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SYNOPSIS

A procedure for evaluating the supporting characteristics of the subgrade
under flexible types of pavements 1s indicated This procedure 18 to use labora-
tory stress-deformation curves of the subgrade soil in conjunction with rational

theoretical analyses

This method of approach does not include the making of

penetration and loading tests directly on the subgrade, a procedure that has

various disadvantages

A correlation between measured deflections of the sub-

grade under wheel load and the deflections computed from laboratory test data
and theory 15 an indicated experimental procedure that should extend our knowl-

edge 1n this field.

The system of stresses at any pomnt
vithin a semi-infinite, elastically 1sotropic
ody produced by a uniform load over a
ircular area at the surface has been deter-
nined by A E H. Love! and 8. D Caro-
hers? Formulas for the vertical dis-
lacement, V, at any pomnt of the elastic
ody due to the smiface load are given in
rarious texts® dealing with the theory of
lasticity. The use of such formulas
 volves knowledge concerning two elas-
ic constants, Poisson’s 1atio, u, and the
| odulus of elasticity, E. Test data as
yublished by Terzaghi* and others show
hat deformations of soils under load are
w0t characteristic of elastic maternals
Tence, there 1s difficulty 1n applying the
ormulas based on the assumption of
lastic properties.

1 The Stress Produced mn a Semi-Infimte
Solid by Pressure on Part of the Boundary by
A E H Love Philosophical Transactions
f the Royal Society, series A, vol 228, 1929

2 Test Loads on Foundations as Affected by
Scale of Tested Area by 8 D Carothers Pro-
eedings, International Mathematical Con-
rress, Toronto, pp 527-549, 1924

3 See for example equations 203 and 204,
yage 335, of Theory of Elasticity by S Timo-
henko McGraw-Hill Book Company, first
dition, 1934

4 Determination of Consistency of Soils by
\leans of Penetration Tests by Charles Ter-
agh1  PuBLic Roaps, vol 7, no 12, Febru-
ry, 1927

The purpose of this paper 1s to indicate
a method of computing vertical displace-
ment in so1l due to a uniform load over a
circular area by the use of tnaxial com-
pression test data The vertical dis-
placement o1 settlement so computed is
that caused solely by lateral yield of the
soil It 1s assumed that this type of
settlement, Si, 18 completed prior to the
realization of any settlement due to con-
solidation of the supporting soil. In the
computations, a modulus of deformation,
C, is used in the formulas instead of the
modulus of elasticity, E, and since it is
assumed that the settlement, Sg, occurs
at constant volume u is necessarily equal
to 1

The modulus of deformation, C, is
herein defined as the ratio of stress to
deformation without regard to the nature
of the deformation whether 1t be elastic
or plastic deformation or both.

The method of analysis used 1 this
paper for the case of a unmiform load over
a circular area may be apphed, with cer-
tain modifications, for the case of a para-
bolic or conical distribution of load over
the circular area

THE MODULUS, C, IS DETERMINABLE FROM
STABILOMETER TEST DATA

In stabillometer tests, cylindrical soil
samples encased mn rubber sleeves are
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compressed to failure by applying a verti-
cal load with or without lateral pressure
Lateral pressure is applied by air or fluid
and is constant during an individual test.
The decrease 1n length, A h, of the sample
with increasing vertical load may be ob-
tained by means of a micrometer dial
attached to the moving plunger or by an
automatic recording device. The initial
length of the sample is designated as h.

A more complete description of plot-
ting the stabilometer test data in connec-
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Figure 1. Load-compression test results

tion with computing C has been published
elsewhere’. In Figure 1, the portions of
the three curves for which the vertical
pressure, v, is less than the lateral pres-
sure, [, have been omitted and the coor-
dinate axes have been moved to the right
30 that the point where I = v falls on the
Ah .
T = 0 axis.

In Figure 1, the slope of any of the

8 The Settlement of Embankments by L. A
Palmer and E. 8. Barber. Pusric Roaps,
vol 21, no 9 November, 1940

DESIGN

secant lines is taken as the modulus of
deformation, C, within the range of load-
ing indicated. The more nearly linear

the v versus Ah relationship, the more

h
nearly the secant modulus becomes a
tangent modulus The greater the curva-

ture of the v versus A—hl-l relationship, the

greater is the divergence of the secant
line from the curve. Usually this diver-
gence increases with increasing load.

