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Tabulated Values for Determining the Complete
Pattern of Stresses, Strains, and Deflections
Beneath a Uniform Circular Load on a
Homogeneous Half Space

R. G. AHLVIN and H. H. ULERY respectively, Chief and Engineer, Special Proj-
ects Section, Flexible Pavement Branch, Soils Division, U.S. Army Engineer Water-
ways Experiment Station, Vicksburg

Results of extensive computations are presented in a manner that permits
simple determination of the complete pattern of stress, strain, and
deflection at points beneath a uniform circular load on an elastic,
homogeneous, isotropic, half space. Tabulations are presented of

eight factors for a dense network of points in terms of depth below the
load and radial distance from the load axis. Simple formulas are
presented using these factors and Poisson's ratio by which any
coordinate stress, strain, or deflection may be determined for any

value of Poisson's ratio.

oTHIS PAPER presents results of computations of stress, strain, and deflection at
points beneath a uniform circular load on an elastic, homogeneous, isotropic half space.
These results are being reported in the hope that they will provide a useful reference

to anyone concerned with the distribution of stress and strain induced by tire or footing
loads that may be treated as uniformly distributed circular loads. Computations of this
type are not new (1 2, 3); but the results presented are somewhat more extensive, pro-
vide a denser network o'f values, give greater accuracy, and treat Poisson's ratio more
directly than previously published information. The method of presentation is also some-
what different in that tabulations have been made of each of eight functions which can be
combined through simple equations to give any coordinate stress, strain, or deflection
for any value of Poisson's ratio.

i The computations reported were made in connection with an investigation of pressures
and deflections in homogeneous soil masses. This was part of a larger study of the action
of loads on flexible pavements conducted at the U. S. Army Engineer Waterways Experi-
ment Station. Theoretical values of stress, strain, and deflection were developed for
comparison with equivalent values measured in field test sections (7, 8, 9). These
theoretical values were computed using equations developed by Love (5) and other
methods (8 and 9).

In the computations, certain functions were obtained that repeat themselves and are
independent of Poisson's ratio. These are the functions that are tabulated and presented
which combine in simple formulas to give stress, strain, or deflection for any value of
l'-l’oisson's ratio. Tables 1 through 8 give the data in terms of depth below the loaded
area and offset distance from the center of the loaded area, of the eight functions needed
to determine any desired stress, strain, or deflection. The tables give values for
depthsinradiiofo 0.5, 1, 1.5, 2, 2.5, 3, 4, 5, 6, 7, 8, and 9 for offset distances
fromtheloadaxisinra.diiofo 1, 2, 3, 4,5,6, 1, 8, 10 12, and 14. In addition,
va.luesarepresented fordepthsinradiiof 0 1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9,
1, 1.2, 1.5, 2, 2.5, 3, and4atoffsetdista.ncesinradiiofo 2, 0.4, 0.6, 0. 8 1.2,
and 1. 5 A few values are included for depths of 10 radii and a few for fractiona.l radii
depths at other offset distances. The values included represent those needed for com-
parlson with equivalent values measured in test sections as mentioned previously.

| It might appear strange that, with the modern computing equipment now available,
tabular results of the type reported are not already commonly available.
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Table 1

Function "A"
Depth
M.M.v offset (p) in Radii
Radii 0 0.2 R 0.6 08 1 1.2 1.5 2 3 5 5 [ T B 10 12 1)
[+ 10 1.0 10 10 1.0 5 0 0 0
0.1 90050 .89748 88679 86126 .78797  .k3015 09645 02787 00856 00211 00084 00042
0.2 80388 982k  T7884  T34B3 63014 .38269 15433 05251 01680 .00k19 .00167 00083  OOOUB 00030 00020
0.3 JT1265 .70518  .68316  .62690 52081 34375 17964  .07199 o2kho 00622  .00250
o.b 62861 62015 59241  .53767  .Lkb329 31048 18709 .08593 03118
0.5 .55279 54403 51622 LE4L8 38390 28156 18556  .09499  .03701 01013 ooko7  .00209 00118 00071 00053 00025  .0001k 00009
0.6 48550 47691 45078  Loh2y 33676 25588 17952 .10010
0.7 42654 L4187k .39%91 35428 29833 21727 1712k 10228 OL558
08 37531 36832 34729 31243 .26581 21297 16206  .10236
09 33104 32492 30669 27707 23832 19488 15253  .1009h4
1 29289 28763 27005 2k697  .21h468 17868 14329 09849 05185 oLTh2 00761 00393 00226 00143 00097 00050  .00029 00018
1.2 23178 22795 21662 19890  .17626 15101 12570  .09192 05260 .01935 .00871 ools9 00269 00171 00115
1.5 16795 16552 15877 1480k  .13436 11892 10296 08048  .05116  o021k2 01013  0OSW8  .00325 .00210 001kl 00073  QOOW3 00027
2 10557  .10453 10140 09647 09011 08269 OThTL 06275 oklg6  .02221 01160 00659 00399 00264 00180  .0009L 00056 00036
2.5 07152 07098 06947 06698 06373 05974 .05555  .0LB8o 03787 .02143 01221 00732 .00463  .00308 00214 00115  .00068 00043
3 05132 05101 .05022 ,04886 .OMTOT  .OM4BT .Oh2k1  .03839 03150 .01980 .01220 00770 .00505 00346 00242 00132 00079 00051
b .02986  .02976 .02907 .02802 .02832 02749 02651 .02490 02193 01592 .0L109 00768 00536 00384 .00282 00160 00099 00065
5 olgk2 01938 .01835 01573 .012k9 .00949 00708 00527 .0039% 00298 00179  O0113 00075
6 01361 01307 01168 .00983 .00795 00628  00k92 00384 00299 00188 o012k 000BL
1 01005 00976 00894 00784 .00661 00548  OOMLS 00360 00291 00193 00130 00091
8 00772 00755 .00703 .00635 00555  OOkT2 00398 00332 00276 00189 00134 0009k
9 00612 00600 00566 00520 .00BG6  0OLO9 00353 00301 00256 00184 00133 00096
10 oOUT7T  O0OME5 00438 00397 00352 00326 00273 00241

— — ot ——— ot T T e — T




Table 2

Function

Depth
(z)
in

Radii

1.2

1.5

2.5

Ooffset {p) in Radii

0 02 PR 06 08 T 12 1.5 2 3 T 5 [ 7 B 10 12 14
.0 0 0 o 0 0 0 b a 2 0 0 0 0

09852 10140 11138 13424 18796 05388 -.07899 - 02672 - 00845 - 00210 - 00084 - (oOL2

18857 19306 20772 23524 25983 08513 - 07759 - O44MB - 01593 - 00kl2 -.00166 - OOOE3 - 0002k - OOOL5 - DOOLO

26362 26787 .28018 29483 27257 10757 - Ok316 -.0M999 - 02166 - 00599 -.002L5

32016 32259 32748 32273 26925 1240k - 00766 - O4535 - 02522

35777 35752 .35323 33106 26236 13591 .02165 -.03455 - 02651 -.00991 - 00386 - 00199 - 00116 - 00073 - 000G - 00025 - 0OOLL - 00009
37831 37531 .3630€ 32822 25411 ko okksT -.02101

38487 37962 36072 31929 2638 ,14986 06209 -.007T02 - 02329
38091 37hO8  .35133 30699  .23779  .15292  .07530  .0061k

36962 36275  .3373h4 29299 22891  .15k0k  .08507 01795

35355  .34553  .32075 27819 .21978 15355 09210 02814 - 01005 - Ol115 - 00608 - 00210 -.00135 - 00092 - 0008 - 00028 - 00018
.31485 30730 28481 2u836  ,20113 14915 10002 04378 00023 - 00995 -.00632 - 0023 - 00156 - 00107

25602 25025 23338 20694 1736& 13732 10193 057h4s5 01385 - 00669 -.00600 - 00265 - 00181 - 00126 -~ QOOGE - 0000 - 00026
17889 1814k 16644 15198 13375 11331 09254  .0637T1 02536 00028 -.00410 - 00278 - 00202 - 00148 - 00084 - 00050 - 00033
12807 12633 12126 11327 .10298 09130  OT869 06022 03429 00661 - 00130 - 00250 - 00201 - 00156 - Q0094 - 00059 - 00039
09487 09394 09099 08635 08033 07325 06551 05354  .03511 0l1l2  .00157 - 00192 - 00L79 - 00151 - 00099 - 00065 - 00046
05707 05666  .05562 05383 05145  OWTT3  O532 ,03995 03066 01515 00595 - 00029 - 0009% - 00109 - 00094 - 00068 -~ 00050
03772 03760 0338k 02474 01522 00810 00132 00013 - 00043 - 00070 - Q0061 - OOOM9
0266 02468 01968 01380 00867 00254 00110 00026 - 00037 - OOOMT - OOOLS5
01980 01868 01577 01204  .008k42 00547  .00332 00185 00093 - 00002 - 00029 - 00037
01526 01k59 01279 01034 00779 00554 00372 00236  .001k41 00035 : 00008 - 00025
01212 01170 01054 00888 00705 00533 .00386 00265 00178 00066 00012 - 00012

00924 00879 00764k .00631 00501  .00382 00281 00199




Table 3

Depth
(2)
in

Radii

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

1.2
1.5
2

Function "C"
Offset (p) in Radii

0 G.2 0.1 06 0.8 T 1.2 1.5 2 3 1 — 5 [ 7 B 10 12 15
o 0 0 0 0 0 0 5} 0 ] 0 0 0
-.04926 -.05142 -.05903 -.0T708 -.12108 .02247 .12007 .OB4T5 .01536 .004O3  .00164  .00082
-.09429 -.09755 -.10872 -.12977 - 1552 .02419 .14896 .07892 .02951 .00T96 .00325  OOL64  .0009% 00059  .00039
-.13181 -.1348% -.14515 -.15023 -.12990 .01988 .1339% .09816 .OkI48  .0L169  .0OM83
-.16008 -.16188 -.16519 -.15985 - 11168 .01292 .1101% .10422 .05067
-.17889 -.17835 -.1Th9T -.15625 -.09833 .00b83 .08730 .10125 .05690 .0182% .00TT8 00399 .00231 .00146 .00098 .00050 .00029  .00018
-.18915 -.18664 -.1733% -.14934 -.08967 -.0030k .06731  .09313
-.1924% -.18831 -.17393 -.lh147 -.08409 -.01061 .05028 .08253 .06129
- 19046 -.18481 -.16784 -.13393 - 08066 -.OLTH4 .03582 .oTLM
-.18481 -.17BM1 -.16024 -.12664 -.07828 -.02337 .02359 .05993
-.17678 -.17050 -.15188 -.11995 - O763% -.02843 .01331 .OM939 .05429 .02726 01333 .00726 00433 .00278 00188 .00098 00057  .00036
-.157h2 -.15117 -.134%67 -.10763 -.07289 -.03575 -.00245 ,03107T .04552 .02791 .OL46T  .00824  .0050L 0032k .00221
-.12801 -.12277 -.11101 -.09145 -.067T11 -.0b12h -.01702 .01088 03154 .02652 .01570 .00933 00585 00386 00266 .001k1 00083 00039
- 03944 -.08491 -.OT9T6 -.06925 -.05560 -.0blhbk -.02687 -.00782 01267 .02070 .01527 .01013 .0032L  OOk62 00327 .001T9  0OMOT 00069
-.08403 -.06068 -.05839 -.05259 -.0h522 -.03605 -.02800 -.0153 .00103 .01384 .01314 00987 .00707 .00506 .00369 00209 00128 00083
- ObTh -.04560 -.04339 -.04089 -.03642 -.03130 - 02587 -.0LTM8 -.00528 .00T92 .01030 .00888 .00689 .00520 .00392 .00232 .00145  .00096
..02856 -.02737 -.02562 - 02585 -.02k21 - 02112 -.0196L -.01586 -.00956 .00038 .0Ob92 00602 .00561 .OOBT6 00389 0025k  .00168  ooL15
- 01886 - 01810 -.01568 -.00939 - 00293 -.00128 .00329 .00391 00380 00341 00250  OOL7TT 00127
-.01333 -.01118 -.00819 -.00405 -.00079 00129  0023% .00272 00272 00227  OO1T3 .00130
-.00990 -.00902 ~.006T8 -.00k1T -.00180 - QOOOM 00113 .0017Ts 00200 00193 00161 00128
-.00763 -.00699 - 00552 -.00393 -.00225 -.,000T7 .00029 .00096 .00134% .00157 .00l43  .00120
-.00607 -.00423 -.00452 -.00353 -.00235 -.00118 - 00027 .00037 00082 00124  OOl22  0O110

-.00381 -.00373 -.00314% -.00233 -.00137 -.00063 .00030 .0004O




Table 4

Punction "D"

Depth
(2)

Radii

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.2
1.5

\OCDQQ\U!F'WZ\)
w

-
[=4

Offset (p) in Radii

) 0.2 0.5 0.6 0.8 1 1.2 1.5 2 3 13 — 5 3 T 8 10 12 i
0 0 0
.0kg26  ,0lg98  .05235 .05716 .066BT .07635 .0M108  .01803 .00691 .00193 .00080  .0O0OLL
09429 09552  .09900 10546  .11431  .10932 .0T139  .O3h4h 01359 00384 .00159 .00081 .0004T  .00029 00020
13181 .13305 .1k0S1 .1h062 .1h267 .12745 .09078 .O4B17 01982 .00927  .00238
16008  .16070 .16229 .16288 15756 .13696 .102k8 .05887  .02545
17889  .11917 .17826 .17481 16403 .1hoTh  .1089k .066T0 .03039 00921 .00390 .00200 00116 .0007T3 .00049 00025 00015 00009
.18915  .18867 18573  .17887 .16h489 1hk137 11186 oT212
192kk  .19132  .186T9 17782 .16229 13926 11237 .07551 .03801
.19ok6  .18927 18348  .17306 .1571h 13548 11115 .0O7728
J18481  .183k9 17709 16635 .15063  .13067 10866  .OTT88
17678  .17503 .16886 .1582h  143bh 12513 1050 .OT753 .OMsS6  .01611 .00725 00382 .00224 .00Lh2 00096  .00050 00029 00018
.157Th2  .15618 15014 1k0T73 12823 11340 09757 o7h8L  .0USTS  .0LT96  .00835 .00WME  .0026L 00169 00114
12601 12754 .12237 11549 10657 09608 08491  .06833 .0b539 .01983 .00970 .00532 .00320 00205 .00k 00073  .00043  0O02T
OBgkk  .09080 .08668 08273 .O7BL4 .OTI8T 06566 .05589 .OM103 02098 .01l .00643 .00398 .00260 .001T9 00095 00056  .00036
-06403  .06565 06284  .06068  OSTTT .05525 .05069 .OM4B6  .03532 02045 .01183  0OTL7  OOkST  .00306 .00213 .00115 00068  .0OO
-ObTHL  .OhB34  .OMT60  .OWSHB  .Ob391  .0I95  .03963 .03606 .02983 .0190k .01187 .00T55 .OOLT  003k1  .002h2 00133 .00080 00052
.02854  .02928 .02996 .02798 .0272h  .02661  .02568 02408  .02110 .01552 .01087 00757 00533  .00382 00280  .00160 00100  .00065
01886  .01950 .01816 01535 .01230 .00939 .00700 .00523 .00392 00299 00180 .00114  .0OOTT
.01333 01351 01143 .00976 .00788 .00625 .00488 00381 .00301 .00190 0012k  .00086
00990 . 00966 00839  .0078T .00662 .00542  OOMLS 00360 00292 .00192 00130  .00092
00763 00759 00727 LOOB4L  .00554  OOMT7  .00MO2  .00332 .00275 .00192  OOL3L  .00096
00607 00746 00601  .00533 .0OLTO  .0O415 .00358 00303  CO260 .0OI8T 00133 00099
00542 00506 .00450 .00398 00364  .00319 00278 00239




