be a c i r c l e and the v e r t i c a l component of the load i s spread 
u n i f o r m l y ove r an a rea def ined by the f r u s t u m of a cone whose upper base i s the c i r c l e 
of t i r e contact and whose sides slope at an angle of 30° w i t h the v e r t i c a l . 

V a r i o u s e las t ic t heo r i e s have a l so been proposed f o r eva lua t ing subgrade s t resses 
beneath pavements . I n a l l o f these the pavement i s represen ted by a s i m p l i f i e d m o d e l 
whose p h y s i c a l p r o p e r t i e s can be desc r ibed m a t h e m a t i c a l l y . The s t resses i n the mode l 
a re analyzed by the laws of mechanics and assumed to be the same as those i n the r e a l 
pavement i t r ep resen t s . C e r t a i n l y t h e i r v a l i d i t y depends on how accura te ly the mode l 
r epresen t s the r e a l pavement . 

Few data a re ava i lab le to c o n f i r m o r r e j e c t any of the proposed theo r i e s f o r de te r ­
m i n i n g v e r t i c a l s t resses i n the subgrade. One purpose of t h i s i nves t iga t ion was to c o m ­
pare the measured s t resses beneath pavements w i t h those computed t h e o r e t i c a l l y and i f 
possible v e r i f y the t h e o r e t i c a l methods . 

The loads encountered i n highway w o r k a r e p redominan t ly m o v i n g and v e r t i c a l (except 
a t poin ts of b r a k i n g and acce l e ra t ion ) . The ra te v a r i e s f r o m a s t a n d s t i l l to 70 m p h o r 
m o r e . However , present knowledge of the behavior o f so i l s and s i m i l a r f r a g m e h t a l 
m a t e r i a l s indicates that m a x i m u m def lec t ions and s t resses a re m o r e l i k e l y to occur w i t h 
sustained load r a t h e r than r a p i d l y changing load . T h e r e f o r e , only s ta t ic load ing was 
inves t iga ted e x p e r i m e n t a l l y . 

T h e o r e t i c a l Stress D i s t r i b u t i o n 

The ana lys i s o f s t ress d i s t r i b u t i o n i n loaded s o i l masses o r pavements i s , gene ra l ly , 
a p r o b l e m that i s being solved, f o r idea l m a t e r i a l s , by the theory o f e l a s t i c i t y . 

The basic so lu t ion o f t h i s p r o b l e m i s the w e l l - k n o w n Boussinesq so lu t ion (1) f o r a 
s ing le , v e r t i c a l poin t load ac t ing on the h o r i z o n t a l su r face of a s e m i - i n f i n i t e , homo­
geneous, i s o t r o p i c , e las t i c s o l i d . T h i s so lu t ion was extended to the case o f load u n i ­
f o r m l y d i s t r i b u t e d ove r any f i n i t e a r ea by Love (2). P a r t i c u l a r solut ions have been 
w o r k e d out , evaluated and presented i n tab les o r graphs by many au thor s . The w o r k 
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by Steinbrenner (3), N e w m a r k (4, 5), Fadum (6), Fe rgus and M i n e r (7), Fos te r and 
A h l v i n (8), and Dere s i ewicz (9) shoti ld be c i t ed as perhaps the mos t i m p o r t a n t f o r s t r e s s 
eva lua t ion i n pavements . 

A s e m i - e m p i r i c a l m o d i f i c a t i o n of the Boussinesq so lu t ion by i n t r o d u c t i o n o f the con­
cen t r a t i on index has been proposed by G r i f f i t h (10) and F r o h U c h (11) f o r s e m i - i n f i n i t e 
s o i l masses that a r e nonhomogeneous i n a v e r t i c a l d i r e c t i o n o r non i so t rop ic . T h e i r 
w o r k was f u r t h e r extended by Ohde (12) . 

The s t ress d i s t r i b u t i o n i n s e m i - i n f i n i t e , homogeneous, o r t h o t r o p i c s o l i d , having 
d i f f e r e n t d e f o r m a t i o n m o d u l i i n h o r i z o n t a l and v e r t i c a l d i r e c t i o n s was inves t iga ted by 
B u l s m a n (13), W o l f (14), Je l inek (15, 16, 17) and Kon ing (18) . Bu i sman a lso i n v e s t i ­
gated the case o f an o r t h o t r o p i c and nonhomogeneous mass hav ing a modulus o f d e f o r ­
m a t i o n l i n e a r l y i n c r e a s i n g w i t h depth. The p r o b l e m of a s e m i - i n f i n i t e s o l i d r e i n f o r c e d 
by h o r i z o n t a l p e r f e c t l y f l e x i b l e membranes was solved by Wes t e rgaa rd (19) and i n t e ­
g ra ted by Fadum (6) . 

Of p a r t i c u l a r iriFerest f o r s t r e s s d i s t r i b u t i o n i n pavement sys t ems i s the p r o b l e m of 
a m u l t i - l a y e r e d e las t i c s o l i d ( F i g . 1). The basic so lu t ion o f t h i s p r o b l e m i s that found 
by B u r m i s t e r f o r a c i r c u l a r , u n i f o r m l y d i s t r i b u t e d load at the su r face of a t w o - l a y e r 
sys t em (20). T h i s so lu t ion was extended by the same author to the case of a t h r e e - l a y e r 
sys tem ( 2 p and genera l ized by S c h i f f m a n f o r any case o f su r face load ing (22). N u m e r i c a l 
eva lua t ion of s t resses i n a t w o - l a y e r sys tem was p e r f o r m e d by Fox (23) and Hank and 
Sc r ivne r (24). Eva lua t ion of s t resses at the i n t e r f ace s of a th ree l a y e r sys tem was made 
by A c u m and Fox (25). A l l ment ioned evaluat ions o f s t resses w e r e p e r f o r m e d f o r points 
beneath the c e n t e r ' s ! the loaded c i r c u l a r a rea on ly . 

P r ev ious E x p e r i m e n t s 

The ment ioned theo r i e s o f s t ress d i s t r i b u t i o n a r e based on seve ra l s i m p l i f y i n g 
assumpt ions w h i c h , to a g rea t e r o r l e s se r degree, a lways deviate f r o m the r e a l behav­
i o r o f m a t e r i a l s . Assumpt ions a r e made, f o r ins tance, that the m a t e r i a l s a r e p e r f e c t l y 
e l a s t i c and have l i n e a r r e l a t i onsh ip between s t resses and s t r a in s def ined , genera l ly , 
by constant Young ' s m o d u l i E and Poisson ' s r a t i o s v. However , so i l s and o ther pave­
ment m a t e r i a l s a r e only p a r t l y e las t ic and do not have l i n e a r s t r e s s - s t r a i n r e l a t i o n s h i p . 
Ne i the r E no r v a r e constant but v a r y w i t h the appl ied load . Both E and v may have 
qui te d i f f e r e n t values i n t ens ion than i n c o m p r e s s i o n (many so i l s and base m a t e r i a l s 
have p r a c t i c a l l y no tens i le s t rength at a l l ) . A l s o , mos t so lu t ions a r e based on assump­
t i o n o f p e r f e c t homogeneity and i so t ropy o f d i f f e r e n t l a y e r s . Whereas pavement l a y e r s 
a r e usua l ly reasonably homogeneous, they n o r m a l l y possess a s t r u c t u r a l an ios t ropy . 
Subgrades o f t e n d isp lay a decrease of c o m p r e s s i b i l i t y w i t h depth; they a lso may be 
s t r a t i f i e d o r l amina ted . 

Consequently, d i sc repanc ies have to be expected between t h e o r e t i c a l and ac tua l s t r e s s 
i n loaded s o i l masses o r pavement sys t ems . Several i nves t iga to r s have under taken so 
f a r the task of check ing to what extent the ac tua l s t resses fo l l ow the s t ress pa t t e rn i n d i ­
cated by the t h e o r i e s . 

The e a r l y inves t iga t ions of t h i s k i n d , made on homogeneous sand f i l l s i n l a rge boxes 
(26 t o ^ ) as w e l l as on l aye red pavement models (32), gave somewhat m i s l e a d i n g r e s u l t s 
conce rn ing the concent ra t ion of s t resses under the appl ied loads, as compared w i t h the 
Boussinesq theory f o r homogeneous s o l i d s . N a m e l y , due to the l i m i t e d d imens ions o f 
tes t boxes, the bo t tom acted as a r i g i d base and caused add i t iona l s t r e s s concen t ra t ion . 

Thorough expe r imen ta l s tudies o f s t r e s s d i s t r i b u t i o n i n homogeneous s i l t and sand 
masses w e r e made at the Wate rways E x p e r i m e n t Stat ion a t V i c k s b u r g , M i s s . (33, 34, 
35) . I t was found that the pa t t e rn o f measured s t resses f o r both k i n d s of homogeneous 
s o i l f o l l o w e d c lose ly the genera l shape ind ica ted by the Bouss inesq t h e o r y . The re was 
somewhat h igher concent ra t ion of s t resses under the loads , p a r t i c u l a r l y i n sand; however , 
the u s e o f t h e F r O h U c h concent ra t ion index d i d not i m p r o v e the agreement between the 
t h e o r e t i c a l and measured s t resses . 

E x p e r i m e n t a l s tudies w e r e made by McMahon and Y o d e r (36) on s t ress d i s t r i b u t i o n 
i n homogeneous c lay as w e l l as i n a t w o - l a y e r e d mass cons i s t ing o f c rushed stone base 
of va r i ab l e th ickness and a c l ay subgrade. T h i s inves t iga t ion showed w i t h i n the homo-
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Figure 2a. Pavement load t e s t i n progress. 
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Figure 2b. Cross-section of the t e s t p i t showing p o s i t i o n of layers of pressure c e l l s 
and the loading equipment. 
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geneous c lay mass a s t r e s s pa t t e rn c lose that p r ed i c t ed by the Bouss inesq t h e o r y . A t 
the same t i m e the s t resses i n the t w o - l a y e r e d sys tem w e r e somewhat reduced d i r e c t l y 
under the i n t e r f a c e ; however , only w i t h a distance not g rea te r than the rad ius of the 
loaded p la te . Never the less , s t resses w e r e cons iderab ly h igher than those p red ic t ed by 
the B u r m i s t e r t w o - l a y e r t heo ry , and i n genera l c lo se r to values obtained by the Bous­
s inesq theory f o r homogeneous s o i l . 

T E S T A P P A R A T U S 

F u l l - s c a l e models o f f l e x i b l e pavement sys tems, i nc lud ing the subgrade, w e r e con­
s t ruc t ed i n a tes t p i t . Static loads w e r e appl ied to the pavement by t r u c k t i r e s and the 
v e r t i c a l s t resses i n the subgrade w e r e measured by p ressure c e l l s . 

Tes t P i t and Load F rame 

T o c o n t r o l m o i s t u r e content changes i n the subgrade the e n t i r e mode l was b u i l t i n a 
tes t p i t ( F i g . 2a and 2b). The ins ide d imens ions a re 8 f t w i d e , 7 f t deep and 12 f t long , 
so that the vo lume o f the mode l was 25 cu y d . A t a 9, 000- lb whee l load the approx ima te 
d i ame te r of the t i r e contact a rea was 11 i n . The depth and w i d t h of the p i t w e r e 7. 6 and 
8.7 d i a m e t e r s r e spec t ive ly w h i c h means tha t the r i g i d boundary e f f ec t s should not be 
s i g n i f i c a n t A s teel f r a m e , fastened to the ends of the p i t w i t h a heavy beam spanning 
the cen te r l i ne , f u r n i s h e d the r eac t i on f o r load ing the t i r e s . 

A hydrau l i c j ack mounted beneath a c a r r i a g e r i d i n g on the beam supplied the l o ad . 
The load was measured by the hydrau l i c p r e s su re w i t h a c a l i b r a t i o n e r r o r o f less than 
2 pe rcen t . 

Whee l A s s e m b l i e s 

Single, dual , and dual tandem whee l assembl ies w e r e employed , w i t h 9- by 2 0 - i n . 
heavy duty t r u c k t i r e s i n f l a t ed to p res su res between 70 and 90 p s i . These t i r e s a re 
designed f o r a m a x i m u m load of 9, 000 l b each al though they a re occas iona l ly over loaded 
i n p r a c t i c e . The t i r e spacings w e r e 10. 5 i n . center to center i n the dual c o n f i g u r a t i o n 

COMPENSATING 
SR.< GACE TTfPE * 1 »aiVE 

S R J CAGE TTfPE A.1 

• IRE CROSS OVER BETHEEH COKPEKSATIHC AND A a i V E (BLAOC) 
-WIRE TO CONPENSATIKG CAGE (YELLOW) 

WIRE TO A a i V E CAGE (RED) 

UNASSENBLED VIEW OF BASE AND DIAPHRAGM 

SCALE 

1 3 /< l /J I /4 0 

Figure 3' Typical pressure c e l l . 
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and 54 i n . ax l e to ax le i n the dual t andem. These a r e s tandard spacings i n U . S. H i g h ­
way t r u c k s . 

P re s su re C e l l s 

A s i m p l e d i a p h r a g m type p r e s s u r e c e l l ( F i g , 3) p r e v i o u s l y developed i n the Georgia 
Tech s o i l l a b o r a t o r y was employed to measure the v e r t i c a l n o r m a l s t resses i n the sub-
grade . I t consis ts of an e las t i c membrane (a t h i n d i sk of a l u m i n u m ) f i x e d at i t s p e r i m ­
e te r to a t h i c k e r c i r c u l a r base p la te . The membrane responds to n o r m a l s t resses by 
bending and s t r e t c h i n g s l i g h t l y . A SR-4 e l e c t r i c a l s t r a i n gage, bonded to the membrane , 
measures the s t r a i n induced by the p r e s s u r e , A second compensat ing gage i s mounted 
i n the base plate at a poin t whe re i t undergoes l i t t l e s t r a i n under load . The i n d i v i d u a l 
gages a r e i n t e r n a l l y w a t e r p r o o f e d w i t h petrosene w a x . The en t i r e assembled c e l l , w i t h 
i t s v i n y l - i n s u l a t e d lead w i r e s , i s w a t e r p r o o f e d by d ipp ing i n a so lvent - type v i n y l cement , 
F r o m three to f o u r coats of the cement p rov ide a w a t e r p r o o f , f l e x i b l e j acke t that can 
r e s i s t i m m e r s i o n i n w a t e r f o r a month o r m o r e . Th ree d i f f e r e n t c e l l d i ame te r s w e r e 
used (4, 5, and 6 i n . ) w i t h d iaphragms 0 .19andO, 1 2 i n . t h i c k to p rov ide a range i n sen­
s i t i v i t i e s . The ce l l s w e r e 0.4 i n . t h i c k o r l e s s . The c e l l d i ame te r to th ickness r a t i o s 
w e r e between 10 and 15 w h i c h m i n i m i z e d the v a r i a b l e e f f e c t s o f s o i l a r c h i n g over the 
de f l ec t i ng d i aphragms . 

Each c e l l was i n d i v i d u a l l y c a l i b r a t e d by the app l i ca t ion o f a u n i f o r m p re s su re by 
means o f an a i r - l o a d e d rubbe r membrane i n a s o i l - f i l l e d c a l i b r a t i o n chamber . I n i t i a l l y 
the ce l l s w e r e ca l i b r a t ed comple te ly sur rounded by subgrade s o i l compacted to the same 
densi ty as i n the tes t sec t ion . Compara t ive tes ts , however , showed tha t v i r t u a l l y the 
same r e s u l t s w e r e obtained f o r p res su res w i t h i n the midd l e range f o r each c e l l i f the 
c e l l w e r e placed on a su r face o f compacted s o i l and loaded d i r e c t l y w i t h the rubber 
m e m b r a n e . Subsequent c a l i b r a t i o n was p e r f o r m e d i n t h i s manner . 

F r o m 25 to 30 c e l l s we re employed , a r r anged i n 4 (or 3) s t r a igh t l ines pe rpend icu la r 
to the ax i s o f the p i t , w i t h each l ine a t a d i f f e r e n t depth below the sur face and at a d i f ­
f e r e n t pos i t ion a long the p i t a x i s . I n t h i s way no c e l l was d i r e c t l y below another so as 
to m i n i m i z e any a r c h i n g o r load concen t ra t ion caused by t h e i r r i g i d i t y . The exact depths 
v a r i e d f r o m tes t to t es t . I n the f i r s t s e r i e s , on the t o p s o i l base, the upper l aye r was i n 
the base at a depth o f 9 i n , below the sur face , and the r e m a i n d e r i n the subgrade a t depths 
of 15 .7 , 27 .6 , and 45 .6 i n . below the sur face o r r e spec t ive ly 0 ,8 , 1.4, 2 . 5 , and 4 . 1 
d i ame te r s (based on an equivalent c i r c u l a r 9, 000- lb whee l load) . I n the r e m a i n d e r o f 
the tes ts the upper c e l l l aye r was i n the subgrade, j u s t below the base course at a depth 
of 11 to 13 i n . (1 to 1.2 d iamete r s ) w i t h a 3 - i n . asphal t ic sur face o r 15 i n . (1 .4 d iamete r s ) 
w i t h a 6 - i n . asphal t ic su r face . The o ther l a y e r s w e r e at depths of about 17, 23, and 29 i n , 
( 1 . 5, 2 . 1 , and 2. 7 d iamete r s ) w i t h a 3 - i n . asphal t ic su r face and cor respond ing ly g rea te r 
depths w i t h the 6 - i n . t h i c k su r face . The exact depths f o r each tes t s e r i e s a re shown on 
the p lo ts o f the tes t r e s u l t s . 

P A V E M E N T S SYSTEMS 

The pavement sys tems tested w e r e t y p i c a l of those c u r r e n t l y employed by the Georgia 
State Highway Depar tmen t . The subgrade s o i l f o r a l l t es t s was a micaceous sandy s i l t , 
a r e s i d u a l m a t e r i a l d e r i v e d f r o m gran i te gneiss T h i s type of s o i l i s widespread i n the 
n o r t h e r n ha l f of the State and i s cha r ac t e r i z ed by a low res is tance to d e f o r m a t i o n , p a r ­
t i c u l a r l y under load . I t i s f a r f r o m an idea l subgrade and i s t y p i c a l o f the poo re r ma te ­
r i a l s i n the State on wh ich roads mus t be b u i l t . Four types of bases were used: topsoil, 
( s i l t y , w e l l - g r a d e d sands f r o m two loca t ions i n C e n t r a l Georgia) ; so i l -bound macadam 
cons i s t ing of 40 percent by weight of the t o p s o i l and 60 percent by we igh t of size 467 
c rushed g ran i t e ; s o i l cement , cons i s t i ng o f 4 percent by we igh t Tjrpe 1 p o r t l a n d cement 
and 96 percent of the so i l -bound macadam; and sand asphalt , a u n i f o r m subangular quar tz 
sand w i t h 5 percent RC-3 cut -back asphal t . 

Standard l a b o r a t o r y tes ts w e r e r u n on a l l these m a t e r i a l s to de te rmine t h e i r phys i ca l 
p r o p e r t i e s . Because o f the coarse aggregate s ize i t was i m p o s s i b l e to r u n the o r d i n a r y 
compac t ion tes t on the so i l -bound macadam and s o i l - c e m e n t macadam m a t e r i a l s . These 
m a t e r i a l s we re compacted i n an 8 - i n . d i amete r by 16- in- h igh m o l d i n 2 - i n . l a y e r s by 
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a 5. 5 - lb h a m m e r f i l l i n g 12 i n . u s ing s u f f i c i e n t b lows on each l a y e r to p rov ide the same 
12,400 f t - l b pe r cu f t as i n the Standard AASHO tes t . The p h y s i c a l p r o p e r t i e s o f these 
m a t e r i a l s a r e s u m m a r i z e d i n Table 1. The su r face i n a l l cases was a p lant m i x asphal t ic 
concre te . 

Pavement C o n s t r u c t i o n 

D i f f e r e n t combina t ions o f base, base th ickness and pavement th ickness w e r e tes ted 
as s u m m a r i z e d i n Table 2. The i n i t i a l w o r k employed 8 - i n . t h i ck base courses and 

Material 

T A B L E 1 

PROPERTIES OF SUBGRADE AND BASE MATERIALS 

Description 
Liquid Plastic 
Limit Index 

Percent Passing Maximum 
No. 10 No 200 Density^(pcf) Class. 

Silt subgrade 

Topsoil 

Soil-bound 
macadam 

Soil cement 

Sand asphalt 

Asphaltic 
concrete 

Micaceous fine 
sandy silt 
Silty, well-graded 
sand 
Subangular to angular 
grai^te gneiss (sizes 
467r 60 percent; 40 
percent topsoil 
4 percent Type 1 cement 
96 percent soil-bound 
macadam above 
Uniform subangular 
quartz sand 95 percent, 
5 percent RC-3 cutback 
asphalt 
Plant Mix, 5 percent 
Bitumen 

45 

14 5 

98-100 36-40 

98 12-15 
40 6-8 

95-97 A-5 

128 A-1 
131 

135 

0 105 

140 

A-3<= 

Std ASTM D 698-58T Method C for sand, topsoil, mica sUt. 
was employed (see text) 

''aSTM D 448 

'̂ Sand alone. 

For others a special compaction test 

TABLE 2 
TEST CONDITIONS 

Surface-Plant 
Test Subgrade Mix Asphalt Cone Base Course 

Series Soil Thickness (in ) Composition Thiclmess (in ) Wheel Total Load (kips) 
I Mica silt 3 Topsoil I 8 Single 

Dual 
Dual tandem 

S, 9, 13.5 
5, 9, 13 5, 18 
18, 27, 36 

n Mica silt 3 Soil-bound macadam 8 Single 
Dual 

5, 9, 13 5 
9, 13 5, 18 

in Mica silt 3 Soil-cement macadam 8 Single 
Dual 

5, 9, 13 5 
9, 13 5, 18 

IV-1 Mica silt 3 Sand asphalt 8 Single 5, 9, 13 5 

6=̂  
Dual 9, 13 5, 18 

IV-2 Mica silt 6=̂  Sand asphalt 8 Single 
Dual 

5, 9, 13 5 
9, 13 5, 18 

V - l Mica silt Topsoil n 8 Dual 9, 13.5, 18 
V-2 Mica silt Topsoil n 8 Single 8 5, 12 5, 17 

VI-1 
Dual 9, 13 5, 18 

VI-1 Mica silt 3 Soil-cement macadam 6 Single 
Dual 

5, 9, 13 5 
9, 13.5, 18 

VI-R Mica silt Soil-cement macadam 6 Single 13 Sb 
VI-2 Mica silt Soil-cement macadam 6 Single 5, 9, 13 5 

Dual 9, 13 5, 18 
V I - F Mica silt 6 5^ Soil-cement macadam*̂  6 Dual 9, 13 5, 18 
1 3-In overlay 

c Subgrade and base inundated 
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3 - i n . asphal t ic concrete sur face courses ( la id i n two l a y e r s ) . L a t e r tes ts inc luded 
3- to 3. 5 - i n . t h i ck asphal t ic concre te o v e r l a y s on the 3 - i n . s u r f a c e s , as w e l l as 6 - i n . 
base th ickness . 

The subgrades w e r e cons t ruc ted i n accordance w i t h the c u r r e n t Georgia Highway 
Depar tment p r ac t i c e f o r embankments . The l o w e r 3 f t was compacted to 90 percent of 
the m a x i m u m densi ty as spec i f i ed by A S T M D-698 ^ 58T - C Compact ion tes t and to the 
upper 3 f t to a densi ty of between 95 and 100 percent of the same m a x i m u m . Both w e r e 
t amped i n 2 - i n . t h i ck l a y e r s w i t h a g a s o l i n e - d r i v e n dynamic device , the "Jay T a m p " at 
a m o i s t u r e content equal to o r s l i g h t l y below the o p t i m u m . The t o p s o i l and sand asphal t 
base courses were compacted to 100 percent of the A S T M D698-58T-C m a x . ; the s o i l -
bound macadam and the so i l - cemen t macadam w e r e compacted to 100 percent o f the 
m a x i m u m densi ty found on the l a rge compac t ion m o l d s . The asphal t ic su r face was 
compacted w i t h the Jay T a m p i n 1. 5 - i n . t h i ck l a y e r s to as grea t a densi ty as poss ib le . 
Tes t s of cores f r o m one se r i e s showed a mean densi ty o f 131 pcf w h i c h i s s l i g h t l y l e ss 
than that obtained by r o l l i n g the same m i x on a highway j o b . 

Eng inee r ing P r o p e r t i e s of Pavement Components 

Tes t s w e r e r u n on each of the pavement components to de t e rmine t h e i r modulus of 
e l a s t i c i t y and s t rength p r o p e r t i e s . T r i a x i a l shear tes ts w e r e made of a l l the m a t e r i a l s 
i n w h i c h both s t r e s s - s t r a i n c h a r a c t e r i s t i c s and s t resses a t f a i l u r e were de t e rmined . 
The tes t s o f the subgrade, t o p s o i l , and sand asphalt w e r e r u n on both l a b o r a t o r y spec i ­
mens compacted i n a 4 - i n . d i ame te r 8 - i n . high m o l d and on undis tu rbed samples cut 

S U B G R A D E 
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Figure ka. Modulus of e l a s t i c i t y , E, of base and subgrade materials obtained by t r i a x i a l 
tests at different confining pressures. 
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f r o m the tes t sec t ion . The tes t s on the so i l -bound macadam w e r e made on specimens 
compacted i n the 8 - i n . d i ame te r 1 6 - i n . h igh m o l d i n the l a b o r a t o r y . A l l w e r e tes ted i n 
a l a r g e t r i a x i a l c e l l w i t h interchangeable 4 - , 6->, and 8 - i n . d i ame te r sample bases. I n 
a l l cases the undra ined (quick) p rocedure was used, w i t h a constant a x i a l d e f o r m a t i o n 
r a t e of 0. 02 i n . p e r m i n . The sand asphal t was a l so tes ted a t a r a t e o f 0 . 0 1 i n . per m i n 
to de t e rmine whether shear ra te had any e f f e c t on i t s d e f o r m a t i o n p r o p e r t i e s . I t was 
tes ted a t t empera tu re s comparable to those measured i n the base course at the t i m e o f 
s t r e s s measurement . The e l a s t i c i t y tes t r e s u l t s a r e shown i n F igu res 4a, 4b, 5a, and 
5b. They show the i n i t i a l o r tangent modulus o f e l a s t i c i t y of each m a t e r i a l as a f u n c t i o n 
of the m i n o r p r i n c i p a l s t r e s s and the r a t i o o f the modulus o f e l a s t i c i t y of the base to that 
o f the s i l t subgrade at equal m i n o r p r i n c i p a l s t resses . The s t reng th and e l a s t i c i t y data 
a re s u m m a r i z e d i n Table 3. 

S O I L C E M E N T 

'• 

• 

2 0 3 0 4 0 

L A T E R A L P R E S S U R E L B / I n ' 
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Flgvire kb. Modulus of e l a s t i c i t y , E, of s o i l cement base material obtained by t r i a x i a l 
tests at different confining pressures. 