DERIVATION OF EXPRESSIONS FOR S];,

From the theory of elasticity, the ver-
tical strain e, at any point on the axis of
loading in the stressed earth below the
uniformly loaded circular area of radius,

a, is
v 1
e.—:,’-;—E(p.—%pr)----(l)

where z is the depth of the point, V is the
vertical displacement at the point and p,
and p, are normal stresses 1 the vertical
and radial directions, respectively, acting
at the pont.

If instead of E, the modulus of deforma-
tion, C, is used and taken as a constant,
equation (1) becomes

v

S=sm—m @

The expressions for the normal stresses,
ps and p;, are

mooft- i) @

and
p: = g[l + 2
_ 2001 + Wz 7
@rom T @ Z’)"’] ®

where p is the unit surface load. The
origin of coordinates 1s taken at the center
of the circular area of earth surface. By
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substituting equations (3) and (4) in (2)
and integrating between the limits, z and
«, one obtains

maximum V = p [(2 — 2#’)(8.2 + zz)l/z

a1+ u)z + (4 2° - l)z]. .(5)°

(a2 + z!)ll!
By takmg u = 3,
3pa’
8 = m 6
or in general,
max. V = p—é’ )]

where

"E. = 2—2M’)/‘/1+( )
u+m()

7

,‘/ 1+ (;)

F may be called the “‘settlement fac-

tor.”” In Figure 2, F is plotted against
values of z/a for values of 0, 0.2, 0.3, 0.4,
and 0.5 assigned to u. It is observed that
the value of x has but very little influence

on the value of F if z/a exceeds unity.

In equations (5) and (6), z can have

any value. For u = } and z = 0, equa-
tion (6) becomes

+(u+2n’—1)§

S, = 3pa

2C

which is the total settlement due to lateral
yield from the load down to infinite depth,
and it also 1s the downward displacement
of a soil particle at the center of the circu-
lar surface contact area. Equation (8)
gives 8y, along the center hne At points

¢ Equation (5) 18 very similar to equation
(3) on page 32 of an article, “Physical Prop-
erties of Earth,” by John H Gnffith, Bulletin
101, Iowa Engmeermg Experlment Station,
Iowa. State College.

€))
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removed from the center line, the settle-
ment is less than this value. According
to Timoshenko?® the average settlement
under the uniformly loaded circular area,
which 18 the average deflection of all
points over the circular contact area, is
85 percent of the maximum deflection at
the center. Timoshenko? also shows that
the average settlement under a uniformly
loaded circular area is practically the
same as that under a uniformly loaded
square area. He shows further that the
average settlement under a umformly
loaded rectangular area having sides of
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Figure 2. Settlement under center of uniform
circular load

ratio 2:1 1s about four percent less than
that realized 1n the case of the circle or
square Thus the effect of shape of
loaded area on settlement is not so im-
portant as might at first be considered
The depth, z, Figure 2, may be con-
sidered as the thickness of an incompres-
sible yet flexible layer, infimte 1n lateral
extent, below which there 1s yielding soil
of infinite depth. Such a condition may
be realized for practical purposes if a bed
of stabihzed soil-aggregate 1s spread over
a clay soill and a load is applied to the
stabilized surface. The settlement in

* Loc cit, see pages 338 and 339
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this case would be due entirely to yielding
of the clay if the thickness, z, of the soil-
aggregate bed is assumed to remain con-
stant under load and to have no flexural
strength. Then, as shown in Figure 2,
for given values of p and C ncreasing the
ratio, z/a, either by increasing z or de-
creasing a, reduces the settlement factor,
F, and hence the value of Sg.

This reasoning 1s based on the simpli-
fying assumption that the bed of material
of thickness z and the more yielding ma-
terial below 1t comprise a single, homo-
geneous and isotropic mass of material
insofar as the system of stresses is con-
cerned. As pointed out previously,” a
very similar assumption has been made

’
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Figure 3. Principal stress difference under
center of uniform circular load

and used to very good advantage in es-
timating the settlements of structures
supported by one or more layers of com-
pressible soil with one or more intervening
layers of sand.