Function "E"

Teble 5

Offset (p) in Radii

0 02 R 06 0.8 T 1.2 1.5 2 3 3 5 3 T ] 10 12 1h

5 5 .5 .5 .5 5 722 22022 12500 05556 03125 02000 .01389 01020 .00T81 .00500 .0O34T 00255

45025 Lhoigh 44698  .LM1T3  .43008  .39198 30445 20399 .11806 .05362 .03045 .01959

Lol9k  LoOW3L  .39591  .38660 36798 32802 26598 .18633 .11121 .05170 .02965 .01919 01342  .00991 00762

35633 .35428  .33809  336Th  .31578 28003 .23311 .16967 .1O450 .Oh9TY 02886

31431 31218 .30541  .29298  272hk3 24200 .20526  .15428  .09801

27639 .2ThOT 26732 .25511  .23639 21119 18168 14028 09180 04608 .02727 .01800 01272  .00946 00734 00475 .00332  .00246

2u275 .2hoht  .23b11  .22289 .2063%  .18520 .16155 .12759

21327 .21112 .20535 .19525 .18093 16356 .14421 11620 ,0B027

18765 .18550  .180k9 17190 .159T7 .14523 .12928  .10602 "

16552 .16337  .15921 .151T9 .14168 .1295h .1163% .09686

14645 L1483 .14610  .13h72  .12618 11611 10510 .08865 .06552 .03736 .02352 .01602 .0L157  .008Th .00683 00450  .00318  .0023T

11569 .11435  .11201 10741 .1010 .09431 .0B657 .OTLT6  .05728 .03425 .02208 .01527 .OLL13  OOBAT . 00664

08398 .08356  .08159 .07885 .O07517 .07088 .06611 .0587L .0L703 .03003 .02008 01419 .0lOk9 00806 .00636 .00h25  .00304  .00228

05279 05105 .O5146 .0503k .0M8S0  .O6T5 .obuh2  .0hOTB  .O34SH ¢ .02410 .01706 .01248 .00943 .00738 00590 .00k01  .00290 00219

03576 .03%26  .03489 .03435 .03360 .03211 .03150 .02953 02599 .01945 .OLLLT  .01096 .00850  OO6Th  .00546 00378 .00276 00210

02566 .02519  .024T0  .02491  .O24Mh  .023B9 .02330 .02216 .02007  .01585 .Smuo. .oom.mm n.ﬂwmu .00617 00505 .00355 00263 00201

01493 oOwWs2  .0l495 .01526 .OL446 .0148  .01395 .01356 .01281 .0l0B4 .00900  OOTL2 .00612  OO51L  OOL3L 00313 00237 .00185

L0097 00927 00929 .00873 .0OTTh .00673 .00579 .00L9S  0OK25  .00364  .00275 .00213 .00168

.00680 .00632 .00629 00574 .0051T  OO4ST .OOkOk 00355 00309 OOk 00192 0015k

00503 00493 .00466 .00438  .00Oh  .00370 .00330 .00296 .00264  .00213 .001T2  001kO

00386 00377 .00354% .00344  .00325 .00297 .00273 .00250 .00228 .00185 00155  .00127

00306 00227 00275 00273 .00264 .00246 .00229 .00212 .00I94 .00163 00139  00L6
00210 .00220 .00225 00221 .00203 .00200 00181  .0OTL

e —— ——

|
|



Table 6

Function "F"
Depth
(2)
in Offset (p) in Radii
Radii ) D2 0k 06 08 T T2 1.5 2 3 13 5 4 T i 10 12 1k
o 5 .5 5 5 5 o -.34722 -.22022 -,12500 -.05556 -.03125 -.02000 - 01389 - 01020 - OOTBL - 00500 -.00347 - 00255

0.1 45025  LLhTok %3981 h1gsh  .35789 03817 -.20800 -.17612 -.10950 -.05151 - 02961 - 01917

02 Lo19h 39781 38294 34823 26215 05466 - 11165 -.13381 - O9hkl - OKT50 -.02798 -.01835 -.01295 -.00961 - 00742

0.3 .35633 .3509h4 34508 29016 20503 06372 - 05346 - 09768 - 08010 -.04356 ~.02636

ok 31431 30801 .28681 .2WW69 17086  .06848 -.01818 -.06835 - 06684

0.5 -27639  .26997 2890 20937 .14752 07037 00388 - O4529 -.05479 - 03595 -.02320 -.01590 -.01154 - 00875 - 00681 -.00450 -.00318 -.00237
0.6 =h275 (23444 21667 18138 13042 07068 0LT9T - 027h9

0.7 21327  .20762 .18956  .15903 1740 .06963  .0270k -.01392 -.03469

0.8 18765  .18287 16679 14053 10604 06TTh 03277 - 00365

0.9 16552 16158 1H7h7  .12528 09664 .06533  .03619 oolko8

1 -14645 14280 12395 11225 .08850 .06256 03819  .00984 - 01367 -.0199% -.01591 -.01209 -.00931 -.00731L - 00587 -.00400 =~ 00289 -.00219
1.2 11569 .11360 10460  O9kh9  OTWBE 05670 03913 .OLTI6 - OO452 - OL4Y1 -.01337 - OLO68 - 008LL -.00676 - 00550

1.5 08398 08196 .0TT19 .06918 .05919  O4BOk 03686 .0217T  .00M13 - 00BTY -.00995 - 0OBTO -.00723 - 00596 - 00495 -.00353 - 00261 - 00201
2 05279 05348 0okgol ols1h oh162 03593 03029 02197  .010k3 -.00189 -.00546 - 00589 -.0054k - OOLTH -.00410 -.00307 - 00233 -.00183
2.5 03576 .036T3 .03459 03263 .03014 02762 02406 01927  O1188 00198 -.00226 - 00364 -.00386 - 00366 - 00332 - 00263 - 00208 - 00166

3 02566 .02586 02255 02395 02263 02097 .0I9LL 01623 .OLl4L  ,00396 -.00010 - 00192 -.00258 - OD2TL - 00263 - 00223 - 00183 - 00150
b 01k93  .0153 .0lkl2 01259 01366 01331 .01256 .OLI3k .00912 .0050B .00209 .00026 - OOOT6 - OOLZ] -.00L48 - 00153 =.00137 -.00120
5 .00971 01011 00905 00700  .00T5S ~ 00277 00129 .00031 =-.00030 - 00066 - 00096 - 00099 - 00093
6 00680 00675 00538 00409  .00278 .00LT0 00088 00030 - 00010 - 00053 -~.00066 -.00070
7 00503 00483 ook28 00346  .00258 00178  oOLLh  .0006k 00027 -.00020 - 00OML - 0OOk9
8 00386 00380 00350 .00291  .00229  .001T4  .00125 00082 .00048  .00003 -.00020 -.00033
9 00306 00374 00291 00247 .00203 .00163 00124 00089 00062 00020 - 00005 - 00019

10 00267 00246  .00213 .OOLT6 00149 .00126 00092  000TO




Table 7

Function "G"

offset (p) in Radii
0 0.2 0.5 0.5 0.8 1 1.2 1.5 _ 2 3 T 5 3 T ) 10 12 b
4} .31831 © 4 [ 1} o
0 .00315 .00802 .01951 .06682 .31405 .05555 .00865 .00L59  .00023  .0000T  .00003
[ .01163 .0287T .06h41  .16214  .30474 .13592 .03060 .0061% .00091 .00026 .00010 .00005 00003  .00002
0 .02301  .05475 .11072 .21465 .29228 .18216  O5747  .01302 00201 00059
[} L0360 .0T883 .1WGTT 238k .2TTT9  .20195 .08233 .02138
0 .obh29  .09618 .16426 .23652 .26206 .20731 .10185 03033 .00528 .00158 00063 .00030 00016 00009 .0000 00002  000OL
[ .0k966  .10729 17192 .229h9  .245Th  .20496 .115M1
3} .05484  .11256 .1T126 .21TT2  .2292h 19840 .12373  OWT18
[+] .05590 .11225 .1653% .20381 .21295 .18953 .12855
0 .05496 .10856 .15628 ,1890% .19712 .1T945  .28881
0 05266 .1027h 14566 .17419 .18198 .16B84 .12745  OGU3L  .0l646  .00555 .00233 .00L13 .00062 00036  .00015  .0000T 0000k
0 04585 .08831 .12323 .14615 .15408 14755 12038 .0696T7 .020TT .00Th3 .00320 .00159 .00087 00051
[} 0383 .06688 .09293 .l1071 .l9ok .11830 .104TT .0T0T5 .02599 .01021 .0OM60  .00233 00130 00078 .00033 00016  .00009
[} 02102 .04069 .05T2L .06948 .OTT38 .08067 .OTBOL  .06275 .03062 .01k09 .00692 00369 .00212 00129 00055 00027  .00OL5
0 01293  .0253% .03611 .OM4B4K  .05119 .05509 .05668 .05117 .03099 .01650 .00836 .00k99  .00296 .00185 .00082 .000k1 00023
o L0080 .01638 .02376 .0299% .03485 .03Bk3  .okaok  .04039 .02886 .OLTW5 .0l022 00610 00376 .00241  .00L10 .00057 00032
0 .00382 .00TT2 .0l1k9 .01480 .0176% .02005 .022T1 .02W75 .02215 01639 .OLL18 .0OTA5 .00499 00340 00167 .00090 00052
0 00214 .00992 ,01343 .01551 .01601 .01364 .01105 .00782 .00560 .00kOk  .00216 .00222  0OOT3
[ 00602 .00845 .01014 01148 .01082 00917 00733 .00567 .00432 .00243 .00150 00092
0 .00396 00687 .00830 .00842  OOTTO .00656 00539  OOM32 .00272 .0OLT1  .00110
0 “ Soczr0 .00481 .00612 .00656 .00631 .00568 wo..om o0k13 00278 00185  .00L2h4
[+} .W.SH.: 00347 .00MS9 .00513 .00515 .00MBS 00438 .00381  oo27h 00192 00133
o ,00199 .00258 .00351 .0OOT .00420  OOk1l .00382 00346




Table 8

Depth
(z)
in

Badii

o

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

1.2

1.5

ow

oo 9 N W

10

Function "H"
offset (p) in Radii
0 0.2 0.k 0.6 038 1 1.2 1.5 2 3 T 5 [ 7 B 10 12 1%
20 197987 1.91751 1.80575 1.62553 1.27319 .93676 .71185 51671 .33815 .25200 20045 .16626 14315 12576 .09918 08346 07023
1 80998 1.79018 1.72886 1.61961 1 44711 1.18107 .92670 .70888 51627 .33794% .25184 20081
1.63961 1.62068 1.56242 1 L60OL 1 3061k 1 09996  .90098 TO0Th 51382 .3372%6 .25162 .20072 16688 14288 12512
1.48806 1.h7okk 1 40979 1 324k2 119210 1.027k0  .B6T26  .68823 .50966 33638  .2512k
1.35407 1.33802 1.28963 1.20822 1.09555 .96202 .B3042 .67238 .50M12
1.23607 1.22176 1.1789% 1.10830 1.01312 .90298 79308 65429 .4972B .33293 .24996 .19982 .16668 .14273 .12k93 09996 08295 .0T123
113238 1.11998 1.08350 1.02154 94120  .84917  .75653  .63469
1 04131 1.03037 .99T9k4 91049 .87Th2  .80030 12143 61442 48061
96125 .95175 .92386 87928 .82136  .755T1 .68809  .59398
.89072 .88251 .85856 .82616 .TT950 .TIH95  .656TT  .5T361
.82843  .85005 .Bob65  .76809 .72587  .6TT69 62701  .5536h 45122 31877 .24386  .19673 16516 .1k182  .12394 09952 08292 07104
.72410 .71882 70370 67937 .64814  .61187 .57329 51552 43013 .31162 .2LOTO .19520 .16369  1k099 12350
60555 60233 .572h6  .57633 .55559 .53138 50496 L6379 39872  .29945  .23495 .19053 .16199 14058 12281 09876 08270  OTO6h
Lr21k  Jh7o22  L4hS12 J45656  LLb502 43202 bi7o2  392k2 35054 .27ThO  .22418  .18618 15846 13762 12124 09792 08196 07026
,38518  .38403 .38098 .37608 36940 36155 35243 .33698 30913 .25550 .21208 17898 15395 13463 11928 09700 08115 06980
32457  .32403  .32184 31887 L3164 30969 30381 .2936k 27453 23487  .1997T  1715F 14919 13119 .11694 09558 .08061 06897
24620 24588 24820  .25128 24168 23932 23668 2316k 22188 19908  .1T6k0 15596 13864 12396  .11172 09300 .O0786hk 06848
.19805  .19785 19455 18450 17080 .15575 14130 12785 11615 10585 0B89S  OT6TS 06695
16554 .16326 L15750 14868 138k2 12792 11778 10836  .09990 08562 .OTh52 06522
14217 14077 ,13699  .13097 .12kok 11620 10843 .10101 09387 08197 07210  O63TT
12448 12352 12112 .11680 11176 .10600 09976 .09LOO 08848  .07800 06928 06200
.11079 10989 10854  .10548 .10161 .09702 .09234  O0B784 08298  OTHOT 06678 05976
.09900 09820 .09510 .09290 08980 08300 08180 07710
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The computations, however, involve elliptic functions and were made through use of
values tabulated by Legendre in 1826 (4). Direct determination of elliptic functions as
part of a computer program is sufficiently complex and time consuming that extensive
results of the type being presented herein have not been programmed, computed, and
reported.

The simple relations which combine the tabulated functions and Poisson's ratio to
give stresses, strains, or deflections are

Bulk stress E
m
9—2p(1+v)A—cz+cp+oe-e1_2u (1)
Vertical stress
o, = p|A+B] (2)
Radial horizontal stress
0, = p[2wA+C+(1-2)F | (3)
Tangential horizontal stress
oy = p[2vA-D+(1-2u)E:| (4)
Vertical-radial shear stress
Toz = Tzp = pG (5)
Bulk strain
220+ _ g 1-2
e-p—i——(l-zv)A—ez+ep+<9-9 i (6)
m m
Vertical strain
_ . 1+v 7
¢, = PE [(1-2u)A+B] ()
m
Radial horizontal strain
_ 1+v
% = PTE [a-2vF+c ] (8)
Tangential horizontal strain
€6=p1Ev [(I-ZV)E-D:I (9)
Vertical-radial shear strain m
-y =pl2d+v) o 20+v)
Yoz~ Yzp ™ P E G = E Toz (10)
Vertical deflection
_ 1+v
w, =P E_ r[zA+(1-v)H] (11)
Radial horizontal deflection
w =p1+u (-pr)[(l-Zu)E-D:l:-pre (12)
o Em 6

Tangential horizontal deflection

w, = 0 (13)
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Symbols and sign conventions follow Timoshenko (§). Figure 1 may give a clearer
concept of most of the symbols.