TABLE 3 
STRENGTH AND DEFORMATION CHARACTERISTICS OF MATERIALS 

Material Weight 
(pel) 

Water 
Content 

(#) 

Strength 
Characteristics 

(psl) 

Deformation CharacterlsticB from Triaxial Testa 
Elasticity Modulus (psl) Strain at Fallurt v)t) 

( ° ) At 0 At 20 At 40 At 60 At 0 At 20 At 40 At 60 ( ° ) 
Psi Psl Psl Psl Psl Psi Psl Psl 

23 328 1,104* 1,160b 1,346 2 5 13.7 14 3 17.6 

Elastic 
Modulus 

from Plate 
Load 
Tests 
(psi) 

Tangent Modulus 
from GBR 
Tests (psi) 

0.40-
Psi 
Sur­

charge 

No 
Sur­

charge 

GBR Value 
0.40-

No Psl 
Sur- Sur­

charge Charge 

Subgrade 
TopsoU samples 

From actual 
base 

Prepared in 
laboratory 

Soil-bound 
macadam 

Soil cement 
Sand asphalt 

0.02 In./min 
loading rate 

0 01 In /min 
loading rate 

79 1 26 8 9 0 1,300 691 1,237<= 3 4 4.2 

121.2 10 2 20 2 33 1,640 4,910 4,800 - 4 9 6 3 8 2 - 10,400'* 4,4U0 6,650 29.1 44 1 

123 0 10 6 5 1 33 545 2,700 3,140 3,970 3 8 10 4 13 2 23.9 - - - - -
131 1 3 9 2 5 37 2,940 10, 520 12,360 _ 0 6 2 9 8 2 _ 11,200'' 12,660 _ 34 5 _ 

134 5 3.5 51 3 50 49,400 61, 500 74,000 91,000 0.8 0. 7 0 9 0.9 130,000 * 

103 4 8 5 2 2 35 1,245 5,970 10,520 15,380 1.4 4. 8 4 4 5.9 1 5,590 2,370 3,820 - 9.2 19 3 

105.2 8 8 1 0 33 1,080 5,670 9,450 12, 350 2 9 6. 2 8. 2 / 
^At 15 ps i . '̂At 30 psL. ^Surcharge 0 80 psi \'i .th 3 in of pavement above 

CO 
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The modulus of e l a s t i c i t y c u r v e s a l l show an increase i n E w i t h an increase i n con­
f i n i n g p r e s s u r e . The cu rve f o r the sand asphal t shows a cont inuing , n e a r l y l i n e a r 
increase , whereas f o r the o the r s E increases r a p i d l y a t low p r e s s u r e s but approaches 
a constant of h igher p r e s s u r e s . The r a t i o s of the E o f the base to the E o f the subgrade, 
however , a r e n e a r l y constant r ega rd l e s s of c o n f i n i n g p re s su re f o r a l l except the sand 
asphal t base. F o r the l a t t e r , the r a t i o increases w i t h inc reased conf inement . These 
v a r i a t i o n s i n E a re s i g n i f i c a n t because mos t t h e o r e t i c a l analyses , i nc lud ing the Bous­
s inesq and the t w o - l a y e r and t h r e e - l a y e r t heo r i e s assume that E i s a constant that i s 
independent o f conf inement . 

T w o types o f i n -p l ace tes ts w e r e conducted on the pavement componen t s—Cal i fo rn i a 
B e a r i n g Rat io (CBR) and plate load t e s t s . The C B R tes ts w e r e made on the upper su r ­
faces o f the subgrade and base courses u s ing the s tandard methods o f the C o r p s o f 
Eng ineers w i t h a n o m i n a l su rcharge load equivalent to 3 i n . o f pavement . 

P la te load tes t s w e r e made on the subgrade, a l l base courses , and the su r face course 
f o r a l l but the sand-asphalt base pavement . A n 1 8 - i n . d i ame te r p la te was employed 
tha t was r i g i d l y r e i n f o r c e d so as to have neg l ig ib le d e f l e c t i o n . 

A n e f f e c t i v e modulus of e l a s t i c i t y was computed f r o m each C B R and plate load tes t 
u s ing the theory o f the d e f l e c t i o n o f a r i g i d c i r c u l a r load on an e las t i c m e d i u m . The 
plate load modulus of e l a s t i c i t y data f o r the base courses w e r e computed f r o m the two 
l a y e r e las t i c theory us ing the e las t i c modulus of the subgrade as computed f r o m the 
subgrade load t e s t s . The r e s u l t s of these computa t ions , w h i c h mus t be cons idered as 
rough ind ica t ions a t best , a r e a l so g iven i n Table 3. 
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L - B O U N D M A C 
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, T O P S C 3 I L ( S A M P L E S F R O M A C T U A L 3 A S E ) 

T r t D C r t l l II AD C A U D I C C \ 

< — — ' 

' i 

20 30 4 0 

L A T E R A L P R E S S U R E L B / I N ' 

Figure 5a. Ratio of modulus of e l a s t i c i t y of base material to subgrade s o i l at different 
confining pressures. 
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Figure Jb. Ratio of modulus of e l a s t i c i t y of s o i l cement base to subgrade at different 
confining pressures. 

W H E E L L O A D - S U B G R A D E STRESS TESTS 

The f u l l - s c a l e mode l t es t s o f t r u c k t i r e s on the pavement inc luded m o r e than s i x t y 
combina t ions of load , whee l con f igu ra t i on , and pavement des ign. I n general the s ingle 
t i r e was subjected 5, 9, and 13.5 k i p s equivalent to 10- , 18- and 2 7 - k i p axle loads and 
the dual t i r e s w e r e subjected to 9, 13. 5, and 18 k i p s t o t a l o r 18, 27, and 36 k i p s per 
a x l e . The range selected includes the l ega l loads p e r m i t t e d i n many States and an t i c ­
ipates poss ib le l a r g e r m a x i m u m loads of the f u t u r e . 

T i r e Contact A r e a 

The t i r e selected i s designed f o r a m a x i m u m load o f 9, 000 l b at an i n f l a t i o n p r e s ­
sure between 80 and 90 p s i . The s ize and shape of the t i r e contact was de t e rmined f o r 
loads of 4, 500, 6, 750, 9, 000, and 13, 500 l b i n o r d e r to compute the s t resses i n the 
s o i l t h e o r e t i c a l l y . The t i r e p r i n t s and the load-contac t p res su re cu rve a re shown i n 
F igu re s 6 and 7. The p r i n t s show a nea r ly c i r c u l a r contact a t one-ha l f the design t i r e 
load and a rec tangle whose length i s 2. 5 t i m e s the w i d t h f o r 1. 5 t i m e s the des ign t i r e 
l oad . 

Tes t Procedure 

Each load was placed on the pavement o f ten d i f f e r e n t pos i t ions on the long i tud ina l 
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Figure 6. Typical t i r e prints for new 9 X 20 truck t i r e Inflated to recannnended pres­
sure of 86 p s l . 

INFLATION P R E S S U R E 86 L B / I N ' 

LOAD IN KIPS 

Figure 7. Variation of average contact pressure of a 9 x 20 truck t i r e as a function of 
t i r e load, at recommended inflation pressure of 86 p s l . 
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a x i s o f the p i t—center , 3, 6, 12, 24 i n . each s ide of cen te r , and 36 i n . n o r t h 
of the cen te r . The v e r t i c a l p r e s su re s w e r e measured by each c e l l i n each pos i t i on . 
The r e s u l t s a r e shown g r a p h i c a l l y on the at tached c h a r t s . They a r e p lo t t ed w i t h v e r t i ­
c a l s t r e s s as a f u n c t i o n o f distance f r o m the center of the load , r e g a r d l e s s . The v a r i ­
able p o s i t i o n i n g of the t i r e made i t poss ible f o r each c e l l t o con t r ibu te more than one 
poin t to the c u r v e . Only the center p r e s su re w i t h a distance f r o m the load of 0 was 
measured by one c e l l alone at each depth. A t leas t two and some t imes f i v e sets o f iden­
t i c a l independent loadings and s t r e s s measurements w e r e made f o r each t i r e l oad . A l l 
the i n d i v i d u a l s t r e s s measurements a r e p lo t t ed r a t h e r than averages to show the range 
of v a r i a b i l i t y i n the r e a d i n g s . I n t h i s paper on ly the data f o r the 9, 000- lb s ingle t i r e 
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D E P T H 9 0 INCHES 

LEGEND 

SYMBOL TEST NO D A T E 
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7 S-9 6 - 1 8 - 5 9 • 

• S-10 6 - 1 8 - 5 9 
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Figure 8. Measured stresses; single load 9>000 lb topsoil I base 8 In. thick; 3 - l i . 
surface. Solid line i s Boussinesq stress distribution. 



104 

and the 13, 500- lb dual a r e inc luded , 
p o r t i o n . 

The data f r o m the o ther loads a re i n d i r e c t p r o -

T h e o r e t i c a l Stresses 

The t h e o r e t i c a l s t resses f o r each load ing w e r e computed f r o m the l o a d - t i r e contact 
a rea data us ing an equivalent r ec tangu la r o r c i r c u l a r loaded a r e a . The Boussmesq 
ana lys i s of a s e m i - i n f i n i t e homogeneous i s o t r o p i c e las t i c s o l i d was used f o r a l l . I n 
add i t ion the t w o - l a y e r theory was employed f o r the so i l - cemen t pavements by assuming 
that the modulus of e l a s t i c i t y of the asphal t ic concrete su r face was the same as that o f 
the s o i l cement . Three d i f f e r e n t r a t i o s of the e l a s t i c i t y of the upper l a y e r to that of 
the l o w e r l a y e r w e r e assumed: 1 to 1 (which i s the same as the Boussinesq) , 10 to 1, 
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SYMBOL TEST NO DATE 

m D-3 4-24-59 
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A D-5 6-23-59 

7 D-6 6-23-59 
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D-10 6-24-59 
• D-11 6-26-59 
o D-12 7-8-59 

• D-13 7-14,15-59 

- I -
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Figure Measured stresses; dual load 13,500 lb topsoil I base 8 i n . thick; 3-ln. sur­
face. Solid line i s Boussinesq stress distribution p a r a l l e l to axle; dotted line i s 

Boussinesq stress perpendicular to axle. 
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1 1 1 
BASE 8" OF TOP-SOIL 
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Figure 10. Measured s t r e s s e s ; dual load 13,500 l b t o p s o i l I I base 8 i n . t h i c k ; 3-in. 
s u r f a c e . 
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and 100 to 1. The stress computations for the dual t i res were made in two directions: 
(a) along the axis of the pit—in the direction of wheel travel; and (b) on the line of the 
axle at r ight angles to the direction of wheel t r a v e l , (The actual stress measurements 
include both these directions and many others in between, and are not differentiated in 
the graphical presentation.) The theoretical stress distribution is shown in Figures 8 
through 26 by the continuous curves. In the dual-tire results, the solid curve represents 
the stress distribution in line with the axle and the dashed curve at right angles to the 
axle. 

Topsoll Base Pavements 

The measured vert ical stresses fo r the topsoU base pavement systems are shown 
in Figures 8through 12as individual points on the graphs. They show that the vert ical 

BASE 8" O F TOP-SOIL II 

S U R F A C E 6.5" O F ASPHALTIC C O N C R E T E 
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DEPTH 15.6 

8,500 L B LOAD 
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S 5s~7 1 

1 
FOURTH L A Y E R 8,500 L B . LOAD 
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. J 
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m i K> 
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DISTANCE FROM LOAD C E N T E R (INCHES) 

Figure 11. Measured s t r e s s e s ; s i n g l e l o a d 8,500 l b t o p s o l l I I base 8 I n . t h i c k ; 3-in. 
a s p h a l t l c concrete surface and 3 .5-ln. a s p h a l t l c concrete overlay. 
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pressures in the subgrade decrease rapidly with increasing depth The pressure dis­
tribution is seen to be close to that given by the Boussinesq theory. The maximum . 
pressure in the subgrade, under the center of the load is equal to the Boussinesq for 
Topsoil I and equal to or slightly greater (up to 15 percent more) for Topsoil For 
the topsoil subgrades, therefore the Boussinesq theory, based on a semi-infinite homo­
geneous isotropic elastic mass, is found to be a reasonably accurate representation. 
This is somewhat surprising because the ratio of the modulus of elasticity of the base 
to the subgrade is 3 to 4 which, by the two layer theory, should yield slightly lower 
stresses directly beneath the center of the load. Two factors are undoubtedly respon­
sible. Firs t , in order for the two layered theory to be theoretically valid, there must 
be tensile stresses in the interface between the two layers. The Mohr envelopes show 
a cohesion of only 15 psi for the topsoil (based on a curved envelope) or 20 psi (based 
on an approximate straight line) for the samples taken f r o m the model pavement and 5 
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Figure 12. Measured s t r e s s e s ; dual l o a d 13,500 Xb t o p s o i l I I base 8 i n . t h i c k ; 3-in. 
t h i c k a s p h a l t i c concrete surface v i t h 3.5-in. t h i c k a s p h a l t i c concrete overlay. 
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psl fo r the laboratory compacted samples. The cohesion in the subgrade is 9 psi . 
Neither material, therefore, is capable of resisting much tension, which invalidates, 
to some degree, the two-layer theory. Second, neither modulus of elasticity is a con­
stant although both the two-layer theory and the Boussinesq theory assume unchanging 
E values. I t is possible the increase in E with increasing confinement causes a stress 
concentration, as noted by Gr i f f i th and Frohlich, and partially offsets the gain in load 
spreading produced by the more r ig id base. However, i t also may be argued that the 
ratio of the E of the base to that of the subgrade is nearly constant so that the variation 
in E with confinement is not so significant. A theoretical analysis of the effects of 
varying E would be instructive, but i s not available. 
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Figure 13. Measured s t r e s s e s ; s i n g l e load 9,000 l b soil-bound macadam base 8 i n . t h i c k ; 
3-ui. a s p h a l t i c concrete s u r f a c e . 
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Soil-Bound Macadam Base Pavements 
The test results fo r the wheel loads on the macadam base pavement are shown in 

Figures 13 and 14 . The results are almost identical to those of the topsoll base—a 
marked decrease in vert ical stress with increasing depth and a pressure distribution 
that is very close to that given by the Boussinesq theory . The modulus of elasticity 
data .(Fig. 5a) shows that the soil-bound macadam base has a modulus of elasticity 9 
times that of the subgrade. According to the two-layer elastic theory the stresses in 
the upper surface of the subgrade should be slightly less than one-half the measured 
vert ical stresses (or slightly less than one-half the Boussinesq). As in the case of the 
topsoil base, two factors appear responsible. Fi rs t , the cohesion of the soil-boimd 
macadam is only 2 psi which with i ts high angle of f r i c t ion means negligible tensile 
resistance. Tensile cracks develop at the bottom of the base course along the interface 
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Figure i h . Measured s t r e s s e s ; dual l o a d 13,500 l b aoll-bound macadam base 8 I n . t h i c k ; 
3 -in. a s p h a l t l c concrete. 
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Figure 15. Measured s t r e s s e s ; s i n g l e l o a d 9,000 l b sand-asphalt base 8 i n . t h i c k ; 3-in. 
t h i c k a s p h a l t i c concrete s u r f a c e . 
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Figure 16. Measured s t r e s s e s ; dual load 13,500 l b sand-asphalt base 8 i n . t h i c k ; 3-in. 
t h i c k a s p h a l t i c concrete s u r f a c e . 
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Figure 17. Measured s t r e s s e s ; s i n g l e l o a d 9,000 l b sand-asphalt base 8 i n . t h i c k ; 3-in. 
a s p h a l t i c concrete surface with 3-in. a s p h a l t i c concrete overlay. 

BASE 
1 

OF SAND ASPHALT 
SURFAC E 6 OF AS HALTIC COM RETE 

TOPb kYER B.L0AO 

• • DEPTf \L6 DUAL WHEEL 

1 

• • • LEGEND 
SYUBOL TEST Ha DATE 

• D3SI-D3il JULYt-7 11 
0 0362-0371 JULY 7-B. W 

w • 

LEGEND 
SYUBOL TEST Ha DATE 

• D3SI-D3il JULYt-7 11 
0 0362-0371 JULY 7-B. W 

«0 
«0 

a ~ — — 

• • 

1 
SECOND LAYER 13,500 B. LOAD 
DEPTH 20.4 DUALU HEEL 

V 8 

^ - ^ ^ 

13 SOO LB. LOAD 
DUAL WHEEL 

l l ,»0 LB. LOAD 
DUAL WHEEL 

DISTANCE FROU LOAD CENTER (INCHES) 

Figure 18. Measured s t r e s s e s ; dual load 13,500 lb sand-asphalt base 8 I n . t h i c k ; 3-in. 
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TABLE 4 
RATIOS OF MAXIMUM MEASURED STRESSES 

Single T i re Dual Ti re 
Load (lb) 3-In. Surf. 6-In. Surf. 3-In. Surf. 6-In. Surf. 

5,000 
9, 000 

13,500 
18,000 

1.72* 
1.61 
1.38* 

1.52* 
1.42 , 
1.23* 

1.31* 
1.23 
1.25* 

1.33* 
1.36 
1.32* 

Avg. 1.3d 1.26 1.34 
^ o t shown i n the f i g u r e s included with t h i s report 

which destroy the continuity of the elastic layer and invalidate the theory. Second, the 
modulus of elasticity increases with increasing confining pressures, although the ratio 
of the E of the base to that of the subgrade is nearly constant. The result may be a 
stress concentration that offsets the gain in load spreading of the more r ig id base, as 
also may be i n the case of the topsoil. 

Sand Asphalt Base 

The stresses beneath the pavements with sand asphalt bases on the micaceous si l t 
subgrade are shown in Figures 15 through 18. Although a l l the tests show a marked 
reduction in vert ical stresses with increasing depth, the maximum vert ical stress 
directly imder the load center and 0. 3 i n . below the base- subgrade interface was found 
to be considerably greater than that at an equivalent location in the topsoil and soi l -
bound macadam base pavements. The ratios of these maximum measured stresses 
just below the interface to the theoretical stresses as computed by the Boussinesq 
theory at the same point are given in Table 4. As can be seen, the ratios are greater 
for the single t i re than for the dual and for the smaller loads than for the larger ones. 
Deeper in the subgrade (6 in . below the mterface) the measured stresses are approxi­
mately the same as those computed by the Boussinesq theory. 

The modulus of elasticity data (Fig. 5a) show that the E of the sand asphalt base is 
4 or more times that of the subgrade and on that basis i t would be presumed that the 
subgrade stresses, in accordance with the two-layer theories would be appreciably less 
than those computed by the Boussinesq theory. Instead, they are considerably greater. 
The G r i f f i t h - Frohlich theories demonstrate that in a material whose modulus of elasticity 
increases in direct proportion to the confining pressure there is a concentration of 
stress immediately below the load. A concentration factor of 4 in the G-F equations 
(which has been ver i f ied by l imi ted tests of cohesionless sands) gives a maximum stress 
1.33 times the Boussinesq; a concentration factor of 5 gives a maximum stress 1.63 
times the Boussinesq. Of a l l the base materials tested, the sand asphalt has a modulus 
of elasticity that most nearly resembles that of a cohesionless sand—a nearly linear 
increase of E with increasing confining pressure. Further, i t is the only base material 
in which the rat io of the base E to the subgrade E increases substantially with increasing 
pressure. I t is the authors' opinion that the stress concentration foimd just below the 
interface of the sand asphalt base is s imi lar to the stress concentration described by 
the Gr i f f i th -Frohl ich equations. Deeper in the elastic subgrade, the stresses return to 
the Boussinesq as might be expected. 

Soil-Cement Bases 

The test results for the 8-in. soil-bound macadam cement are given i n Figures 19 
and 20, and the 6-in. soil-bound macadam cement i n Figures 21 through 26. The 
stresses in the subgrade are considerably less than those found below the topsoil, soU-
bound macadam, and sand-asphalt bases. The reduction is greater beneath the 8-in. 
thick base than the 6-in. thick base as might be expected. Each graph shows the stresses 
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TABLE 5 

Base E (ksi) 
At 0 Psi At 20 Psi AE (ksi) Increase (%) 

Topsoil (actual) 1.6 4.9 3.3 206 
Soil-bound macadam 3.0 10.6 7.6 254 
Sand asphalt 1.2 5.8 4.6 384 
Soil cement 49 62 13 26 
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computed by the two-layer elastic theory by assuming that the asphaltic surface has the 
same modulus of elasticity as the base. This is not s t r ic t ly valid because the asphaltic 
concrete is less r ig id than the soil cement, but i t w i l l serve as an index for comparison. 
The stresses beneath the 8-in. thick soil cement base (where the base thickness is 73 
percent of the total pavement) are between those computed for a rat io of base E to sub-
grade E of 10 and those for a ratio of 100. The laboratory tests (Figs. 5, 6) show an 
E ratio of 100 or more for very small confining pressures dropping to about 55 for con­
f ining pressures between 10 and 40 psi . Plate load tests on the base found a ratio of 
100 (computed by the elastic layer theory). Because the surface is not as r ig id as the 
base, the effective ratio would appear to be 50 or slightly less which agrees with the 
test results. 

The results for the 6-in. base and 3-in. surface are equivalent to an elasticity ratio 
between 10 and 100, but closer to 10. This is to be expected because the less r ig id sur­
face is one-third the total pavement thickness. The measured stresses with the 6-in. 
base and 6-in. thick surface correspond to a slightly lower elasticity ratio, approxi­
mately 10. These differences are to be expected because the effective r igidi ty of the 
pavement (base plus surface) becomes less as the proportion of surface to base increases. 

The agreement between the measured stresses and the stresses computed by the two-
layered elastic theory for the soil cement tends to ve r i fy the authors' explanation of the 
lack of validity of the layered theory for the other bases. The shear tests show that 
the soil cement i s capable of withstanding appreciable tensile stresses, whereas the 
others are not. In addition, the modulus of elasticity of the soil cement, while increas­
ing with increasing confining pressure, does not change as much relatively as the others. 
This can be seen by the percentage increase of E with respect to E measured at 0 con­
fining pressure produced by increasing the confining pressure f r o m 0 to 20 psi (Table 5). 

Repeated Load-Soil Cement Base 

Some concern was fel t about the continued load-spreading efficiency of the soil 
cement after repeated loading. I t has been observed that soil-cement pavements tend 
to develop hair cracks that divide the surface into large polygonal blocks. To investi­
gate this possibility the 6-in. thick soil cement base 3-in. surface pavement was sub­
jected to 1, 000 cycles of load-unload with the 13, 500-lb single t i r e . In employing this 
gross overload on a single t i r e , equivalent to a 27, 000-lb axle, i t was hoped to magnify 
any effects of base cracking. The results (Fig. 25) show no change of stresses in the 
subgrade 3 in . below the subgrade-base interface. 

Effect of Inundation 

A l l the tests had been made with the moisture content of the soil subgrade and the 
base near the respective optimum moistures Holes were dr i l led through the 6-in. 
base sou cement, 6. 5-in. surface pavement, and through the entire depth of the sub-
grade. These were f i l l ed with water and kept f u l l so as to inundate the subgrade and 
base. Moisture tests made at regular intervals in observation holes between the inflow 
holes showed an increase in saturation f rom the original value of about 75 percent to an 
average of 96. 5 percent in one week, after which i t remained constant. Tests were con­
ducted with dual wheels and loads of 9, 000, 13, 500, and 18, 000 lb . The results (data 
for the 13,500-lb load are given in Figure 26) showed possibly a slight reduction in the 
stresses just below the subgrade-base interface. Because inundation caused a small 
reduction in the modulus of elasticity of the subgrade but l i t t le change in the soil-cement 
base, the elasticity ratio was increased. Theoretically, the stress should have decreased 
slightly, and the tests ver i fy i t . 

Effect of Overlay 

A number of the pavement systems were tested with both 3- and 6-in. thick asphaltic 
surfaces to determine the load spreading effects of a 3-in. thick overlay. The results 
can be seen by comparing the graphs of the 3- and 6-in. surfaces for the topsoil n , sand 
asphalt, and 6-in. soil-cement base pavements. They show that the overlay causes a 
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stress reduction slightly less than that produced by an equal thickness of a homogeneous, 
isotropic elastic solid. In other words, the stress reduction was comparable to that 
produced by an equal thickness of topsoil or soil-bound macadam base and somewhat 
more effective than that of an equal thickness of sand asphalt. 
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Discussion 
ROBERT L . SCHIFFMAN, Associate Professor of Soil Mechanics, Rensselaer Poly­
technic Institute—It is grat ifying to see experiments directed towards the validity of 
layered system analyses. A l l too often, theories are accepted or rejected without 
adequate experimental evidence. On the other hand, the interpretation of the experi­
ment must always consider the alteration of the theory due to the measuring instruments. 

The experimental results presented showed a general trend of normal stresses being 
in excess of the layered theory. The system tested was geometrically a three-layer 
system. For most cases the recorded results were in the range of, or higher than, the 
homogeneous analysis of Boussinesq. In the case of the soil-cement bases, the stresses 
were compared to a two-layer theory. The actual geometry, a three-layer theory, would 
produce stresses of smaller magnitude than actually recorded in a l l cases. 

A general conclusion can be drawn that the measured normal stresses were, on the 
whole, higher than the predications of the appropriate theoi7 being tested. 

An interpretation of this conclusion can f a l l into two patterns. In the f i r s t instance, 
one is tempted to conclude that the theories use gross idealizations of f ie ld conditions 
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and thus a re i n s u f f i c i e n t to p r e d i c t pavement behavior . I t i s poss ib le to judge t h i s 
i n t e r p r e t a t i o n by c o n s i d e r i n g the e f f e c t s of an i m p r o v e d t h e o r y . I n a l i n e a r e las t ic 
t h e o r y , t w o m a j o r cons idera t ions can be the e f f e c t of adhesive r e s t r a i n t s between the 
t i r e and the pavement U ) and the e f f e c t of an l so t ropy (2) . These two in f luences w o u l d 
tend to reduce the t h e o r e t i c a l s t resses , and thus increase the dev ia t ion between t h e o r y 
and expe r imen t . The in f luences of nonl inear s t r e s s - s t r a i n p r o p e r t i e s and " l a r g e " s t r a i n s 
a r e m o r e d i f f i c u l t to access . The V i c k s b u r g tes ts (3), however , have ind ica ted that 
these in f luences do not s e r i o u s l y a f f e c t the magnitude and d i s t r i b u t i o n o f n o r m a l s t resses . 

The r e s u l t of an " i m p r o v e d " t h e o r e t i c a l ana lys i s w o u l d thus give g rea t e r " e r r o r s " 
than a r e presented . Inasmuch as e v e r y phys i ca l phenomenon must have a t h e o r e t i c a l 
d e s c r i p t i o n (known o r unknown), the reasons f o r the d i f f e r e n c e between theo ry and e x p e r i ­
ment mus t be sought, e l sewhere than i n the ana lys i s of the assumpt ions of the t h e o r y . 

A second i n t e r p r e t a t i o n i s that the expe r imen t p e r f o r m e d does not g e o m e t r i c a l l y 
c o n f o r m to the theory tes ted . I t i s the w r i t e r ' s op in ion that the e x p e r i m e n t a l se t -up 
was s u f f i c i e n t l y g e o m e t r i c a l l y d i f f e r e n t f r o m the t heo r i e s tes ted to cast doubt on the 
compar i sons used. The gages used, w i t h r e l a t i o n s h i p t o the su r round ing s o i l a r e , i n 
f a c t , r i g i d inc lus ions i n the s o i l mass . The i n c l u s i o n e f f e c t w i l l produce h igher s t resses 
at the gage than the co r re spond ing " n o n - i n c l u s i o n " t heo ry . The f a c t that there w e r e 
s eve ra l gages i n a l i n e w o u l d accentuate the e f f e c t . The i n c l u s i o n e f f e c t f o r a l i n e of 
gages can c rude ly be compared to the s t resses at a r i g i d boundary . B i o t ' s (4) ana lys i s 
f o r a s ingle l a y e r w i t h a r i g i d boundary u n d e r l y i n g the e las t ic l a y e r shows that the n o r ­
m a l s t resses ( p a r t i c u l a r l y under the load) a re subs tant ia l ly h igher than the co r r e spond ing 
Bouss lnesq s t resses . 

I t i s the w r i t e r ' s i n t e r p r e t a t i o n that the devia t ions between the e x p e r i m e n t a l r e s u l t s 
and the t heo ry used a re l a r g e l y due to the in f luence o f the gage as a r i g i d i n c l u s i o n i n 
a l a y e r e d s y s t e m . 

The i n c l u s i o n e f f e c t i s one tha t w i l l a f f e c t a l l s t ress measurement woric . I t i s a mos t 
d i f f i c u l t p r o b l e m , because the e f f e c t depends on the type o f gage, the geome t ry of the 
gage, the gage c h a r a c t e r i s t i c s the gage spacing, e tc . I t i s a p r o b l e m that mus t be 
so lved , however , i f one w i shes to evaluate the v a l i d i t y of s t ress d i s t r i b u t i o n t heo r i e s 
f o r s o i l . 