SHEARING STRESSES UNDER A CIRCULAR
LOADED AREA

For a uniform load on a circular area at
the surface, the maximum shearing stress
at each point on the axis of loading is

Smax = 3(Ds — Pr) )

where the difference, p, — pr, is the prin-
cipal stress difference.
7 “Stresses Under Circular Loaded Areas’

by L A Palmer Proceedings of the High-
way Research Board, vol. 19, 1939

DESIGN

From equations (3) and (4),

Ps— Pr = [1‘2"+(1+u)

2
z 3z
'(az ¥ ) - 2(a’ + zz):/z] (10)
where
z
T A+w;
* ()
2 3
3 a
T2

Values for the principal stress differences
at different depths on the axis of loadin;
and for different values of u are shown in
Figure 3 It may be noted from thu
figure that for 4 = % the maximum prinei-
pal stress difference 1s equal to 0.58p an
occurs at the depth, z = 0 71a.

It is necessary to bear in mind tha
Ps — Pr is the difference between the ver-
tical and lateral pressures. Obwviousl
there could be no lateral yelding of the
supporting soil if p, and p, were equal i
magnitude and of the same sign at all
points. :

In Figure 1, the points A, A’ and A’
were selected so as to give v — [ the same
value. In general, the modulus, C, ob-
tained from the slopes of secant lines, such
as OA, O’'A’, etc , vary somewhat with the
magnitude of the lateral pressure, [, main:
tained constant during a single test
Usually the value of C is lowest for th
curve, I = 0. The procedure in thi
paper 1s to use an average value of C ob:
tained from two or more curves of the
type shown 1n Figure 1 for a definite value
of v — 1, applicable to the particular prob.
lem. The value of v — 1 which deter
mines the average C to be used is th
maximum prineipal stress difference a



PALMER AND BARBER—SOIL DISPLACEMENT

any pomnt within the yielding soil mass
and on the axis of loading Obviously
this procedure 1s on the side of safety.

NUMERICAL EXAMPLES

The use of these principles may be 1l-
lustrated by a numerical example.

Assume the existence of a clay layer
extending from the earth surface to an
indefinite depth  Assume there 18 a uni-
form load at the surface of 3 tons per
sq. ft distributed over a circular area
having a radius of 10 ft Taking u as 3,
the greatest principal stress difference on
the axis of symmetry 1s at a depth of
071a =071 X 10 = 7.1ft. Soil samples
taken at this depth have the stress de-
formation characteristics shown mm Fig-
ure 1. The greatest principal stress
difference = 0.58p = 058 X 6,000 =
3,480 lb. per sq ft

On the curve, I = 0, Figure 1, for
v — 1 =3,480, v = 3,480 Ib per sq ft.
This 1s at point A on this cuve The
secant line, OA is drawn

3,480
The slope of OA 1s 0096 " 362,000 1b

per sq ft., the value of C from this curve
For the curve obtamned with I = 1,440 lb.
per sq ft in the triaxial test, the point
A’ is determined by adding 1,440 to 3,480
to obtain a value, v = 4,920 Ib. per sq.
ft The corresponding percentage de-
formation 15 0.68 Then C from this
36‘(1)(852 or 512,000 lb. per sq. ft.
Similarly, from the secant line O"’A” for
the curve, | = 4,320 Ib per sq ft, C
corresponding to v = 7,800 Ib. per sq. ft.

curve 1s

3,480
on the curve, 1s computed as 0065 °F
535,000 1Ib per sq ft The average

modulus is then } (362,000 + 512,000 +
535,000) or 470,000 Ib per sq ft

In this problem, the depth of a layer
or zone wherein compression due to yield-
g does not occur 1s zero and hence z/a
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is zero. From Figure 2, for z/a = 0 and
p=1% F =15 Then

_pap _ 6,000 X 10
C 470,000

= 0.19 ft., or about 2 3 1n.

Suppose now that there 1s a bed of com-
pact sand 5 ft thick at the surface and
that the clay 1s below this Neglecting
the lateral displacement or veitical com-
paction of the sand, with z/a = % = 05,
the displacement factor, Figuie 2 1s seen
to be now reduced fiom 15 to 133 and
the value of St 1s1educed to 2 3 X 133 _

1.5
20 1in. Smmlarly, if the bed of sand 1s
10 ft thick, z/a becomes 1 and F, Figure
2,18 1 06.