A, B,C... H = functions, whose values are given in Tables 1 through 8;
z, p, coordinate distances in radii, cylindrical coordinates—
positive to the right, outward, and downward;
¢ = normal stress—positive for compression;

05 op, Oy = letter subscript indicates axis parallel to which the line of
action of the stress lies;
© = sum of three mutually perpendicular normal stresses at a point;
T = shear stress—positive in positive quadrant and negative in mixed
quadrant;
T __ = letter subscripts for shear stresses indicate (a) direction per-
PZ  pendicular to plane on which stress acts, and (b) the direction
in which it acts;
y = shearing strain;
v__ = subscripts for shearing strain have same meanings as those for
Pz shear stress;
€ = strain—positive for compression;
€ , € , €, = subscripts for strain have same meanings as those for normal
z’ o 8 stress;
e = sum of three mutually perpendicular strains at a point;
w = deflection—positive downward and outward;
Wy W, Wy = subscripts for deflection have same meanings as those for nor-
mal stress;
v = Poisson's ratio;
Em = modulus of elasticity in compression—always positive;
p = surface contact pressure; and
r = radius of circular loaded area.

0 ELEMENTAL CUBE WITH FACES
PARALLEL TO PRINCIPAL PLANES

ELEMENTAL PRISM WITH
. TWO FACES AT 45° TO
N J U7 ... PRINCIPAL PLANES

~- . MAJOR PRINCIPAL / ~ g . .
pd IA\\
s ~

PLANE /
Y

T POINT AT WHICH .
ELEMENTAL CUBES

ARE TAKEN

ELEMENTAL CUBE WITH FACES ™. ‘-\ /
PARALLEL TO AXIAL PLANES = S AN \ /
N
o2 . \"\\-’/
o /t/\\
A ‘
N
\. 20 = -
i g X .
Y
Toz
————— ol
0,7 To?

Figure 1. Stress directions.
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From the symmetry of the circular load, it can readily be seen that there is no shear
on vertical planes through the load axis. It follows that these must be principal planes;
therefore, the tangential-horizontal stress, o,, must be a principal stress (the same is
true for strain). The remaining two prin_cipalestresses may be obtained from the fol-
lowing expression:

g1, 2 8 = (oz N cp) - J(:z - cp)a M (2T°z)2

in which 01, 2, s are principal stresses. Maximum shear stress, T ax’ Ay be

obtained from the expression:
_ O1-0s
Tmax =~ 2
These expressions can be found elsewhere (6, 7, or in almost any textbook on mechanics).
They are included here for ready reference.”

As an example of the use of the functions and equations presented, assume that ver-
tical stress, strain, and deflection values are desired at a depth of 3. 0 radii and offset
of 6.0 radii for a Poisson's ratio of 0.3, modulus of elasticity of 10, 000 psi, and sur-
face contact pressure of 100 psi for a circular loaded area of 10-in. radius. Vertical
stress, o_, will be determined from Eq. 2. Taking the value of function A from Table
1, for 3 fAdii depth and 6 radii offset, to be 0. 00505 and for B from Table 2 to be
-0. 00192 and substituting it in Eq. 2,

o, = 100 (0. 00505 - 0. 00192) = 0. 313 psi

Vertical strain, ¢,, is determined from Eq. 7. Inasmuch as functions A and B again
apply, the preceding values again are used. Substituting them in Eq. 7,

_ 1+0.3 _ _ 1 -7
€, = 100 35555~ [(1 0.6)0. 00505 - 0.00192 | = 13 107" in. /in.

Vertical deflection, w,, i8 determined from Eq. 11. Function A again applies, but
function H must be obtained for 3 radii depth and 6 radii offset in Table 8. The value
is 0.14919. Substituting in Equation 11,

_ 1+0.3 _
w, = 100 10,000 10 [(3)0. 00505 + (1 - 0.3) 0. 14919] = 0.015545 in.

In summary, this paper presents tabular values for eight functions that can be com-
bined in simple equations to give values of coordinate normal or shear stress or strain
or of coordinate deflections for any desired value of Poisson's ratio for a uniformly
distributed, circular load on an elastic, homogeneous, isotropic half space. Values
are presented to five decimal place accuracy for each radius of offset from the load
axis up to 14 and for each radius of depth up to 9. Values for fractional radii offset
and depth are given to depths up to 4 radii for points beneath and just out from under the
load. The paper is being presented for use as a reference to the computational results
included rather than for the more usual purpose of reporting recent research findings.
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Distribution of Stresses on an Unyielding Surface
Beneath a Pneumatic Tire

D. R. FREITAG and A. J. GREEN, Respectively, Chief and Engineer, Mobility Sec-
tion, Army Mobility Research Center, U. S. Army Engineer Waterways Experiment
Station, CE, Vicksburg, Miss.

Small diaphragm-type pressure-sensitive cells were set
flush with the surface of a rigid steel plate to measure
vertical pressures beneath pneumatic tires. Measure-
ments were made while the tire was stationary and while
it was moving at about 2 mph. Tests were made with
several sizes of smooth-tread tires to evaluate the effect
of load, inflation pressure, and type of tire construction
on the magnitude and distribution of pressures at the
tire-surface interface. The data show that under many
conditions the distribution of pressures over the contact
area was far from uniform.

*THE ASSIGNED MISSION of the Army Mobility Research Center, U.S. Army Engineer
Waterways Experiment Station, Vicksburg, Miss,, is to conduct research that will lead
to an increased capability of the Army to travel off the road.

Before any marked improvement in the mobility of military vehicles can be effected,
a basic understanding of how soft, yielding soils support and provide traction to wheeled
and tracked vehicles must be developed. One phase of the research being conducted at
the AMRC to acquire this knowledge is concerned with the distribution of stresses
induced by a pneumatic tire in the medium on which it operates. It includes the meas-
urement of stresses at the interface between the tire and the surface that supports it
and at locations within a yielding mass of soil.

This paper describes results obtained from that portion of the research dealing with
the interface stresses beneath a pneumatic tire on an unyielding surface.

TEST APPARATUS

Pressure Cells

Commercially available pressure-sensitive cells of the deflecting-diaphragm type,
manufactured by Consolidated Electrodynamic Corporation, were used to measure the
stresses. These cells were % in. in diameter and were fitted into holes in a rigid
steel plate. The surfaces of the cells were aligned with the plane of the upper surface
of the plate. These cells, particularly when inserted in the plate, are insensitive to
lateral forces and, it is believed, give accurate measurements of the vertical stresses
caused by the imposed tire loads at the surface. Bonse and Kihn have done similar
work (1); however, they measured horizontal as well as vertical forces.

Tires

The tires used in this program were selected from among those being used in other
phases of the mobility research programs to provide a range of sizes, shapes, and
constructional details. All were tested without tread. These tires are shown in Figure
1 and a brief description of each is given in Table 1.

14
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TABLE 1
TEST TIRES

. 3 . s S i
Size No. of Original Tire Tread Pattern Construction H:f;;:;?

Plies (in.)

11.00-20 12 Military, nondirectional Conventional 9.03

cross-country

9.00-14 8 Molded smooth without tread Conventional 5.48

9.00-14 2 Molded smooth without tread Conventional 6. 05

6. 00-16 4 High-speed highway Conventional 4.91

6. 00-16 4 Agricultural lug Radial ply 5.20

16. 00-15 2 Molded smooth without tread Bag-type tire 5.28

1Section height is vertical distance from highest point on rim to a plane tangent to
crown as unloaded tire.

& pReLLl
60016 | S

100-20 12 PLY | ' 4PLY RATING Y 6.00-16 4 PLY J TERRA TR
BUFFED - SMOOTH " BUFFED SMOOTH | BUFFED_SMOOTH Sioflll 1615 2PLY &
bk iy i S . i

Figure 1. Tires used in program.

TEST PROCEDURES

The test tire was mounted in a single-wheel mobility test carriage, as shown in
Figure 2, and towed slowly (about 1 ft per sec) over the steel plate containing from 2
to 10 cells inset side by side. The relative position of the tire with respect to each of
the cells was carefully measured and recorded, as was the total width of tire actually
in contact with the surface. The response of each cell to the tire load was recorded
continuously on an oscillograph. A typical cell registration is shown in Figure 3.

After the wheel had rolled over the cells, it was lifted off the surface, shifted later-
ally a predetermined distance, and rolled over the cells again to obtain stress measure-
ments at a different line on the face of the tire. When only two cells were employed,
many such shifts were made. In all tests replicate measurements were made. These
included stress measurements under the same point on the tire by means of more than
one pressure cell.

During the repeated passes of the test tires, it was found that the data scatter was
decreased and reproducibility enhanced by causing the same cross-section of the tire
to contact the same cells on every pass. Apparently slight differences in smoothness
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Figure 2. Arrangement for measuring contact pressure on a hard surface with 9.00-14
smooth tire in place.

30 x R g T 30
= |__ STRESS TRACE -
& B
z 20 20
] ]
w o
E 10 o ¥
1% /, STATIC REFERENCE LINE ';’
o [}
i 0/ g
SEC
AXLE POSITION L~ POSITION MARKER
W1V WTIWTTVTMTIMT
V' O/RECTION OF TRAVEL

Figure 3. Typical recording, 9.00-14, 2-PR smooth tire, 890-1b load, 25 percent
deflection.

of the tire surface can cause differences in the registration of the cell. These diffi-
culties were especially pronounced in the case of the 6. 00-16 radial-ply tire. This
tire originally had a heavy lug tread. Buffing left the outside surface of the tire fairly
smooth, but a variable wall thickness was evidenced by a rippled interior surface.

RESULTS OF TESTS

Method of Presenting Data

The raw data from the test runs consist of a series of pressure cell registrations,
each representing the variation in pressure induced over the length of the tire contact
area at a particular distance from the centerline of the tire path. These registrations
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Figuré Li. Distribution of vertical stresses under 11.00-20, 12-PR smooth tire, 3,000-1b
load, at three inflation pressures.
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are readily converted to stresses by means of the cell calibrations and, as such, repre-

sent longitudinal sections of the total stress pattern. From the longitudinal sections and
the recorded distance that each cell was offset from the path centerline, lateral sections
of the stress pattern are drawn. Finally, if desired, a plan of the dynamic tire-contact

patch can be drawn and on it a map of equal stress lines constructed.

Effect of Inflation Pressure on Interface Stresses

The effect of tire inflation pressure on the distribution of vertical interface stresses
is illustrated by the stress maps shown in Figure 4. These maps were developed from
data obtained in tests with the 11. 00-20, 12-PR tire carrying a 3, 000-1b load.

It can be seen that the interface stresses are not uniformly distributed, particularly
at the lower inflation pressures. A ridge of high pressure, which probably results
from the transmission of the load through the relatively stiff tire sidewalls, is found
to exist at each side of the contact patch. There is a tendency, also, for an area of
relatively high stress to exist at the leading and trailing edges of the contact area.

A summary of the stress data shown in Figure 4 is given in Table 2.

These data reveal that the average contact pressure was greater than the inflation
pressure for 15- and 30-psi inflation and less for 60-psi inflation. The stress recorded
in the central portion of the contact area appears to bear a fairly consistent relation to
the mnflation pressure. On the other hand, the maximum stress recorded is relatively
constant and independent of inflation pressure. The exception to this generalization,
the localized high stresses recorded at 30-psi inflation pressure, could have been due
to tire irregularities. In all instances the magnitude of the maximum stress is much
greater than might be expected on the basis of the inflation pressures. The load com-
puted from these stresses ranges from 1.2 to 13.9 percent higher than the measured
load. Similar work is reported by Vanden Berg and Gill of the National Tillage Machin-
ery Laboratory, U.S. Dept. of Agriculture (2).

Effect of Tire Load on Interface Stress

Figure 5 shows lateral and longitudinal sections of the stress patterns developed by
the 11. 00-20, 12-PR tire at each of three tire loads, 1,500, 3, 000, and 4, 500 1b.
Wheel loads computed from these stress measurements were 1,641, 3, 154, and 4, 693
Ib, respectively. The inflation pressure was maintained constant at 30 psi in all of
these tests. The lateral section delineates the stresses beneath the axle centerline,
and the longitudinal section shows those at the centerline of the tire path (see Fig. 5).
These sections are simpler to construct and view than are the stress maps, and indi-
cate the stresses almost as well.

TABLE 2
SUMMARY OF STRESS DATA
Ratio of Ratio of
Inflation Average Maximum
Infla- Stress Pressure Contact Stress
tion Tire at to Pressure Maximum Measured Computed to
Pres- Deflec- Center Center (3,000 Lb/  Stress Wheel Wheel Center
sure tic'onl Point  Point Contact Measured Load Load® Point
Tire (ps1) (7o) (ps1)  Stresses® Area)(psi) (psi) (1b) (1b) Stresses
11 00-20, 15 30 4 21 0 72 26 5 89 3, 000 3,418 4 26
12-PR 30 19 4 39 07 370 111 3, 000 3,154 2 84
60 12 5 80 0 75 52 3 88 3, 000 3, 035 1.10

'Tire deflection is defined as difference between unloaded and loaded tire section heights (as measured from rim
to hard surface) divided by the unloaded tire section height, all multiplied by 100

*Stress recorded 1n central portion of contact area

*Load computed from measured stresses
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The pattern of distribution of stress across the lateral sections is different from
each test load. The variation does not seem to follow a consistent trend with the change
in load, however. This suggests that at least some of the stress variation may be due
to tire surface irregularities. The data for the 3, 000-1b, 30-psi load are the same as
described previously, and there was some doubt of the accuracy of the maximum stress
registration in that comparison also.

Although a rather broad generalization must be made, the data appear to suggest
that the maximum stresses, which are recorded at the edges of the contact area, are
chiefly a function of the load. The stresses at the interior of the contact area, with
some notable exceptions, could be said to be independent of-load and, therefore, prob-
ably determined principally by the inflation pressure. The average contact pressures
for the 1,500-, 3,000-, and 4, 500-1b loads are 35.1, 37.0, and 38. 8 psi, respectively,
increasing approximately in proportion to the wheel load.

Effect of Number of Plies in Tire Carcass on Interface Stresses

The two 9. 00- 14 tires used in the tests described in this section were constructed
in the same mold using the same type of material. They are intended to be identical,
insofar as possible, in all respects except in the number of cord layers used in their
construction. To date, stresses under these tires have been measured only for one
tire load and at relatively few inflation pressures, but the effect of the sidewall stiff-
ness on the stresses is very evident in the data obtained.

Stress maps and lateral sections under the axle center line are shown for the two
tires in Figure 6; both tires carried the same load. The inflation pressures were
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2-PR TIRE
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Figure 6. Dastribution of vertical stresses under two 9.00-14 tires of different ply
ratings, 890-1b load, 25 percent deflection.

TABLE 3

DISTRIBUTION OF VERTICAL STRESSES UNDER TWO 9 00-14 TIRES
OF DIFFERENT PLY RATINGS

Ratlo of Average Ratlo of
Inflation  Contact Maximum
Infla- Stress Pressure Pressure Stress
tion Tire at to (890 Lb/ Maximum Measured Computed to
Pres- Deflec- Center Center Contact Stress Wheel Wheel Center
sure tion Point Point Area) Measured Load Load Point
Tire (psi) %) (psi) Stresses (psi) (psi) (1b) (1b) Stresses
9.00-14, 15 3 25 25 0.75 16.9 49 890 1, 082 2.40
8-PR
9 00-14, 17.6 25 22 0.90 16.3 26 890 977 1.32

2-PR
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adjusted to allow the same percentage deflection and, as a consequence, to obtain about
the same average contact pressure-—16. 3 psi for the 2-PR tire, 16.9 psi for the 8-PR
tire.

Table 3 gives a summary of the data in Figure 6.