T h i s d i scuss ion i s not intended to c r i t i c i z e the exce l l en t e x p e r i m e n t a l data obtained 
by the au thor s . I t i s hoped that the d i scuss ion w U l p rov ide a possible explanat ion f o r 
the l a c k of agreement between the theor i e s used and the expe r imen t s r e p o r t e d . R i r t h e r -
m o r e , i t i s hoped that t h i s d i scuss ion w i l l po in t up c e r t a i n de f i c i enc i e s i n the t h e o r e t i c a l 
knowledge w h i c h make an assessment of l a y e r e d sys tem theor i e s d i f f i c u l t . I f and when 
l a y e r e d sys t em t h e o r i e s w i t h inc lus ions a re developed, the au thors ' data w i l l p rov ide 
an exce l len t means o f eva lua t ing the t h e o r y . 
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GEORGE F . SOWERS and A L E K S A N D A R B , VESIC , C l o s u r e - I n h i s d i scuss ion P r o f e s ­
so r S c h i f f m a n expressed the op in ion that the reasons f o r the d i f f e r e n c e s observed between 
the t h e o r e t i c a l and e x p e r i m e n t a l values of s t resses i n the pavements tes ted mus t be 
sought not i n the ana lys i s of the assumpt ions o f the t heo ry but i n the e f f e c t of r i g i d i t y 
of c e l l s inc luded i n a l a y e r e d sys t em. He based h i s conclus ions on the p r e m i s e tha t 
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two m a j o r f a c t o r s not cons idered i n the theory should be the adhesion between the t i r e 
and pavement and the an i so t ropy of the pavement m a t e r i a l s . However , he does not 
cons ider one o f the basic assumpt ions o f the l a y e r e d s o i l theory—constant modulus , E , 
equal i n both tens ion and compres s ion and independent of s t r a i n . 

A n ana lys i s of l a t e r a l s t resses i n an idea l t w o - l a y e r sys tem shows that the upper 
l a y e r ( F i g . 27) w i l l have tens ion at the i n t e r f a c e as soon as E 1 / E 2 > 1. 5 and that , i n 
the cases tested, tens ion should be of the o r d e r of 30 p s i i n the f l e x i b l e bases and of 
the o r d e r of 60 p s i i n the s o i l - c e m e n t base. The t ens i l e s t reng th of the f l e x i b l e bases 
was mos t l i k e l y not h igher than 5 p s i . 

How much e f f e c t on s t ress d i s t r i b u t i o n t h i s lack of tens i le s t rength w i l l have has not 
ye t been r i g o r o u s l y inves t iga ted . I n suppor t of the au thors ' conclus ions , i t should be 
ment ioned that R u c k l i (37) r e p o r t s , f o r a t w o - l a y e r sys tem w i t h E 1 / E 2 = 10 and h i = 12 i n . 
(data v e r y close to au thors ' t es t condi t ions) , a s t r e s s concen t ra t ion f ac to r n ( a f t e r F r o h -
l i c h ) of 2. 82, w h i c h i s qui te close to the Boussinesq case (n=3) and wou ld mean a reduc­
t i o n under the load of only 6 percen t compared to Boussinesq s t resses . 

P r o f e s s o r S c h i f f m a n bel ieves that the tes ts d id not c o n f o r m to the theor ies i n that 
the p re s su re c e l l s w e r e r i g i d inc lus ions that produced s t ress concent ra t ions at the 
poin t of s t ress measurement . I t i s h is op in ion that the r i g i d c e l l s w e r e responsible 
f o r the d i f f e r e n c e s between the t e s t data and the t h e o r e t i c a l s t resses . 

Stress concent ra t ion due to c e l l r i g i d i t y i s a f a u l t of a l l p res su re c e l l s . I t may be 
m i n i m i z e d by m a k i n g the c e l l as s m a l l as possible compared to the volume of s o i l 
undergoing s t ress and by m i n i m i z i n g the r a t i o of c e l l th ickness to c e l l d i ame te r . The 
c e l l s employed i n these tes ts were f a r s m a l l e r i n d i ame te r than those of the U . S. 
Wate rways E x p e r i m e n t Station t o whose t es t r e s u l t s P r o f e s s o r S c h i f f m a n r e f e r s . 

F u r t h e r m o r e , the r a t i o of c e l l th ickness to d iamete r was less than l / l O , as s m a l l 
as those o f the USWES. The c e l l s w e r e i n d i v i d u a l l y c a l i b r a t e d i n s o u so that the c a l l -
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b r a t i o n wou ld r e f l e c t the e f f e c t of c e l l r i g i d i t y . A l s o , i f the re were any s ign i f i c an t 
s t ress concentra t ions due to c e l l r i g i d i t y , i t w o u l d be apparent i n the tes ts on s o i l -
cement base as i t was i n the o ther flexible bases. T h e r e f o r e , the authors doubt that 
s t r e s s concent ra t ion at the ce l l s was a s i gn i f i c an t source o f the s t ress d i f f e r e n c e . 

A second e f f e c t o f c e l l r i g i d i t y b rought out by P r o f e s s o r S c h i f f m a n i s the r i g i d 
boundary e f f e c t as descr ibed by B l o t . B l o t inves t iga ted the s t resses on an i n f i n i t e l y 
r i g i d boundary of i n f i n i t e l a t e r a l extent beneath an e las t i c l a y e r o f f i n i t e th ickness . 
The v e r t i c a l s t r e s s d i r e c t l y beneath the load was 1. 56 t i m e s the Boussinesq s t ress , 
i f a p e r f e c t l y rough i n t e r f ace i s assumed. The au thors do not bel ieve that the p re s su re 
c e l l s , a r r anged close together i n a l i n e , r e semble the B i o t cond i t ion . F i r s t , the a rea 
covered by the group of c e l l s a t any one depth i s a s m a l l f r a c t i o n o f the a rea i n wh ich 
the v e r t i c a l s t r e s s i s one-ha l f o r m o r e of the m a x i m u m s t r e s s , as shown i n F igu re 27. 
Second, the c e l l s a r e i n d i v i d u a l l y f r e e to t i l t o r de f l ec t downward i n the subgrade s o i l 
r a t h e r than being r i g i d l y supported. 

The au thors contend that the tes t r e s u l t s f o r the so i l - cemen t base, w h i c h a re i n 
agreement w i t h the l a y e r e d theo ry , demonst ra te that the s t r e s s measurement sys tem 
i s not the cause of the lack of agreement between the l aye red theory and c e r t a i n of the 
tes t r e s u l t s . Instead, i t i s the inappropr ia te use of the l aye red theory that i s a t f a u l t . 

A few addi t iona l comments should be of i n t e r e s t concern ing some of P r o f e s s o r 
Sch i f fman ' s r e m a r k s . Stat ing that the asphal t ic su r face , the so i l - cemen t base, and 
the subgrade f o r m a t h r e e - l a y e r sys tem, he suggests that the t h e o r e t i c a l s t resses a re 
even l e s s when computed by the t h r e e - l a y e r theory than by the t w o - l a y e r t heo ry , and 
that the au thors ' t es t r e s u l t s f o r soU-cement bases, t h e r e f o r e , exceed the t h e o r e t i c a l 
s t resses . The au thors wou ld agree w i t h t h i s suggestion i f the asphal t ic su r face w e r e 
s i g n i f i c a n t l y m o r e r i g i d than the so i l - cemen t base. However , the modulus of d e f o r m a ­
t i o n of the asphal t ic concrete tes ted at co r respond ing t empera tu re was on ly about 20 
percent of that of the base. I t can be shown that under such condi t ions the t h e o r e t i c a l 
s t resses computed by the t h r e e - l a y e r theory should be app rox ima te ly 8 percent g rea te r 
than that computed by the au thors us ing the t w o - l a y e r theory and a s suming the sur face 
course and the base to have the same modulus . The au thors , t h e r e f o r e , mus t r e a f f i r m 
t h e i r conclus ion that the soU cement base tes t r e s u l t s a r e i n substant ial agreement w i t h 
the l a y e r e d theory . 

The w r i t e r a lso contends that the e f f ec t of an iso t ropy wou ld be to reduce s t resses , 
as compared w i t h those i n an i s o t r o p i c m e d i u m and that the d i f f e r e n c e s between the 
measured s t resses and those computed by the l a y e r e d soU theory w o u l d t h e r e f o r e be 
even g rea t e r . I t should be ment ioned that an i so t ropy of m a t e r i a l s does not necessa r i ly 
reduce the s t resses . As i t has been shown by Bu i sman (13) the e f f e c t of an i so t ropy 
depends on the r a t i o of the m o d u l i o f d e f o r m a t i o n of the soU i n h o r i z o n t a l and v e r t i c a l 
d i r e c t i o n s , E h / E y . I f E h / E y < 1, an increase of s t resses has to be expected. How­
eve r , an E h / E y j a t i o as l ow as 0 . 4 b r i n g s an increase of only 30 percent compared to the 
case of i s o t r o p i c m a t e r i a l s , whereas the measured s t resses a r e severa l hundred percent 
h igher than those obtained f o r i s o t r o p i c l a y e r e d so l ids . 

The au thors w i s h to thank P r o f e s s o r S c h i f f m a n f o r h i s d i scuss ion and hope he w i l l 
continue h i s extension of the l a y e r e d t heo ry in to r e a l s i tua t ions . 
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Lateral Stability of Rigid Poles Subjected to a 
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Funct ional r e l a t i onsh ips a r e developed f o r the l oad -de f l ec t i on 
c h a r a c t e r i s t i c s of r i g i d , v e r t i c a l poles , embedded i n sand, 
subjected to a h o r i z o n t a l g round- l ine t h r u s t and g round- l ine 
coup le -moment . The study i s based on nondimensional 
techniques and the phys ica l v a r i a b l e s inc luded i n the t h e o r e t i c a l 
ana lys i s a r e the g round- l ine de f l ec t ion , depth of embedment , 
geomet ry of the pole c r o s s - s e c t i o n , g round- l ine t h r u s t , 
coup le -moment at the g r o u n d - l i n e , t i m e of load ing , and 
s o i l p a r a m e t e r s . The s o i l p a r a m e t e r s used a r e the densi ty , 
angle o f i n t e r n a l f r i c t i o n , and f l o w v i s c o s i t y o f sand. Non-
d imens iona l techniques i n con junc t ion w i t h s m a l l - s c a l e mode l 
studies a re used to de te rmine the i n t e r r e l a t i o n s h i p among 
these phys ica l v a r i a b l e s f o r a pole embedded i n a dense, 
u n i f o r m , f i n e dune sand of constant p r o p e r t i e s and subjected 
to a h o r i z o n t a l g round- l i ne t h r u s t on ly . P r e d i c t i o n equations 
a re g iven f r o m w h i c h the l o a d - d e f l e c t i o n c h a r a c t e r i s t i c s of 
a pro to type pole m i g h t be de t e rmined . A f a i l u r e c r i t e r i o n 
r e l a t i n g the u l t i m a t e g round- l i ne t h r u s t to the pole geomet ry 
and examples a re g iven . 

• P O L E S subjected to l a t e r a l loads a re used ex tens ive ly by u t i l i t i e s , r a i l r o a d s , highway 
depar tments , and outdoor a d v e r t i s i n g agencies . The l a t e r a l s t a b i l i t y of a pole has, to 
date, de f i ed any a l together s a t i s f a c t o r y ana lys i s a l though numerous au thors have a t tempted 
to solve the p r o b l e m both a n a l y t i c a l l y and e m p i r i c a l l y . A t present , design i s usua l ly 
based on past exper ience , e m p i r i c a l f o r m u l a s , o r inadequate t h e o r e t i c a l analyses 
founded on u n r e a l i s t i c assumpt ions . To ob ta in a r i g o r o u s so lu t ion to the p r o b l e m of a 
p a r t i a l l y embedded pole , c e r t a i n sys tems of equations mus t be solved. The so lu t ion 
mus t s a t i s fy the e q u i l i b r i u m equat ion, c o m p a t i b i l i t y equations, and boundary condi t ions . 
Any so lu t ion w i l l depend on the f o r m of the s t r e s s - s t r a i n - t i m e r e l a t ionsh ips used f o r the 
s o i l , and h e r e i n l i e s the d i f f i c u l t y . I n genera l there a re no s t r e s s - s t r a i n - t i m e r e l a ­
t ionsh ips ava i lab le f o r s o i l s . 

T h i s inves t iga t ion was a i m e d at d e s c r i b i n g the phenomena of p o l e - s o i l behavior by 
d e t e r m i n i n g the r e l a t ionsh ips among the phys ica l v a r i a b l e s invo lved th rough a s e m i -
e m p i r i c a l approach u t i l i z i n g d imens iona l ana lys i s and s m a l l - s c a l e mode l expe r imen t s 
on sand. The methods o f d imens iona l ana lys i s w h i c h have p roved success fu l i n o ther 
f i e l d s w i t h r e g a r d to mode l -p ro to type studies w e r e used i n an a t t empt to achieve a 
coherent r a t i o n a l o r d e r to the study. I t has been shown by Kondner {1, 2, 3, 4) that 
the use of these methods i n s o i l mechanics i s advantageous. M o d e l tes ts have grea t 
f l e x i b i l i t y w i t h r e g a r d to the number of v a r i a b l e s and condi t ions that can be studied i n 
a g iven t i m e . They should however be c o r r e l a t e d w i t h f i e l d exper ience . 

A pole o r sho r t p i l e i s e ssen t i a l ly a p a r t i a l l y embedded r i g i d m e m b e r whose l a t e r a l 
de f l ec t ions , under load , a r e p r i m a r i l y due to r i g i d body mot ions . I t i s assumed that 
f l e x u r a l f a i l u r e o f the pole does not occur and that f a i l u r e of the s o i l may be assumed 
to have o c c u r r e d when the angle of i n c l i n a t i o n 6 o f the pole w i t h the v e r t i c a l becomes 
excess ive . 

12U 
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The r e s e a r c h r e p o r t e d i n t h i s paper invo lved a study o f the f o l l o w i n g f a c t o r s : 

1. The development o f a t h e o r e t i c a l , nondimensional , f u n c t i o n a l f o r m of the p a r a m ­
e t e r s i nvo lved i n the l o a d - d e f l e c t i o n - t i m e r e l a t i onsh ip f o r a l a t e r a l l y loaded single pole 
p a r t i a l l y embedded i n sand. T h i s inc ludes both h o r i z o n t a l g round- l ine t h r u s t and g round-
l ine coup le -moment . 

2. The des ign and c a l i b r a t i o n o f a m o d e l to p e r f o r m tes t s on poles embedded i n sand 
of constant p r o p e r t i e s w h i c h a re subjected to a h o r i z o n t a l g round- l ine t h r u s t on ly . 

3. Tes t s on the mode l to de te rmine the l o a d - d e f l e c t i o n - t i m e r e l a t i onsh ip invo lved , 
cons ide r ing (a) r e p r o d u c i b i l i t y of tes t r e s u l t s , (b) in f luence of c reep phenomena to 
de te rmine a sui table load ing r a t e , (c) e f f e c t of v a r y i n g the load ing ra te on the l oad -de f l ec ­
t i o n r e l a t i onsh ip , and (d) e f f e c t o f v a r y i n g the d iamete r and depth of embedment of the 
pole on the l o a d - d e f l e c t i o n - t i m e r e l a t i onsh ip . 

4. A n ana lys i s of the mode l tes t r e s u l t s to develop an e m p i r i c a l equat ion r e l a t i n g 
the phys i ca l va r i ab l e s i n v o l v e d . 

5. Cons t ruc t ion of nomographs to p r e d i c t (a) f a i l u r e loads and (b) l o a d - d e f l e c t i o n 
r e l a t ionsh ips f o r a pole embedded i n dense d r y sand having constant p r o p e r t i e s and 
subjected to a h o r i z o n t a l g round- l i ne t h r u s t . 

Al though the genera l pole p r o b l e m conta in ing t h r u s t s and coup le -moments has been 
f u n c t i o n a l l y f o r m u l a t e d f o r both cohesive and cohesionless so i l s , the p r i m a r y emphasis 
of the present paper deals w i t h only one phase o f the p r o b l e m , g round- l ine t h r u s t s and 
sand, and as such i s the f i r s t of a s e r i e s of papers on the genera l p r o b l e m . Future 
papers w i l l deal w i t h coup le -moment s and superpos i t ion p r i n c i p l e s i n sands and c l ays 
as w e l l as g round- l ine t h r u s t s i n c l ays . I n add i t ion , the study presented h e r e i n deals 
only w i t h a v e r y dense, u n i f o r m sand hav ing a constant d r y densi ty o f 107 pcf . P r e ­
l i m i n a r y tes ts indicate that the i m p o r t a n t s o i l p a r ame te r e f f e c t i n g the l o a d - d e f l e c t i o n 
response o f poles p a r t i a l l y embedded i n sands i s the r e l a t i v e densi ty of the sand. Re la ­
t i v e densi ty e f f e c t s w i l l be s tudied i n the near f u t u r e . 

E X I S T I N G I N F O R M A T I O N 

Beginning i n the e a r l y 1920*s a r e l a t i v e l y l a r g e number of papers have appeared that 
a t t empt to solve the l a t e r a l l y loaded single pole p r o b l e m . A c c o r d i n g to Prakash (5), 
the m a j o r i t y of a n a l y t i c a l so lu t ions a r e based on one o r m o r e o f the f o l l o w i n g assump­
t i o n s : 

1. The m a x i m u m res is tance to d e f o r m a t i o n of the s o i l at any depth i s equal to 
Rankine ' s passive e a r t h p ressu re o r the d i f f e r e n c e between Rankine 's ac t ive and pas­
sive e a r t h p res su res at that depth. 

2. T o develop pass ive res i s tance there mus t be movement (however s m a l l ) o f the 
pole compres s ing the ground i n f r o n t of i t . 

3. The in tens i ty of passive res is tance developed i s p r o p o r t i o n a l to the amount of 
l a t e r a l d isp lacement . 

4. The in tens i ty of the passive res is tance developed i s p r o p o r t i o n a l to the depth 
below the ground- l ine . 

I n add i t ion , i n d i v i d u a l au thors have made f u r t h e r assumpt ions , p a r t i c u l a r l y w i t h 
respect to the shape of the p ressu re d i s t r i b u t i o n d i a g r a m . A n excel lent annotated 
b ib l iog raphy by Chang (6) concern ing l a t e r a l l y loaded p i l e s contains a ch rono log ica l 
s u m m a r y of the l i t e r a t u r e up to 1958, w h i c h includes poles as a subsect ion. The m o r e 
extensive w o r k by Prakash (5) contains a f a i r l y complete r e v i e w conf ined to the behav­
i o r o f p a r t i a l l y embedded poTes subjected to l a t e r a l loads . I n v iew of the a v a i l a b i l i t y 
of these two papers , i t i s not proposed to submi t an extensive r ev i ew of p rev ious au thors ' 
w o r k . T h i s r ev iew w i l l conf ine i t s e l f to some of the m o r e recent t r ends and t h e i r 
i m p l i c a t i o n s . 

The re i s no c l e a r agreement i n the l i t e r a t u r e as to a d e f i n i t i o n of the p r o b l e m . 
Mos t au thors assume a v e r t i c a l pole w i t h a h o r i z o n t a l load appl ied above the ground-
l ine whereas Prakash (5) has cons idered the addi t iona l e f f e c t of a v e r t i c a l load and an 
i n i t i a l i n c l i n a t i o n o f the ax i s of the pole . Cons ide r ing the d i f f i c u l t y of the p o l e - s o i l 
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i n t e r a c t i o n , i t wou ld seem r a t i o n a l to study the s i m p l i f i e d cases f i r s t and b u i l d up to 
the m o r e genera l pole sys t em. 

The r o t a t i o n o f a l a t e r a l l y loaded pole r e q u i r e s that l a rge d e f o r m a t i o n s o c c u r near 
the ground su r face , where the soU i s leas t capable of o f f e r i n g res i s tance . T h e r e f o r e , 
the soU near the ground sur face w i l l p robably nea r ly a lways be i n a "p las t ic" ' state 
when r e s i s t i n g a l a t e r a l l y loaded pole . A t some depth below the ground sur face the s o i l 
behavior becomes near ly e l a s t i c . Thus , a cco rd ing to Prakash (5) a combina t ion o f 
e las t i c and p las t i c s o i l behav ior should be accounted f o r i n an ana lys i s o f a l a t e r a l l y 
loaded pole . A c c o r d i n g to T e r z a g h i (7) the d e f o r m a t i o n c h a r a c t e r i s t i c s of a s t i f f c lay 
a r e more o r less independent of depth. However , the s t rength c h a r a c t e r i s t i c s of c lay 
s o i l s may increase o r decrease w i t h depth, depending o n the geographica l l o c a t i o n and 
c l i m a t e , so that no general r u l e s may be f o r m u l a t e d . I n connection w i t h c l ay , on account 
of p rog re s s ive de f l ec t ion under constant load (a c reep e f f e c t ) , the d e f o r m a t i o n increases 
and the s o i l modulus func t ion va r i e s w i t h t ime—both approaching u l t i m a t e va lues . 
Idea l ly , these u l t i m a t e values should be used i n the ana lys i s . I n a cohesionless sand 
the values of the d e f o r m a t i o n and the s o i l modulus a r e supposedly independent of t i m e , 
but the s o i l modulus increases app rox ima te ly i n s imple p r o p o r t i o n to depth. A c c o r d i n g 
to Cze rn iak (8), the ana lys i s i s f u r t h e r compl ica ted because the sand may f i l l the space 
l e f t as the pole moves , thus p reven t ing i t s r e t u r n i n g to the v e r t i c a l pos i t ion upon r e m o v a l 
of the o v e r t u r n i n g f o r c e s . A n ana ly t i ca l so lu t ion of the l a t e r a l l y loaded pole i s hence 
s tymied by the unknown s o i l s t r e s s - s t r a i n - t i m e r e l a t i o n wh ich i s h e r e i n ca l l ed the s o i l 
modulus f u n c t i o n . Present t r ends i n a n a l y t i c a l s tudies f avo r an increase i n the s o i l 
modulus func t i on i n d i r e c t p r o p o r t i o n to depth f o r sands: 

k ^ = k ^ x (1) 

i n w h i c h 
k ^ = s o i l modulus f u n c t i o n at depth x , 

k ^ = constant of h o r i z o n t a l subgrade r eac t ion f u n c t i o n , and 

x = depth below ground l e v e l . 

F o r cohesive so i l s Pa lmer and Thompson (9) cons ider tha t : 

(2) 

i n wh ich ^ ^gpy^ embedment and 

kj^ = constant 

adequately descr ibes the v a r i a t i o n of s o i l modulus w i t h depth and they indicate that 
the values f o r n must be de te rmined by app ly ing the method to check va r ious f i e l d data. 

Ma t lock and Reese {10) a t tempted to de r ive genera l ized solut ions f o r l a t e r a l l y loaded 
p i l e s , t r e a t i n g the r i g i d pole as a p a r t i c u l a r case. They cons idered the nonl inear 
f o r c e - d e f o r m a t i o n - d e p t h c h a r a c t e r i s t i c s of the s o i l by means o f the repeated app l i ca ­
t i o n of e las t i c t heo ry . The s o i l modulus constants were ad jus ted f o r each successive 
t r i a l u n t i l s a t i s f a c t o r y c o m p a t i b i l i t y was obtained between the p r ed i c t ed behavior o f the 
s o i l and the l oad -de f l ec t i on re la t ionsh ips r e q u i r e d by the po le . I n the f i n a l t r i a l , i n a 
s e r i e s of i t e r a t i v e app rox ima t ions , the f i n a l v a r i a t i o n i n s o i l modulus could assume 
any f o r m w i t h respect to distance a long the pole . I f i t we re r e q u i r e d that the s o i l 
modulus values be ad jus ted independently at each depth considered, then, i n p r a c t i c e , 
a so lu t ion f o r any p a r t i c u l a r pole p r o b l e m r e q u i r e d the use of a d i g i t a l compute r . The 
author gave nondimensional genera l solut ions that could be computed f o r any des i r ed 
f o r m of v a r i a t i o n of soU modulus w i t h respect to depth. However , the two general 
f o r m s o f s o i l modulus f u n c t i o n , the power f o r m , 

E „ = k x " (3) 
s 
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and the p o l y n o m i a l f o r m , 

E , = k ^ + k , x (4) 

w h i c h the au thors cons idered sui table a re perhaps o v e r s i m p l i f i c a t i o n s and may not be 
s u f f i c i e n t l y sens i t ive to cha rac te r i ze the so i l -po l e i n t e r a c t i o n . 

I n an a t t empt to c i r c u m v e n t the s o i l modu lus -dep th -de f l ec t i on - t ime r e l a t i onsh ip 
p r o b l e m , i t was be l ieved that the behavior of the s o i l cou ld be def ined by p a r a m e t e r s 
that cou ld be more eas i ly measured and c o n t r o l l e d than the s o i l modulus . T h i s , i n 
con junc t ion w i t h a s e m i e m p i r i c a l approach m a k i n g use of s m a l l - s c a l e mode l e x p e r i m e n t s , 
designed and cons t ruc ted on the basis of the methods of d imens iona l ana lys i s , seems to 
be a feas ib le method of a t t ack ing the p r o b l e m . 

T H E O R E T I C A L A N A L Y S I S 

T o descr ibe a phys i ca l phenomena i t i s necessary to def ine i t i n t e r m s of a f i n i t e 
number o f phys i ca l quant i t i es o r p a r a m e t e r s . D imens iona l ana lys i s o f f e r s an easy 
way to f o r m u l a t e such a d e s c r i p t i o n i n f u n c t i o n a l f o r m . The method of d imens iona l 
ana lys i s as used to f o r m u l a t e r e l a t ionsh ips between p h y s i c a l quant i t ies can be b r i e f l y 
s u m m a r i z e d as f o l l o w s . I f there a re m phys i ca l quant i t ies conta in ing n fundamenta l 
u n i t s , w h i c h can be r e l a t ed by an equat ion, then there a re ( m - n ) , and only ( m - n ) , 
independent, nondimensional p a r a m e t e r s (ca l l ed i r - t e r m s ) such that the w - t e r m s a re 
a rguments of some inde t e rmina t e , homogeneous f u n c t i o n x : 

X ( vi, V2, va, . . . . , T ^ _ j j ) = 0- (5) 

A n i m p o r t a n t p a r t o f the d imens iona l ana lys i s i s the choice of the phys i ca l quant i t i es 
i n v o l v e d . Once t h i s i s accompl i shed , a me thod ica l p rocess i s used to obta in the i r - t e r m s 
contained i n the f u n c t i o n a l f o r m u l a t i o n . The func t i ona l f o r m u l a t i o n i s the extent to w h i c h 
d imens iona l ana lys i s i s u s e f u l . The e x p l i c i t f o r m of the func t iona l r e l a t i o n mus t then 
be de t e rmined e x p e r i m e n t a l l y . 

T o keep the e x p l i c i t f o r m of the f u n c t i o n a l r e l a t i o n as s imp le as poss ib le , on ly the 
m o r e i m p o r t a n t v a r i a b l e s should be cons idered . I f the number o f v a r i a b l e s cons idered 
i s too l a r g e , the p r a c t i c a l usefu lness of the r e s u l t s may be g rea t ly i m p a i r e d . I n add i t ion , 
the d i f f i c u l t i e s i nvo lved i n the separa t ion of the nondimensional p a r a m e t e r s i n the e x p e r i ­
menta l d e t e r m i n a t i o n of the e x p l i c i t nature o f the func t iona l r e l a t i o n w i l l be qui te f o r m i d a b l e . 
However , should i m p o r t a n t v a r i a b l e s that may l o g i c a l l y in f luence the phenomenon be 
o m i t t e d , the e x p e r i m e n t a l phase may be s i m p l e , but the r e s u l t s may be incomple te o r 
e r roneous . 

The ana lys i s o f a l a t e r a l l y loaded pole embedded i n the ground i s a s ta t ic p r o b l e m . 
The boundary f o r c e s have a p r edomina t i ng inf luence i n the p r o b l e m r a t h e r than the body 
f o r c e s and the l a t t e r w i l l be neglected i n the subsequent analyses . The genera l methods 
of d imens iona l ana lys i s have been descr ibed e lsewhere {11, J[2) and a re repeated he re . 
The p a r t i c u l a r p r o b l e m s encountered i n the s o i l mechanics f i e l d when app ly ing t h i s t o o l 
have been desc r ibed by Kondner (!) and h i s techniques a re f r e e l y d r a w n on i n the analyses 
where cons idered d e s i r a b l e . 

I t i s assumed that the m a t e r i a l constants needed to descr ibe the d e f o r m a t i o n charac ­
t e r i s t i c s of the sand a re i m p l i c i t i n the d r y densi ty , angle of i n t e r n a l f r i c t i o n , and 
" v i s c o s i t y " of the sand. The t e r m " v i s c o s i t y " r e f e r s to the t ime-dependent d e f o r m a t i o n 
c h a r a c t e r i s t i c s that w e r e observed i n the e x p e r i m e n t a l p r o g r a m . I t has been p r e v i o u s l y 
noted that the r e l a t i v e densi ty i s thought to be an i m p o r t a n t s o i l pa r ame te r , but i s by 
d e f i n i t i o n nondimensional and can be added to the f u n c t i o n a l r e l a t i onsh ip when convenient . 
F o r the present study the r e l a t i v e densi ty was held constant and hence i s not s p e c i f i c a l l y 
inc luded as a v a r i a b l e . A f u t u r e tes t s e r i e s w i l l be conducted i n w h i c h v a r i o u s r e l a t i v e 
dens i t ies w i l l be s tudied . 