With a bed of compact sand 10 ft.
thick, the greatest principal stress daffer-
ence 15 In the sand and not 1n the clay.
The greatest principal stress difference 1n
the clay 1s then 10 ft down from the
ground surface on the axis of symmetry,
and from Figure 3, 1ts value at the point,
z/a = 1, is 053p For the sol data
plotted in Figure 1, the moduli of de-
formation corresponding to various v — 1
values are shown 1n Figure 4 for the three
curves, I = 0,1 = 1,440, and I = 4,320
lb persq ft An average for these three
curves 18 also shown For p = 6,000 b
per sq. ft and a maximum principal stiess
difference of 053p = 053 X 6,000 =
3,180 b per sq ft, the corresponding C
from the average curve, Figure 4 1s
490,000 Ib persq ft Taking F = 1.06
corresponding to z/a = 1 and u = 3},

g — 8,000 X 10
L 490,000

Sy, X 1.5

X 1.06

= 0.13 ft. or 1.6 1n.

This is approximately 70 percent of the
settlement without the sand, assuming no
lateral displacement or compaction:of the
sand

Actually, the sand would undergo some
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lateral displacement or compaction or
both but to a considerably lesser extent
than a soft clay. Greatest settlements
due to lateral yield are to be expected m
the case of plastic soils in which pore pres-
sures of considerable magnitude are de-
veloped by loading.

With reference again to Figure 4, con-
sider a wheel load producing 10,000 lb.
per sq. ft. pressure on the surface of the
clay, assuming a balloon tire and an
equivalent radius of 6.5 in. for the con-
tact area. Here the greatest principal
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Figure 4. Variation of modulus of deformation
with stress

stress difference on the axis of loading is
0.58 X 10,000 or 5,800 lb. per sq. ft.
corresponding to an average C value,
Figure 4, of 270,000 lb. per sq. ft. For
z/fa =0,F = 1.5 and

g - 10,000 X 6.5
L 270,000

Suppose now that the wheel rests on a
flexible type of pavement 6 5 in. thick and
that the lateral movement and compac-
tion of pavement maternal under the
wheel load is neghgible. Under the pave-

X 1.5 = 0.36 in.

DESIGN

ment is the same clay, extending to an
indefinite depth. The maximum princi-
pal stress difference in the clay 18 0 53p for
z/a = 1and u = % and 0.53 X 10,000 =
5,300 Ib. per sq. ft. The corresponding C
value, average curve, figure 4, is 330,000
Ib. per sq. ft. and F = 1.06, Figure 2.
Then

g — 10,000 X 6.5
L 330,000

By making similar computations for the
same soil and for various values of z, the

X 1.06 = 0.21 in.

TABLE 1
TaE EFFECT OF PAVEMENT THICKNESS ON THE
EsTIMATED SETTLEMENT, 81, DUE TO
YIELDING OF THE SUBGRADE

Umnit load = 10,000 lb. per 8sq ft, equivalent
radius of wheel load = 6.51n. and g4 = %

Maxi-
prinepall yfogutus | Det
nemsoi | x| | PGl | e | Sette
mp:nv':-' & %:n mo;:na— Fr' Sy,
grade,
v—1
snches . per | 1o pereq. snches
0 0 5,800 | 270,000 | 1 50 | 0.36
3 25(0.50 | 5,800 | 270,000 | 1 33 | 0 32
650(100] 5,300 (330,000 106 | 0.21
800} 1 23| 4,600 390,000 0.93 | 016
1000|154 | 3,750 | 455,000 1 080 | 0 11
12 00| 1 85 | 2,950 | 505,000 | 0.71 | 0 09
15 00| 2 31 | 2,200 | 550,000 | 0 59 | 0 07
18 00| 2 77 | 1,600 | 580,000 | 0.51 | O 06

settlements of Table 1 are obtained. It
is observed in Table 1 that when the pave-
ment thickness is of magnitude such that
z/a is equal to or greater than two, any
further increase in pavement thickness
effects only relatively small decreasesin Sy,
It is also noted that the modulus, C, in-
creases rapidly as the principal stress
difference decreases, a fact that is indica-
tive of the curvalinear relationship be-

tween v and Aih

The effect of moisture content and com-
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paction on the modulus, C, of a typical
clay soil 1s shown in Table 2 The settle-
ment, S, caused by lateral displacement
of this clay when subjected to a uniform
load over a circular area is also shown.
For the computations shown 1 Table 2,
p is taken as } and the surface load is
assumed to be appled directly to the
clay, namely, z/a = 0