For these conditions it is apparent that the stiffer tire distributes its load less evenly
than the more flexible tire. The stress pattern under the 9. 00-14, 8-PR tire is similar
in most respects to the patterns found for the 11.00-20, 12-PR tire; i.e., there are
zones of high pressure near the sides and near the leading and trailing edges, the maxi-
mum stresses are much higher than the inflation pressure, and the ratio of the inflation
pressure to the measured interior pressure is about 0. 75.

The average pressure under the 9. 00-14, 2-PR tire is very close to the inflation
pressure. The maximum stresses are comparatively low and not markedly greater
than the inflation pressure. The ratio of inflation pressure to the measured stresses
in the interior of the contact area for this 2-PR tire is about 0. 90.

Effect of Type of Construction on Interface Stresses

Stress measurements were made beneath tires representing three rather dissimilar
types of construction. Unfortunately, the sizes and shapes of the tires also were dif-
ferent, and a quantitative comparison of construction effects on stress magnitudes is
therefore very difficult. These tires were (a) a conventionally constructed tire in which
the plies cross at approximately a 45° angle, (b) a radial ply or belted tire in which one
set of cords radiates from the tire axis and the other crosses at about 90°, being wrapped
around the tire periphery, and (c) a bag-type tire in which the construction process is
designed to create a tire with a roughly rectangular cross-section instead of the usual
circular cross-section.

Longitudinal and lateral sections of the stress pattern measured under each of these
tires are shown in Figure 7. A 6.00-16, 4-PR tire was the only size of radial-ply tire
available for the tests. Therefore, to provide the closest possible comparison, data
for a conventionally constructed tire were collected using a standard 6. 00-16, 4-PR
passenger-car tire buffed smooth. The bag-type tire used is the largest tire of this
type that could be fitted readily into the test apparatus. All the tests were run with
the same tire loading, and tire deflection was controlled rather than the inflation pres-
sure.

Stresses along the lateral and longitudinal axles beneath the standard 6. 00-16, 4-PR
tire are shown in Figure Ta. The ratio of the average measured interior stresses to
the inflation pressure is 0. 84 at 35 percent deflection and 0. 78 at 15 percent deflection.
A ridge of higher stresses exists near the edge of the contact area when the tire is
deflected by 35 percent. The ratio of the stresses along this ridge to the average meas-
ured interior stress is 1.67. Table 4 contains data related to the standard 6. 00-16,
4-PR tire and the radial-ply 6. 00-16, 4-PR tire.

TABLE 4
COMPARISON OF TWO 4-PR TIRES
Hatlo of  Average Ratio of
Inflation  Contact Maximum
Infla- Stress Pressure Pressure Stress
tion Tire at to (890 Lb/ Maximum  Measured Computed to
Pres- Deflec- Center Center Contact Stress Wheel Wheel Center
sure t},on Point Point Area) Measured Load Load Point
Tire (psi) (%0 (psi) Stresses  (psi) (psi) (1b) (1b) Stresses
Standard 42.6 15 60 0.85 42.4 63 890 924 1.25
6.00-16, 12.5 35 18 0.78 15.1 46 890 993 2.86
4-PR
Radial-ply 46. 6 15 5 0.78 49.8 9 890 897 1.37
6.00-16, 15.0 35 23 0.75 20.9 37 890 946 1.85

4-PR
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Figure 7. Vertical stresses along principal axes of contact ellipse of three tires of
dissumilar construction under 890-1b load.
TABLE 5
VERTICAL STRESSES ALONG PRINCIPAL AXIS OF
CONTACT ELLIPSE OF 2-PR TIRE
Ratio of Average Ratio of
Inflation  Contact Maximum
Infla- Stress Pressure Pressure Stress
tion Tire at to (890 Lb/ Maximum Measured Computed to
Pres- Deflec- Center Center Contact Stress Wheel Wheel Center
sure tion Point  Point Area) Measured Load Load Point
Tire (ps1) (%) (ps1) Stresses  (psi) (ps1) (1b) (1b) Stresses
Terra 30 2 15 28 0.90 27.5 42 890 894 1.25
16 00-15, 15 6 25 18 0.89 16. 2 31 890 860 1.1
2-PR 9.4 35 13 0.90 11 0 30 890 906 2. 87
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In testing the radial-ply 6. 00-16, 4-PR tire, it was necessary to obtain four to five
replicate readings at each lateral position and average these readings to minimize the
effects of surface roughness or nonuniformities in carcass stiffness. (Molding of agri-
cultural lugs left impressions on the interior of this tire.)

Data representing the radial-ply 6. 00-16, 4-PR tire are shown in Figure 7b. The
measured stresses at 15 percent deflection follow a unique pattern; i.e., pressures
along the lateral section increase continuously from the edge to the center of the tire.
When the radial-ply tire is deflected 35 percent, the effect of the relatively stiff tire
sidewalls is indicated by a ridge of higher pressures along the side of the contact patch.

Comparing the two tires, it can be seen that for a specific load and percentage deflec-
tion, the contact patch beneath the radial-ply, 6.00-16, 4-PR tire is somewhat narrower
than the one beneath the standard 6. 00-16, 4-PR tire; accordingly, the average contact
pressures are higher for the radial-ply tire. Measured stresses at any specific point
beneath the radial-ply tire are higher than those measured at comparable locations
beneath the standard 6. 00-16 tire.

The differences in the stresses measured beneath these two tires can be attributed
primarily to the type of tire construction; however, they appear to be influenced to a
slight degree by the differences in the tire inflation pressures (see Table 4).

The stress sections for the bag-type tire (Fig. 7c) are somewhat irregular even
though these tires were molded without tread. However, the manufacture of such tires
is difficult and mold marks, seams, and unevenness of the tire contours were visually
evident in the finished tires. The rather pronounced stress rise visible near the tire
path centerline on the lateral sections of the stress pattern is believed to be due to
such a molding irregularity.

It can be seen that there is still a tendency for the maximum stress to occur beneath
the tire sidewalls. For the two lowest inflation pressures, the maximums are about
equal. At all inflation pressures the ratio of the inflation pressure to an average meas-
ured stress in the interior of the contact area is of the order of 0.90. Table 5 gives
data related to the plot in Figure 7c.

SUMMARY

Although the interface stress measurements reported cannot always be adequately
explained in terms of load, inflation pressure, tire type, etc., the data obtained sug-
gest some general trends.

For a specific tire at a constant inflation pressure, the magnitude of the load is
reflected by the magnitude of the maximum stresses occurring at the interface on an
unyielding surface. The general trend of these data is for the maximum stresses to
be associated with the relative stiffness of the tire sidewalls. Considering all the fac-
tors involved, the ratio of the maximum stress to the average center point stresses is
largest for the stiffer tires at relatively low inflation pressure. This supports a popu-
lar theory that when a tire is underinflated, its sidewalls support a proportionally large
shafe of the wheel load, causing wear near the edge of the contact patch and gradual
deterioration of the tire's sidewalls.

The wheel load computed from the stresses measured usually exceeded the actual
measurement, indicating that possibly an overregistration of stresses had occurred due
to testing techniques. The inflation pressure seems to have primary control over the
magnitude of the stresses in the center part of the contact path. Of secondary impor-
tance in determination of these stresses is the relative stiffness of the tire carcass.
The average measured interior stresses are consistently greater than the inflation
pressures. The ratio of the inflation pressure to these stresses ranges from 0. 72 for
the stiffest tires to 0. 90 for the most flexible tires tested.
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Stresses in Yielding Soils Under Moving Wheels
And Tracks

D. R. FREITAG and S. J. KNIGHT, respectively, Chief, Mobility Section, and Chief,
Army Mobility Research Center, Soils Division, U.S. Army Engineer Waterways
Experiment Station, Vicksburg, Miss.

As part of the study of cross-country vehicular movement
conducted.by the U. S. Army Engineer Waterways Experiment
Station, research has been initiated to determine the nature

of the interaction between a vehicle's traction elements and

a ylelding soil. In one phase of this work, pressure-sensitive
cells have been embedded in soft soils to measure stress
intensities induced by vehicles moving on the surface of that
mass. The work is complicated by problems of soil homo-
geneity, instrument reliability, and data interpretation, and
by soil flow that results in displacement of the cells. Measure-
ments have been made in soil beneath a pneumatic tire, a rigid
wheel, and two types of crawler tracks. Results, although
chiefly qualitative, provide some insight into the manner in
which vehicle stresses are transmitted to soft soils.

*THE KEYNOTE of present-day military planning is mobility—the quick, precise move-
ment of forces on the ground and in the air. However, the mobility envisioned by mili-
tary strategists is not of convoys moving along roads and aircraft operating from perma-
nent airfields, but rather of vehicles moving freely over the landscape without depend-
ence on previously constructed facilities. If this concept is to be realized, the Army
must acquire the most agile, mobile, and versatile overland vehicles that can be devised.

Commercial interests have had very little motivation to develop vehicles with a high
degree of cross-country mobility. Usually, it has been more practical and economical
to build and improve roads than to improve vehicles. Recently, however, mineral and
oil exploration in northern tundra and muskeg regions, in tropical forests, and in desert
sands has stimulated an interest in vehicles capable of operating in the most forbidding
regions of the world.

Present-day vehicles have been designed by rule of thumb, by instinct, or from frag-
mentary theoretical concepts. A complete, rigorous statement of the fundamental prin-
ciples that govern vehicular overland movement has not yet been formulated. Research
studies that eventually will provide the basis for this formulation are being conducted
by the Army Mobility Research Center (AMRC), a facility of the U. S. Army Engineer
Waterways Experiment Station (WES). One phase of these studies involves the measure-
ment of the stresses induced within a yielding soil mass by the passage of a vehicle.

To date, the stress measurement program has been chiefly exploratory. Wheels and
tracks of various types have been used to apply loads mainly on soft clay soils, and
stresses have been measured with three different kinds of pressure-sensitive cells.
Many problems of measurement and analysis have arisen; some of these seem to have
been circumvented, whereas others remain annoyingly present. This paper describes
the equipment and techniques employed in this study, some of the difficulties encountered,
and the results obtained thus far,
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Figure 1. Schematic drawing, WES earth pressure cell.

PRESSURE CELLS

Types of Cells

The WES earth pressure cell (Fig. 1) is 6 in. in diameter and is fabricated from
stainless steel. Basic components are a mercury-filled fluid chamber with diaphragm,
and a full Wheatstone bridge circuit consisting of four SR-4 strain gages hermetically
sealed within the cell. Pressure applied to the face plate of the cell is transmitted
through the mercury in the fluid chamber to an internal flexible diaphragm and produces
deflection of the diaphragm proportional to the load. The four SR-4 strain gages are
mounted on the diaphragm and are actuated by its deflection. The full Wheatstone bridge
circuit practically eliminates the effects of temperature and of resistance variations in
the lead wires. The strain-gage readings are calibrated by applying known loads to the
face plate of the cell. Generally, a 60-u in. movement of the SR-4 strain gage corre-
sponds to about a 1-psi load on the face plate of the cell. The cells are instrumented
so that strain measurements are converted to stress and recorded directly in pounds
per square inch on a direct-writing oscillograph. The cells used are rated at 50-psi
capacity but can withstand somewhat larger pressures without damage.

The WES fluid pressure cell (Fig. 2) is a single-diaphragm type in which the diaphragm
is directly exposed to the soil and deflects in proportion to the applied pressure. Four
strain gages (Baldwin SR-4) are cemented to the interior side of the diaphragm so that
two gages are in tension when the other two are in compression. The four gages are
joined to a four-arm Wheatstone bridge circuit. Pressure applied to the cell results
in a resistance change in the gages which is linearly proportional to the pressure. The
resulting signal is amplified and recorded on suitable equipment. The location of the
gages on the same diaphragm and within the same housing produces good temperature
compensation. The cells are hermetically sealed to prevent moisture from entering
and causing cell deterioration.

The CEC, type 4-312, pressure cell (Fig. 3) used in this study is a small, single-
diaphragm, fluid pressure cell, hermetically sealed (absolute), manufactured by the
Consolidated Electrodynamics Corporation of Pasadena, Calif. In this study the small
Ya-in, diameter cell was mounted in a 3-in. diameter cell mount to provide greater
positional stability. Applied pressure deflects the diaphragm of the cell a small amount
(0. 0008 in. maximum deflection) causing a star spring arm to move outward, which, in
turn, causes the strain-sensitive wires to be distorted. The distortion (strain) of the
wires causes a change in resistance which is translated by the amplifying and recording
equipment into a record proportional to the distortion. Inactive strain-gage arms are
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mounted within the cell housing to compensate for temperature changes. The resist-
ance arms are unbonded strain-gage windings connected internally in a four-arm Wheat-
stone bridge (full bridge) circuit with two active arms.

Calibration of Pressure Cells

The pressure cells used in these tests were calibrated in a reinforced steel tank in
which the air pressure is built up in controlled amounts. In the calibration procedure,
the pressure measured by the cells is indicated on a direct-writing oscillograph or
Baldwin SR-4 strain indicator, and compared with the pressure read on the laboratory
test gage. Where a recorder is used, the gain of the amplifiers is adjusted so that the
maximum range of the recording paper is equivalent to the maximum applied air pres-
sure in the tank. This gain and resulting recorder indication can be reproduced in the
field by means of calibrating resistors built into the amplifiers. When an SR-4 indicator
is used in the field, the pressure is calculated from the readings taken by the operator,
using the calibration factor obtained in the laboratory test.

With both the CEC and WES fluid pressure cells, the air pressure is applied directly
to the cell diaphragm in the calibration tank. However, in most cases the WES earth
pressure cells are calibrated in what is called a "double-diaphragm' test chamber. In
this procedure the air pressure is applied to the earth pressure cell through two dia-
phragms, one on each side of the cell. This method applies the force, developed by
the air pressure on the diaphragm, evenly across the two faces of the cell, thus closely
simulating soil action on a cell installed underground.
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TEST CONDITIONS

Soil Preparation

Tests were conducted on soils carefully placed in test pits. These pits were about
4 ft deep, approximately 50 ft long, and wide enough to insure that the loaded area was
at a distance at least twice its width from the edge of the pit. Most of the data have
been obtained from tests conducted on a high-plasticity clay soil, but some are from
tests on a low-plasticity clay and a clean sand. In all cases the test soil was built up
uniformly in lifts. Water content was controlled to achieve the desired properties in
the clay, and density was controlled in the air-dried sand.

Cell Installation

After the test area was constructed, pressure cells were installed at various depths
along the centerline of the intended vehicle path and at prescribed offsets. The minimum
horizontal spacing between cells was 1 ft. To install a cell at a given spot in the test
area, a 7-in. diameter hole was dug to the desired depth. The cell was then placed
(aligned horizontally or vertically) in the hole at a specified depth, after which the soil
was replaced and compacted manually.