The phys ica l quant i t i es cons idered i n t h i s study a re g iven i n Table 1. A f o r c e , 
l eng th , and t i m e sys tem of fundamenta l un i t s has been used. Because there a re ten 
p h y s i c a l quant i t ies and th ree fundamenta l u n i t s , the re mus t be seven independent. 
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T A B L E 1 

P H Y S I C A L Q U A N T I T I E S CONSIDERED I N T H E D I M E N S I O N A L 
A N A L Y S I S O F A RIGID P O L E E M B E D D E D I N SAND 

Fundamental 
Quant i ty Symbol Uni t 

D e f l e c t i o n at g round- l ine y L 
Depth of embedment L L 
C r o s s - s e c t i o n a l a rea of pole A L ' ' 
P e r i m e t e r of pole C L 
T h r u s t a t g round- l ine F F 
Momen t at g round- l ine M F L 
D r y densi ty of sand y F L " ' 
Angle of i n t e r n a l f r i c t i o n <t> F L T 
V i s c o s i t y of sand V F L - ^ T 
T i m e o f l oad ing t T 

nondimensional i r - t e r m s . These i r - t e r m s can be me thod ica l ly obtained by choosing 
th ree phys i ca l quant i t ies that conta in a l l th ree fundamenta l un i t s and cannot be f o r m e d 
in to a nondimensional pa rame te r by themse lves ( f o r example , F , t , and L ) , and c o m ­
b i n i n g them w i t h each of the r e m a i n i n g quant i t i es one at a t i m e . A s an example , c o m ­
b i n i n g t hem w i t h y, 

v = I^- • j f ' = F - L ' T ' (6) 

Subst i tu t ing the fundamenta l un i t s o f each of the phys i ca l quant i t i es invo lved in to E q . 6, 

( F ) « . ( T ) ^ - ( L ) " - ( F L " ' ' ) ^ = F ' L ' T - (7) 

Equat ing exponents o f the fundamenta l u n i t s , 

a + X = 0, 

3 = 0, and (8) 

p - 3X = 0 

Solving E q . 8 by l e t t i n g a = 1 gives 

a = 1 , /3 = 0 , p = -3 , and X = - 1 (9) 

Thus , the i r - t e r m under cons ide ra t ion i s 

By repea t ing t h i s process f o r the o ther p h y s i c a l quant i t i es i nvo lved , the f o l l o w i n g 
nondimensional p a r a m e t e r s can be obtained: 

y _ - A - _ - _ M 

(11) 

^3 = yj^3 176 = <|> , and TT? -

Because a r e q u i r e m e n t of the f u n c t i o n x i s that i t sha l l cons i s t o f independent, non-
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d imens iona l pa r ame te r s , there i s nothing unique about these f o r m s of the TT- t e rms . I t 
i s t h e r e f o r e poss ible to t r a n s f o r m the Tr - te rms a l g e b r a i c a l l y i n any way des i r ed so long 
as the f i n a l i r - t e r m s a re nondimensional and independent. The f i n a l f o r m i s chosen so 
as to group des i r ed phys ica l quant i t ies together i n the mos t mean ing fu l f o r m ; i n p a r t i c u l a r 
w i t h r e g a r d to the f o r m of the e x p e r i m e n t a l data. T h i s i m p l i e s that each t e r m sha l l 
p r e f e r a b l y conta in one and only one phys ica l quant i ty hav ing a p redomina t ing e f f e c t on 
the f i m c t i o n x . 

By a l g e b r a i c a l l y t r a n s f o r m i n g E q , 11 the f o l l o w i n g f o r m of the i r - t e r m s was obtained: 

y C C F = ^ , = _ _ , = = , ^^^^ 

ytc M , 
ffs = — , ITS = , " 7 = (K 

The ff-terms o f E q . 12 may be subst i tu ted in to E q . 5 to obta in the func t i ona l r e l a ­
t ionsh ip w h i c h can be r e w r i t t e n 

y r C F ytc M (13) 

I n E q . 13 and h e r e a f t e r the s y m b o l x denotes "some f u n c t i o n o f , " but not necessa r i ly the 
same f u n c t i o n f o r , each equation. T h i s no ta t ion i s used to avo id the use of numerous 
subsc r ip t s and s u p e r s c r i p t s as a means of d i f f e r e n t i a t i n g between the equations. 

The phys i ca l i n t e r p r e t a t i o n o f the w - t e r m s contained i n E q . 13 i s as f o l l o w s . The 
dependent v a r i a b l e i s the t e r m y / L wh ich i s c a l l ed the d e f l e c t i o n r a t i o . T h i s t e r m i s 
the r a t i o of the h o r i z o n t a l su r face de f l ec t i on to the depth of embedment . Shape e f f e c t s 
a r e g iven by c V A w h i c h i s the c h a r a c t e r i s t i c shape f a c t o r of the po le . F o r a c i r c u l a r 
c r o s s - s e c t i o n of any s ize , the shape f ac to r i s equal to 4 ir (w = 3.1416) , and f o r a square 
shape the value i s 16. The t e r m C / L i s a geomet r i c f a c t o r p e r t a i n i n g to the d i s t r i b u t i o n 
o f the c r o s s - s e c t i o n a r ea o f the pole and i s c a l l e d the s lenderness r a t i o . The t e r m 
F / y A L i s the r a t i o o f the appl ied f o r c e to the r e s i s t i n g f o r c e and i s ca l l ed the t h r u s t 
s t rength r a t i o . The t e r m M / y A L ^ i s the r a t i o o f the appl ied moment to the r e s i s t i n g 
moment and i s c a l l ed the moment s t rength r a t i o . C reep e f f e c t s a r e inc luded i n the t e r m 
ytc w h i c h i s cons idered to be the r a t i o of the t i m e of loading to a c h a r a c t e r i s t i c r e l a x a -

t i o n t i m e o f the s o i l . The angle o f i n t e r n a l f r i c t i o n (<|>) i s , by d e f i n i t i o n , a nondimensional 
s t rength f a c t o r . 

S imi l i t ude r equ i r emen t s have been p r e v i o u s l y discussed by numerous authors i nc lud ing 
Kondner (V) and i s repeated i n t h i s paper . 

Frequen t ly , t es t s that appear to be d i f f e r e n t because of d i f f e r e n t values of the phys ica l 
quant i t ies i nvo lved a re i n r e a l i t y dupl ica te tes ts g iv ing the same r e s u l t s when examined 
i n nondimensional f o r m . The reason f o r t h i s i s that i n the search f o r an e x p l i c i t r e l a t i o n 
expres s ing a phys ica l phenomenon, i t i s the values o f the nondimensional p a r a m e t e r s , 
w h i c h a re the new va r i ab l e s , that a r e i m p o r t a n t and not s i m p l y the magnitudes of the 
i n d i v i d u a l phys ica l quan t i t i e s . Thus , many of the r e s u l t s g iven by the f i e l d tes t s , con­
ducted i n a convent ional d imens iona l f o r m , a re s i m p l y i so la ted p a r t s o r subspaces of 
the genera l nondimensional f o r m u l a t i o n (vector space). 

M O D E L DESIGN A N D P R E L I M I N A R Y TESTS 

Some of the i m p o r t a n t advantages of mode l tes ts vs f i e l d tests a re that the f o r m e r a re 
m o r e f l e x i b l e , s i m p l e r to execute, r e l a t i v e l y inexpensive and the v a r i a b l e s a re capable 
of m o r e r i g i d c o n t r o l . They do however r e q u i r e c o r r e l a t i o n w i t h f i e l d tes ts because 
unknown scale f a c t o r s may be present w h i c h , i f i gno red , can lead to comple te ly e r r o n ­
eous conclus ions . Al though the authors have f o r m u l a t e d the func t iona l r e l a t ionsh ips 
f o r the pole p r o b l e m w i t h both cohesive and cohesionless so i l s , i t was considered 
advisable to conduct the i n i t i a l e x p e r i m e n t a l phase us ing sand r a t h e r than c lay as the 
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s o i l m e d i u m f o r the f o l l o w i n g reasons . Sand p r o p e r t i e s a re eas ie r to c o n t r o l i n the 
l a b o r a t o r y than those o f c lay and the t i m e e f f e c t s a r e gene ra l ly cons idered to be less 
complex . Because good f i e l d t e s t data on sand appears to be l a c k i n g , i t was hoped 
that some t ime l a t e r f i e l d tes ts could be conducted on sand us ing the mode l tes t r e s u l t s 
as a guide. 

The model scale must be chosen so that the e lements o f the m o d e l can be eas i ly 
manipula ted ( e . g . , loads) , and de f l ec t ions s i m p l y measured . 

Because the genera l pole p r o b l e m conta in ing both appl ied t h r u s t and appl ied moment 
i s qui te d i f f i c u l t , i t was decided to separate the two e f f e c t s contained i n E q . 13; namely , 
the h o r i z o n t a l g round- l ine t h r u s t F and the coup le -momen t a t the g round- l i ne M as 
f o l l o w s : 

• i r 

= X 

= X • 

C 

c 
i r 

F 

M 

r A L ^ 

y tC 

y tC 

(14) 

(15) 

By p e r f o r m i n g separate tes t s us ing (a) h o r i z o n t a l g round- l ine t h r u s t on ly , (b) appl ied 
coup le -moment on ly , and (c) t h r u s t and bending m o m e n t combined; the data ana lys i s 
can be s i m p l i f i e d because i n (a) and (b) the number of 7r- terms i s reduced by one. Then 
f r o m (a), (b), and (c) the p r i n c i p l e o f superpos i t ion can be checked. However , the scope 
of the mode l tes t study subsequently r e p o r t e d i n t h i s paper i s conf ined to tes ts us ing a 
h o r i z o n t a l g round- l ine t h r u s t on ly . A range i n pole d i a m e t e r s of f r o m V z • to i V z i n . and 
o f embedments f r o m 3 to sV i i n . was chosen. The coup le -momen t and combined s tudies 
a r e be ing conducted and w i l l be r e p o r t e d i n the f u t u r e . 
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Figure 1. Model pole apparatus. 
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T A B L E 2 

PROPERTIES O F M O D E L POLES 
Pole D iame te r A r e a A Weight P e r i m e t e r 
No. M a t e r i a l ( i n . ) ( sq i n . ) (g) C ( i n . ) 

1 A l u m i n u m 0. 501 0.197 30 1.573 
2 A l u m i n u m 0.626 0.307 62 1.966 
3 Steel 0 .707 0. 393 143 2. 221 
4 Steel 0 .927 0.674 216 2 .911 
5 Steel 1.248 1. 222 229 3 .921 
6 Steel 1.515 1.801 478 4.755 

I 1 

'<. 

Upper Gauge 

Lower Gauge 

Oroond Idne 

Dofleetfld position I n i t i a l Position 

. * . 7 - D2 (Di - Da) 

I f z - 8 
y - 2D2 - D, 

Figure 2. Gauge set-up equation for ground-line deflection. 
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Figure 3. Grading curve for sand used in model. 

e.ot 

The model pole apparatus used i n the study i s shown i n F igure 1. A cu t -down o i l 
d r u m welded to a v i b r a t i n g tab le - type concre te v i b r a t o r mounted on a heavy concrete 
base was used. To m i n i m i z e the e f f e c t of b u i l d i n g v i b r a t i o n s , the concrete base was 
supported on rubbe r b locks . The tank contained 330 l b of d r y sand v i b r a t e d to as dense 
a state as poss ib le . The mode l pole embedded i n the sand was loaded by hanging weights 
on a c o r d at tached to the pole at the g round- l ine and pass ing over a l i g h t pu l l ey . The 
mode l poles consis ted of 1 2 - i n . lengths of pol i shed a l u m i n u m o r steel tube, plugged at 
the l o w e r end. P r o p e r t i e s o f these tubes a r e g iven i n Table 2. The g round- l ine de f l ec ­
t i o n of the pole was de te rmined by measu r ing (a) the de f l ec t i on at two points above ground 
l e v e l , f r o m w h i c h the apparent g round- l ine de f l ec t i on cou ld be ex t rapola ted , (see F i g . 2), 
and (b) a s m a l l c o r r e c t i o n due to the h o r i z o n t a l de f l ec t i on of the tank r e l a t i v e to the two 
pole d i a l gauges. Gauges read ing to l / l , 000 i n . we re used f o r a l l t es t s except two where 
l / l O , 000- in . gauges w e r e r e q u i r e d . The sand used i n the tank was a u n i f o r m f ine dune 
sand f r o m W o l f Lake , I n d . , p r o v i d e d th rough the cour tesy of the Raymond Concre te P i l e 
Company, Chicago. The sand had a g rad ing as shown i n F igure 3 and was a i r - d r i e d i n 
the l a b o r a t o r y to a m o i s t u r e content of about Vi percent . For a dense state ( i . e . , den­
s i ty = 108 p c f ) t h i s sand had an angle of i n t e r n a l f r i c t i o n , <{> , of 3 7 ° , as de t e rmined f r o m 
a se r i e s o f t r i a x i a l compres s ion t e s t s . Subsequent to extensive i n i t i a l v i b r a t i o n the 
densi ty of the sand i n the tank r ema ined constant at 107 pcf . The vo lume of the sand 
i n the tank was de t e rmined f r o m a c a l i b r a t i o n curve obtained by f U l i n g the tank w i t h 
w a t e r and we igh ing i t . 

F o r the e x p e r i m e n t a l data to be o f any value the va r i ab l e s measured mus t t r u l y 
represen t the phenomena. Thus , i n p a r t i c u l a r , the measured f o r c e s and def lec t ions 
must be accura te . 

I t was found necessary to r emove the sp r ings f r o m the pole d i a l gauges because the 
magnitude of the gauge sp r ing f o r c e was high r e l a t i v e to the appl ied pole loads . The 
d i a l gauge a r m s w e r e secured to the pole by e las t ic bands. I t was a lso observed d u r i n g 
the tes ts that the apparatus was v e r y sensi t ive to v i b r a t i o n s t r a n s m i t t e d to i t th rough 
the floor. Heavy foots teps 3 to 4 f t away f r o m the tank were s u f f i c i e n t to cause the 
d i a l gauge readings to " j u m p " a s i g n i f i c a n t amount . 

Because i t was thought that the load ra te m i g h t have a m a j o r e f f e c t on the shape of 
the l oad -de f l ec t i on c u r v e , s i m i l a r tes ts under v a r y i n g load r a t e s were p e r f o r m e d . The 
load ra te was v a r i e d f r o m 75 g pe r 2 m i n to 300 g pe r 2 m i n f o r constant C and L values 
i n tes ts 4D, 4 D / 1 , 4 D / 2 , and 4 D / 3 . The nondimensional p lo t of these data i s shown 
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Figure h. Nondimensional plot of versus 2 for a constant value of - = 0.6, for 

a varying load rate. 

i n F igu re 4 . The l a t t e r p a r t of tes t 4 D / 1 was d i s tu rbed by acc identa l v i b r a t i o n of the 
t ank . The three r e m a i n i n g cu rves f o r load ra tes of 75, 150, and 300 g pe r 2 m i n l i e 
a long the same l i n e . T h i s i m p l i e s that , w i t h i n t h i s range, the ra te of app l i ca t ion of the 
load has no s i g n i f i c a n t e f f e c t on the r e s u l t i n g F /yC^ v s y / C c u r ve s . Hence, a l though 
the va lue of the t e r m ytC/v d i d not r e m a i n constant f o r the changing load r a t e , i t s 
in f luence was of l i t t l e i m p o r t a n c e . , P r e l i m i n a r y expe r imen t s suggested that the d e f l e c ­
t i o n under a g iven load i nc r emen t was a t ime-dependent f u n c t i o n ; i . e . , a c reep phenom­
enon of some type . T o invest igate t h i s , c r eep tes ts w e r e conducted us ing l / l O , 000 - in . 
d i a l gauges instead of the n o r m a l l / l , 000 - in . gauges used i n a l l o ther t e s t s . A t y p i c a l 
r e s u l t o f such a c reep tes t i s shown i n F igu re 5. I n t h i s tes t , load i nc r emen t s of 75 g 
w e r e appl ied at 5 - m i n i n t e r v a l s u n t i l a t o t a l o f 525 g was app l ied . Then on app l i ca t ion 
of the next 75-g i n c r e m e n t the def lec t ions w e r e measured at 1 -min i n t e r v a l s f o r 15 m i n , 
whereupon 75 g i n c r e m e n t s w e r e again appl ied at 5 - m i n i n t e r v a l s up to a t o t a l of 900 g 
a t w h i c h point a second 1 5 - m i n c reep tes t was p e r f o r m e d . F r o m the r e s u l t s o f t h i s and 
s i m i l a r tes ts the f o l l o w i n g i s concluded. When a load i n c r e m e n t i s appl ied , there i s an 
i n i t i a l sharp l i n e a r increase i n d e f l e c t i o n w i t h t i m e . A f t e r a p p r o x i m a t e l y 2 m i n , the 
slope of the l i ne decreases sha rp ly and the d e f l e c t i o n continues at a much l o w e r r a t e 
f i n a l l y tending t o w a r d an u l t i m a t e value f o r a s u f f i c i e n t l y l a rge t i m e . I t was fo imd tha t 
the slope of the upper p a r t o f the cu rve increases f o r an increase i n appl ied load . 
A s s u m i n g that one need be concerned only w i t h the i n i t i a l de f l ec t ions and can neglect 
the l a r g e t i m e p a r t of the d e f l e c t i o n vs t i m e c u r v e , a load i n c r e m e n t t i m e i n t e r v a l o f 
2 m i n should p rove s a t i s f a c t o r y . Thus , load ra t e and c reep tes ts indicate that the 
e f f e c t s of the t e r m ytC/v can be m i n i m i z e d . 

T E S T RESULTS 

I n u s ing d imens iona l ana lys i s to a s s i s t i n i n t e r p r e t i n g the e x p e r i m e n t a l data, one o f 
the m a j o r p r o b l e m s i s the choice of the exact f o r m of the nondimensional g roups . Because 
there a r e t en phys i ca l quant i t i es and th ree fundamenta l u n i t s , the m a x i m u m number of 
d imens ion less groups tha t can be obtained w i thou t cons ide r ing powers i s 210. Guided 
by p r ev ious w o r k , exper ience , and p r e l i m i n a r y r e s u l t s , a suitable f o r m i s se lected. 
The e f f e c t s of the va r i ab le s mus t , i f poss ib le , be concentra ted i n i n d i v i d u a l i r - t e r m s 
so tha t phenomenological v a r i a t i o n s can be separated. The f o r m of the nondimens ional , 
func t iona l r e l a t i onsh ip g iven by E q . 14: 
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Figure $. Plot of deflection y vs time for creep test, for a constant value of ^ = 0.56 

can be a l g e b r a i c a l l y t r a n s f o r m e d by f o r m i n g the r a t i o s 

y / L _ y ^ , F / y A L _ F 
C7L - C ^""^ C / L . C V A - ^ ' (17) 

and r ep l ac ing y / L and F / y A L to m a i n t a i n independence of the i r - t e r m s . Thus , E q . 16 
may be r e w r i t t e n 

y_ _ , C F y tC 4, 1 
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Figure 7. Nondimensional plot of -̂ 1 vs ^ for a constant value of ^ = 1.0. 

I n E q . 18 the nondimensional t e r m C V A i s a constant equal t o 4 t f o r c i r c u l a r poles and 
i t s e f f e c t can be e l i m i n a t e d f r o m the f u n c t i o n a l r e l a t i onsh ip because c i r c u l a r poles w e r e 
used throughout the tes ts r epo r t ed . The nondimensional t e r m ^ i s a constant because 
the densi ty , y, of the sand i s constant , and may a l so be e l i m i n a t e d f r o m the f u n c t i o n a l 
r e l a t i onsh ip . I t has been shown that the e f f e c t s of the nondimensional t e r m ytC/r? can 
be m i n i m i z e d and t h e r e f o r e assumed to have a negl ig ib le inf luence on the f u n c t i o n 
r e l a t i o n s h i p . Hence, i t may be e l i m i n a t e d . Thus , E q . 18 may be r e w r i t t e n 

y _ J c F • 
-c - " L " (19) 

To i l l u s t r a t e the advantages of p resen t ing the e x p e r i m e n t a l r e s u l t s i n nondimensional 
f o r m , data f r o m Tes t s 9A, 9B, and 9C, f o r pole d i ame te r s of 0.927, 1. 248, and 1.515 
i n . and embedded lengths of 2 . 9 1 , 3 .92 , and 4 .76 i n . r e spec t ive ly were p lo t ted i n the 
convent ional manner . F igu re 6 i s a p lo t of h o r i z o n t a l g round- l ine t h r u s t F vs de f l ec t i on 
y f o r the th ree tes t s . The seemingly i m p o r t a n t yet d i f f e r e n t inf luence of d i ame te r and 
embedded length on the r e s u l t s a r e no tewor thy . Because the C / L r a t i o s f o r these th ree 
tes ts were constant, the data may a l so be p lo t ted nondimensional ly and r e fe rence to 
F igure 7 shows that they f o l l o w essent iaUy the same c u r v e . 

A n extensive p r o g r a m of tes ts w e r e conducted f o r C / L values of 0 .4 , 0 .6 , 0. 8, 1. 0, 
and 1. 2. The load ing ra t e was v a r i e d to give app rox ima te ly the same o v e r - a l l t i m e of 
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Figure 10. Nondimensional plot of — v s i for a constant value of - = 0. 

load ing to f a i l u r e i n a l l t e s t s . The nondimens ional p lo t s of these data appear i n F igu re s 
7 th rough 11 i n c l u s i v e . I n each tes t , a load i nc r emen t was appl ied and the pole a l lowed 
to de f l ec t , the gauge read ings being r e c o r d e d i m m e d i a t e l y be fo re the app l i ca t ion o f the 
next l oad . 

The m a x i m u m depth o f embedment used i n the tes t s was 5.6 i n . F o r the p lo t t ed data 
the " sca t t e r " i s grea tes t f o r a C / L value of 0 .4 ; i . e . , f o r the s m a l l e r depths o f embed­
ment w h i c h exh ib i t ed the l a r g e s t t i m e e f f e c t s . F igu re 11 shows that t h i s i s t r u e " sca t t e r " 
and not a phenomenological d i f f e r e n c e . Thus , a l though tes t s 5A and 5 A / 1 w e r e p e r ­
f o r m e d under apparent ly i d e n t i c a l condi t ions t h e i r p lo t s a r e d i f f e r e n t . A s the C / L value 
inc reases f r o m 0.4 to 1. 2 the s l igh t d i s p a r i t y between supposedly s i m i l a r cu rves i s 
reduced . 

Al though the load app l i ca t ion ; ra te was v a r i e d , the r a t e of s t ress app l i ca t ion was not 
necessa r i ly constant . I n o r d e r to ob ta in a unique r e l a t i onsh ip between y / C , C / L and 
F / y C ' a constaht value of ytC/v wou ld have been r e q u i r e d f o r the data inc luded i n each 
of F igu re s 7 through 11 . T h e o r e t i c a l l y t h i s could have been done by v a r y i n g the load ing 
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Figure 11. Nondimensional plot of vs ^ for a constant value of ^ = O.li. 

rate for each test either by varying the load increment or by changing the time interval 
of loading. Unfortunately the field of soil mechanics has not yet reached a state of 
development where such loading rates can be predicted. Thus the "scatter" in the 
figures is probably due to time effects as well as experimental error, although as 
previously stated the effects of ytC/n were supposedly minimized. 

If the soil is assumed to have failed when the angle of inclination e of the pole with 
the vertical exceeds 5' ( i . e., when tan 6^0.1) , Figure 2 shows, for x = z = 3 i n . , 
failure may be assumed to have occurred if 

tan 6 Di - D2 ^ 0.1 (20) 

i .e . , i f Di - D2 2 3, 000 x 10** in. because at no time did the difference in gauge read­
ings exceed 0.3 in. one is justified in taking the whole of the F/yC^ vs y/C curve and 
basing a failure criterion on the asymptotic F/yC' limit of the curve. 

The shape of the thrust strength ratio vs deflection ratio curve is that of a nonlinear-
type material. The curve tends asymptotically to an upper limit of the thrust strength 
ratio and had the load increment been reduced in this region it would have been possible 
to obtain higher points on the curve. However, the range of values actually covered is 
considered quite adequate. The nonlinearity of the thrust strength ratio vs deflection 
ratio indicates that the superposition principle is probably not valid. This would not 
agree with the use of a soil modulus approach. The degree of nonlinearity remains to 
be tested. 
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EXPLICIT FORM OF FUNCTIONAL RELATIONSHIP AND 
DEVELOPMENT OF NOMOGRAPHS 

The experimental data plotted in Figures 7 through 11 in nondimensional form were 
used to develop an empirical relationship relating the three ir-terms of Eq. 19. Mean 
curves were drawn through the ejcperimental curves and appear in Figure 12. By 
replotting these mean curves on a semi-logarithmic scale, near straight lines were 
obtained as shown in Figure 13. The curves were further straightened out by replotting 
in the form log (y/C + vs F/yC', as shown in Figure 14, to give a two-constant curve 
of the type p 

r R - JL 1 
- 1 . (21) 

in which A and_B are constants. The value of A is given by the intercept of the line on 
the log (y/C + A) axis for F/yC' = 0. By plotting values of this intercept against C/L 
an equation relating A and C/L was found: 

C_ 
L A = 0.7 - 0. 5 • (22) 

A plot of this data appears in Figure 15. 
By plotting values of the slope of the lines in Figure 14 (the constant B) against C/L 

on a logarithmic scale as shown in Figure 16, an equation relating B and C/L was found: 

B = 3. 28 (23) 

Therefore, the empirical equation relating the three ff-terms F/yC', y/C, and C/L may 
be written: 

f . 0 . 4 
10 

F V C Figure 12. Nondimensional plot of — - vs ^ mean curves to experimental data for |-

^ O.h - 1.2. 
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FIGURE 13 

Figure 13. Nondlmensional plot of vs ^ mean curves to experimental data for ^ 

O.h - 1.2. 
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Figure l i i . Nondimensional p l o t of -Ej vs ^ + A mean curves to experimental data 

f o r ^ = O.h - 1.2. 
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-y = r o . 7 - 0 . 5 ^ ) [ e _ i j X 10-̂  (24) 

Alternatively Eq. 24 may be rewritten to give F/yC' in terms of y/C and C/L: 

= 0.70 lOgi 
_ 0.7 -

- ^ x 10' 
+ 1 (25) 

A nomograph for Eqs. 24 and 25 has been computed and appears in Figure 17. The five 
curves are almost identical with the mean curves of Figure 12, indicating satisfactory 
curve fitting. Although Eqs. 24 and 25 and Figure 17 only apply for values of y/C up 
to approximately 50 x lo" , the complete practical range is included since y/C = 50 x 
10" is well in the range of failure or instability. 

In an effort to develop an equation for the ultimate strength ratio, independent of the 
deflection ratio; a graph of the ultimate value of F/yC' vs C/L was plotted in Figure 18. 
For values of C/L less than about 0.4, the curve tends asymptotically to infinity and the 
pole becomes a flexible pUe. According to Czerniak (8) a pole is a pile "whose embed­
ded depth does not exceed ten times its least lateral dimension." For a C/L value of 
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Figure 16. Plot of index B vs |-. 

0.4, the embedded length is 7. 5 times the diameter. This is a relatively crude working 
rule inasmuch as no account is taken of the moment of inertia of the pole. Matlock and 
Reese ( ^ ) introduce the concept of a "maximum depth coefficient" to define a pile-pole 
criterion. This coefficient is related to the stiffness of the pile but is of such a complex 
nature that it appears to be difficult to relate i t to the pole-soil interaction under investi­
gation. This discussion of C/L is not an attempt to define a pole or pile, but is only 
intended as a qualitative discussion of the seemingly asymptotic nature for the small 
and large values of C/L given in Figure 18. 

For values of C/L greater than 1. 5 or 2, the strength ratio is very small and the 
resistance to deformation becomes very small. This corresponds to the case of a 
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footing, with a horizontal applied load, in which the vertical forces, both body and 
applied, are very small and hence the frictional resistance is very small. 