The effect of moisture content and den-
sity is strikingly illustrated by the com-
puted values of Table 2. For the condi-
tion of ultimate failure in the stabilometer
test, the value of C is taken as zero and
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indicative of benefits derivable from hav-
ing a well compacted and stable subgrade.

CONCLUSIONS

On the basis of the earhier report” and
on the computations and data in this
paper, it is believed that the following
general conclusions are warranted.

1. For a uniform load on a circular area
at the earth surface, failure of a cohesive
supporting earth 1s most likely to begin
at any point of a basin-shaped surface
intersecting the axis of symmetry at a
depth equal to about 0.7 of the radius of

TABLE 2
THE ErrFEcT OF MOISTURE CONTENT AND COMPACTION ON THE MobULUS, C, OF A CLAY SOIL AND
ON THE SETTLEMENT, S;, oF THIS So1L WHEN UNDER A UNIFORMLY LOADED CIRCULAR
AREA OF RaADIUS 65 IN., u = %

Settlement, Sy, corresponding to
Modulus, C, —~L
Soil correlpon%dlggu:o gnnm!ul unit load, p = 'o_ss'
T‘?::. Dry density stress erence, v — :_. =0
content)
Y= | Tl | "wk | "o [P=562 p=1724 | p=s1r2 | p=10314
percent
percent
‘% lgu"f{ dm"'"“;" L ’;-‘"“' . ?""q b 7:'"' b ’}“'.”'1 . m. . n.
g denssly
32| 8 82 50,000 | zero* zero* zero* | 0 17 | failure | failure | failure
305 92 88 | 170,000 | 80,000 | zero* zero* 005 021 fallure | failure
24 5| 103 98 | 600,000 | 440,000 | 120,000 | zero* |00l ( 0 04 0 42 failure
19 7| 105 [ 100 | 900,000 | 790,000 | 590,000 | 250,000 ( 0 01 | © 02 009 0 40

* Samples failed at these principal stress differences

with reference to the computed values of
C, Table 2, 1t is seen that only for the
condition of 100 percent maximum den-
sity 1s this soil able to deform in place
without failure under a principal stress
difference of 6,000 lb. per sq. ft. which
corresponds to a unit surface load of
10,344 1b. per sq. ft. For this particular
table, a decrease of 4.8 percent in moisture
content, 24.5 to 19 7 percent, is attended
by a relatively small gain in dry density,
from 103 to 105 lb. per cu. ft. However,
‘the increase in C corresponding to this
moisture difference is quite large and is

the loaded circular area and extending to
the perimeter. For pomts on this sur-
face, the principal stress differences have
maximum values.

2 Since stresses of a certain magnitude
may be msufficient to cause failure of the
subgrade and yet sufficient to cause con-
siderable settlement, depending on the
properties of the subgrade, a knowledge of
the stress-deformation characteristics of
the subgrade soil is absolutely necessary.

3. It 1s believed that a method of esti-
mating deflections of the subgrade on the

7Loc. cit.
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basis of laboratory test data and without
the necessity of loading tests in the field
is an objective worth striving for.

4 A method is described for deter-
mining the modulus of deformation of co-
hesive soils by means of the triaxial com-
pression device. In general this is a
secant modulus that diminishes in magni-
tude as the principal stress difference 1s
increased.

5 By substituting the appropnate
value for this modulus in integrated ex-
pressions similar to those that apply to
elastic behavior, it 1s possible to make

DESIGN

some sort of estimate of the deflection of
the supporting soil under load.

6 Itisshown that the movement under
stress diminishes according to determin-
able relations as the thickness of pave-
ment is increased, assuming that both
lateral ‘yield and compaction within the
flexible pavement 1tself 1s relatively small.

7 Values of settlement computed from
theory and stabilometer test data indicate
the possibility of very matenally reducing
deflections under wheel loads by having
the subgrade compacted at maximum
density.