The position and movement of the cells were determined by making the following
measurements before and after a test: (a) the north-south position (i.e., the station
number) of the center of the cell; (b) the east-west horizontal offset distance from the
centerline of the intended vehicle path to the center of the cell; and (c) the elevation of
the center of the face of the cell, and of points (usually four) on the edge of horizontally
placed cells,

Test Loads

Loads were applied to the test soils by a variety of moving wheels and tracks. In
the early phases an actual vehicle was driven along a preselected path over the test
area. These tests included runs with the M29C weasel, the D4 and D7 engineer trac-
tors, and an M135 2 '-ton truck with 11, 00-20 tires. Later a load cart guided by a
rail system was used to operate a single rigid wheel or a single pneumatic-tired wheel.
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Figure 4. Schematic diagram M29C weasel.
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The M29C weasel (see diagram, Fig. 4) weighed approximately 5, 640 1b, with opera-
tor. The weight of the weasel is transferred to its tracks through four transverse
springs attached to the underside of the chassis. A yoke at each end of each spring
carries a pair of 8-in. diameter bogies. The two bogies of each pair are 12 in. apart
(center to center), and pairs of bogies are 22 in. apart. The distance from the hub of
the drive sprocket (at the rear) to the idler wheel is 104 in. On firm soil, a 78-in.
length of the 20-in. wide tracks is in contact with the ground. The nominal contact

pressure for the weasel is 1.8 psi.
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Figure 5. Schematic diagram D4 tractor.
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Figure 6. Schematic diagram D7 tractor.
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The D4 engineer tractor weighs 14, 800 1b (with blade). This weight is distributed
to the soil through tracks 13 in. wide and 64 in. long, resulting in a nominal contact
pressure of 8.9 psi. The girder-type track system consists of a large drive sprocket
(at the rear), a large idler wheel, and four 9-in. diameter unsprung track rollers on
10-in. centers. Each track pad is 7 in. long, with a grouser 1 % in. high. Figure 5
shows the D4 tractor without the blade.

The D7 tractor weighs 32,400 1b, and each track is 22 in. wide by 96 in. long. Its
nominal contact pressure (with blade) is 7.7 psi. The track system is generally simi-
lar to that of the D4. There are five 10-in. diameter track rollers spaced on 13-in.
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centers. Each track pad is 8 in. long, and the grouser height is 2 in. A schematic
drawing of the D7, without the blade, is shown in Figure 6.

The M135, 2 Y»-ton, 6x6 cargo truck has single-tandem wheels equipped with 11. 00-
20, 12-ply rating tires with nondirectional cross-country treads. A schematic diagram
of this vehicle is shown in Figure 7. The truck was loaded with 5, 000 1b of steel distrib-
uted uniformly over the truck bed. The gross weight of the vehicle was 17,600 1b. The
front, front tandem, and rear tandem axles weighed 5,900, 5,600, and 6, 100 1b, respec-
tively, For the tests the tires were inflated to 15 and 60 psi. At 15-psi inflation pres-
sure the average contact pressure over the area of the total tire contact patch was 30.4
psi; and at 60-psi inflation pressure the average contact pressure was 52. 3 psi.

The load cart used in these tests was designed to permit testing a single wheel iso-
lated from the influence of a vehicular suspension system (Fig. 8). The mechanical
arrangements of the cart are such that the wheel is free to move vertically (and to roll
down the test section) and yet the horizontal and vertical forces on the wheel can be
separated and measured. The cart has been used with a rigid wheel 48 in. in diameter
and 6 in. wide, and with a buffed-smooth 11. 00-20 tire at several load and inflation
pressures on a variety of soil surfaces.

SOURCES OF EXPERIMENTAL ERROR

The difficulties of measuring stresses within a soil mass are well known. Even
under the simplest and best-controlled static test conditions results are often erratic
and not fully explainable. Chief among the factors that can influence results and over
which the maximum possible control must be exercised are the soil conditions, the
alignment and position of the vehicle, and the position and orientation of the cells.

Soil Conditions

Considerable importance was attached to achieving and maintaining the most uniform
soil conditions possible. In particular, great care was taken in replacing soil excavated
to insert the pressure cells. Voids or hard lumps at the soil-cell interface are likely
to affect the registration of the cell. Similarly, if the soil replaced around the cell is
significantly firmer, softer, or compacts differently than the adjacent soil, false regis-
trations of stress could result.

Whenever possible, the excavated soil was maintained at its original water content
and packed carefully by hand back into the hole and around the cell. The procedure
was found to be much easier if the electrical connections entered the cell from the side
rather than from the bottom. Also, it is believed that the most uniform and consistent
results were obtained when the soil was quite soft. If the soil was stiff, some difficulty
was experienced in filling the larger voids and in achieving a state of compaction com-
parable to that of the surrounding soil.

During the course of the test program, it was noted that the stress registrations
obtained on the first few repetitive passes tended to be more erratic than for subse-
quent passes. This effect was believed to be due, at least in part, to the compaction
of the replaced soil and the "seating" of the cell within the soil mass. It was observed
also that the cell often indicated a residual stress even after the load had passed. This
phenomenon has been noted and reported in conjunction with other tests (1). In evalua-
tion of the stresses induced by the passage of the vehicle, the residual stress was con-
sidered the zero state for each pass and only the stress increment was employed in the
analysis.

Vehicle Alignment and Position

The position of the load relative to the pressure cells must be known if an analysis
of the stresses is to be made. In all tests the position of the load elements at any time
along the length of the test lane was determined electronically.

Tracked vehicles were guided down the test lane by the driver, who was aided only
by markers indicating the intended location of the track path. Control of lateral posi-
tion or alignment in this manner was not particularly precise and some variations in
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stress registrations are believed to have resulted, particularly when a vehicle's track
did not penetrate into the soil.

In tests with the trucks, a channel was used to guide the wheels of the nontest side
of the vehicle. This was hefpful but not completely satisfactory, because the degree of
control varied with tire inflation pressure and depth of rutting. The most recent approach
has been to separate the test wheel from the vehicle and place it in the load test cart,
described earlier, with flanged wheels rolling on rails. This h s provided a positive
control of wheelpath,

Cell Position and Orientation

The pressure cells were precisely positioned during installation. However, as the
soil yielded under the loads, the embedded pressure cells moved with it. Cell dis-
placements of as much as 5 in. have been recorded. Depending on the original posi-
tion of the cell relative to the load, the cells could move in any direction, tilt, twist,
or combine all these movements. In general, the cell movements corresponded to
hypothesized soil-flow patterns. Cells directly beneath the load path tended to move
downward and along the traffic path in a direction opposite to the direction of travel.
Cells some distance outside the path of the load element often moved upward. If the
vertically placed cells tilted, they tended to tilt away from the centerline of the traffic
path. Some movements such as cell twisting are not so readily explained, however.

Cell movement introduces an element of doubt in the validity and applicability of the
stress registrations. Except in a few instances, it is not known if the cells moved
gradually over the duration of the test or if the movements were rather abrupt. How-
ever, even if position corrections could be made for each cell registration, there is
no assurance that the moving cell measures a true stress.
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RESULTS OF TESTS

Typical Test Data

In Figure 9 the maximum stresses recorded at various cell depths beneath the cen-
ter of an 11. 00-20, 12-PR pneumatic tire have been plotted. The plotted points in
Figure 9a represent data obtained when the tire was inflated to 15-psi pressure; in
Figure 9b, the data are from 60-psi inflation pressure tests. It can be seen that infla-
tion pressure has little apparent effect on stress levels below about 6 in. At lesser
depths, the high stresses are associated with the high inflation pressure.

Also, at the 6-in. depth the strength of the test soil had little influence on the stress
level. Test 5 was conducted in a very firm soil that might be expected to be capable of
spreading the load more effectively than a softer soil. This does not appear to have
been the case, although it is possible that the observed values are due merely to an
effect on the registration of the cells.

The amount of scatter displayed in these plots illustrates the problems involved in
the analysis of the data. In Figure 9a, for example, the three data points above the
6-in. depth representing test 2 results are quite divergent. However, inasmuch as
this section was relatively soft, these shallow-depth cells experienced considerable
movement. The cell of this group that registered about 17-psi stress moved 1.4 in.
downward, 3.5 in. laterally, and 1. 0 in, along the traffic path while tilting sideways
19% degrees. The cell registering about 25. 0 psi moved downward 1.9 in., later-
ally 1.3 in., longitudinally 1.8 in., and tilted 23 Y. degrees. The cell registering
about 39 psi moved downward 2.8 in., laterally 0.5 in., and longitudinally 1.3 in.;
its tilt was less than 6 degrees.

Effect of Vehicle Type

The several vehicles used in the test program can be grouped into three broad
classes: (a) vehicles with unsprung wheels rolling on a relatively rigid track; i.e., the
D4 and D7 engineer tractors; (b) vehicles with spring-suspended wheels rolling on a
relatively flexible track; i.e.,the M29C; and (c) vehicles with wheels but no track. The
great difference in size and weight of the vehicles representing each of the classes as
well as differences in the soil conditions tested precludes any logical comparison of the
actual magnitudes of the stresses recorded. However, the patterns of stress induced
by each of the vehicle types can be studied readily, and these are found to be of some
significance.

In Figure 10 the stresses recorded under the wheeled vehicle are shown, Well-
defined maximum stresses are associated with the passage of each wheel. The stress
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Figure 10. Stresses 1in fine-grained soil, ML35 2i-ton truck, 15-psi tire inflation
pressure.
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varies smoothly and in proportion to load imposed by each wheel. The stresses recorded
under the vehicle with a flexible track are shown in Figure 11. It is seen that the track
has transferred some of the stress from the soil immediately under the wheel to the
region between the wheels. Nevertheless, a definite maximum occurs in the stress
trace in association with each wheel of the vehicle. The maximums differ in magnitude
but this can be shown to be due to differences in the load on each of the wheels.

Finally, the stress under a rigid-track vehicle appears as in Figure 12. The trace
is not smooth. The fluctuations apparently are not caused primarily by stress intensi-
ties under each wheel but seem to occur in a random fashion. The rigid track tends to
distribute the loads carried by the wheels, but in doing so pays a penalty in terms of
vibrations and shock loadings. The stresses under the rear of the vehicle are very low.
This is believed due to the bulldozer blade that makes the tractor rather nose-heavy.

Thus, from these data it can be concluded that a rigid-track distributes the load
much more uniformly than the more flexible track, and that the greatest stress intensi-
ties are found under the wheels when there is no track at all. This observation agrees
well with the known soil-strength requirements for the three vehicle types (2). The
engineer tractors are able to operate on soft clay soils that cause difficulty to flexible-
track vehicles and are impassable to wheeled vehicles.

Figure 1l. Stresses in fine-grained soil, M29C Weasel, 1.8-psi contact pressure.

Figure 12. Stress recorded under D4, cell EP93, 6-1in. depth, test 2, second pass.
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Comparison with Elastic Theory

To provide some basis for estimating whether the measured stresses were reason-
able, a theoretical computation of stresses was made for the cell position-load condi-
tion that existed on the last pass of each test. Computations were made using the
Boussinesq solutions for the stresses in an isotropic, elastic, homogeneous mass of
semi-infinite extent due to a static vertical load uniformly applied over the contact area.
Although the assumptions involved are obviously crude for the case of soft, yielding
soils under moving loads, it was believed that such comparisons were worthwhile.

In some instances the elastic theory appeared to provide at least a good working
approximation of the stresses. For example, the dashed line drawn through the data
points of Figure 9b represents the theoretical vertical stress due to a uniform circular
load of an area equal to the tire contact area.

However, the measured stresses were generally greater than the computed stresses
by a factor ranging from a little more than one to about four. Further, the ratio of the
measured and computed stresses appeared to vary with the cell location. To study the
manner in which the stress ratio (and ultimately that of the measured stresses) varied
with the cell location, average values for depth, offset, and stress ratio were deter-
mined for similarly located cells for the tests with the rigid single wheel. The average
depth of the cell is plotted against the average stress ratio for three offsets (0.0, 4.2,
and 7.4 in.) and the average offset is also plotted against the average stress ratio for
two depths (approximately 9 and 12 in.) in Figure 13. Although the trend of these data
is not definitive, it indicates that the ratio of the measured to the computed stress is
a function of the cell location. Furthermore, it indicates that the measured stresses
follow a pattern other than that of the stresses computed from elastic theory. The data
from tests conducted with the 600-1b load provide sufficient information for a direct
comparison of computedand measured stress patterns in a portion of the stress field
(Fig. 14). For the region for which data are available, this comparison shows that the
stress induced in the soil is greater than that predicted by means of elastic theory.
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DEPTH OF PENETRATION IN INCHES

Figure 1h.
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SUMMATION

This study of stresses in yielding soils by means of pressure cells has not as yet
produced any particularly useful results. It is believed, though, that much can be
learned from this approach if some of the more perplexing problems can be solved.

In particular, the very broad scatter of results must be narrowed. Previous work with
pressure cells leads to the conclusion that from a purely mechanical standpoint a high
degree of precision can be expected. )

Probably much of the data dispersion encountered was due to nonuniformity of soil
properties, particularly those created during cell placement. These should be sus-
ceptible of being minimized by carefully controlled preparation of the test soil and
meticulous care during cell installation. Steps are being taken to improve techniques
in this respect.

It would be useful to be able to locate each cell precisely at any interval during the
course of the test To date, no one method of doing this has been very accurate, par-
ticularly for the smaller cells. With good fortune and minor movement of the cell,
probing with a small-diameter stiff wire can be employed advantageously, but frequently
the only accomplishment is serious disturbance of the soil. Probably a system based on
reflected waves eventually will provide the required location-fixing ability.

Finally, more knowledge of the effect of soil properties on the response of embedded
pressure cells, and of the effect of the shape of the cell on its response is needed.
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Use of Stress Loci for Determination of
Effective Stress Parameters

R. YONG, Visiting Research Engineer, Armour Research Foundation of Nlinois Insti-
tute of Technology, Chicago, and Assistant Professor of Civil Engineering, McGill
University, Montreal, Canada; and ’
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Recent investigations and studies have shown that the laboratory-
measured values for internal friction and cohesion C for sensitive
clays are much larger than the calculated field values. The need
for a better correspondence in measured and calculated field
values in such soils is evident. The study described herein was
designed to investigate the use of stress loci for determination of
the shear parameters not only for sensitive soils but also for nor-
mally consolidated clays, because it is realized that the state of
stress in a soil specimen at any one condition of strain is an
indication of the nature of stress resistance derived therein.

In consolidated undrained triaxial tests on both laboratory
consolidated and field-undisturbed clays, the curve joining the
points on the Mohr diagram representing shear and effective
normal stress on the rupture plane at varying stages of strain
has been used in this study to indicate the stress locus. By
defining the friction parameter ¢ as that parameter in the shear
stress vs normal stress region wherein the shear stress increases
with the effective normal stress, and the cohesion parameter € as
the parameter in the same region where the shear stress increases
despite a decrease in the effective normal stress, it has been pos-
sible to arrive at values for these parameters which correspond to
the difference measured by recent investigators. Using conventional
methods involving effective stresses, the measured angle of friction
for an illitic clay was 20°. However, using the stress locus, this
angle was found to be 10°. Although € was found to be a function
of the consolidation history for normally consolidated clays, its
magnitude can also be determined from the stress locus and
evaluated for the corresponding consolidation or overburden
pressure.

*IN CONSOLIDATED undrained triaxial tests on fine-grained soils, pore pressure
measurements taken during the period of tests reflect the effective stress condition
within the soil specimen—assuming that effective stress is the difference between the
total stress and the measured pore pressure. Under the application of a deviator
stress, corresponding measured pore pressures can be used to indicate the effective
stress condition on a prescribed plane at any one condition of axial strain. Casagrande
and Hirschfeld (2), and Holtz and Ellis (4) among others have used this technique of data
presentation to compare effective stress and pore pressure build-up under deviator
stress application for various soil types and at varying confining pressures. Crawford
(3) has used a slightly different technique to arrive at a stress locus, and in doing so,
offers a method for interpretation of the effective stress parameters.