By replottlng the data of Figure 18 on a logarithmic scale a straight line was obtained, 
the equation of which was 

(26) 
ultimate 

which may be written 

F 
Tl = 1.75 (27) 

ultimate 
in which F/yCh" is a stability number for the pole problem under consideration. A plot 
of these data appears in Figure 19. The empirical Eq. 27 is relatively simple and gives 
the ultimate ground-line thrust, F, directly. 

The nondimensional form of Eq. 27 suggests a more optimum form for the functional 
relationship given by Eq. 19. This can be obtained by multiplying F/yC* by (C/L)^ to get 
the new term F/yCL' and by dropping F/yC' to maintain independence. Thus, 

The mean curves to the experimental data previously given have been replotted in 
the form of F/yClJ vs y/C for a range of C/L varying from 0.4 to 1. 2 in Figure 20. 
Although the functional form of Eq. 19, as plotted in Figure 12, indicates a dependence 
on C/L, the form given by Eq. 28 and shown in Figure 20 indicates that the effects of 
the depth of embedment have been "lumped" into the term F/yClJ and, except for experi­
mental error, C/L has a negligible influence on the results. This permits the obtaining 
of a simpler, although more approximate, equation relating the variables of Eq. 28. 
Considering the mean curve to be independent of C/L, Eq. 19 may be rewritten: 

r F " - J = I (29) 

in which the effect of C/L is negligible and may therefore be eliminated. 
By replottlng the curves on a semi-logarithmic scale, a near straight line was obtained 

as shown in Figure 21. The curve was further straightened out by replottlng in the form 
log (y/C + A') vs F/yCL*, as shown in Figure 22, to give a two-constant curve, whose 
equation was 

^ = 0 . 2 ( e ' ' ^ ° ^ - l ) (30) 

The value of A' is given by the intercept of the line on the log (y/C + A') axis for F/yClJ 
= 0. 

Alternatively Eq. 30 may be rewritten to give F/yClJ in terms of y/C: 

= 0.72 log(io) 5,000^ + 1 (31) 

A nomograph for Eqs. 30 and 31 has been computed and appears in Figure 23. The 
curve is almost identical to a mean curve of Figure 20 indicating satisfactory curve 
fitting. 
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Referring to Figure 12, the maximum values of F/yC^ occur for a value of y/C of 
approximately 50 x 10"̂ . Substituting this into Eq. 31 gives 

yCL" 
0.72 log 251 = 1.75 (32) 

which is identical with Eq. 27, obtained by considering the ultimate values only. From 
this it may be inferred that the mathematical forms of Eqs. 27, 30, and 31 are compat­
ible with one another. 

In summary, although the general functional relationship for the problem has been 
developed, this paper deals primarily with the horizontal ground-line thrust on a pole 
embedded vertically in a uniform fine sand. The effects of pure couple-moments and 
superposition for both clays and sands are being investigated as well as the effects of 
soil type, density, and consistency. It is hoped that full-scale tests will be conducted 
in the future to correlate field response with the model study. The following examples 
are given to show the possible use to which model results may some day be applicable. 

EXAMPLES 
In the first example it has been assumed that the model test results may be applied 

directly to a field prototype so as to determine the order of magnitude of the field test 
results. 
Given: A 10 ^ - i n . circular steel pole was embedded in a uniform fine dune sand, 

Required: 

Solution: 

density 107 pcf, <}> = 37', and was subjected to a horizontal ground-line thrust. 
(a) The ultimate load for an embedment of 4 ft 6 in. 
(b) The factor of safety for an applied load of 3 tons. 
(c) The ground-line deflection in (b). 
(d) An estimate of the ultimate deflection in (a). 
C = 10 X TT = 33. 8 in. = 2. 82 ft 
L = 54 in. = 4. 5 ft 

63 
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(a) From Figure 18, 
f o r ^ = 0.63;| \ =4.45, 

ultimate 
^ultimate = 

= 5.35 tons 
Alternatively, using the pole stability number of Eq. 27 

F ' 
. yCL' . = 1.75 

ultimate , 
^ultimate = = ^ - ' ^ ^ " 2 ^ ^ 2. 82 x (4.5)= 

= 5.35 tons c ~c 
(b) Factor of safety = = 1.78 
(c) F _ 3 x 2000 _ n Oft 

- 107x2.S2x(4.5)' ' -
from Figure 23 

F 
yCL 

for — ^ - r - = 0.98; = 4 .7x10" ' 

y = 4. 7x33. 8 X 10"' = 0.16 in. 

= 2.50 

• s 

Alternatively, 
F _ 3 X 2000 

VC' 107 X 2. 82=' 
from Figure 17 
for = 2.50 ; - f - = 0.63 = 4.7 X 10-' 

yC ^ ^ 
. ' . y = 0.16 in. (as before) 

(d) an estimate of the ultimate deflection may be determined from 

ultimate « ^Ox 10"' 

y ultimate « 50 x 33.8x 10-
« 1.70 in. 

The first example could have been presented as a design problem rather than one of 
analysis. 
Given: A 10 '/4-in. circular steel pole is to be embedded in a uniform fine dune 

sand, density 107 pcf, ^ = 37', and subjected to a horizontal ground-line 
thrust of 3. 0 tons. 

Required: (a) The depth of embedment for a factor of safety of 1. 78 against failure. 
(b) The ground-line deflection in (a). 

Solution: C = 10% x tt = 2. 82 f t = 33. 8 in. 
Fdesign=l-^8^3 = 5.35 = F^^^.^^^^ 

(a) from Figure 18 

Lrc 

f r F 1 _ 5.35 x 2000 _ . 
^ ° ' ^ [ ; ^ J u l t i m a t e " lO'? x (2. 82)* " ^-^^ 

^ = 0.63 
Therefore, L = - g ^ = - 2 i | f - = 4.5 ft 

Alternatively, use of the pole stability number of Eq. 27 gives 
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F ' 
ultimate ^' '̂ ^ 

. ^ / ultimate ^ / 5.35 x 2,000 _ . p. 
V 1.75yC VI.75 x 107 x 2.82 

(b) from Figure 23 
F 

T e n for -^rr = 0.98 

^ = 4.7 X 10'' 

Therefore, y = 4.7 x 33.8 x 10"* = 0.16 in. 

CONCLUSIONS 
1. For a model pole embedded in a very dense sand having constant properties the 

following theoretical, functional relationship has been developed to describe the phenom­
ena: 

y _ ^ r C C^ M F ytC . (13) 

2. For a model pole embedded vertically in a very dense uniform fine dune sand, 
density 107 pel and angle of internal friction 37°, subject to a horizontal ground-line 
thrust: 

(a) Variation in the diameter and depth of embedment of the pole resulted in 
different load-deflection curves. When the data were then plotted non-
dimensionally in terms of F/yC' vs y/C, a series of curves for differing 
C / L values resulted. These could be further approximated to a single 
curve for F/yCL^ vs y/C. 

(b) A series of nomographs were constructed giving: 1. A relationship 
between the thrust strength ratio, F/yC'; the deflection ratio, y/C; and 
the slenderness ratio, C / L : 

p, , P ^-2.24 r x 10̂  
= 0 .70( -^) logio ~ p— + 1 (25) ^ L 0. 7 - 0. 5 ^ 

2. A slightly simplified, but more approximate, relationship between a 
"modified" thrust strength ratio, F/yCL^; and the deflection ratio, y/C: 

= 0.72logio 5,000-^ +1 (31) 
yCL L ^ 
3. A failure criterion relating the ultimate thrust strength ratio, (F/vC' 
(F/yC^)^^^..^^^^; and the slenderness ratio, C / L ; which may be written in 
the form of a stability number: 

C - ^ ' ) = 1-75 (27) 
'>'̂ ^ ^ultimate 

3. The use of dimensional analysis in interpreting the data permits the reducing of 
them to a relatively simple form, for which empirical equations may be developed. 
Conventional methods result in numerous disconnected "bits" of information. 

4. Because there have been no field tests to correlate with the model study, caution 
is recommended regarding the use of the model response for prototype considerations. 
However, the model test results can be of considerable value with regard to providing 
an insight into the actual field response of prototype structures. 
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Three-Dimensional Consolidation 
J . A. DE WET, Research Officer, National Building Research Institute, South 
African Council for Scientific and Industrial Research, Pretoria 

The one-dimensional theory of Terzaghi can be extended to 
three dimensions if the initial distribution of pore water 
pressures is known. This theory is similar to that of Biot 
with the exception that the normal strains are not defined 
during consolidation other than by the general conditions of 
compatibility of strain. Only the volumetric strain is pre­
scribed. Experimental evidence is presented in favor of 
the former approach, and a complete solution, including 
stability analysis, is made of a consolidating rigid circular 
footing using the generalized Terzaghi theory. 

A study is also made of secondary compression which 
is shown to be due to variations in the coefficient of per­
meability. The bulk modulus or coefficient of compression 
is shown to be very nearly constant, in spite of variation of 
the Poisson ratio during consolidation, and is proportional 
to the average permeability. 

• THIS PAPER presents experimental evidence that the space distribution of pore water 
pressures, caused by an applied load, is independent of the strain field and is very nearly 
equal to the normal stress on octahedral planes. Small pore pressures are caused by 
the reorientation of particles which follows after shearing strain, but these are shown 
to be negligible in the field. If Darcy's law is valid with a constant coefficient of per­
meability, then the dissipation of pore pressure is governed by the classical equation 
like that for the diffusion of heat in solids, and therefore, the pore pressure history 
can be traced if the initial distribution is known. This is given by the theory of elasticity 
which is shown to be applicable to soils if the shear stress-strain curve is linearized. 
The bulk modulus relating a normal strain to a normal stress is shown experimentally 
to be constant over a reasonable stress increment, although Poisson's ratio varies during 
the consolidation of a saturated clay—from 0. 5 to approximately 0. 4. 

The strain in the vertical direction (i. e., settlement) can be split into a component 
due to shearing stress only, which wUl be almost instantaneous for practical footings, 
and a component due to normal stress only, which will be time dependent and for a 
saturated soil will have to await the expulsion of the pore water (coincident with dissi­
pation of pore pressure). Only the latter is defined as consolidation and the resulting 
normal strains are independent of the conditions of drainage in full accord with the 
theory of elasticity. But both settlements can be evaluated if the average shear modulus 
and the bulk modulus are known. As an illustration, the complete solution is given for 
a cylindrical footing on a semi-infinite layer for both a constant load and a variable load, 
with an analysis of the stability of the footing. 

It is apparent that it is unnecessary to consider consolidation as an elastic problem 
with a variable body force as done by Biot {!) in 1941, when he derived equations iden­
tical to the elastic equations used to compute secondary effects due to a nonuniform tem­
perature distribution. Cryer, in a note as yet unpublished, has shown that, for small 
values of the Poisson's ratio v , these equations can lead to a pore pressure CT at the 
center of a clay sphere, equal to 157 percent of a hydrostatic pressure round the 
sphere (there being no shearing stresses). No such increases have been observed 
during tests conducted by the author of the present paper. The pore pressure is always 
equal to the hydrostatic pressure as predicted by the classical theory of Terzaghi (2). 

152 
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This case corresponds to a solution of Blot's equations for Poisson's ratio v = 0. 50, 
when the solutions of Blot are also solutions of the generalized Terzaghi Theory. This 
method outlined for the treatment of three-dimensional consolidation is also identical 
to that of Terzaghi and is considerably simpler mathematically than that of Blot. 

The reason why Biot's equations predict a possible pressure increase is because 
his fundamental stress-strain relations are of the f o r m 

V 
' x = E- • T ^^y * ^z^ ^ ^^^^ 

^z = i - 1 ^ V ^ 

in which ax, cry, and normal stresses on the soil element, a is the pore water 
pressure, and p, v, E are elastic constants. These equations imply that a change in 
the pure water pressure affects each normal strain in the same way or, conversely, a 
strain must cause a pore pressure change in a unique manner. That such is not the 
case is shown by experimental results described later and illustrated by Figure 2. The 
distribution of pore pressures at the center of a consolidating sample, with volume 
change AV as shown by the curve 2, was found to be unaffected whether there was a 
lateral strain equal to the vert ical unit s train cy. or no lateral s train whatever, 
whereas the normal stresses cj^ = ^^'^ CTX = ^y = were nearly the same in both 
cases. Apparently the only certainty about a consolidating soil is that there is a 
reasonably constant bullc modulus ( i . e . , that there w i l l be a volumetric strain with a 
pore pressiure change), but the individual normal strains cannot be prescribed other 
than by the rather wide conditions of compatibility. This point is further illustrated 
by Figure 3, which shows that the volumetric strain Is vir tual ly the same for a confined 
and unconflned sample, although In the former case the strain is necessarily a l l In the 
vert ical direction, whereas the latter was characterized by isotropic unit strains (being 
the same in the three coordinate directions). 

The main e r ro r in the extended Terzaghi approach rests In the so-called phenomenon 
of "secondary compression," defined as consolidation that does not follow the time 
behavior predicted by the simple diffusion equation with constant coefficients. This 
phenomenon is shown experimentally to be due to variations in the coefficient of per­
meability which are present at the small pressure gradients In the latter stages of con­
solidation; this is in direct confirmation of an hypothesis by Schiffman (3). The average 
coefficient of consolidation C y was found f o r intervals In an interrupted consolidation 
test and these values were used in a numerical solution of one-dimensional consolida­
tion by a method also mentioned by Schiffman (3). This numerical solution provides a 
far better f i t to laboratory consolidation curves and, using this f i t . It was possible to 
show that the coefficient of consolidation was practically independent of the loading 
sequence in the v i rg in range. 

I f the soil Is partially saturated, there w i l l s t i l l be consolidation, but the pore water 
pressure cr w i l l only be some fraction a of the octahedral stress CTQ on a soil element 
at the moment of application of the load, and, according to a thermodynamic relation­
ship derived by Coleman and Croney (4), the volume change £N of the soli element w i l l 
be the same fraction a of A V ^ , the quantity of water expelled. Therefore, the settle­
ment due to consolidation can stlU be determined i f ce and the relation between a change 
In the water pressure and a corresponding change In AVm are known. The latter Is 
given numerically by the slope of the pF moisture content curve, i f the pF Is converted 
to a natural scale of pressure. 

APPARATUS AND SAMPLES 

Most of the experimental evidence was obtained f r o m a large t r iax ia l machine which 
was adapted as a three-dimensional consolldometer without side f r i c t ion and without any 
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shear stresses (see Fig. 1). Provision was also made for measuring the pore pressures 
in the center of the sample by means of a pore pilot, which consisted of a f lat , hollow 
brass tube roughly 1 ^/z i n . long by ^/i. i n . wide, wi th a smaller aperture at the end cov­
ered by 200-mesh wi re . The press remeasuring device was extremely simple, consist­
ing merely of the movement of a slug of mercury against a i r entrapped at the end of a 
sealed glass tube (0.4-mm bore). The a i r volume changes were very small (of the order 
of 10"* cu in . ) and so were measured by micrometer. The system could be calibrated 
by exerting pressure on the reservoir connected to the water lines. By using flexible 
Saran tubing i t was possible to insert the pore pilot while water was dripping through 
i ts end in order to ensure both a thorough de-airing as wel l as a direct contact between 
the soil water and the water in the measuring assembly. 

Loads could be applied to the cylindrical sample (height and diameter 3 in . ) either by 
a cel l pressure or a vert ical load, or both. In the fo rmer case, i t was necessary to 
ensure contact of the loading bar with the top of the sample by observing the "response" 
of an ammeter connected to a measuring bridge which was in balance with a linear 
variable differential transformer attached to a diaphragm on the base of the cel l . 

Deformations could therefore be registered either by the vert ical dial gauge d or by 
volume changes dV of castor o i l in the right hand tube connected to the cel l . The sample 
was insulated f r o m the o i l by means of a thin rubber membrane provided with a nipple 

Pf88. Lin« 

Wattr Vol 
Chongt dV^ 

Vtrt 

Cell Pr«s8 =er3-

Dial d 

Looding Bar 

Pore Preee 

Drainage Line 

Cell Vol Change dV 

F i g u r e 1. Modif ied t r i a x i a l compression apparatus . 
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for the pore pilot insertion. These volume changes could be correlated with the quan­
t i ty of water d V ^ expelled f rom the sample. I f dVm = dV, the sample was defined as 
saturated. , It was also possible to close the drainage line at any time during a test and 
to block effectively any further consolidation. Where radial drainage was also desired, 
a layer of coir was placed between the circumference of the sample and the rubber mem­
brane, and a i r was expelled by circulation f r o m the water reservoir (see Fig. 1). 

The samples tested in this apparatus were prepared of finely-ground Ball clay f r o m 
a neighboring pottery and mixed with water under a vacuum, extruded in cylindrical 
f o r m , and then allowed to adsorb further moisture in an atmosphere at 100 percent 
humidity unti l a moisture content of 39 percent was attained. I t was found that these 
samples satisfied the cr i ter ion for 100 percent saturation when tested in the v i rg in range. 

SUMMARY OF TEST RESULTS 

These results are aimed mainly at showing that the behavior of soil during consoli­
dation is largely elastic, especially in regard to the prediction of pore pressures. These 
pressures are shown to be independent of any strains that may occur due to expulsion 
of water; therefore, their description is governed by flow rates only, and can be eval­
uated by the Terzaghi diffusion equation (to the approximation of assuming a constant 
coefficient of permeability). A linear relationship is shown to hold between volumetric 
strains and the water pressure changes and these strains are independent of the water 
flow paths, so that any resulting settlement is given by the equations of elasticity. AU 
tests were on saturated clay samples. 

Figure 2 shows the results of three consolidation tests on cylindrical samples where 
pore pressures at the center were measured. Two tests appear on curve 2 for vert ical 
drainage only; one was conducted using a consolidometer r ing so that the radial strain 
€j. was zero, and the second was free to strain in both coordinate directions under the 
ambient pressure, and i t was found that the horizontal unit strain _ '^r was equal 

100 

3-Dimensional 
Drainage 

Vertical Double, 
Drainage only 

O « r - 0 

0 0 

\ 

u = ^ 

F i g u r e 2 . R e l a t i o n s h i p between pore pres sure and s t r a i n during c o n s o l i d a t i o n . 
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to the vert ical unit strain 

z z_ 
2ro 

(2) 

in which ro is the sample radius and h the sample height. The unit strains appear in 
the simple integrated form because i t can be shown that the stresses are a l l constant 
throughout the cylinder, i f there is no f r i c t ion on the end plates. Then, i f AVo is the 
total volume change the degree of consolidation is U = AV_ and i t is apparent that the 

AVo 

variation of pore pressure with U is unaffected by the strain and falls very close to the 
solid line, which is a solution of the diffusion equation for vertical drainage alone. On 
the other hand, curve 1 is fo r both radial and horizontal drainage (when again the experi­
mental points correspond to a theoretical solution) but ( j . was measured equal to ez so 
that the strain picture is independent of the drainage conditions. From the very close 
correspondence of the measured pressures with those predicted, i t would seem that 
this phase of the consolidation theory is satisfactory. "Secondary" effects only appear 
in the relation between and at the time when variations in the coefficient of permeability 
play their part. 

In the laboratory, only the vert ical displacement was measured so that the hor i ­
zontal displacement Uj. had to be evaluated by subtracting volume changes dVu in the 
vert ical direction f r o m the total volume change dV. I t was found that dVu was equal 
to dV , s ign i fy i i ^ the equality of the unit strains e , c , and e . —s— r y z 

AV 
The distribution of volumetric strain -r^ is compared for the two cases of lateral 

confinement and no lateral confinement in Figure 3 which shows that, for the same load 
increment on identical samples, the total volume change is the same, even though in 

Confined Tests • 
Unconfmed T e s t s • 

30 40 5 0 

Pressure Increment p psi 

F i g u r e 3. Volume changes f o r conf ined and unconfmed c o n s o l i d a t i o n . 
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e,= 955 -900 
V IN? 

F i g u r e U. R e l a t i o n s h i p between pore pres sure and volume change dur ing c o n s o l i d a t i o n 

the former case (corresponding to a conventional one-dimensional consolidation test) 
a i l of the volume change is confined to the vert ical direction only. Of course, in three-
dimensional consolidation the vert ical volumetric strain is only Vs AV , so that a one-

~V~ 
dimensional test would overestimate the bulk modulus B = p / ^ = •—- , although 
there is l ikely to be some settlement due to shearing strain. Y 

To measure the f a l l of pore water pressure with volume change due to expulsion of 
water, consolidation was interrupted (by closing the drainage line) unti l the pressure 
a had attained a uniform value throughout the sample. During a vert ically drained test 
under an ambient pressure of 20 psi this was done seven times, and the plot of the pres­
sures against the volume change (Fig. 4) shows that the bulk modulus fo r a given load 
increment i s constant as postulated by Terzaghi and Schiffman. 

The intervals are numbered because each t ime the drainage line was reopened there 
was a new consolidation test under a reduced load. The results of these tests are plotted 
i n Figure 6, referred to later. 

In a l l of the experiments mentioned so far , the in i t ia l value of the pore water pressure 
ao was found to be equal to the cel l pressure p. In other words, a l l of the average normal 
stress was being carr ied by the pore f lu id , which is one of the fundamental assumptions 
of consolidation theory for saturated soils. But this means a value of Poisson's ratio 
V = V2, the Poisson's rat io of a f lu id , and under these conditions no volume changes 
are theoretically possible because 

B 
m., 

P 
3(1 - 2u) 

(3) 

To study the behavior of the Poisson's ratio during consolidation, a thin-waUed 
(thickness = V20 i n . ) stainless-steel consolidometer r ing was f i t ted with strain gauges 
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F i g u r e 5 . V a r i a t i o n of Polsson's r a t i o dur ing c o n s o l i d a t i o n . 

and circumferential strains measured during the progress of the test. Thus, the hoop 
stress and the ratio Ko = -^^ ^ of vert ical to lateral stress could be determined and 
hence v. The relationship of v to degree of consolidation Uy is shown in Figure 5, and 
Poisson's ratio appears to decrease linearly f rom a value of 0. 500 to a value of about 
0.400. Because B remains constant during consolidation (Fig. 4), this must mean that 
the modulus E changes proportionately. 

The loads are cumulative; that i s to say, when cry = 53.4 psi was applied, the sample 
was already subjected to a stress of ay = 21.4 psi, and the stress of 70.4 psi was in 
addition to an existing stress of 75 psi . 
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ONE-DIMENSIONAL CONSOLIDATION WITH VARIABLE 
PERMEABILITY 

It was possible to determine how the coefficient of consolidation 

k kB (4) 
w 

varied with the degree of consolidation Uy, f r o m the results of the interrupted test used 
for the construction of Figure 4. Figure 6 shows the degree of consolidation against the 
square root of the t ime f o r the succession of part ial consolidation tests 1 to 8 which 
occurred each time the drainage line was reopened. I t can be shown that, i f the coeff i ­
cient of permeability i s a function of the void rat io, there w i l l always be a linear re la­
tionship between the degree of consolidation and the square root of the time fo r small 
values of the latter (5). The coefficient Cy is then given initiaUy (6, p. 234) by 

V (U„ < 60 7o) (5) 

9V_ 
in which U T m 

m 
i f AV is the total amount of water expelled in one part ial test, 

m 

H is the length of the longest drainage path; i . e . , one-half the sample height i n double 
drainage. The values of Cy calculated f r o m Eq. 5 and the in i t ia l slope dUy are 

plotted in Figure 7 which is an experimental determination of the variation of the coef­
ficient of consolidation with degree of consolidation. 

The reason why a l l the lines of Figure 6 do not pass through the origin may be a t t r ib­
uted to the t ime lag in the horizontal displacement Uj., because, as soon as the drainage 

0-50 

Uv 

Figure 6. Interrupted consolidation tests. 
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Figure 7. Variation of d i f f u s i o n c c e f i i c i e n t during consolidation. 

cock was opened, the water flow was accounted for by the vert ical displacement only. 
According to Eq. 4, the fact that Cy falls approximately linearly after a degree of 

consolidation of 60 percent must mean that the permeability decreases with the small 
gradients present at the end of consolidation, because i t has already been shown that 
the bulk modulus B remains a constant for that increment. In fact, the permeability 
w i l l probably be a function of the distance as wel l as of the time, but, because this 
function is not known, a numerical procedure s imilar to that mentioned by Schiffman 
(3) was used for incorporating the results of Figure 7 into an approximate solution of 
one-dimensional consolidation with secondary effects. 

The coefficient of consolidation was assumed to remain constant over a finite time 
interval and the pore water pressure distribution at the end of the previous time incre­
ment was used as the in i t i a l condition for a finite difference solution with the new, 
smaller coefficient. 

The equation of consolidation in one dimension is 

5cr 
?t 

which may be wri t ten in the finite difference fo rm (7, ch. 10): 

(6) 

m (3z)2 ( % + l - 2^m + ^ m - l ) (7) 

The space variable z is divided into a number of equal intervals 5z, and CT 

^ m - l ' ^ ^ ® ^'^^ PO ê pressures at the nodal points (m+l)3z, m3z and (m- l )az 
m+1' " m ' 
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respectively, at the t ime t = ngt; crm being the value of the pore pressure at the time 
(n+l)st. 

Because, according to Figure 7, the coefficient of consolidation remains constant 
unti l Uy = 60 percent, the pore pressure distribution at this point was given by the exact 
solution of Eq. 6. 

a ( z , T ) = ^ E ' -
" n = l , 3 , 5 . . . " 2H (8) 

At Uy = 60 percent, T = 0.300 (Eq. 5) so that a could be evaluated at the nodal points 
0, H , 2H , 3H , 3H , 4H , and H, the CT-values at reflected points being given by 

-r "T "T — -r 
symmetry. The solution was then generated f r o m Eq. 7 but wi th a smaller value of Cy 
given by 

_ J L = (1 - Uy) (9) 
C. 0.40 ^ ' 

in which CyO IS the mi t i a l value of c^(U^ ^ 60percent). The independent variable (1-U^) = 

could be readily evaluated by finding the average pressure a f r o m the computed 
nodal values by the use of Simpson's rule, and then the next step carr ied through, starting 
with the previously computed pressure distribution and the boundary condition a =0.00 

z Generally, ensure at z = 0, with symmetry about the center =• = 1.00. 
£1 

convergence of the method. 
Figure 8 shows the degree of consolidation as a function of the time factor T when 

1 0 

0-5 

rerzo ghis solul ion ^ 

10 

F i g u r e 8. One-dimensionaa c o n s o l i d a t i o n vath v a r i a b l e d i f f u s i o n c o e f f i c i e n t . 



162 

Uv 0 50 

/ t <'MINS 

F i g u r e 9. Independence of c^ w i t h load ing h i s t o r y i n the v i r g i n range. 

secondary effects due to permeability changes are taken into account. Any "secondary 
compression" resulting f r o m shearing strains was effectively eliminated f r o m Figure 6 
by consolidating the sample with only a cel l pressure so that the Mohr circle of stress 
would be simply a point. This, however, is not generally the case in a consolidometer 
r ing because, with the change in Poisson's ratio during consolidation (Fig. 5), the 
lateral pressures w i l l decrease so that shearing stresses must inevitably be present. 

A f i t t ing method for the new consolidation curve is readily given by an adaptation of 
the "square root of t ime" method developed by Taylor (6, p. 238) where the intersection 
of a line with 1.15 times the slope of the linear portion of the curve is alleged to give 
the point of 90 percent consolidation. Allowing for variations in permeability, this 
intersection is only about 78 percent, and the f inal volume change may be taken as 
approximately 10 times the volume change given by the point of intersection. Figure 

178 
9 shows the consolidation of four different double drainage tests fi t ted by this method. 
These tests were a l l in the "v i rg in" range and covered a pressure range of f r o m 10 to 
80 psi; however, they a l l f a l l about the same curve, which indicates that the average 
coefficient of permeability must change in phase with the bulk modulus (so as to pre­
serve a uniform value of the coefficient of consolidation). There is some variation in 
B as is shown by Figure 10 which is the compression curve for the test series. (The 
results of tests 2, 3, 8, and 14 appear in Figure 9.) 

THREE-DIMENSIONAL CONSOLIDATION IN THE FIELD 

The strains caused in a soil by the hydrostatic pressure p = ao have been discussed, 
and i t has been shown that these volumetric strains are proportional to the pressure 
and independent of the conditions of drainage, but dependent on the time, according to 
a law governed by the solution of the equation for diffusion of pore pressure. Therefore, 
the normal strains may be considered as a problem of delayed elastic response. Because 
the pore pressures are independent of the strain, the time variation can be found by a 
solution of the classical diffusion equation with the pressure as the dependent variable. 
The only approximation is the assumption that the coefficient of permeability remains 
constant, but this is shown to be important only in the latter stages of consolidation 
when a decrease of the permeability has the effect of slowing down the process. 