Inasmuch as there is reasonable doubt as to the interpretation and significance
of the strength parameters (internal friction and cohesion) when applied to both
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recompacted and undisturbed soils, it would seem most appropriate to use the stress
locus as a means of observing the stress condition on a prescribed plane within a soil
specimen, and to deduce therefrom the parameters giving rise to the components of
soil strength. Recognizing that the definition of both ""cohesion' and "friction" may not
be semantically correct as used in soil testing, the physical significance of these
terms and parameters may well be taken as descriptive of observed soil behavior. If
the normal stresses and shear stresses on the surface of ultimate failure as obtained
from triaxial data show that the component of shear resistance increases as the effec-
tive normal stress increases, it seems most reasonable to deduce that this constitutes
a friction shear component. With this in mind, it is felt that the stress locus that de-
scribes the stress condition on a prescribed plane within a soil mass provides a very
useful tool for use in interpretation of fundamental shear strength components or
parameters.

The purpose of this paper is to present a method for interpretation of effective shear
strength parameters giving rise to their respective strength components, based on a
knowledge of the stress conditions on the failure plane during stress application. It is
recognized, however, that the "friction™ and "cohesion'' parameters are primarily
descriptive and that although the method described defines a technique for obtaining
quantitative values for these parameters, it is understood that both may be operative
over the entire range of shear resistance. However, in accordance with the definition
of these parameters, the predominant shear component is used to define the corres-
ponding operative parameter.

THE STRESS LOCUS

In general, the "stress-vector" technique used by Casagrande and Hirschfeld (2)
has been used with certain deviations in selection of the failure plane and subsequent
approximations following the initial stress locus determination. The stress locus
defines, in terms of measured and calculated quantities, the shear and effective normal

= === Stress locus from first Stress locus from second
approximation using ¢, agpproximation using
and «a45.45, %245+ B, after obtaining
-— gssuming ¢, through p, from first approximation,
origin. Corresponding friction
Corresponding friction angle = f8,
angle = B,

J— Shear Stress

¢ —Effective Stress ———e

Figure 1. Stress locus from Mohr circles at varying strain conditions.
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stresses on a prescribed plane. The dependency of stress on both pore pressure and
strain can also be clearly seen in this system of presentation.

In the ordinary interpretation of the shear strength parameters of a cohesive soil,
¢ is taken as the slope angle of the rupture line derived from the envelope of failure,
(Mohr's circles) and C is the intercept of the extended rupture line on the vertical shear
stress axis. Such a rupture line depends on (a) the load under which the soil has been
consolidated and (b) whether or not total stresses or effective stresses are used in
plotting the Mohr's circles. I it is recognized that the shear strength of any normally
consolidated clay soil increases with consolidation pressure from zero at zero consoli-
dation pressure and that only effective stresses have meaning in this build-up of strength,
then it is apparent that the true envelope of Mohr's circles must pass through the origin.

In the following discussion ¢, (Fig. 1) is the angle that the rupture line makes with
the horizontal. The point of tangency of the rupture line with the failure Mohr's circle
defines the slope angle ay = 45° + ¢1/2 of the plane in the specimen on which failure
would occur if the shear strength could be attributed entirely to interparticle friction.
I, however, this strength is partly derived from cohesion (developed from the consoli-
dation pressures), ¢ will not be the true friction angle and oy will not necessarily
define the true failure plane. If now the shear stress vs effective normal stress curve on
the oy plane is plotted over the range of stresses from o (effective lateral stress) to
the maximum o (effective axial stress), the stress locu§ (broken curve) is obtained.
In examining the manner in which the shear stress on this plane changes with normal
effective stress, it can be seen that the shear stress increases with normal stress to
the point where the tangent to the curve is vertical. Beyond this point the shear stress
increases as the normal effective stress decreases. A line through this point and the
origin (slope g;) defines a new friction angle which in turn defines a new failure plane
(slope a2 = 45° + B1/2). The stress locus for this new plane defines still another fric-
tion angle B.. This process may be repeated to give other a angles but it can be shown
that all additional « angles will lie between a1 and a2 and the additional 8 angles will not
differ greatly from the 8. angle. A new ¢ angle (¢2) corresponding to o2 is also shown.
This is the slope of a line through the origin and the terminal point of the stress locus.
If the total shear strength is actually composed partly of friction and partly of cohesion,
neither ¢, nor ¢: is actually a true angle of internal friction. The angle that most nearly
approximates a true friction angle is 8 and because successive approximations such as
already described will yield a 8 not differing much from 8 the latter may be taken as
representing the proper friction angle or friction parameter ¢ . The C is that part of
the shear strength which is independent of the normal stress on the particular plane.
In most cases, the C_value will vary with the normal consolidation pressure o,. The
particular values of C given in Figures 4, 5, 6, and 7, however, are for Fc =0. Ata
particular A the actual C would be the vertical distance from the ¢ -plane to the ¢-
plane.

SAMPLE PREPARATION AND TEST PROCEDURE

Both laboratory consolidated and field undisturbed samples were used as test sam-
ples for the consolidated undrained triaxial tests. All laboratory samples (artificial
soil) were consolidated from a slurry to a water content of about 45 percent and at a
corresponding void ratio of about 1.3 in consolidation tubes provided with both end and
side drainage. The solids used were illitic with a liquid 1imit of 39. 0 and a plasticity
index of 18. 0 (94 percent of the particles were less than 105 p in size), and a kaolinitic
clay with a liquid limit of 70. 2 and plasticity index of 29.4. The tube-consolidated soils
were further consolidated in the triaxial cell at the predetermined cell pressure under
incremental pressure loadings. Final water contents varied from 29 to 23 percent for
the illite clay, and 44 to 49 percent for the kaolinite clay, depending on final cell pres-
sure,

To reduce possible particle interaction arising from interparticle forces, artificial
soll samples were also consolidated using ethylene glycol (C':H, (OH)2) as the pore
fluid. In a clay-liquid system there exist attractive and repulsive forces between the
particles. In general, the attractive forces are insensitive to system characteristics
but the repulsive forces can be altered considerably depending on the system polarity
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In replacing water with ethylene glycol in a soil-liquid system, the repulsive forces are
reduced. Because ethylene glycol is less polar than water, this also permits the attrac-
tive forces to play a much larger role in the development of shear strength, allowing
more contact between particles and thereby increasing the "frictional" contribution to
strength. The purpose of the tests with ethylene glycol was therefore (a) to compare

the shape of the stress locus curve with that obtained using water, (b) to see if the
"frictional" part and "cohesive" part of the curve as previously described still existed,
and (c) to compare the friction angles obtained in the two cases. The preparation pro-
cedure was similar to that used for samples with distilled water as the pore fluid. In
this instance, ethylene glycol was also used in both the saturation and pore pressure line
for the test series.

As still another test of the stress locus characteristics, any "undisturbed" samples
of Chicago clay were tested in the same manner. These were obtained from freshly taken
Shelby tube samples. The properties of this clay corresponded to those described by
Peck and Reed (10). Because of the possibility of a slight precompression, the test
samples were not fully consolidated in the triaxial cell prior to load application. Thus,
it may be argued that ¢ obtained from this series may be somewhat low.

Because complications can arise as a result of partial and incomplete saturation of
the test samples, all samples were allowed to take in pore fluid in the triaxial chamber
under a low confining pressure —3 psi. Pore pressure response was determined as a
function of cell pressure increase to ascertain the degree of saturation of the test sam-
ple. Both side filter strips and double membranes were used as standard procedure.

A rate of loading of 0.001 in. per min was selected as a reasonable rate of strain load-
ing corresponding to the results obtained by Osterberg and Perloff (9) and with due cog-
nizanz:e ;)f the effect of other possible factors involved as suggested and discussed by
Seed (12).

RESULTS AND INTERPRETATION

The results of the tests reported herein are not meant to be used specifically as
quantitative data but to point out and highlight the role and application of stress loci in
evaluation of the significant effective stress parameters. Because the technique involved
defines the stress conditions on a predetermined plane, it is necessary to explain the
significance of the stress locus in terms of components of shear strength. Following
the method previously described for determination of the stress locus, Figure 2 shows
the stress loci for two extreme conditions. These are the conditions defined primarily
by the response of the pore pressure under application of the deviator stress.

In Figure 2, stress locus B represents the condition where there is no pore pressure
response under deviator stress application. The specimen is consolidated in the cell to
a consolidating pressure of g, g before load application. When the load is applied, because
pore pressure response is zero, °c is equal to o, (lateral pressure for shear test) at
all times and hence remains constant

o,=03 +Ao

in which A ¢ = deviator stress (because pore pressure y is zero). The stress locus
defined s coincident with the line determined from the tangent of the rupture envelope

to the maximum deviator stress circle (not shown in the figure). The angle resulting
therefrom is 45° + ¢/2. In tests conducted on saturated Ottawa sand at close to the
critical void ratio, little or no pore pressure was recorded except very close to failure
where condition of incipient failure creates irregular strains in the specimen. The stress
loci drawn from these tests were similar to that defined by case B in the figure, except
close to the rupture point. The total strength component operative over the entire stress
region is then the friction stress component.

Stress locus A in Figure 2 defines the condition for full pore pressure response—
assuming that such a condition can be achieved in an ideal case. Following consolida-
tion under the consolidation pressure of o, any application of the deviator load results
in a full response of the pore pressure. In consequence, o¢ = o, = constant, and gs =
oc - u. Therefore, the condition defined indicated that =0, the rupture envelope for
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Figure 2, Stress loci for full pore pressure and zero pore pressure response.
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Figure 3. Stress loci for soils with varying pore pressure response.
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case A, would be a horizontal line. In this instance, the inclination of the plane of
failure is 45° and the stress locus defined is shown at 45° in the figure. Assuming that
the ideal case for pore pressure response can be found, this would then indicate that
the total shear strength component is the '"cohesion' component.

Except for soils where pore pressure response is neither of the two extremes, the
shear strength components will be operative throughout the entire test. Figure 3 shows
the stress loci for soils with varying pore pressure response going from stress locus
A, which is for a soil with a small frictional strength component and with high pore
pressure response under load application, to stress locus B, which is for a soil of a
higher frictional quality with a lesser pore pressure response, and final stress locus
C illustrating the case for a still smaller pore pressure response and a much higher
friction resistance component. Holtz and Ellis (4) have shown stress loci for artificlal
clay soils mixed with sand and gravel, and their results indicate the trend shown in
cases A, B, and C in the figure. The higher the proportion of sand and gravel, the .
lesser is the pore pressure response and the more the stress locus trends from A to:
C, indicating the increasing influence of the friction strength component with propor-
tional increases of sand and gravel. i

The results of the consolidated undrained triaxial tests on both laboratory consoli-
dated and natural soils are shown in Figures 4 through 7. Both the first and second
approximations for the stress loci are shown.

In Figures 4 and 5, the soil used was illite clay and the variable component was the
pore fluid. As expected, the shear strength for the illite clay with distilled water as
its pore fluid was much lower than that of the same clay with ethylene glycol as its pore
fluid—for corresponding densities and void ratios. Without going into the mechanism of
particle interaction possibly arising as a result of interparticle forces, the argument
can be resolved around the development of a higher friction strength component in the
case of glycol in the absence of clay-water interaction. In comparing the friction angle
o between the two cases, there is a difference of about 2. 5° between the ¢ established
by the terminal points of the stress loci (and the tangents of the effective stress circles).
o = 22° for the illite_clay with glycol and ¢ = 19. 5° for the same clay with distilled water.
However, in making the comparison on the basis of the effective friction angle, defined
by the maximum effective normal stress on the stress locus, the difference between the
two ¢’'s is 5% i.e., ¢ = 14° and ¢ = 9° for the illite clay with glycol and distilled water,
respectively. The void ratios for the samples ranged from 0. 83 at a cell pressure of
20 psi to 0,67 at a cell pressure of 56 psi. Variation in void ratio between companion
samples was * 0, 02 at the same cell pressure following final consolidation in the cell
and prior to load application. _

The case for kaolinite is shown in Figure 6 where ¢ is reported as 11.5°% In the test
on Chicago clay, results show ¢ to be equal to 11° (Fig. 7). Peck and Reed (10) report
the value of 11” for consolidated quick tests on a Chicago clay with slightly higher con-
sistency limits and water contents. The result for the slow tests given in the same
report was 20°. The comparison is made here to show the use of the stress locus for
evaluation of . However, because there was a difference in consistency limits and
natural water contents, presumably there would also be a small difference in the evalu-
ated 'friction' angle. ,

The rupture envelopes for all soils were established by the terminal points of the
stress loci. These in general defined a straight line for the same soil tested. The
angle ¢ resulting from the establishment of the rupture envelope may be questioned in
view of the technique used to obtain the second approximation for the stress locus as
shown in Figure 1. However, the difference in ¢ values by the two procedures is rela-
tively small. In Figure 8, only two cases are shown for the rupture envelopes drawn
from the common tangent to the stress circles for illite clay with both types of pore
fluid (glycol and distilled water). In comparing the effect of pore fluid on the friction
angle ¢ in this figure with those in Figures 4 and 5, it can be seen that the percent
difference is less than 1 percent. Although this correspondence may seem fortuitous,
it can be shown that, by successive approximations for determination of the stress
locus as shown in Figure 1, the final answer derived for ¢ will be identical with that
shown in Figure 8. In this instance, the second approximation for stress locus de-
termination has been found both adequate and sufficiently accurate.
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The maximum effective normal stress points on the stress loci for identical soils
tested at varying confining pressure can be joined approximately by a straight line
passing through the origin. The deviation from the straight line is slight.

SIGNIFICANCE OF STRENGTH PARAMETERS
DERIVED FROM STRESS LOCI

" It must be emphasized here that although both ¢ and C may be obtained from the
stress loci, there is no possible way to define the actual boundaries of operation for
these two parameters as limiting factors. Crawford (3) has shown that the friction
angle varies with strain and increases as strain increases when measured in the con-
ventional manner. In line with this, the cohesion parameter will also vary with strain.
It is now well accepted that both these parameters are not constant during the entire
test for measurement of shear strength, and it is further accepted that they are depend-
ent on both pore pressure and strain—although it can be argued that strain may in turn
be dependent to some extent on pore pressure,

The stress locus does not pretend to define the limits of operation of the parameters
because it is well understood that both shear strength components are operative through-
out the state of stress. Rather, it defines the relation between the shear stress and the
effective normal stress for any one specimen subject to load application under the pre-
scribed conditions. It is believed that the friction strength component increases rapidly
in the initial stages of load application and reaches a peak while the cohesion strength
component is still increasing. Beyond the peak friction component strength, total shear
strength increases due to the continued increase of the cohesion strength component.
This is shown in Figure 9. The stress locus in previous figures shows the shear stress
increasing as effective normal stress increases (not necessarily as a linear function),
to a point where shear stress increases while effective normal stress decreases. The
friction strength component in the figure is drawn on this basis to interpret the variation
of this component with strength. This does not necessarily mean a decreasing friction
angle with increasing strength because the friction strength component is dependent on
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Figure 9. Strength parameter contribution to total strength.

both ¢ and effective normal stress. Schmertmann and Hall (H) also give data to show
that ¢ increases with increasing strain as determined from their cohesion-friction-
strain technique in which the pore pressure is controlled.

The total shear strength remains the same regardless of the method or technique
used for interpretation of the strength component. Interpreting Crawford's (3) data on
the basis of stress locus, ¢ = 9° instead of 17° as reported. The soil considered in
this reported study was a sensitive marine clay. As pointed out by Bjerrum (1) in con-
ventional consolidated undrained triaxial tests on sensitive marine clay, ‘the effective
friction angle measured does not correspond to the effective friction angle calculated
from the ratio of undrained shear strength to effective overburden pressure. Although
laboratory tests gave values of effective friction angle ranging from 32° to 25° for
mcreaslng plasticity index, the calculated values for actual field conditions gave values
of from 6° to 8°. On this basis, the stress locus technique as applied to Crawford's
data seems to bear out the value suggested by Bjerrum. However, whether this is the
actual effective friction parameter seems to be more a question of definition.
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For overconsolidated or partially saturated clay soils, the stress locus derived from
the consolidated undrained test will give a characteristic "frictional" performance not
unlike case C in Figure 3. The significance and interpretation of these loci will be dis-
cussed at a later date inasmuch as the present study is restricted to normally consoli-~
dated soils.