In general, a soi l element w i l l not be subjected to a uniform ambient pressure p but 
rather to three normal stresses ax, ay, az and three shearing stresses r-^y, Tyz, T Z X -
However, i f each normal component is resolved into two parts 
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F i g u r e 10 , Compression curve f o r t r i a x i a l c o n s o l i d a t i o n with v e r t i c a l drainage. 

ax + P 

CTy + P 

(10a) 

(10b) 

CTz = CTz + p (10c) 

In which p = average of the normal stress = Vs (a^ + CTy + a^), then ^ = •§•> and 

therefore, the deviator stresses Q X , cry, cr̂  can cause no volume change, only shear 
distortion. If the soil grains are incompressible, then a l l volume changes must take 
place due to outflow under the gradient of the in i t ia l pore pressure ao so that this pres­
sure would appear to be equal to the pressure p. This concept agrees with the in i t ia l 
condition 

(11) 
which must govern the distribution of oo i f there is no volume change just after the 
application of the load (corresponding to v = V2). The condition (Eq. 11) is that postu­
lated by Blot (J.). 

Now the conditions of compatibility, as shown by Timoshenko (8, ch. 7), require that 
p should also satisfy the Laplacian (Eq. 11) and, in fact, this is the only stress that does 
obey this simple equation, so again there is an equivalence between p and ao. 

I t has been found in the laboratory that shearing strains are also responsible for a 
build-up of pore water pressure (9), During a combined consolidation and shear test 
performed by the author under conditions of three-dimensional drainage, the pressure 
ao reached a value of about 1.10 p (p is the ambient or ce l l pressure a l l round the sample). 
However, the stress conditions in the laboratory are a rb i t ra ry and probably a r t i f i c i a l , 
and the amount of pressure increase depends on the degree of particle reorientation and, 
therefore, on the strain and stress history. I t is even possible to get a pressure decrease 
caused by shearing strain i f the clay has been preconsolidated and then rebounded to a 
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Figure 1 1 . Comparison of ineasured and coinputed pore pressures under a c i r c u l a r tank. 

smaller void ratio. Therefore, pore pressure changes caused by shearing stresses 
are notoriously di f f icul t to assess and probably play a small part in the stress d i s t r i ­
butions present under footings. 

The pore pressures ao were measured under a large cylindrical o i l tank on the Isle 
of Grain by Gibson and Cooling (^0) so that i t is possible to compare these pressures 
with pressures calculated on the assumption that 

(To = P = Vs (CTX + CTy + CTg) = Vs ( a i + a2 + CTs) (12) 

The value of p may be readily computed under the center and under an edge of a 
uniformly loaded circular area on a semi-infinite foundation by integrating the solution 
for a point load (8, ch. 11). These computed values are compared in Figure 11 with 
measured values at depths of 15, 20, and 60 f t below the edge of the tank and on the 
centerline. 

The agreement is remarkably good when i t is considered that the tank was underlain 
by soft blue clay and below this by a thick bed of gray laminated sandy clay. Values 
plotted in Figure 11 come f r o m both of these strata. 

Therefore, the in i t ia l distribution of CT may be assumed given by Eqs. 11 and 12, and 
follow the development of CT(t) by a solution of the three-dimensional diffusion equation 
subject to this in i t ia l condition. However, the ultimate settlement w at t = oo wUl also 
include shear settlement but, fortunately, the settlement Wc due to consolidation, and 
the settlement w due to shearing stresses, may be separated because the stress-
strain relations (8, Introduction) may be wri t ten 

^z = 
Sw 
"3z 

1 
-2G (a. (13) 
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€ is the volumetric strain equal to ^ or so integrating Eq. 13: 
CD . CD 

h- lo ^""^' ^"^''^ ^ Jo ^"^^ ^^^^ * - 2 G 

It is apparent that the volume change In the vert ical direction Is only one-third of 
the total volume change indicated by the results in Figure 3. The settlement due to 
shearing stress w i l l probably be almost Instantaneous and corresponds to what Is 
generally termed the "elastic settlement" whereas that due to consolidation w i l l take 
time to complete. 

Therefore, to estimate the total settlement. It Is essential to know both the bulk and 
the shear modulus. The latter does not have a constant value because soli is plastic; 
that is , the shearing strain Is a function of the time as wel l as of the stress. Thus, to 
use elastic theory for predicting shearing stress, the stress-strain curve must be l ine­
arized. A theory for the behavior of soli under a shearing stress T has been developed 
In a companion paper by the author, s t i l l to be published, and a method of linearization 
is given (se^ also 16). This consisted of choosing a modulus G such that the strain 
energy 1_ ^ was identically equal to the area Jrdy under the nonlinear stress-strain 

curve. It turns out that this modulus can be obtained either f rom one-half the Ini t ia l 
slope of the stress-strain curve in a constant rate of strain test or f r o m one-half the 
slope Td(loge t) of the latter stages of a constant load test where T Is the applied 

ay 
stress, and the strain y is plotted against the natural logarithm of the time loget. For 
a l imited number of tests conducted on the saturated " B a l l " pottery clay, G was found 
to be less than or equal to Vi B. 

CONSOLIDATION OF A IttGID CIRCULAR FOOTING ON A 
SEMI-INFINITE FOUNDATION 

The complete elastic solution for a circular punch on a semi-infinite medium has 
been derived by Sneddon (11) using the method of Hankel transforms to reduce the 
biharmonic for the stress function to an ordinary differential equation In terms of the 
depth z. This may then be integrated and the constants of integration found by also 
expressing the boundary conditions In terms of their Hankel transforms. 

The two stresses of Interest fo r evaluation of the settlement are given by 

il±±} = . 2 , i f . = y . (15) ao = - 2 
and 

- ^ (J? + C J i ) (16) 

in which i r a ^ = P If P Is the total load In pounds carried by the footing of radius a, 
md J i may I 

J ^ - ' P \ ' ' ' - ' ^ (17a) 

and the Integrals of Bessel functions J i and J i may be put In terms of the coordinates 
Z = and p = I by 

J? 

j i = R - [ (c^-p^ . i ) /^^^S!Zi i . ^(p^.c^.D/Hiiziiin); 

in which d ' '^) 

R^ = (p" + - + 
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Figure 12. I n i t i a l d i s t r i b u t i o n of pore pressiire 2 under a c i r c u l a r punch. 
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Then, at the instant of application of P and before there is any time fo r drainage to 
take place, the Poisson's rat io v = % and the in i t i a l distribution of pore pressure 
ao/p is shown in Figure 12 by equipotential contours. 

At this point i t may be assumed that most of the shear settlement w^ takes place 
and, f rom Eq. 14 and 16 

or 

= W • i « P = = 0 (18b) 

Eq. 18b gives the shear settlement down the axis of symmetry (which must be the 
same for the whole r ig id footing). This is the so-called "elastic settlement." 

Again f r o m Eqs. 14 and 15, the ultimate settlement under the footing due to consoli­
dation is given by 

= ( l ^ y ^ fJ ' j fdC (19a) 

= ^ • 4 i f P = r = 0 (19b) 

which implies that, in general, this settlement i s less than the instantaneous elastic 
settlement caused by shear. The conclusion has been anticipated by de Josselin de Jong 
(12), who found a solution of Biot's equation for a uniformly loaded circular area. In 
the same reference, de Josselin de Jong showed that the retardation of compressive 
strain by the enclosed water had no great influence on the way in which the superfluous 
water could escape; i . e . , whether the base of the footing was impervious. 

A numerical solution was found fo r the three-dimensional consolidation equation 

subject to the in i t ia l condition (Eq. 15) and the boundary condition | ^ = 0 , - l ^ p s l , 

corresponding to an impervious base. Use was made of the fmi te difference approxima­
tion f o r radial symmetry suggested by Hart et a l . (13) of the equation c ^ a = 9 a / a t 
which becomes 

'^n.mC^ ^ ^"^^ = ' / * [ ( l - i ) V m - l ^ V l , m ^ ( l ^ ^ ) V m + l + V l , m ] ( 2 0 ) 

The integers n, m refer to nodal points on a grid with equal spacing Ap = AC = A (see 
F ig . 12); that is, the coordinates p and C of the point n, m are p = m A p ; C =nAC. T i s 

a time factor numerically equal to c^t, and was chosen as ^k. This means that i f a 
distance of 0.20 was chosen in the gr id , AT would equal 0 .01, so that over one hundred 
time increments had to be used before the pressure under the center f e l l to less than 
one-tenth of its in i t ia l value. 

To study the pore pressure configurations as consolidation proceeded, the total 
dimensions of the grid were p = 14Aand t = 18A ( = 0. 20). This meant that almost 
300 stresses were evaluated for each time increment and, because the foundation was 
considered semi-infinite, the stress values around the edges had to be determined by 
using the previous stresses and assuming a linear change over Ap and A?. A l l of this 
work was done on a Stantec ZEBRA computer. Also, in the case of anisotrophy the 

coordinate p must be replaced by p, where c^ and c^ are the coefficients of con­
solidation in the ver t ical and radial directions respectively, but the same solution may 
be used. 

The pore water pressures f a l l very rapidly near the edges of the footing as shown 
by the contours of equal pressure, in Figure 13, corresponding to a degree of consoli­
dation U = 0. 05. This is a great advantage for the stabUity of the footing, because the 
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Figure 13. Pore pressures ^ at 5 percent consol ida t ion . 

the shearing stresses are greatest in this region (Fig. 14) and a f a l l in pressure means 
a decrease in volume and therefore a strength increase. 

The stresses shown in Figure 14 are the complementary stresses to the pore pres­
sure a; that is , they are the shearing stresses acting on the same planes as the normal 
stress (jQ . These are the eight octahedral planes at 45* to the three principal planes. 
The octahedral shearmg stress T Q is very nearly equal to the maximum shearing stress 
Tm and may be found f rom a three-dimensional Mohr circle (lA). I t is proportional to 
the second invariant of the deviator stress tensor J2; i . e., 

% [(ai 

CTy) + ((Ty xy yz zx 

:)' + (a2- as)' + ( a 3 - a i ) ' ] ' 

(21a) 

(21b) 

(21c) 
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Figxire lit-. Octahedral shear stresses T„/p for u = under a c i rcu lar punch. 

if ai, a2, CTs, are principal stresses. It has been shown that t q is the radius of the 
Mohr circle in a three-dimensional theory of failure (16). 

According to this theory, which is an extension of tHe conventional Mohr Coulomb 
hypothesis, a fall in pressure of is equivalent to a strength increase 

A t . Aao sin <̂  (22) 

in which <{> is the central angle of the ^.ilure cone and is equal to about 20' for a Pois-
son's ratio of just over 0.40. 

Figure 15 illustrates how the pore pressure falls with time for a column of soil 
below a footing edge (assuming that drainage is free at the edge). It is apparent that, 
by the time the soil is 5 percent consolidated (T = 0.10), there has been such a strength 
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Figure 15. Isochrones under the footing edge. 

increase in the regions of high shear (TQ/P > 0. 20) immediately below the edge, that 
it is safe to say that the foundation wil l not fail in shear if it has been designed for a 
shear stress no greater than '^Q/P > 0. 20. Referring to Figures 12, 13, and 14, the 
roughly hemispherical basin-shaped surface on which Tq/p reaches its maximum values 
coincides very closely with the surface on which a/p also has a value of 0.20. 

This important result is also true for a uniformly loaded circular area (p = constant) 
which corresponds to the flexible circular footing as distinct from the rigid footing where 
the unit load (or ) ,_- , is not constant but increases to infinity at the edges according to 

Z Z —u 
a parabolic law (see Fig. 12): 

z z= 1-p 0 < p < 1 (23) 

The stress distributions caused by uniformly loaded areas on a semi-infinite medium 
were thoroughly investigated by Love (15) in 1929, and, in the case of the circular area. 
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the surface of maximum shear C'm/p = 0.30) coincides approximately with the surface 
where cr/p = 0.40, which is an oblate spheroid intersecting the axis of symmetry at 
C = 0. 75. For the uniformly loaded long wall, the two-dimensional case, the values 
'''m/p = Vtr and the values cr/p = 0. 500 coincide exactly on the cylindrical surface with 
a diameter coincident with the base of the footing and intersecting the axis of symmetry 
at ^ = 1. 00 which is seen to be the most dangerous of all . It is, of course, considerably 
easier to find the countours of equal pore pressure (isochrones) than the contours where 
the shearing stress is a maximum. 

In practice, the whole load P = wa^ wil l not be applied at once, but in steps over the 
construction period. If a coefficient of consolidation indicated by Figure 9 is assumed, 
then, using Eq. 5, Cy for Ball clay = 25 x 10"* in. per min = 25 10^* sqft per day is 
which IS approximately the value Taylor gives for a Chicago clay (6; ch. 10). If one now 
imagines a circular footing of 10-ft diameter, the distance A between nodal points wi l l 
be p. 20 x 5, or 1 f t , so that, because c^At/A^ = % , At = 10 days, which is the time 
corresponding to each computed time increment A T . Therefore, a construction period 
of 250 days wil l equal a value of 25 A T , or T = 0. 25; that is, a degree of consolidation 
of about 25 percent if all of the load had been applied at once (see Fig. 16). Under these 
assumptions, less than one-half of the shearing load would have been applied at T = 0.10, 
but there would have still been considerable consolidation near the footing edge so that 
the foundation becomes even more stable (see Fig. 15). 

In Figure 16, the pressures under the center of the punch have been plotted for 
various values of T . Because the settlement must await flow from the central regions, 
the degree of consolidation U at a given T could be evaluated from the area between the 
pressure curve for T and that for T = 0. The resulting functional relation is also shown 
in Figure 16 by curve A. Near the edges there is at first a much greater volume change 
but most of this is in the radial direction. It is only in the later stages of consolidation, 
when the pressure gradients are very small (as exemplified by Fig. 17), that the vertical 
unit strain wil l become approximately equal to e/3. This stage again approaches the 
elastic condition 

^^e = 0 (24a) 

€ = ^ (24b) 

which is the correct solution of Eq. 11 except that there has been a delay before the 
establishment of e. Owing to the small gradients after 60 percent consolidation (Fig. 17), 
the rate of settlement becomes progressively slower and wil l probably follow an asymp­
totic relation, like the one sketched by de Josselin de Jong (^2) for the settlement of 
the center of a flexible circular footing. 

RIGID CIRCULAR FOOTING UNDER A VARIABLE LOAD 
Next, a case coming nearer to practice, is considered in which the load is applied 

in 5 steps of p/5 over a construction period of 250 days ( T = 0. 25), such that these 
steps approximate a linear loadir^ (see Fig. 16). The pore pressures under the footing 
can readily be obtained from the solution for an instantaneous loading of p = by 

"a 
using simple superposition; that is, the pressure at any time T due to the previously 
applied loads is equal to the simple summation of the pressures that would have been 
observed at that instant ( T ) had each of the loads been applied independently. Mathe­
matically, this can be expressed by writing ( T - t) for T if T = t is the time at which a 
given load is applied; thus for this case if ( T - t) is positive, then 

(j(T) = ^ [ ' ^ ( T - 0.05) + ( t ( T - 0.10) + CT(T- 0.15) + 

a (T - 0. 20) + a (T - 0. 25) ] (25) 
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Figure 16. Isochrones on the axis of symmetry for instantaneous loading. 
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Figure 17. Pore pressures ^ at 60 percent consolidation. 

at any point of the grid under the footing. (During the actual loading period, negative 
values of T - t i are taken as zero because the loads at t j have not yet been applied.) 

Values of a were computed using Eq. 25 under the center of the footing as well as 
under an edge, and the results plotted in Figure 18 and on the right-hand side of Figure 
15. It is apparent that there wi l l be greater stability as can be appreciated by comparing 
the pore pressure distribution at T = 0. 25 corresponding to full loading in case B with 
the curve at T = 0. 00 giving ful l load for case A (see Fig. 15). The difference is a 
measure of the degree of consolidation Ur; which is particularly significant in the region 
of high shear stress shown by Figure 14 (numerically, Ug = 36 percent). 

Again, from a comparison of Figures 16 and 18 it is apparent that the region most 
affected by the varying load is that at low depths. The time consolidation curve computed 
from the areas given by Figure 18 is shown in Figure 16 (curve B) and is seen to agree 
closely with a graphical determination derived from the instantaneous curve by the method 
outlined by Taylor (6, p. 290) which is shown dotted (curve B). 
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Figure 18. Isochrones on the axis of symmetry for a l inear ly increasing load. 

CONCLUSION 
At least one-half of the settlement of a footing is the so-called "elastic" or immediate 

settlement caused by shearing stresses, so that the actual shape of the time settlement 
curve due to consolidation is not of great importance when compared with the ultimate 
settlement that may be encountered after long periods. The estimation of this important 
quantity depends on sampling and testing procedures and Figure 10 may give a clue to 
a possible source of error. Tests 4 and 5 correspond to a rebound where the sample 
was allowed to absorb water in an attempt to copy natural conditions after an alleviation 
of pressure—this was also the case for test 9. However, during the second rebound 
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(test 10), the sample expanded in the absence of water as could possibly occur with a 
sampling technique. It is significant that the slopes of the recompression curves vary 
considerably. Tests 6, 7, and 8 tend to follow the rebound lines 4, 5, and 9, and 11, 
12, and 13 fall far higher. In particular, the slope of 13 is iVa times greater than that 
of test 8 which measures the true compressibility of the clay. 
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Tables of Stresses in Three-Layer Elastic Systems 
A. JONES, "Shell" Research Ltd. , Thornton Research Centre, Chester, England 

The tables of values of stresses arising in a three-layer 
elastic system loaded over a circular area, published by 
Acum and Fox, have been extended to cover a wider range 
of parameters. Values of the vertical stresses at both 
interfaces are given, and are accurate to within 1 percent. 
The calculations were performed on the Ferranti Mark I * 
computer at Koninklijke/Shell Laboratorium, Amsterdam. 

The work forms part of a program for the development 
of a method for the design of flexible roads. 

•IN GENERAL, road design involves the determination of the thicknesses and elastici­
ties of the various layers in the road structure to insure that the stresses and strains 
developed are within permissible limits. The present analysis assumes that the design 
is based on a knowledge of the stresses at the interfaces between the layers on the axis 
of symmetry below a circular loaded area. 

The first analysis to take into account the different elastic properties of the various 
layers was given by Burmister {1) in 1943. In a series of subsequent papers (2) he 
derived expressions for the stresses and displacement in two- and three-layer systems. 
However, he did not publish any stress values and only a small number of values of the 
surface deflection at the centre of the loaded area for a two-layer system. Fox (3) pro­
duced extensive tables of stresses in two-layer systems in 1948, and in 1951 Acum and 
Fox (4) produced tables for the normal and radial stresses in three-layer systems at 
the intersections of the axis of symmetry with the interfaces. The tables in this paper 
form an extension, to a much wider range of the parameters, of those of Acum and Fox. 
(Stress and displacement values for one given system were published by Schiffman (5) 
in 1957). 

The road system considered in this paper consists of three layers, as in Figure 1. 
The stresses that have been computed are listed in Table 1, where the numerical sub­
scripts refer to the layer. 

Throughout the tables i t is assumed that Poisson's ratio is equal to 0. 5 and that there 
is ful l friction at the interfaces. For convenience, the stresses are printed on the 
assumption that compression stress is positive. 

Values of these stresses are given In Appendix A for all combinations of the following 
parameter values: 

E 1 / E 2 = k i = 0.2, 2.0, 20.0, 200.0 
E 2 / E 3 = k2 = 0.2, 2.0, 20.0, 200.0 
a/h2 = ai = 0.1, 0.2, 0.4, 0.8, 1.6, 3.2 
hi/h2 = H = 0.125, 0.25, 0.5, 1.0, 2.0, 4.0, 8.0 

Each stress value is expressed as a fraction of the applied load. Stresses for all 
values of ai appear in a block and the blocks are arranged in groups of four in ascending 
order of kz; these groups are arranged in order of k i and finally in sets in order of H. 

The calculations were performed on the Ferranti Mark 1» computer at Koninklijke/ 
Shell Laboratorium, Amsterdam. The machine program was written to calculate 36 
stress values at the same time; viz. , 6 stresses for each of 6 values of ai. The infinite 
range of integration (see Appendix B) was tnmcated at such a point that the contribution 
from the omitted portion was negligible. The finite part of the range was then split into 
a number of equal intervals and the integrals were then evaluated over each interval 
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Figure 1. Structure of layered system. 

TABLE 1 
NOTATION FOR STRESSES GIVEN IN APPENDIX A 

Stress First 
Interface 

Second 
Interfece 

Vertical 
Vertical and radial (upper layer) 
Vertical and radial (lower layer) 

Z i 

Z i 
- a_ r i 

Z i rz 

za 
°„ ' Za Tz 

Z2 r s 

separately using a Gauss quadrature formula. Some difficulty was encountered near the 
origin due to the fact that the integrand had an essential singularity on the negative real 
axis, this was overcome by subdividing the first interval. 

The following checks (which are perfect apart from a constant factor) were built into 
the computer program. 

Z i r i k i (a, Z i (T ) (first interface) rz 
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*^Z2 ~ ~ ^^Zz " *̂ rŝ  (second interface) 

In most cases the two sides of these equations agreed to five significant digits but 
where this was not so the disagreement was stil l less than 1 percent. Al l numbers in 
the tables, however, are correct only to within one digit in the last decimal place printed. 

As a further check some results were obtained for comparison with those of Acum and 
Fox. These are presented in Appendix C with the corresponding values from Acum and 
Fox's paper in brackets. 

A typographical error was found in the published solution of Acum and Fox and was 
corrected before the tables were calculated. 

A brief mathematical description of the problem is given in Appendix B, together 
with some notes on the assumptions involved in setting up the problem and the correct 
expressions for the stresses. 

ACKNOWLEDGMENTS 
The author wishes to record his gratitude for the assistance given by his colleagues 

in the production of the tables. He also wishes to thank the Management of Koninklijke/ 
Shell Laboratorium for the use of the computer, and the Directors of "Shell" Research 
Limited for permission to publish this paper. 

REFERENCES 
1. Burmister, D. M . , "The Theory of Stresses and Displacements in Layer Systems 

and Applications to Design of Airport Runways." HRB Proc., 23: 126-149 
(1943). Discussion, pp. 144-148. 

2. Burmister, D. M . , "The General Theory of Stresses and Displacements in 
Layered Systems." J. Appl. Phys., 16: No. 2, pp. 89-96; No. 3, pp. 126-127; 
No. 5, pp. 296-302 (1945). 

3. Fox, L . , "Computation of Traffic Stresses in a Simple Road Structure." Depart­
ment of Scientific and Industrial Research, Road Res. Tech. Paper 9 (1948). 

4. Acum, W. E. A . , and Fox, L . , "Computation of Load Stresses in a Three-Layer 
Elastic System." Geotechnique, 2: 293-300 (1951). 

5. Schiffman, R. L . , Proc. 4th Internat. Conf. on Soil Mechanics and Foundation 
Engineering, London (1957). 

6. Sneddon, I . N . , "Fourier Transforms." McGraw-Hill (1951). 



179 

Appendix A 

H o 0.125 

k, > 0.2 

a- 0- 0"- -0*- O" "XT 
• i •« T^ •1 r «a at rs 

k, a 0.2 
O. I o * 6 6 O 4 5 0 . 1 2 4 3 8 0 . 6 2 X 3 8 0 . 0 1 5 5 7 0 . 0 0 3 3 2 0.0x659 
0* a 0 . 9 0 2 4 9 0 . 1 3 5 4 6 0 . 6 7 7 2 8 0 . 0 6 0 2 7 0 . 0 1 2 7 8 0.0639X 
0* 4 0 . 9 5 2 9 5 o » 1 0 4 2 8 0 . 5 2 1 4 1 0 . 2 1 2 8 2 0 . 0 4 4 3 0 0 . 2 2 X 5 0 
o.B 0 . 9 9 5 2 0 0.090ZI 0 . 4 5 0 5 3 0.56395 0.10975 0.54877 
Z . 6 I . 0 0 0 6 4 0 . 0 8 7 7 7 0 . 4 3 8 8 4 0 . 8 6 2 5 3 » • 1 3 7 5 5 0 . 6 8 7 7 7 
3 . 8 0 . 9 9 9 7 0 0 * 0 4 1 2 9 0 . 2 0 6 4 3 0.94143 0 . I O I 4 7 0.50736 

2.0 

O. X 0 . 6 6 0 4 8 0 . 1 2 2 8 5 0 . 6 X 4 2 4 0 . 0 0 8 9 2 0 . 0 1 6 9 3 0 . oo9 46 
0 . 2 0 . 9 0 X 57 0 . 1 2 9 1 6 0 . 6 4 5 8 2 0 . 0 3 4 8 0 0 . 0 6 5 5 8 0 . 0 3 2 7 9 
0 . 4 0 . 9 5 1 2 0 0 . 08 i 15 0 . 4 0 5 7 6 0 . X 2 6 5 6 0 . 2 3 2 5 7 0 . 1 1 6 2 9 
0 . 8 0 . 9 9 2 3 5 0 . 0 X 8 2 3 0 . 0 9 X X 3 0 . 3 7 3 0 7 0 . 6 2 8 6 3 0 . 3 1 4 3 2 
1 . 6 0 . 9 9 9 X 8 - o» 0 4 X 3 6 - 0 . 2 0 6 8 0 0 . 7 4 0 3 3 0 . 9 8 7 5 4 0 . 4 9 3 7 7 
3 . 3 I . 0 0 0 3 2 - 0 . 0 3 8 0 4 - 0 . X 9 0 7 5 0 . 9 7 x 3 7 0 . 8 2 X 0 2 0 . 4 1 0 5 X 

20.0 

0 . I 0 . 6 6 2 3 5 0 . 1 2 0 3 2 0 . 6 0 1 6 I 0 . 0 0 2 5 6 0 . 0 3 6 6 7 0 . ooi3 3 
O . 2 0 . 9 0 4 X 5 0 . X 1 7 8 7 0 . 5 8 9 3 3 0 . OIOX I 0 . 1 4 3 3 6 0 . 0 0 7 17 
0 . 4 0 . 9 5 1 3 5 0 . 0 3 4 7 4 0 . X 7 3 7 0 0 . 0 3 8 3 8 0 . 5 2 6 9 1 0 . 0 2 6 3 5 
0 . 8 o . 9 8 7 7 8 - 0 . X4872 - 0 . 7 4 3 5 8 0 . 1 3 0 4 9 X . 6 X 7 2 7 0 . o3o36 
X . 6 0 . 9 9 4 0 7 -• 0 . 5 0 5 3 3 - 2 . 5 2 6 5 0 0 . 3 6 4 4 2 3 ' 589- 'r4 0 . 179'J7 
3 . 3 O . 9 0 8 2X - 0 . 8 0 9 9 0 - 4 . 0 5 0 2 3 0 . 7 6 6 6 9 5' 1 5 4 0 9 0 . 2 5 7 7 0 

200.0 

0 . X 0 . 6 6 2 6 6 0 . X X720 0 . 5 8 5 9 9 0 . 0 0 0 5 7 0 . 0 5 4 X 3 0 . 0 0 0 2 7 
0 . 2 0 . 9 0 3 7 0 o. 1 0 4 9 5 0 . 5 2 4 7 7 0 . 0 0 2 2 6 0 . 2 1 3 1 4 0 . 0 0 1 0 7 
0 . 4 0 . 9 4 7 1 9 - 0 . 0 1 7 0 9 - 0 . 0 8 5 4 3 0.oo83 I 0 . 8 0 4 0 0 0 . 0 0 4 0 2 
0 . 8 0 . 9 9 X 0 5 - 0 . 3 4 4 2 7 - 1 . 7 2 1 3 4 0 . 0 3 2 5 9 2 . 6 7 9 3 4 0 . 0 X 3 4 0 
Z . 6 0 . 9 9 X 4 6 - X . 2 X X29 - 6 . 0 5 6 4 3 0 . X X034 7 . 3 5 9 7 8 0 . 0 3 6 8 0 
3 . 3 0 . 9 9 3 3 2 - 2 . 8 9 2 8 2 - I 4 . 4 6 408 0 . 3 2 6 5 9 1 6 . 2 2 8 3 0 0 . 08 1X4 
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H 0.125 