CONCLUSIONS

The stress loci technique used in this study shows the stress condition on a plane in
the soil specimen at any one condition of strain. Although it is understood that the shear
strength parameters are operative over the total stress range, a method is proposed
here that defines the effective parameters, C and ¢, on the basis of their dominance
in component strength contribution to total strength. By defining the effective friction
angle ¢ in terms of a dependency on effective normal stress increase, a means for
arriving at the parameter for normally consolidated soils is established.

In terms of the strength components, it is believed that the dominant component
should define the operative parameter at its maximum point. The method suggested by
this study has not been tested in terms of field application where it is believed verifica-
tion or contradiction of the value of the parameters derived therefrom can be obtained.
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Discussion

CHARLES C. LADD, Assistant Professor of Soil Engineering, Department of Civil
Engineering, Massachusetts Institufe of Technology. —There is no doubt that better
methods need to be developed for relating the shear strength parameters in terms of
effective stresses as measured by triaxial tests to those that describe actual strength
behavior in the field. The parameters developed by-the authors could be a step in the
right direction. However, the interpretation of the physical significance that the authors
have attached to these parameters is considered by the writer to be incorrect.

Referring to Figures 2 and 3, which show effective stress vector curves from con-
solidated undrained triaxial tests with pore pressure measurements, the authors state
that if there is "zero' or "low pore pressure response' (in other words, Skempton's
A factor is close to zero), the resistance to shear is primarily frictional in character
because if ''the component of shear resistance increases, it seems most reasonable to
deduce that this constitutes a friction shear component." On the other hand, if there is
a "full” or "high pore pressure response" (i.e., the A factor is close to unity), the
material has little frictional resistance and hence the resistance must e predominately
cohesional in character because the shear stress is increasing while the effective nor-
mal stress is decreasing.

Test data on a saturated Ottawa sand close to the critical void ratio are quoted to
support the preceding argument. Because the vector curve showed an increasing effec-
tive normal stress as the shear stress increased (the A factor was very low), the "fric-
tion stress component' was, by definition, operative over the entire stress region. One
cannot question that the strength of a sand is predominately frictional in character. How-
ever, if the authors had run a consolidated undrained test with pore pressure measure-
ments (CU test) on a sample of loose sand, the proposed criteria for defining frictional
behavior would be inconsistent. This is shown in Figure 10 which presents vector curves
from CU tests on dense, medium, and loose specimens of a fine sand. The curves have
been plotted from stress-strain data reported by Bjerrum, et al. (2). (The curves are
not exact because the figure from which the data were scaled was very small. However,
the general shapes of the curves are correct.) Although the strength of all three speci-
mens is certainly frictional in character, the proposed criteria would define the strength
as cohesional, cohesional and then frictional, and frictional for the loose, medium, and
dense specimens, respectively.

Similar inconsistencies arise if the criteria are applied to clays. Vector curves from
CU tests on normally consolidated and overconsolidated specimens of a plastic clay
(P.1I. =40 percent) are shown in Figure 11. By the authors' criteria, the strength of
the normally consolidated specimen, where A approaches unity, is predominately
cohesional and that of the overconsolidated specimen, where A becomes negative, is
predominately frictional. The Hvorslev parameters and hypotheses concerning the
mechanism of shear strength in clays (for example, Lambe (4) and Ladd (3)) suggest,
if anything, that the opposite is more plausible.

Although the writer disagrees with the interpretation that the authors have attached
to their parameters, he feels that their analysis of strength via the shape of vector
curves may develop into a most promising avenue of research. For example, CU tests
by Bailey (1) have shown that leached samples of Boston blue clay that had been consoli-
dated in sea water show very low friction angles at maximum stress difference and
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marked decreases in strength at strains in excess of the strain at maximum stress
difference. Such a soil might well exhibit a low friction angle in the field under condi-
tions of undrained shear. (The samples were leached in the triaxial cells so that no
disturbance occurred prior to shear.)
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R. YONG and E. VEY, Closure—The test results reported by Dr. Ladd for saturated
sand and overconsolidated clays corroborate very well the current-authors' findings

of their initial study of the restrictions and limitations of the stress locus technique.

The importance of this restriction was demonstrated in similar tests by the writers

and evaluation procedures for overconsolidated and partially saturated clays. Included
also, as a means for further definition of the nature of the effective stress parameters
were tests on saturated sands and silts. Extreme care was taken in the paper to restrict
the proposed method of evaluation to normally consolidated clays subjected to consoli-
dated undrained triaxial tests.

The initial test results obtained from CU tests on various soil types showed that the
stress locus can indeed vary over the entire range of forms shown in Figure 10 by
Dr. Ladd for dense, medium, and loose fine sand. However, this same variation can
be obtained with any soil type, depending on pore pressure response under load. In the
case of fine sand, this response varies with the density at which the specimen was pre-
pared. In the case of clay, it varies principally with prestress history, method of
specimen preparation, and testing procedure. The effect of specimen preparation and
testing procedure on the character of the stress locus has been well illustrated in other
recent studies,

Because the technique proposed is essentially one that includes the variation of pore
pressure coefficient A, it can be said that the stress locus is actually a measure of A
for any particular specimen. Perhaps the significance of the stress locus is better
viewed in this manner, because in the final analysis it is the performance of the speci-
men that is the object of strength evaluation studies. Based on the intrinsic dependency
of the stress locus on pore pressure coefficient A, and on other recent studies it is
fairly apparent that the stress loci shown in Figures 4 through 7 of the paper are accept-
ably those derived from normally consolidated clays. In particular, it is interesting
to note from Henkel's studies that plotting his stress paths on the same basis as the
stress loci demonstrated in the paper, the stress loci for normally consolidated and
overconsolidated clays agree well with the current authors' suggestions. As stated in
the paper, ""For overconsolidated or partially saturated clay soils, the stress locus
derived from the consolidated undrained test will give a characteristic 'frictional’ per-
formance not unlike case C in Figure 3."

To apply the working hypothesis to cases other than normally consolidated clays
would be extending it beyond the defined limits of the test and the restrictions imposed
by the writers. It is perhaps unfortunate that all the different varieties of stress loci
were not included in the original presentation. However, it was purposely intended to
restrict the paper to a consideration of normally consolidated clays and to defer consid-
eration of both overconsolidated and partially saturated clays until more data are available.



A Rheological Analysis of Shear and Consolidation
Of Saturated Clays

ADEL S. SAADA, Research Assistant, Princeton University

This study deals with ""saturated clay," characterized by its
dry density and moisture content. A change in the moisture
content gives another material with other properties. On this
material, the classical laws of rheology are applied and the
behavior in shear and consolidation analyzed in their light.

A quick analysis of the state of stress in a triaxial test shows
that the shears due to the deviator of stresses form a circular
cone tangent to the octahedral plane for any system of axes
rotating around the axis of the sample.

Five series of tests show that in "saturated clay" the direc-
tions of maximum shear stresses and strains coincide and are
independent of the stress at failure. This stress is not influ-
enced by the isotropic component of the stress tensor, which
causes the major part of the pore pressures. The tests show
that the material has no true yield limit and that the curvature
of the stress-strain diagram is influenced by the rate of strain
at all stress levels. Finally, creep tests show that the rate of
strain at the steady stage is dependent only on the value of the
stress and independent of the load path.

The preceding results lead to the conclusion that a saturated
clay is a viscoelastic material and that in its steady state of
creep the laws of the theory of elasticity regarding the distribu-
tion of stresses are applicable. This opens the door to the
wealth of information gathered in the study of high polymers.

A general rheological model is given and analyzed, together with
possible simplifications and the meanings and limitations of the
various parameters.

oTHE MECHANICAL properties of a soil are characterized by the internal friction and
the cohesion. Rolling and sliding friction together with the resistance due to the geom-
etry and relative position of the grains are usually gathered under the name of internal
friction. True cohesion is explained as that part of the clay resistance due to the force
of attraction which exists between the clay mineral particles, Little is known about the
bond between the clay particles. If Terzaghi's assumption is accepted that a water shell
surrounds each clay particle and is so firmly tied to it by electrochemical forces that
it is nearly solid near the particle's surface, then it can be concluded that the shear
strength in clays must be transmitted through the water shells separating the single
grains. The cohesion is in this way determined by the strength of the adsorbed water.
In modern literature, there is a great controversy concerning the rigidity and thickness
of the adsorbed layer. However, it seems uncertain that a firm rigid bonding of the
adsorbed water, if it exists, could endow the mass of saturated clay with true strength
allowing for the existence of a true yield limit of practical significance.

This paper has as its subject the fundamental behavior of saturated clays on a phe-
nomenological level. In other words, with awareness of the behavior and influence of
each of the two solid and liquid soil phases, the author deals with the material '"saturated
clay" without trying to separate and recombine the effects of each phase. The paper
considers that a change in the moisture content gives a different material with different
mechanical properties. 52
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The study is divided into three distinct but interrelated parts. The first part dis-
cusses tests conducted to establish whether the material could be classified as plastic
or viscoelastic. Based on this classification, the second part gives rheological models
in shear and in consolidation and indicates a method of analyzing test results for both
cases. The third part discusses some implications of the study and proposes a method
of design appropriate to the type of material as classified in the first part.

The symbols used throughout this paper are defined in Appendix B.

CLASSIFICATION OF SATURATED CLAY

In spite of their structural complexity, engineering materials may, with fair approxi-
mation, belong to either of the two types defined in terms of the characteristic differ-
ences in their inelastic deformation (7, 8):

1. The plastic materials. Here the deformational response to applied forces beyond
the elastic or yield range results in permanent changes within the aggregate structure.
Up to the elastic or yield limit the material can either store, reversibly and indefinitely,
a certain quantity of energy, or it can withstand a certain level of stress without contin-
uing deformation. Beyond this limit, yielding and/or work hardening occurs and the
capacity of storing energy is maintained or increased; also, the effect of past stress is
pronounced and permanent and does not vanish with time. Materials whose plastic
behavior is dictated by a Coulomb type of plasticity (t = o tan ¢) have a yield limit (shear
strength) that increases with the increase of the compressive normal stresses, Thus,
an increase of the volumetric stresses acting on these materials results in a propor-
tional increase of the shear strength.

2. The viscoelastic materials. Here the dissipation of the applied energy depends
not only on the material itself, but also on the rate at which work is done by the load.
Volumetric compressive stresses have a small effect on the shear behavior, because
viscosity increases very slowly with the increase of the normal stresses. The curva-
ture of the stress-strain diagram at a definite stress level varies with the momentary
strain rate. The material can store a certain amount of energy for a finite time, but
this energy is dissipated with the relaxation of the induced shear stresses. In other
words, flow occurs under any shear stress however small; also, the effect of load
history vanishes with time.

State of Stress in a Triaxial Test

A state of stress is represented by a tensor. This tensor can always be considered
as the result of the superposition of an isotropic (hydrostatic or volumetric) and a
deviatoric one. In terms of the principal stresses (compression is considered positive
and tension negative):

cp 0 O % 0 0 Ss 0 O
oz O = om 0 + S, O
03 m Sy
in which
o1 + 02 + O3
" m = 3

is the mean or isotropic stress, and Si =0, -0 characterized by T Si = 0 is the

deviator. In any material, the isotropic component is the main cause of the volume
changes and the deviatoric component is responsible for the flow and fracture of the
material.

In a classical triaxial test, a cylindrical sample is subjected to an increasing verti-
cal pressure and a constant lateral pressure (o2 = 03) until fracture occurs. The state
of stress at any time can be decomposed in the following way into isotropic and devia-



54

toric components:

The Mohr circle representing this state of stress is shown in Figure 1.
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A pure deviation can be applied to the material if the stress increments are made in
a way such as to keep the isotropic component of the stress tensor constant. In a tri-
axial test, this is done by increasing the vertical pressure and decreasing the lateral
pressure so that

vertical stress increment _
Iateral stress decrement ~

In the range of small strains, volume changes due to the state of deviation can be
neglected as being of the second order. However, with the increase in magnitude of
the strains, these second order effects become important and result in pore pressures
if the drainage is closed.

Experimental Investigation

A series of tests was made with a white kaolinite type of New Jersey clay designated
by its trade name as Grantham clay. Its liquid limit is 77 percent, its plastic limit 32
percent. About 60 percent of the material is smaller than 2 . The material, in powder
form, was mixed thoroughly with water, the mixture being in its natural state at about
95 percent of saturation. Complete saturation and specific moisture contents were
obtained by triaxial consolidation under various volumetric stresses.

Effects of Volumetric Stresses and Rate of Strain on Shear Behavior.—Undrained
triaxial tests on the same saturated clay material and under various lateral pressures
are known to give similar stress-strain characteristics and Mohr circles at failure
having the same diameter. These circles are located at different distances from the
origin (Fig. 2) and correspond to the various values of the mean stress oy,. Thus, in
spite of an equal increase in the normal stresses on all the planes of the material being
tested, the magnitude of the deviator of stresses at failure does not change.

The value of the maximum stress difference (o, - 03) increases with the rate of strain
and the stress-strain curve moves towards smaller strains for higher strain rates. All
plastic and viscoelastic materials are influenced by this variable; the difference is that
this influence extends over the whole range of the stress-strain curve in viscoelastic
material, and only on that part beyond the yield limit in plastic materials. Several iden-
tical samples with the same moisture content were tested in compression under various
rates of vertical strain. In all cases and at all stress levels, the curvature of the stress-
strain diagrams varies with the change of the rate of strain. Figure 3 shows the true
stress, true strain diagram of two of the samples. The presence of a true elastic limit
would have caused the two curves to coincide at the stress levels below this limit., If
it exists, it is so small that it could not be recorded for the material under consideration.

Existence of a True Yield Limit. —Two types of tests are possible and were performed
to find the level of shear stress that can be applied to the material without causing per-
manent deformations.

The first type is the relaxation test. In this test a certain deformation is applied to
the sample and the decay of the induced stress measured with the time. A sample of
2. 8-in. diameter, 7.4-in. height at a moisture content of 35. 80 percent was given an
initial axial deformation of 0. 013 in. The axial stress was applied by means of a proving
ring and the initially induced octahedral shear stress was 6. 08 psi. The relaxation of
the stress as indicated by the proving ring dial was accompanied by a slow creep of the
material. Figure 4 shows the stress plotted against the logarithm of the time. It
dropped to zero in a period of 56 days. The octahedral shear stress at failure for the
same sample was 22.6 psi. The curve was expected to have an inflexion point beyond
a value of the time equal to 2 x 10* min and theoretically the stress should have tended
to its final value asymptotically. This, however, was not recorded.
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moisture content = 36.60 percent).

The second type of test is the creep test. In this test a small, constant shear stress
is applied for a period of time, then removed and the resulting rebound is measured.
This rebound, for any stress smaller or equal to the yield limit, should bring complete
strain recovery. A series of creep tests were performed under a certain number of
deviators (6, 12, 18 psi) for a period of 24 hr. The deformations during this period
and after the release of the stresses were measured (Fig. 5). The fact that a deviator
equal to one-tenth of the deviator of fracture (60 psi) results in permanent deformation
allows one to conclude that no true yield limit of practical significance exists in the
considered material. At a later date, a creep test performed on the same type of clay,
but at a higher moisture content, showed that even under a deviator of 1 psi, permanent
flow occurred (Fig. 6). The deviator of fracture for this last material was 38 psi.

In summary these tests show that on the level of investigation, the material consid-
ered flowed under any shear stress and that it had no true yield limit.
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Effect of Load Path on Strain-Time Characteristics. — The main aim of this group
of tests was to study the eflect of the load path on the steady state part of the creep
curve. One of the principal characteristics of viscoelastic materials is that in a creep
test, once a constant rate of strain is reached, it is only a function of the magnitude of
the applied stress and independent of the load path. Three identical samples of 2. 8-in.
diameter and 7. 4-in. height were subjected to various deviators (discussed later) for
periods varying between 65 and 80 hr. Table 1 gives the sequence of loading. Results
of these tests are shown in Figure 7. For all the curves an apparently instantaneous
response, a retarded response, and a flow at a constant rate are present. Up to the
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TABLE 1
Sample Applied Deviator (S: - S2) (psi)
A 12 18 24 30 36 42 48 54 60
B 18 24 30 36 36 42 38 54 60
C 24 30 36 36 36 42 48 54 60

deviator preceding fracture, the constant rate has been found to be dependent only on
the total value of the deviatoric stress, and in Figure 7,

“A2 T %1
%3 © %B2 T %1
Qpq = Op3 = O0g etc.
Thus, the angles o describing the constant rate are independent of the rate of stress and

the load path.
Summary.—-To sum up the results of the experimental investigation, the material
under consideration presents the following features in its shear behavior:



59

1. The deviatoric component of the
strain tensor does not depend on the isotropic
= ,\1 component of the stress tensor.

2. The curvature of the stress-strain
diagram at all stress levels is affected by
the rate of strain of the material.

3. The material flows under any shear
stress.

N 4. The constant rate of strain in creep
—_— - —— x tests is independent of the load path and is

# : a function of the stress alone.
-245.—~—-

28

N
l‘/.s

These four items are the necessaryand
sufficient conditions for a material to be
classified as "viscoelastic. "

Possible Surfaces of Flow and Failure
in Triaxial Compression Test

Inanideallinear viscoelastic material,
the directions of maximum shearing stresses
Figure 8. Shape of samples tested in pure

deviation.

Figure 9. Fracture surfaces in triaxial compression tests.
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and maximum shearing strains coincide. In such a material, failure would most prob-
ably occur along surfaces inclined at 45° to the horizontal (though viscoelastic considera-
tions cannot be extended to failure). The isotropic component of the stress tensor acts
normally and equally on all planes and would not favor any surface of fracture. The state
of stress produced by the deviator alone gives on planes inclined at 45° a maximum shear
equal to 0.75 S; (Fig. 1) and a normal stress equal to 0.25 S,. Real viscoelastic materials
are influenced to a very small extent by normal stresses and under a given deviator, fail-
ure might occur along surfaces subjected to a shear stress slightly smaller than the maxi-
mum and to a very small normal stress. In Figure 1, point A represents a plane on which
the deviator of stresses gives a shear stress equal to approximately 94 percent of the
maximum and a normal stress equal to zero. This plane is the octahedral plane and

its inclination to the horizontal is equal to 54. 75° Thus, conical surfaces having this
inclination are potential surfaces of flow and fracture.

A number of samples were turned down to the dimensions shown on Figure 8 to avoid
end effects and tested in triaxial compression. In all the cases where no excessive
bulging occurred before failure, the tangents to the surfaces of fracture make with the
horizontal angles near 54.75° (Fig. 9a). In the case of cylindrical samples, the frac-
ture starts at one of the ends because of the concentration of stresses, but it takes the
direction of minimum shear resistance which seems to be that of the octahedral plane
(Fig. 9b). Figure 9c shows one of the samples tested in an unconfined way with grease
applied on both end plates. The sample kept a cylindrical shape (no rotation of principal
axes) and the inclination of the surface of rupture was very near to the octahedral incli-
nation.

The same tests were run on an illite type of clay called grundite clay at various
moisture contents, The results were similar to those obtained for the kaolinite Grantham
clay.

RHEOLOGY OF SHEAR

Models to illustrate viscoelastic behavior in shear are built up from combinations of
two model elements:

1. A perfectly elastic spring to represent elastic deformations obeying Hooke's law.
2. A dashpot with a liquid obeying Newton's law of viscosity to represent viscous
deformations.

The two simplest combinations of these two models are the Kelvin body, which repre-
sents a solid viscoelasticity, and the Maxwell body, which represents a liquid viscoelas-
ticity.

A Kelvin body is composed of a spring and a dashpot in parallel (Fig. 10a). Charac-
teristic of it is the retardation time (time of response) r =n/G. It is the time neces-
sary to produce (1 - 1/e) of the full elastic deformation under a given stress. Itisa

(a) b)

Figure 10. a) Kelvin body, b) Maxwell body.
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sort of limit after which the strain tends to its final value at a very slow, decreasing
rate.

A Maxwell body is composed of a spring and a dashpot in series (Fig. 10b). Charac-
teristic of it is the relaxation time also defined as r = n/G. It is the time necessary for
a stress to decay to 1/e of its original value while a constant strain is maintained. In
a way, it is a time limit after which a sizeable decrease in the stress level is associ-
ated with a long and ever-increasing time (7, 17).

In both ideal bodies the relative importance of the elastic and the flow mechanisms
apparently depends not only on the magnitude of G and n but also on the time scale of
the experimental investigation. Either of the two mechanisms will tend to overshadow
the other unless the time scale of the observations is of the order of magnitude of n/G,
a circumstance that will allow the appearance of the composite nature of the deformation.

The behavior of a real material usually cannot be described by the two constants n
and G of the ideal bodies However, the introduction of several such constants will
permit reproduction of rather complex behavior.

Necessity for a Distribution of Retardation Times

The kind of isotropy that is present in the material is a statistical one When study-
ing the deformational characteristics, the fact that each clay particle is surrounded by
a hull of adsorbed water, whose viscosity varies between infinity and that of more or
less free water, tends to complicate the problem when a factor of viscosity (23) is
chosen in a quantitative analysis. An average value can always be chosen during the
process of deformation, but this value would only be valid at a certain location of the
material. There is a wide range of particle sizes in a clay soil, and the strength of
the bonds between them is very highly influenced by these sizes and particularly by the
spacing and geometric arrangement between the particles. When subjected’to a stress,
the material necessarily presents in its delayed response a wide range of retardation
times. Theoretically, a retardation time implies complete recovery on release of the
stress. Yet this will not be the case in clays. The delayed response that the creep
curves of Figures 5 and 6 show is only partially recoverable and is accompanied by a
continuous reorientation of the particles. A constant rate of deformation under a con-
stant energy level (Figs. 5, 6, 7) denotes the establishment of a statistical equilibrium
between a continuously applied energy and the dissipation that proceeds in small suc-
cessive jumps and has the appearance of continuity. At this stage the rate of energy
dissipation is only a function of the deviator of stresses and is given in terms of the
octahedral variables by

.3 d H _ 3 (roct)?
Yp=3 a Toct 4 Yoct T3 “on (1)

in which WD is the rate of energy dissipation.
The condition of viscous flow is given by
H
dy t
T, = 2n 2 (2)
_oct dt

Model Representation of a Viscoelastic Saturated Clay

On the phenomenological level, any viscoelastic material presenting a whole spectrum
of retardation times, whatever their origin, can be represented by n Kelvin bodies in
series, with a Maxwell body to take care of any pure elasticity and pure viscous flow
(Fig. 11a). For a constant deviatoric stress, the strain in such a model is given by
(15)

) 1 n o q -t/ t
®y '(Sij)o[—zc;'o‘ + I ogg (1-e 70 v ] (3)
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Figure 1l. a) General model for a viscoelastic saturated clay 1n shear,
b) Four parameters experimental model (Burger's body),
c) Strain-time curve under a constant deviator of stress.
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For a continuous distribution of retardation times, which can be assumed in clays;

_ 1 P 5(r) -t/ t
e = Gijo [ﬁ + IOT @-e ™ )dr + B ] )

where J = 1/G is called the compliance of the Hooke element. Thus, the finite set of
constants (J,, Tn) is now replaced by J(r) which gives the amount of elastic compliance
associated with the retardation time v (the continuous parameter). This is referred to
as a distribution of retardation times or distribution of compliances. This distribution
should be obtainable from the experimental determination of the creep function:

2eij
oft) = BT (5)

ij'o

but this presents considerable difficulties. Andrews (3) has proved that J(r) can be
obtained to a first approximation from the creep curve (Fig. 3) using the expression:

I) = F o) - - (®)
o

Alfrey (1) has given a graphical method to obtain this distribution from the experimental
creep curve (see Appendix A).

The model of Figure 11a has as an aim a qualitative description of the creep behavior
under a particular stress. The phenomenological treatment of the problem is only inter-
ested in the resulting behavior which is materialized by the creep curve; the model must
be considered as a whole, with all its elements acting together and giving a strain com-
parable to that of the material. Under a constant stress, each of the Kelvin bodies gives
a simple exponential curve and the true deformational curve will keep the general expo-
nential shape.

To approximate an experimental curve one does not need a continuous distribution of
retardation time s; in general, two or three elements are sufficient to approximate a
creep curve of classical shape. The use of the continuous distribution greatly simplifies
the computations and allows a relatively simple graphical construction to study the effects
of mechanical variables on the properties of the material represented by the coefficients
Gand n.

Simplified Four-Parameter Empirical Model

Ideal creep curves should be determined over the complete time range from 0 to .
Experimentally it is difficult to determine the short-time response accurately; this means
that the short-time behavior of the material will not show up. In terms of models, Kel-
vin bodies with a retardation time smaller than the smallest time observable experimen-
tally (say, 1 or 2 sec) would behave as a pure spring (pseudo-elastic)(Figs. 11a, 11b).
Kelvin bodies with retardation times falling within the time scale of the experimental
investigation can be approximated by one Kelvin body with an average retardation time.
Long retardation times appear as true flow (pseudo-flow) and can be approximated by
a Newton element. Thus the simplest model to take the place of the most general one
is the four-elements model known as the Burgers body (Fig. 11b). Each of the param-
eters of this model is followed by the letter E standing for experimental or empirical
(1). Figure 11c shows the shape of its strain-time curve for a constant deviator (Sij)

q, 6, E, 1_6). The curve represents o

- 1 1 - ot/T9E t
e5; = Syo [2G1E e (1-e""72E) + - ] (™
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About this empirical model the following may be said:

GyE is the modulus of the Hooke element that replaces an element of ideal elas-
ticity ana a certain number of Kelvin elements with small retardation times. This
modulus is by no means a constant, and its physical meaning does not go beyond the

fact that it is related to the internal structure at the instant of application of the stress
and during that period of response which seems to be instantaneous In general, the

use of a Hooke element implies instantaneous response and complete reversibility, which
is not at all the case when the internal structure changes continuously as a function of
the stress and strain and their time derivatives. (Temperature is not considered.) If
the distribution of J(r) is known, G, is given by

1 t
—GlE = J J(r)dr (8)
(o]

t; being the smallest amount of time measurable. Actually from a creep test the only
way to get G 1s to divide (S ) by twice the instantaneous pseudo- elastlc strain.

2. G2 and Nop aTe the parameters of that Kelvin body which takes the place of all
the models whose retardation time falls between t, and t» (Fig. 11). I the distribution
of J(r) is known, then

te :
1 f
1 J(r)dt 9)
GZE ‘[tl !

in which t» is either the time at which the test is stopped (the curve becomes a straight

line at infinity) or the time at which it is decided that the creep curve can be considered
a straight line (steady state of creep). = o Can be given by a weighted mean value:

) J:: rJ(r)dr

T (10)
2E [tz J(r)dr
4
From a creep test G, is obtained by dividing (Su) o PV twice the total retarded response
(Fig. 11c).

3. m3g corresponds to all responses that appear to be true flow and can be obtained
directly from the slope of a creep curve at the steady state. Theoretically it is given
by

1

(0]
1 + f -—J(T) dr
‘no ta T

Limitations and Difficulties of a Model Representation

The previous model representations were inspired by the creep curve of the material
under a particular stress and the presented physico-chemical considerations. The fact
that only the over-all behavior of the model could be compared with the over-all behavior
of the material was already emphasized. The author seeks to represent only an outside
appearance by means of a series of '"linear elements, ' an experimental curve to fit for
a particular stress.

™E

(11)
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/b

The previous rheological equations
imply the constancy of the parameters G
and n, and solutions of these equations
given in classical treatises on rheology
are valid only for linear viscoelastic
behavior. This is not the case for satu-
rated clays. The retardation times of the
various Kelvin elements are not constant.
Of course, no objection can be made to s
picking up a specific experimental creep
curve, representing it by a series of
linear Kelvin elements, and finding the
distribution of retardation times, if it is
remembered that what is deduced from
that creep curve is not valid for any other
state of stress even for the same material.
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Effect of Stress Increase on Rheological
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H 1 Figure 12. First step of Alfrey's construc-
'yo ct = (-roct)0 oG + tion to obtain distribution of the retarda.
o tion times.
Q.
J(T) ( 't/T t ]
—— (1-¢ Ydr + 12
IO 2 2170 ( )
The creep function &(t) becomes
H
2y @ -
oft) = (T°°t) = [cl; + J' :@. (1-e t/T) dr +;t-—] (13)
oct'o o o (o}

The distribution of retardation times can thus be obtained by Alfrey's method for dif-
ferent values of (v _ .) o if the creep curves are plotted in terms of 7H . This has been
done for the creepog&rves of Sample A (Fig. 7) for S, - S; = 18, 24, %‘6’, .and 36 psi.
The deviator increments were 6 psi corresponding to = = 2. 82 psi.

The sigmoidal curves giving the relation between oct

H
Yot
A'roct

and logiot are shown in Figure 12, and the distribution of retardation times for the
various stress states on Figure 13. The latter figure shows clearly that the distribution
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Figure 13. Distribution of retardation times under various deviators of stress.

of compliances for different retardation times, although keeping the same general shape
of a Gauss curve, varies for different stress increments. For a linear viscoelastic
material all the curves in this figure would coincide. The area under each of these
curves corresponds to the value of Jop of the empirical model. The most important
compliance for the different stress levels corresponds to the same value of the retarda-
tion time.

Effect of Change in Moisture Content on Rheological Parameters

An increase of the moisture content has been found to produce a much wider distri-
bution of retardation times under a given stress. It causes the whole spectrum to shift
towards smaller retardation times. The coefficient G1g changes rapidly because a cer-
tain number of mechanisms that are retarded at low moisture content become instan-
taneous at a higher one, and some in the pseudo-flow category pass into the retarded
one. On the other hand, the viscous resistance to changes within the group of mechan-
isms classified as flow decreases together with the true, giving as a final result a net
decrease in the viscosity for the apparent steady stage of flow. (Thus, "ap decreases.)

’
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General Remarks on Rheological Approach in Shear

The previous analysis is based on the behavior of one material, namely kaolinite
Grantham clay. Even though no extrapolation to other materials can be made, the
analysis may shed some light on the general approach to the shear problem.

Clays have been represented since 1931 (29) by a Bingham body, and statements are
often made that they have a yield limit. It seems strange, however, that in the present
case a material that belongs to a group classified as very stiff (28) (q, = 38 psi) did flow
under a deviator of 1 psi. It is the opinion of the author that, atleast for normally con-
solidated clays, the importance of the yield limit has been exaggerat