2.0 

o. I 
O. 3 
o. 4 
0 . 8 
1.6 
3 '3 

o .43055 
o. 78688 
o. 98760 
I . 0 1 0 2 8 
I . 0 0 6 4 7 
O.993 22 

O.71614 
I . O I 5 6 1 
0 .83924 
0 .63961 
0 .65723 
o.38 165 

o .35807 
o.507O0 
o .41962 
o.31981 
o .32862 
o .10093 

2a 

0 . 0 1 6 8 2 
0. 06 5 11 
o .33005 
0 .60886 
o. 90959 
o .94322 

B i ra 

o .00350 
o.01348 
o .04669 
o .11484 
o.13726 
o. 09467 

ka o 0.2 
o .01750 
o.06741 
0. 23346 
0 . 5 7 ' r l 3 
0 .636 30 
0 . 4 7 3 3 5 

2.0 

0.1 0 . 4 2 9 5 0 0 .706 22 0 . 35303 0. 00896 0 .01716 0 . 00858 
0* 2 0 .78 424 0 .97956 0 . 4393Q 0. 03493 0 .066 47 0 . 03324 
0 . 4 0 .98044 0 .70970 0. 35483 0 . 13667 0 .23531 0. 11766 
0 . 3 0 . 9 9 4 3 4 0 .22319 0. 1116 4 0 . 36932 0 .63003 0 . 31501 
1.6 0 .99364 - o .19983 -" 0 . 09995 0 . 72113 0 .97707 0. 48853 
3 . 2 0 .99922 - 0 .28916 - 0 . 14461 0. 96148 0 .8 4030 0 . 42015 

20.0 

0. I 0. 43022 0 .69333 0. 34662 0 . 0 0 2 2B 0. 03467 0 . 0017 3 
0. 2 o. 78414 0 .92o36 0. 46048 0 . 0 0 8 9 9 0 . 13541 0 .00677 
0 . 4 0. 97493 0. 46 58 3 0 . 23297 0 .03392 0 . 49523 

496 13 
0 .02476 

0 .8 0 . 97806 - 0 .66535 - 0 . 33270 0 . 1 1 3 5 0 1. 
49523 
496 13 0 .07481 

1.6 0 . 9692 1 - 3 . 8 3 8 5 9 - 1. 41430 0 . 3 1 2 6 3 3« 28512 0 .16 426 
3« 2 0 . 98591 *- 5 .27906 - 2 . 63954 0 . 6 8 4 3 3 5» 05953 0 . 35298 

200.0 

0.1 0 . 4 2 0 3 5 0 .67488 0 .33744 0. 00046 0 .048 43 0 .00024 
0. 2 0 .78 367 0 .85397 0 .42698 0 . 00183 0. 19043 0 . 0 0 0 9 5 
0 . 4 0 . 9 7 3 6 9 0 . 2 1 1 6 5 0 .10582 0 . 00711 0. 71221 0 .003 56 
0 . 8 0 . 9 7 2 9 5 - i » 6 5 9 5 4 — 0 .82977 o. 02597 2 . 32652 0 .01163 
1.6 0 .95546 - 6 . 4 7 7 0 7 - 3 » 2 3 8 5 5 0 . 08700 6 . 26638 0 .03133 
3 » 2 0 .96377 - 1 6 . 6 7 3 7 6 - 8 ,33691 o. 26292 14. 25621 0 .07128 
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H 0.125 

20.0 

«« 8< r a S t S i rj 
k « a 0.2 

o . I 0. 146 48 1 .80805 0 .09040 0 . 0 1 6 4 5 0 .00322 0 .01611 
O. 2 o» 39260 3 '7S440 0 .18772 0 . 06 407 0 .01249 0 . 0 6 2 4 4 
o . 4 0 .80302 5 .11847 0 .25592 0 . 2 3 1 3 5 0 .04421 o . 2 2 1 0 5 
0 . 8 I . 0 6 5 9 4 3 .38600 0 .16930 0 .64741 0 . I 1 4 6 8 0 . 5 7 3 4 2 
1.6 I . 0 2 9 4 2 I . 3 1 6 0 3 0 .09080 1 .00911 0 .13687 0 .68436 
3 » 3 0 .99817 I . 7 5 1 0 1 0 .08756 0 .97317 0 .07578 0 . 3 7 8 9 0 

2.0 

0. X 0. 14529 1.81178 0. 09059 
18344 

o . 0 0 8 1 0 0 .01542 o . 00771 
0. 2 0 . 38799 3 .76886 0 . 

09059 
18344 0 . 0 3 1 7 0 0 .06003 0 . 03002 

0. 4 0 . 78651 5 .16717 0 . 25836 0 .116 50 0 . 2 1 6 4 0 
0 .60493 

0 . 10820 
0 .8 t . 032 18 3» 43631 0 . 17182 0 .34941 

0 . 2 1 6 4 0 
0 .60493 0 . 30247 

1.6 0. 99060 I . 1 5 2 1 1 0 . 05701 0 . 6 9 0 1 4 
0 . 9 3 4 8 7 

0 .97146 0 . 48573 
3 . 2 0 . 99393 - 0 .068 94 - 0 . 00345 

0 . 6 9 0 1 4 
0 . 9 3 4 8 7 0 .88358 0 . 44179 

ka - 20.0 

0 .1 0 . 14447 1. 8 06 6 4 0 . 09033 0 .00182 0 .02985 0 . 0 0 1 4 9 
0 . 2 0 . 38469 3*74573 0. 18729 0 .00716 0 .X1697 0 . 0 0 5 8 5 
0 . 4 0. 77394 5 . 0 5 4 8 9 0 . 25274 0 . 0 2 7 1 0 0 .43263 0 .0216 3 
0. 8 0 . 986 10 2 .92533 0 . 14627 0 .09061 1.33736 0 . 0 6 6 8 7 
1.6 0 . 93712 - 1 .27093 - 0 . 06355 o . 2 4 5 2 8 2 .99215 o . 1 4 9 6 1 
3 « 2 0 . 96330 - 7 .35384 - 0 . 36761 0 . 5 5 4 9 0 5 .06489 0 . 2 5 3 2 4 

k« - 200.0 

0. I 0. 1 44 22 1.78941 0 .08947 0 . 00033 0 . 0 4 0 1 0 0 . 0 0 0 2 0 
0 . 2 0 . 38388 3 .68097 0 . 1 8 4 0 5 0. 00131 0 .15781 o . 0 0 0 7 9 
0. 4 0 . 77131 4 .80711 0 .24036 0 . 00505 0 .59391 0 .00297 
o . 3 0. 97701 I . 9 0 8 2 5 0 .09541 0 . 01830 I . 0 5 7 0 9 o . 0 0 9 7 9 
1. 6 0. 91645 - 5 .28803 - 0 . 2 6 4 4 0 0 . 06007 5 . 2 5 H O 0 .02626 
3 . 2 o . 9266 2 - 2 1 . 5 2 5 4 6 - 1 .07627 0. 18395 12 ,45058 0 . 0 6 2 2 5 
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2l 

H = 0.125 

k , B 200.0 

8a r j 
k , a 0.2 

0 . I 0 . 0 3 6 9 4 2 . 8 7 5 6 4 
4 4 2 8 5 

0 . 0 1 4 3 8 o . 0 1 1 3 7 0 . 0 0 2 0 1 0 . 0 1 0 0 5 
0 . 2 0 . 1 2 3 2 7 7« 

8 7 5 6 4 
4 4 2 8 5 0 . 0 3 7 2 1 0* 0 4 4 7 3 0 . 0 0 7 8 8 0 . 0 3 9 4 0 

0 . 4 o . 3 6 3 2 9 1 5 . 4 I 0 3 I 0 . 0 7 7 0 5 0 . 1 6 7 8 5 0 . 0 2 9 1 3 0 . 1 4 5 6 6 
0 . 8 0 . 8 2 0 5 0 1 9 . 7 0 2 6 1 0 . 0 9 8 5 1 o« 5 3 1 4 4 0 . 0871,', 0 . 4 3 5 6 8 
1 . 6 1 . 1 2 4 4 0 7» 0 2 3 8 0 0 . 0 3 5 1 2 1 . 0 3 7 0 7 0 . 1 3 7 0 5 0 . 6 8 5 2 4 
3 . 3 0 . 9 9 5 0 6 2 . 3 5 4 5 9 0 . 0 1 1 7 7 I . 0 0 4 0 0 0 . 0 6 5 9 4 0 . 3 2 9 7 I 

k « 2.0 

0 . 1 0 . 0 3 4 8 1 3 . 0 2 2 5 9 0 . 0 I 5 I I 0 . 0 0 5 4 0 0 . 0 0 9 6 9 0 . 0 0 4 8 5 
0 . 2 0 . 1 1 4 9 1 3 , 0 2 4 5 2 0 . 0 4 0 1 2 0 . 0 2 1 6 7 0 . 03G I 2 0 . 0 1 9 0 6 
0 . 4 o . 3 3 3 1 8 1 7 . 6 4 1 7 5 0 . 0 8 8 2 1 0 . 0 8 2 29 0 . 1 4 2 8 6 0 . 0 7 1 4 3 
0 . 8 0 . 7 2 6 9 5 2 7 . 2 7 7 0 1 0 . 1 3 6 3 9 0 . 2 7 3 0 7 0 . 4 5 3 0 8 0 . 326 0 4 
1 . 6 1 . 0 0 2 0 3 2 3 . 3 8 6 3 3 o. 1 1 6 9 3 • 0 . 6 3 9 1 6 o . 9o36 1 0 . 4 5 4 3 0 
3 . 3 I . 0 0 8 28 1 1 . 8 7 0 1 4 0 . 0 5 9 3 5 0 . 9 2 5 6 0 0 . 9 1 4 6 9 0 . 4 5 7 3 5 

k a = 20.0 

0 . 1 o . 0 3 3 3 6 3 . 1 7 7 6 3 o . 0 1 5 8 9 0 . 0 0 1 23 0 . 0 1 9 8 0 0 . 0 0 0 9 9 
0 . 2 0 . 1 0 9 2 8 8 , 6 6 0 9 7 0 . 0 4 3 3 0 0 . 0 0 5 0 9 0 . 0 7 8 2 7 0 . 0 0 3 9 1 
o . 4 0 . 3 1 0 9 4 2 0 . 1 2 2 5 9 0 . 1006 I 0 . 0 1 9 7 2 0 . 2 9 8 8 7 0 . 0 1 4 9 4 
0 . 8 0 . 6 5 9 3 4 3 6 . 2 9 9 4 3 0 . 1 8 1 5 0 0 . 0 7 0 4 5 1 . 0 r 6 9.« 0 . 0 5 0 8 5 
1 . 6 o . 8 7 9 3 1 4 9 . 4 0 8 5 7 0 . 2 4 7 0 4 0 . 2 0 9 6 3 2 . 6 4 3 1 3 0 . 1 3 3 16 
3 . 2 0 . 9 3 3 0 9 5 7 . 8 4 3 6 9 o . 28 02 3 0 . 4 9 9 3 3 4 . 8 9 8 9 5 0 . 3 4 4 9 5 

200.0 

0 . 1 0 . 0 3 3 0 7 3 . 2 6 9 8 7 0 . 0 1 6 3 5 0 . 0 0 0 2 5 o . 0 2 8 0 9 0 . 0 0 0 1 4 
O . 2 0 . 1 0 8 1 0 9* 0 2 6 6 9 0 . 0 1513 o . 0 0 0 9 8 o . 1 1 1 3 6 0 . 0 0 0 5 6 
0 . 4 0 . 3 0 6 3 9 2 1 . 5 6 4 8 2 0 . 1 0 7 8 2 0 . 0 0 3 8 6 0 . 4 3 0 3 5 0* 0 0 2 15 
0 . 3 0 . 6 4 3 3 3 4 1 . 3 9 8 7 8 0 . 2 0 9 4 9 0 . 0 1 4 5 5 I . 5 3 0 7 0 0 . 0 0 7 6 5 
1 . 6 0 . 8 4 1 1 0 6 9 . 6 3 1 5 7 0 . 3 4 8 16 0 . 0 5 0 1 1 4» 5 6 7 0 7 0 . 0 2 2 8 4 
3 » 3 0 . 8 6 8 0 7 1 2 0 . 9 5 9 3 I 0 . 6 0 4 8 I 0 . 1 5 7 1 9 1 1 . 4 2 0 4 5 o . 0 5 7 10 
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H 

ki 

0.25 

0.2 

<r -o-
Si r , 2i rg 8a ra 2a r j 

ka a Or2 

o . 1 o . 2 7115 0 .05598 0 .27990 0 . 0 x 2 5 9 0 .00274 0 . 0 x 3 7 0 
0. 2 Q.65 xog 0.126 28 0 .63x38 0 .04892 0 .0106 0 0 . 0 5 3 0 2 
0. ,1 

*t o . 9 0 4 0 4 0. X42X9 0 .71096 0 .17538 0 .03744 0 .X8722 
0 . 8 0 .95659 0 . 1 2 3 0 0 0 .6 1499 0 .48699 0 . 0 9 8 3 9 0. 49196 
X . 6 0 .99703 0 . X 0 5 3 4 0 .5 2669 0 . 8 1 2 4 9 0 .139x7 0 .69586 
3* 2 0 .99927 0 .0506 3 0 .25317 0 .92951 0 .111x4 0 . 5 5 5 6 9 

2.0 

0. X 0 .27 X 03 0. 05477 0 .27385 
0. 6063 X 

0 . 0 0 7 3 9 0 .0x409 
0 .05484 

0 . 00704 
0. 2 0 . 6 6 0 1 0 0. X 2X 36 

0 .27385 
0. 6063 X 0 . 0 2 8 9 3 

0 .0x409 
0 .05484 0. 02742 

0 . 4 0 . 9 0 X 20 o . 12390 0 .6 X949 0 .10664 0 . 1 9 7 8 0 0 . 09890 
0 .8 0 .94928 0. 06482 0 .324x0 0 . 3 2 6 1 7 0 ,56039 0 . 28019 
x . 6 0 . 9 9 0 2 9 - 0 . 00519 - 0 .02594 0 .69047 0. 96 216 0 . 4 0 xo3 
3 . 2 X . 0 0 0 0 0 - 0. 0 2 2 X 6 - 0 .1108 0 0 .95608 0 .87221 0. 43610 

20.0 

0.1 0 .26945 0. 05192 0. 25960 0. 00222 0 . 03116 0. oox 56 
0. 2 0 .66161 0. I 1209 0 . 50040 0 . 00877 0. 12227 0. 0061 X 
0. 4 0 . 90102 0. 08622 0 . 43111 0 . 03354 0 . 45504 0 . 02275 
0.8 0 .94012 - 0. 07351 — 0. 36756 0 . 11653 X . 44285 0. 07214 
x . 6 0 .97277 - 0. 40234 - 2 . 01169 0 . 33693 3. 3700 X 0 . 16850 
3.2 0 .99075 - 0. 71901 - 3' 59542 0. 73532 5 . X0060 0 . 25503 

k a a 200.1 

0. X 0 .27072 0 . 04956 0. 24778 0 . 00051 o . 01704 0. 00024 
0 . 2 0 . 6 5909 0. I 0066 0. 50330 0 . 00202 0. 18557 o . 00093 
0 . 4 0 .89724 0. 04243 0 . 21242 0 . 00791 0. 70524 0. 00353 
0.8 0 .93596 - 0. 2407 1 - 1. 20357 0 . 02g3 X 2 . 40585 0 . 01203 
1.6 0 . 9 6 3 7 0 - X . 00743 - 5' 03714 0. I 0193 6 . 8248 I 0 . 03412 
3. 2 0 .97335 " 2 . 54264 - 1 2 . 71320 0 . 30707 15 . 45931 0. 07730 
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R 

k | 

0.25 

2.0 

8« n B« ra *• rs 
ka n 0.2 

O. 1 0. 15577 0 .28658 0 .14339 0 .01348 0 ,00277 0 , 0 1 3 8 4 
O. 2 0 . 4 3 3 1 0 0 .72176 0 . 36088 0 .05259 0 .01075 0 , 0 5 3 7 7 
0 . 4 0 .79551 1.03476 0 .51738 0 , 1 9 0 9 4 0 ,03842 0 , 1 9 2 1 I 
O . d 1.00871 0 .88833 0 .44416 0 . 5 4 5 7 0 0 .10337 0 .51687 
1.6 1 ,02425 0 .66438 0 .33219 0 . 9 0 5 6 3 0 .14102 0 . 7 0 5 1 0 
3 . 2 0 . 99617 0 .41539 0 .20773 0 . 9 3 9 1 8 0 .09804 0 , 4 9 0 2 0 

0. X 0 . 15524 0 .28362 o. 14181 0 . 0 0 7 1 0 0 .01353 
0* 2 0. 428 09 0 . 7 0 2 2 5 0 . 35112 0 .0278 3 0 ,05278 
0 . 4 0. 77939 0 .966 34 o. 48317 0 ,10306 0 .X9178 
0 . 8 0. 06703 0 .66885 0 . 3344.2 0 .31771 0 .55211 
1.6 o. 98156 0 .17331 0. 08665 0 . 6 6 7 5 3 0 . 9 5 0 8 0 
3 . 2 0. 99840 - 0 .05691 - 0. 02846 0 .93793 0 , 8 9 3 9 0 

0. 1 o. 15436 0 .27580 0. 13790 0 . 0 0 1 7 9 0 .02728 
0 . 2 0 . 4246 2 0 .67115 0 .33557 0 .00706 0 .10710 
0 . 4 0. 766 47 0 . 3 446 2 0 .42231 0 .02697 0 .39919 
o . d 0. 92757 0.219^1 0 .10976 0 . 0 9 2 8 5 1* 26565 
1.6 0 . 91393 - 1 .22411 - 0 .61205 0 .26454 2 .94860 

4 .89878 3 . 2 0 . 95243 - 3 . 0 4 3 2 0 - 1 .52160 0 . 6 0 7 5 4 
2 .94860 
4 .89878 

0 . 1 o. 15414 0 . 26776 0. 13388 0 .00036 0 ,03814 
0* 2 0. 42365 0. 63873 0 . 31937 0 . 0 0 1 4 3 0 . 1 5 0 4 0 
0 . 4 0 . 76296 0* 71620 0 . 35810 0 . 0 0 5 5 7 0 .57046 
0 .8 0 . 91600 - 0 . 28250 - 0 . 14125 

54928 
0 .0206 4 1 .92636 

1.6 0. 88406 - 3 . 098 56 - 1. 
14125 
54928 0 . 0 7 0 1 4 5 '35936 

3 .2 0 . 897 12 - 9 . 18214 - 4' 59107 0 . 2 1 6 9 2 12 .64318 

ka « 2.0 

o .00677 
o. 02639 
o .09589 
o .27605 
0 , 4 7 5 4 0 
0 .44695 

k« • 20.0 

o ,00136 
o .00536 
0 .01996 
0 .06328 
0 . 1 4 7 4 3 
0 . 2 4 4 9 4 

ka " 200.0 

o .00019 
o .00075 
o .00285 
o .00963 
0 . 0 2 6 8 0 
0 .06322 
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H B 0.25 

k f s 20*0 

o . I 
O . 2 

0 . 3 
X . 6 
3*2 

21 

o . 0 4 5 9 6 
o . I 5126 
o . 4 1 0 3 0 
o . 8 5464 
I . 1 2 0 1 3 
o . 9 9 6 7 6 

8 t r , 

0 . 0 1 4 5 0 
1 .76675 
3 . 5 9 6 5 0 
4 . 58845 
2 . 31165 
1 .24415 

at r t 

o . 0 3 0 7 2 
o . 0 8 8 3 4 
o . 17983 
o . 2 2 9 4 2 
o . 1 1 5 5 3 
o . 0 6 2 2 1 

o . 0 1 1 0 7 
0 . 0 4 3 5 7 
o . 1 6 3 3 7 
0 . 5 1 6 4 4 
1 .0106 I 
0 . 9 9 1 6 8 

O . 0 0 2 0 2 
o . 0 0 7 9 3 
o . 02931 
o . 0 8 7 7 I 
o . 1 4 0 3 9 
o . 0 7 5 8 7 

k g a 0.2 
o . 0 1 0 1 1 
o . 0 3 9 6 4 
o . 14653 
o . 4 3 8 5 4 
0 . 7 0 1 9 4 
0 . 3 7 9 3 4 

2.0 

0* I 0 . 0 4 3 8 1 0 . 6 3 2 1 5 0 . 0316 2 0 . 0 0 5 3 0 o . 0 0 9 6 2 0 . 0 0 4 8 I 
o » a ot14202 1 .9 3766 0 . 09188 0 . 0 2 0 9 1 0 . 0 3 7 8 1 0 .0189X 
0 . 4 0 . 3788 2 3 . 8 6 7 7 9 0 . 19339 0 . 0 7 9 3 3 0 . 1 4 1 5 9 0 . 0 7 0 7 9 
0 . 8 0 . 7 5 9 0 4 5 . 5 0 7 9 6 0 . 27540 0 . 2 6 2 7 8 0 . 4 4 7 1 0 0 . 2 2 3 5 5 
1.6 0 . 9 8 7 4 3 4 . 2 4 2 8 1 0 . 21213 0 . 6 1 6 7 3 0 . 9 0 1 1 5 0 . 4 5 0 5 8 
3 » 2 I • 0 0 0 6 4 1 .97494 0 . 09876 0 . 9 1 2 5 8 0 . 9 3 2 5 4 0 . 4 6 6 27 

k a s 20.0 

0 . 1 0 . 042 36 
13708 

0 . 6 5 0 0 3 0 . 03250 0 . 00123 0 . 0 1 9 3 0 0 . 00096 
0 . 2 0 . 

042 36 
13708 1 .90693 0 . 09535 0 . 00488 0 . 0 7 6 2 3 o . 00381 

0 . 4 o . 35716 4 . 1 3 9 7 6 0 . 20699 o . 01383 0 . 2 9 0 7 2 o . 01454 
0 . 8 0 . 68947 6 . 4 8 9 4 8 0 . 32447 

34782 
0 . 0 6 7 4 1 0 . 9 8 5 6 5 o . 04928 

1.6 0 . 85490 6 . 9 5 6 3 9 0 . 
32447 
34782 0 . 20115 2 . 5 5 2 3 1 0 . 12762 

3 ' 2 0 . 90325 6 . 0 5 8 5 4 0 . 30393 0 . 48647 4 . 7 6 2 3 4 o . 238 12 

k a 3 2C0.0 

0 . 1 0 . 0 4 2 0 4 0 . 6 5 7 3 2 0 . 03287 0 . 0 0 0 2 4 0 . 02711 0 . 00014 
0 . 2 0 . 13584 1 .93764 0 . 09688 0 . 0 0 0 9 5 0 . 10741 0 . 00054 
0 . 4 0 . 3 5 2 3 7 4 . 2 6 0 0 4 0 . 21300 0 . 0 0 3 7 2 0 . 41459 0 . 00207 
0 . 8 0 . 6 7 2 8 6 6 . 9 4 8 7 1 0 . 34743 0 . 0 1 3 9 9 1 . 46947 0 . 00735 
1.6 0 . 8 1 2 2 3 8 . 5 5 7 7 0 0 . 42789 0 . 0 4 8 30 4 . 36521 o . 0218 3 
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3 .2 1 .06296 2 .55195 0 . 1 2 7 6 0 I . 0 0 2 1 7 0 .09906 0 . 4 9 5 2 5 
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k a a 20.0 

0 . 1 0 . o o i 3 I 0 . 006 52 0 . 00326 0 . 0 0 0 3 5 0 . 00378 0 . 0 0 0 1 9 
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1.6 0 . 05013 2 . 91994 0 . 1 4 6 0 0 0 .01863 0 . 2 1 1 9 0 0 . 01060 
3 .2 0. 11331 7. 95104 0 .39755 0 .06728 0 .67732 0. 03387 

200.0 

0.1 0. 00027 o. 01937 0. 00096 0 . 0 0 0 0 2 0 .00131 o. 00001 
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k . » 20.0 
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Appendix B 
A MATHEMATICAL DESCRIPTION OF THE PROBLEM 

A diagrammatic representation of the system was given in Figure 1. The system 
consists of a semi-infinite elastic solid bounded at the surface by two finite elastic 
layers of constant thickness. The surface is loaded uniformly over a circular area and 
so, i f cylindrical polar coordinates (r , 6, z) are used, the stresses and strains in the 
system w i l l be independent of the angle 6. 

Assumptions 

1. The Applicability of the Theory of Elasticity.—The materials involved are assumed 
to be homogeneous and isotropic, the stress/strain relationship to be linear and the 
modulus to be the same in compression as in tension. 

2. Description of System. — The three layers are horizontal and have different elastic 
properties. The two upper layers are weightless and of infinite extent in the horizontal 
plane. The bottom layer is infinite i n the horizontal plane and semi-infinite in the v e r t i ­
cal plane. 

3. Boundary Conditions. - The surfe.ce of the top layer is free of shear stress. Out­
side the circular loaded area the surface is free of normal stress and inside the load is 
uniformly distributed. A l l stresses and displacements are zero at infinite depth. 

4. Continuity Conditions. — The three layers are continuously in contact and act together 
as a composite medium. At the interfaces the normal and shear stresses and the vert ical 
and horizontal displacements must be the same in both layers. 

TABLE 2 

NOTATION FOR STRESSES 
Stress Symbol 
Vert ical normal 
Radial normal z 
Circumferential normal r 
Shear w 

T 
Shear 

rz 

Figure 2 . Components of stress in cylindrical co-ordinates. 



208 

5. Poisson's Ratio. - T h i s i s assumed to be equal to 0. 5 i n a l l three layers, the main 
reasons being that the algebra involved in developing the stress expression is consid­
erably simplif ied. This value of Poisson's ratio corresponds to an incompressible 
medium. 

Derivations of the Expressions for the Stresses in a Three-Layered System 

The notation for the stresses is presented in Table 2. To take advantage of the sym­
metry of the problem cylindrical polar coordinates have been used. The components of 
stress are shown i n Figure 2. 

The equations of equilibrium are obtained by considering the total force f o r a small 
element in both the radial and vert ical directions. 

^ , " ^ -JL^ = 0 (la) ar dz r 

^•^rz ^^z ^rz „ , , .N 

(Because of the axial symmetry in the problem, T^O and T„„ are zero, and there 
is no equilibrium condition f o r the e-direction). 

In the general three-dimensional case in rectangular coordinates, each of the six 
components of strain (three normal and three shear) may be expressed in terms of the 
three components of displacement. Thus these equations are not independent and three 
relationships exist between the six components of strain. These are called the compati­
b i l i t y conditions, and they may be expressed i n terms of components of stress by using 
Hooke's law. In cylindrical polar coordinates with axial symmetry the compatibility 
conditions become 

^^r - •'e) ^ T T 7 (^r + + ^z) = ° ^^a) 
2̂  2 _ , . 1 a 

V " r r2 ' " r "9 ' " 1 + n 

where ti is Poisson's ratio and 

^ r 3 r 9z2 

is the Laplacian operator. 
The components of stress and displacement may be expressed in terms of a stress 

function «3 in such a way that Eqs. l a and l b are identically satisfied. These expressions 
are 

Stress 

^z 

Displacement 

= ^ [ ( 2 - . ) v ^ P - 1 ^ ] (3a) 

TT [ ' ' V ^ ^ - ] (3b) 

^ r z = ^ [ ( l - ' ' ) v V - 0 ] (3d) 

(vertical) w = ^ [ ( 1 - 2,x)v'<P + | ^ + 7 | f ] ( 3 ^ 

^ r az 

^9 
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(horizontal) u = - - ^ ^ ^ (3f) 

in which E is the modulus of elasticity. 
I t may be shown quite easily that Eqs. 2a and 2b are satisfied provided (fl is a. solution 

of the biharmonic equation: 

V V = 0 (4) 

in which is again the Laplacian operator. 
The problem is thus reduced to the solution of this part ial differential equation sub­

ject to the boundary conditions at the surface, the interfaces and at infinite depth. The 
boundary conditions are expressed next; the numerical subscripts refer to the different 
layers. 

Interface 1 Interface 2 

(z = - hi) (z = -hi-h2) 

Zl Z2 Z2 Zs (normal stresses) 

^ r z i ~ ^rz2 T = T 
rz2 rzs 

(shear stresses) 

Wl = W2 W2 = Ws (vertical displacements) 

Ml = U2 U2 = Us (horizontal displacements) 

T^„ = 0 (z = 0, surface free of shear stress) r z i 

Ws = Us = a„ = T^, = 0 at infinite depth Zs rzs *̂  

(T = 1 O ^ r s a z 

CT_ = 0 r > a 
(surfece loading) 

The radial stresses ay are not continuous across the interface because the horizontal 
displacements are equal; they are determined by the relevant modulus of elasticity. 

The'partial differential Eq. 4 may be solved by using the Hankel transform*. However, 
for purpose here the solution may be expressed i n the following f o r m . 

The stress functions 

(Pi (top layer) = J (mr) \ (A, + Biz) e""'̂  + (Ci + Diz) e '™^ ' 
O L 

<P2 (middle layer) = J^imr) [ (As + B2Z) e""^ + (C2 + Dzz) e"""^ ' 

<P3 (bottom layer) = J^(mr) [ (Cs + Dsz) e '™^ ' 

satisfy Eq. 4 and the conditions at infinite depth**. The ten constants are evaluated by 
using the boundary conditions at the interfaces, the condition that the surface shear 
stress is zero and by assuming a stress distribution of the f o r m : 

*rhe Hankel transform F(m) of order zero of the function f(x) i s given by 
00 

P(m) = xf(x)j^(mx)dx 
0 

for details of the application of this transform to problems in three dimensional 
e l a s t i c i t y , see (6). 
* * J (x) i s the Bessel function of order zero. 
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CT^ (r, m) -mJ^(mr) 

The final expressions for the stresses and displacements are then given by 

Z J z 
o 0 

• f J 
O O 

o j r , m) + a.(r , m) 
r dr dm 

The total surface load is given by 
a "» 

a (r, m) r dr dm 
J J Z 
o o 

a 
mr J^(mr) dr dm = - aJt(am)dm = - 1 

o o 

(5a) 

(5b) 

(6) 

The f ina l expressions for the stresses and displacements are obtained by substituting 
the stress functions <p into Eqs. 3a through 3f for the components of stress and then using 
the Eqs. 5a and 5b. The algebra involved is quite considerable but is simplified by 
assuming that Poisson's ratio is equal to 0. 5 in a l l three layers. The expressions for 
the components of stress that appear in the tables are given next. 

(1) F i r s t interface 

= - ( l - K ) J a i J i ( a i x ) § ^ d x 

(2) Second interface 

2<r.̂  = J a , J i ( a i x ) § ^ djc 

o 

20-̂ ^ = (1-K) J a i J i ( a i x ) § ^ dx 

Za 

2o-_ = 

(VK)(1-M) J a , J i ( a t x ) f ^ d x 

o 
00 

- d - K ) J a , J , ( a i x ) g f ^ i d x 
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C9 

2<r. = -(1-K)(1-N) J a t J t ( a i x ) dx 
o 

The Byrabola and funct ions i n those expressions are 'def ined as f o l l o u s : 

at = a A a , H =» h i A a * k i = E t . / E * , and k , «= E 2 / E 3 , 

7- =. ^ ^ - I M ka~1 

f , ( x ) = (1+Hx) { e - ^ - KN«e-(^*«)=^ - ( l -Hx) {ife-^te _ ^a^-CSH+Oxj 

-Npt (x )e - (^*2)x_j^p^(^j^ . (K+2)x 

ga(x) = K ( 2 - 5 H x ) e " ^ - (2-Hx)e""^ - N* (2+Hx)o~(^+^)^ 

+KN«(2+5Hx)o-(^^*^)^ - Np3(x)o-(^*2)x _ ^p. (x)e- («*2)x 

P i ( x ) = - (l+x+ftc)o''^"*'')^ - KN(l-x+^Ix-2Hx*)e"("+^)^ 

+K(l+x-IIx-2Jix*)e"(^+^)^ + ir(l-x-Hx)e"(^^"^^)^ 
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GaCx) = K(-2+x+5IIx-2Hx^)o"^5"*^)^ + (2-x-Hx)e"("+^ 

- N(2-5x-5Hx)o'(^^^*^^^ + KN(2-5x-Hx-10fIx^)e"("''^^^ 

D(x) = 1+2KIl( l+2x*)e'^ + K ^ N ' e ' ^ + K * o " ^ + 2KN(l+2x» )e"(^+2)x 

^ N^,-(WI+4)x _ 2K(l+2II«x*)c-2H^ . K*Np,(x)o-<2K^2)x _ jjpe (x)c-(2H+^ 

- 2KN*(l+2H«x»)e"^2"*^^^ 

and 

P i ( x ) = PaC-x) = -K(l+2x-Hx+2x*-2Hx^-4Kx^) + (l-2x-Hx+2x*+2Hx*) 

P3(x) = p4( -x) = K(4+2Hx+8x'+2^') - (2-2tx-5Hx-2x'-2Hx*) 

- K'(2+Ztx-5Hx+10x^+2Hx'-20}Ix') 

Ps(x) = PeC-x) = K(2+4x+Hx-2x'-10Hx"+AHx') - (2-^-5Hx-2x*-2Hx*) 

P T ( X ) = 2+4x^-8Hx*+2ai'x*+l6H»x^ 

PeCx) = 2+lpc*+8Hx'+4Jr'x' 
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q , (x ) = N(2+5x+Hx-10Hx^) - (2-x-5Hx+2Hx^) 

qa(x) = N(2+5x+5PIx) - (2-x-IIx) 

qjix) = N(2+x+Hx) - (2-5x-5Hx) 

q4 (x ) = N(2+x+5Hx+2Hx*) - (2-5x-Hx-10Hx*) 

-The expression for gi(x) differs f rom that given by Acum and Fox in the fourth te rm 
in the th i rd bracket. This was discovered when an unaccountable discrepancy was noted 
for values of a Zl r i 

An e r ro r was suspected when a certain lack of symmetry in 

the expression for gi(x) was noted. Inspection showed that the coefficient of exp -(3H+4)x 

should be N^ on both occasions, whereas the pap§r of Acum and Fox shows N instead of 
N^ in the third bracket. When this change was made the disagreement disappeared. The 
corrected expression was verif ied later when i t was derived f r o m f i r s t principles. 

As a further check some results were obtained for comparison with those of Acum 
and Fox. These are presented in Appendix C (figures in brackets bemg taken f r o m 
Acum and Fox's paper). 

Appendix C 
0 . 2 5 5 .0 

5 .0 

o.S 

0.5 

0.5 

0.5 

0.74131 
(0 .7410) 

0.944.M 
(o .9470) 

1.39453 
(1 .3900) 

(1 .2700) 

o. 73401 1.69907 
(0 .72^0) (1 .7000) 

o.3q.r.3Q 0.49183 
(o .3q7o) (o .5o3o) 

0.30774 7.47254 
(0 .3080 ) (7 .4700) 

0.64196 12.73750 
(0 .6420 ) (12 .7300) 

0.23520 8.73121 
(o .2850) (3 .7200) 

o.56937 17. ;7833 
(o .5700) (17 . ;5oo) 

a« ra 
o.37892 

(o .3790) 
o.35063 

(o .2540) 

o .3303i 
(o .3400) 

o.09836 
( 0 . 1020) 

o. I 4 9 ; s 
(o .1500) 

0.25475 
(0 .2550} 

o. 17462 
(o .1740) 

(o .3490) 

o.08733 
(0 .0379 ) 

o.26496 
(o .2650) 

o.oz 171 
( o . o i 1 7 ) 

0 .0412s 
( 0 . 0 4 1 3 ) 

0.05798 
(o .0580) 

o.19381 
(o .1940) 

8a ra 
o.38 000 

(o .3800) 
1.04512 

(1 .0400) 

0.70741 
(o .7070) 

2.23183 
(2 .2300; 

o.233 30 
(o .2380) 

0.7523^ 
(0 .7520) 

0.00791 o.467.,3 
(0 .00791) (0 .4660) 

0.02934 I .61943 
(0 .0292 ) (1 .6100) 

0.07600 
(o.076 1) 

o< 20902 
(o .2090) 
k , » 5 . 0 
ka « 100 .0 

o.00707 
(o .00707) 

o.02232 
(o .0223) 

k, a 50 .0 
ka « 5 .0 
o.o 4768 

(o .0477) 
0.1504c 

(o .1500) 

k i a 50 .0 
ka a 100 .0 
o.00467 

(o .00466) 
O.016 IQ 

( 0 . 0 1 6 1 ) 
ContlnuBd 



214 

H 0 2 . 0 k, a 5 .0 
ka a 5 ,0 

<r ^ St Fa Ba ra 
0. 5 

1. 0 

0.02848 
(0 .0285 ) 

0 .0950? 
(o .0951) 

0.21464 
(0 .2150) 

0.73664 
(0 .7270 ) 

0 .0439? 
(0 .0430) 

0 .1453? 
(0 .1450) 

0.00955 
(0 .00950) 

0.03640 
(0 .0364 ) 

0.04100 
(0 .0409) 

0.15324 
(0 .1530 ) 

0.00820 
(0 .00817) 

0.0306 5 
(0 .0306 ) 

0.5 

0 .5 

I . o 

o.00524 
(o .00522) 

o.01867 
(o .0187) 

0.3826c 0.00765 0.00269 0.00856 
( 0 . 3 8 2 0 ) (0 .00765) (0 .00263) (0 .00853) 

1.36457 0.02720 0.01054 0.03287 
(1 .3600 ) ( 0 .0273 ) ( 0 . 0 1 0 5 ) (0 .0330) 

0.00280 0.51248 
(0.00281)^ (0 .5230 ) 

o.009x4 
(0 .00921 ) 

0.01752 
(0 .0176} 

o. 06004 
(o .0600) 

0 . 0 I 0 2 C 0.00039 0.01430 
( 0 . 0 1 0 5 ) ( 0 .00041 ) ( 0 .0147 ) 

1.88310 0.03766 0.00156 0.05566 
(1 .9300) (0 .0385) (0 .00163) (0 .0575) 

0.27077 0.03706 0.00671 0.02701 
(0 .2730 ) (0 .0372) (0 .00670) ( 0 .0270 ) 

0.93871 0.09388 0.03588 0.10202 
(0 .9390 ) (0 .0938) ( 0 . 0 2 5 9 ) ( 0 . 1 0 2 0 ) 

k i a 50 .0 
k , " 5 .0 

o.00171 
(0 .00170) 

o.00657 
(o .0066) 

k i 
ka 

50 .0 
100.0 

o.00014 
(0 .00015) 

o.00056 
(0 .00058) 

kt 
ka 

1 0 . 0 
5 . 0 

0.00540 
(0 .00540) 

0.02040 
(0 .0304 ) 



Stress and Strain Factors for 
Three-Layer Elastic Systems 
K. R. PEATTIE, Research Engineer, Thornton Research Centre, on temporary assign­
ment at the Research Laboratory, Shell Oi l Company, Wood River, I l l inois . 

Tables of stress factors f o r systems of three elastic layers 
under load have been published by A . Jones of the Thornton 
Research Centre of "Shell" Research L td . i n connection with 
the development of a fundamental method of road design. For 
convenience in the analysis and design of road structures, i t 
is desirable to present these factors graphically. Some stress 
and strain factors not directly tabulated in Jones' report have 
been derived f r o m the data therein. A suitable graphical 
method for the presentation of the factors is described. A 
series of graphs covering four factors has been prepared. 

•MOST METHODS of road design are empir ical . They cannot be extended to cover 
new types of loading or materials of construction. Neither can they be used fo r the 
analysis of the behavior of roads. 

A fundamental method for the design of flexible roads is being developed by Thornton. 
The basis of this method is to determine the thicknesses of the various layers so that 
the stresses and strains developed by moving t ra f f i c are within the permissible l imi t s 
for the materials. I t is therefore necessary to be able to calculate the values of these 
stresses and strains. 

A real road structure may be represented by a system of elastic layers lying on a 
semi-infinite elastic mass. From a review of methods available fo r calculating stresses 
in such systems, i t was concluded that the stresses should be obtained f r o m rigorous 
solutions of the elastic equations for layered systems. Suitable solutions for a wide 
range of the parameters involved have been published by A . Jones of the Thornton 
Research Centre. 

The stress fectors are tabulated at wide intervals of the four parameters involved. 
In the analysis and design of road structures i t is necessary to interpolate between the 
tabulated values. A convenient graphical method of doing this is described. 

STRESS AND STRAIN FACTORS 

Figure 1 shows a three-layer road structure and the stresses for which factors have 
been calculated. These have been confined to points at the interfaces on the vert ical 
centerline through the loaded area because they have their maximum values under these 
conditions i f the load is uniformly distributed. 

The tables prepared by Jones (1) l i s t the stress factors given in Table 1. The stresses 
are obtained multiplying the contact stress by the stress factor. 

These were the six stress factors given by Acum and Fox (2) whose tables were con­
siderably extended by Jones (1). The difference between the vert ical and horizontal 
stresses was tabulated for convenience in obtaining shear stresses. Because in the 
design and analysis of flexible pavements the stresses and strains existing at the bases 
of the upper two layers can be important, i t would be convenient to have the stress fac­
tors , RRl and RR'2, and the strain factors, Vz ( R R l - Z Z l ) and % (RR'2 - ZZ2), tabu­
lated directly. They have been obtained f r o m data in the Jones tables by computations 
carr ied out on the I B M 650 system computer at Wood River. 

The horizontal strain is obtained f r o m the strain factor by multiplying the factor by 
the contact stress and dividing by the elastic modulus of the layer. 

21? 
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I - 2a diam-

1 I I I I m_ 
Layer I 

Layer 2 

Layer 3 

Center Line 

Legend: ZZO = Contact s t ress 
ZZI = V e r t i c a l s t ress at f i r s t i n t e r f a c e 
ZZ2 = V e r t i c a l s t ress at second i n t e r f a c e 
RRI = Hor izonta l s t ress at base of top layer 
RR2 = Hor izon ta l s t ress at top of middle layer 
RR'2= Hor izon ta l s t ress at base of middle layer 
RR3 = Hor izon ta l s t ress a t top of bottom layer 

Figure 1. Three-layer road structure. 

TABLE 1 
STRESS FACTORS TABULATED IN THORNTON REPORT 

Firs t Second 
Stress Interface Interface 

Vert ical Z Z I ZZ2 
(Vertical horizontal) ( Z Z I - RRI) (ZZ2 - RR'2) 

( Z Z I - RR2) (ZZ2 - RRSl 

GRAPHICAL PRESENTATION 

The stress and strain factors in the tables by Jones (and in subsequent tables at Wood 
River) are listed in terms of the following parameters: A = a/hz; H = bi/hz; K i = Ei/Ez; 
and Kz = E 2 / E 3 ; in which a is the radius of c ircular contact area; hi and hz are thicknesses 
of top and middle layers, respectively; and E i , Ez, and E3 are elastic moduli of top, 
middle, and bottom layers, respectively. 
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The stress and strain factors are tabulated for the following values of these param­
eters: 

A = 0.1, 0.2, 0.4, 0.8, 1.6, 3.2 
H = 0.125, 0. 25, 0. 50, 1. 0, 2. 0, 4. 0, 8. 0 

K i = 0. 2, 2. 0, 20. 0, 200. 0 
K2 = 0. 2, 2. 0, 20. 0, 200. 0 

These ranges were chosen to cover the conditions most likely to occur in flexible 
pavements. The individual values were selected to be convenient for interpolation. The 
data have now to be presented in a graphical form suitable for use in the analysis and 
design of flexible pavements. 

There are four independent variables and one dependent variable involved. The 
dependent variable and one pair of independent variables can be represented on one 
"grid" figure. The parameters A and H are related to the geometry of the pavement 
and the load system. The parameters K i and K2 are related to the elastic properties 
of the pavement. The same geometric arrangement may have to be analyzed for combi­
nations of materials of different properties. It would therefore be convenient to construct 

0.01 

ZZ2 

0.001 

0.0001 

0.00001 

H 
O.I26„ 

3.2^ 

= 1.8 

0.25 \ / A / \ 
H = 0 . 6 \ / \ / 

y YA = 0.8 
H = 1 . C \ / \ 

H = 2 . ^ A /A = O.U 

H = U.oY 
\A = 0.1 

/ A = 0.2 

H - 8 0 

Figure 2. Vert ica l stress factor ZZ2 for = = 20. 
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a series of grids, each one of which covered the full range of A- and H-values for one 
pair of values of Kl and K2. The full range of any one stress or strain function can be 
covered on 16 grids. 

The graphical representation of three or more variables is discussed by Mcintosh (3) 
and the method is described in detail in Appendix B of this report. A specimen grid 
giving the vertical stress factor ZZ2, for Ki = Kz = 20, is shown in Figure 2. 

The production of the grids for ZZl and ZZ2 is straightforward. At h l ^ values of 
A and low values of H the grid for ZZl becomes compressed but that is unimportant as 
it is in a range of very thin pavements where ZZl is approximately equal to unity. 

The production of grids for the horizontal stress and strain factors is complicated 
by two features. First, the factors change sign over the range of the tables. Because 
only the regions of tensile stress and strain are of interest in the analysis of flexible 
pavements, the compressive values are disregarded in plotting. Second, when plotting 

H = 0.125 

H = 0 .5x 

0.1 

Figure 3. Horizontal stress factor RRI vs A for K-ĵ  = Kg = 20. Pavements corresponding 

to pairs of values of A at one value of H are compared m Table 2. 

TABLE 2 
VALUES TAKEN FROM FIGURE 3 FOR RRI = 3 (a = 6 IN.) Total 

hi hz Thickness 
H A (in.) (in.) (in.) 

0.125 0.17 4.4 35.3 39.7 
0. 65 1.2 9.2 10.4 

0. 25 0.32 4.7 18.8 23.5 
5.8 0. 26 1.03 1.29 

0.5 0.54 5.5 11.1 16.6 
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the factors against A, for a given value of H, they are sometimes seen to pass through 
maxima as A increases. This occurs at high values of A and low values of H. 

I Graphs of the radial stress factor, RRl, as a function of A are shown in Figure 3. 
j For H = 0.125 and 0.25 two values of A correspond to each value of RRl. A similar 
situation has been shown to exist in a two-layer structure by van der Poel (4). In prac-

j tice, the pavements denoted by the larger of each pair of values of A are inadmissible 
. because they are so thin that the soil would be overstressed. In plotting grids of the 
horizontal stress and strain factors the lines are stopped when peak values are reached. 
This simplifies interpolation, but there must be no extrapolation. 

The pavements corresponding to the values of A of 0.65 and 5. 8 are very thin and 
• are imlikely to be able to protect the soil. 
i A typical grid showing the values of the horizontal stress factor, RRl, for K i = = 
20 is given in Figure 4. A series of grids has been plotted for the vertical stress fac-

I tors ZZl and ZZ2 and the horizontal stress and strain factors RRl and Vz (RRl - ZZl). 
The former were chosen because of their importance in granular bases and subgrades; 
the latter because of their importance in bituminous carpets. 

The full series of grids, which is given in Appendix A, is composed of the following 
figures: Figures 8 to 23, vertical compressive stress factor ZZl; Figures 24 to 39, 
vertical compressive stress factor ZZ2; Figures 40 to 51, horizontal tensile stress 

; factor RRl; and Figures 52 to 67, horizontal tensile strain factor % (RRl - ZZl). 

10 

\ / \ J A = 3.2^ 

V H = 0.26 X / \ 

H •= o.eV X / 
/ X y* = 

\ / \ / ' •* 

H = i . o Y X Y VA = 0.8 

H = z.oy ) ( JK - O.U 

H = X.oV VA = 0.2 

H = 8.o\ /A = 0.1 

1.0 

R R l 
0.1 

0.01 

0.001 

Figiire \\. Horizontal stress factor RRl for = Kg = 20.0. 
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h,= 7 " S u r f a c e 

h 2 = I O " Base 

t 

P = 8 0 ps i 

E | = 2 5 0 . 0 0 0 ps i 

I Eg = 5 0 , 0 0 0 ps i 

Z Z - 2 

Subgrade 

A = a / h 2 = 6 / 1 0 = 0 . 6 

H = h , / h 2 = 7 / 1 0 = 0 . 7 

Figure 5. Hypothetical pavement 

^ E3 = 5 , 0 0 0 ps i 

K | = E | / E 2 = 2 5 0 , 0 0 0 / 5 0 , 0 0 0 = 5 

Kg = E 2 / E 3 = 5 0 , 0 0 0 / 5 , 0 0 0 = 1 0 

TABLE 3 
VERTICAL STRESS ON SUBGRADE FOR 9, 000-LB WHEEL LOAD 

Ki = 0.2 K, = 2.0 K i = 20.0 Ki = 200.0 
Stress 
Factor 

ZZ-2 
Stress^ 
(psi) 

Stress 
Factor 

ZZ-2 
Stress 
(psi) 

Stress 
Factor 

ZZ-2 
Stress* 

(psi) 

Stress 
Factor 

ZZ-2 
Stress* 
(psi) 

0.2 
2.0 

20.0 
200.0 

0.19 
0.13 
0.045 
0. 012 

15.2 
10.4 
3.6 
0.96 

0.21 
0.11 
0. 026 
0. 006 

16.8 
8.8 
2. 08 
0.48 

0.13 
0. 05 
0.013 
0. 0028 

10.4 
4.0 
1.04 
0. 22 

0.05 
0.017 
0. 0045 
0. 0010 

4.0 
1.36 
0.36 
0. 08 

For applied unit load of 80 psi. 

EXAMPLE OF USE OF GRAPHS 
The following numerical example demonstrates the use of the graphs. Considering 

a hypothetical pavement with properties and dimensions as shown in Figure 5, it is 
required to determine the vertical compressive stress produced on the subgrade by a 
uniform load of 80 psi at the surface. This load acting on an area of 6-in. radius is 
equal to a total load of 9, 000 lb. It is similar to the load imposed by a truck wheel. 

First, it is necessary to evaluate the parameters A, H, K i , and K2. These values 
shown at the bottom of Figure E are used to enter the graphs. 

Next, a table like Table 3 is prepared, and stress factors (ZZ-2) are listed for 
different combinations of Ki and K2. These are the stress factors for a pavement of 
the given dimensions, but they represent different modular ratios between the layers. 
Each factor is obtained by interpolation on a separate graph. Thus, the factor of 0.19 
for K i = 0. 2 and K2 = 0. 2 is read from Figure 24 for values of the dimensional param­
eters A and H equal to 0.6 and 0.7. Factors for other combinations of K i and K2 are 
read from Figures 25 through 39. Numerical stresses in separate columns of Table 3 
are obtained by multiplying stress factors by the applied unit load of 80 psi. 
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10.oU 

a o . i u 

0.01 100.0 
Kg 

Figure 6. Relation of subgrade stress to modular rat io Kg. 

10.0,-

2_:6 £ 8 i 

10,000 100; 060 i.ooO.OOO TOTTTOO ,000 

E L A S T I C MODULUS OF S U R F A C E (psi) 

Figure 7. Relation of subgrade stress to e las t ic modulus of surface. 
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In Figure 6, subgrade stresses are plotted against corresponding values of K i and K2. 
The figure demonstrates the influence of modular ratios on subgrade stress. For a 
constant subgrade modulus, an increase in base course modulus (increase in K2) reduces 
subgrade stress. An increase in surface modulus (increase in Ki) also reduces stress. 

Stresses for the pavement in the example are taken from Figure 6 at a value of K2 
equal to 10. These, in turn, are replotted in Figure 7. Here, subgrade stresses are 
shown as a function of the surface modulus Ei(Ex = Ki x E2). For the designated surface 
modulus of 250, 000 psi, the vertical stress on the subgrade under an 80-psi load is 2.6 
psi. 

A graph like Figure 7 is frequently useful because it demonstrates how subgrade 
stresses are influenced by changes in the surface modulus. 

The foregoing example illustrates the use of the graphs to calculate the theoretical 
stress on the subgrade. The graphs can be used in the same manner to calculate other 
values. These include the tensile stress or strain, and the vertical compressive stress 
at the bottom of the surface layer. Thus, stresses can be investigated at several critical 
points in a pavement structure. 

CONCLUSIONS 
In the design and analysis of flexible pavements it would be convenient to have the 

horizontal stress and strain factors directly tabulated. These factors have been calcu­
lated from the original data published by A. Jones of the Thornton Research Centre. 

A suitable graphical method for presenting the stress and strain factors has been 
selected. A series of these graphs covering the &ctors commonly used in the analysis 
and design of flexible pavements has been produced. 
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Appendix A 
GRAPHICAL REPRESENTATION OF STRESS 

AND STRAIN FACTORS 
The following factors are presented graphically: 

ZZl = Vertical compressive stress at first interface—Figures 8-23 
ZZ2 = Vertical compressive stress at second interface—Figures 24-39 
RRl = Horizontal tensile stress at base of top layer—Figures 40-51 
% (RRl-ZZl) = Horizontal tensile strain at base of top layer—Figures 52-67 

The factors for all combinations of A and H appear on one grid. The grids are 
arranged in groups of four in ascending order of K i . Within a group each grid corre­
sponds to one value of Kj . 

There must be no extrapolation on any of the grids. 



VERTICAL COMPRESSIVK STRESS FACTOR Z Z l 
K l = 0 2 
K2 =0 2 VERTICAL COMPRESSIVE STRESS FACTOR Z Z l 

K l ='0.2 
K2 = 2.0 

1 0 

0 1 

0 01 

ZZl 

0 001 

0 0001 

0 00001 

1 0 

0 1 

0 01 

ZZl 

0 001 

0 0001 

0 00001 

IS-=0 25 

Figure 8. Figure 9. t o 
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Appendix B 
PLOTTING OF THREE VARIABLES BY THE GRID METHOD 

In the grid method of plotting (3), the dependent variable is plotted vertically in the 
conventional manner. The independent variables are plotted horizontally on a composite 
scale. 

The dependent variable is plotted against one independent variable for one value of 
the other Independent variable as shown by the solid line in Figure 68. The whole scale 
is then displaced horizontally and the second (dotted) line is plotted. A third displace­
ment of the horizontal scale for A enables the (chain dotted) line for the next value of 
H to be plotted. Once all the plots of the stress factor against A have been drawn, the 
points of equal A-values are connected together to complete the grid. 

The amount of displacement should be selected to give a good intersection of the grid 
lines; i .e. , so that the Jines intersect nearly at right angles. In the present series of 
graphs it has been found convenient to place the "0.1" point of each A-scale at a distance 
from the left-hand axis proportional to the logarithm of the relevant value of H. 
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Figure 68. Construction of grid for v e r t i c a l stress factor ZZ2. 



r r i H E NATIONAL A C A D E M Y OF S C I E N C E S — N A T I O N A L R E S E A R C H COUN-
I C I L is a private, nonprofit organization of scientists, dedicated to the 

furtherance of science and to its use for the general welfare. The 
A C A D E M Y itself was established in 1863 under a congressional charter 
signed by President Lincoln. Empowered to provide for all activities ap­
propriate to academies of science, i t was also required by its charter to 
act as an adviser to the federal government in scientific matters. This 
provision accounts for the close ties that have always existed between the 
A C A D E M Y and the government, although the A C A D E M Y is not a govern­
mental agency. 

The NATIONAL R E S E A R C H COUNCIL was established by the A C A D E M Y 
in 1916, at the request of President Wilson, to enable scientists generally 
to associate their efforts with those of the limited membership of the 
ACADEMY in service to the nation, to society, and to science at home and 
abroad. Members of the NATIONAL R E S E A R C H COUNCIL receive their 
appointments f rom the president of the ACADEMY . They include representa­
tives nominated by the major scientific and technical societies, repre­
sentatives of the federal government, and a number of members at large. 
In addition, several thousand scientists and engineers take part in the 
activities of the research council through membership on its various boards 
and committees. 

Receiving funds f rom both public and private sources, by contribution, 
grant, or contract, the ACADEMY and its R E S E A R C H COUNCIL thus work 
to stimulate research and its applications, to survey the broad possibilities 
of science, to promote effective utilization of the scientific and technical 
resources of the country, to serve the government, and to further the 
general interests of science. 

The H I G H W A Y R E S E A R C H BOARD was organized November 11, 1920, 
as an agency of the Division of Engineering and Industrial Research, one 
of the eight functional divisions of the NATIONAL R E S E A R C H COUNCIL. 
The BOARD is a cooperative organization of the highway technologists of 
America operating under the auspices of the A C A D E M Y - C O U N C I L and with 
the support of the several highway departments, the Bureau of Public 
Roads, and many other organizations interested in the development of 
highway transportation. The purposes of the BOARD are to encourage 
research and to provide a national clearinghouse and correlation service 
for research activities and information on highway administration and 
technology. 
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