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S Y N O P S I S 

A piocedure for evaluating the supporting characteristics of the subgrade 
under flexible types of pavements is indicated This procedui e is to use labora
tory stress-deformation curves of the subgrade soil in conjunction with rational 
theoretical analyses This method of approach does not include the making of 
penetration and loading tests directly on the subgrade, a procedure that has 
various disadvantages A correlation between measured deflections of the sub-
grade under nheel load and the deflections computed f rom laboratory test data 
and theory is an indicated experimental procedure that should extend our knowl
edge in this field. 

The system of stresses at any point 
rithin a semi-infinite, elastically isotropic 
»ody produced by a uniform load over a 
irculai area at the surface has been deter-
Qined by A E H. Love* and S. D Caro-
hers' Formulas for the vertical dis-
)lacement, V, at any point of the elastic 
)ody due to the suiface load are given in 
'̂ arious texts' dealing with the theory of 
ilasticity. The use of such formulas 
nvolves knowledge concerning two elas-
ic constants, Poisson's latio, n, and the 
nodulus of elasticity, E . Test data as 
)ublished by Terzaghi* and others show 
hat deformations of soils under load are 
lot characteristic of elastic materials 
lence, there is difficulty in applying the 
brmulas based on the assumption of 
;lastic properties. 

' The Stress Produced in a Semi-Infinite 
Solid by Pressure on Part of the Boundary by 
V E H Love Philosophical Transactions 
>f the Royal Society, scries A, vol 228, 1929 

* Test Loads on Foundations as Affected by 
Scale of Tested Area by S D Carothers Pro-
;eedings. International Mathematical Con-
;ress, Toronto, pp 527-549, 1924 

> See for example equations 203 and 204, 
jage 335, of Theory of Elasticity by S Timo-
ihenko McGraw-Hill Book Company, first 
idition, 1934 

* Determination of Consistency of Soils by 
VIeans of Penetration Tests by Charles Ter-
saghi P U B L I C ROADS , vol 7, no 12, Febru-
iry, 1927 

The purpose of this paper is to indicate 
a method of computing vertical displace
ment in soil due to a uniform load over a 
circular area by the use of triaxial com
pression test data The vertical dis
placement 01 settlement so computed is 
that caused solely by lateral yield of the 
soil It IS assumed that this type of 
settlement, SL, IS completed pnor to the 
realization of any settlement due to con
solidation of the supporting soil. In the 
computations, a modulus of deformation, 
C, is used in the formulas instead of the 
modulus of elasticity, E , and since it is 
assumed that the settlement, SL, occurs 
at constant volume /i is necessarily equal 
to^ 

The modulus of deformation, C, is 
herein defined as the ratio of stress to 
deformation without regard to the nature 
of the deformation whether it be elastic 
or plastic deformation or both. 

The method of analysis used in this 
paper for the case of a uniform load over 
a circular area may be apphed, with cer
tain modifications, for the case of a para
bolic or conical distribution of load over 
the circular area 

THE MODULUS, 0, IS DETERMINABLE FROM 
STABILOMETER TEST DATA 

In stabilometer tests, cylindrical soil 
samples encased in i-ubber sleeves are 
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compressed to failure by applying a verti
cal load with or without lateral pressure 
Lateral pressure is applied by air or fluid 
and is constant dunng an mdividual test. 
The decrease in length, A h, of the sample 
with increasing vertical load may be ob
tained by means of a micrometer dial 
attached to the moving plunger or by an 
automatic recording device. The initial 
length of the sample is designated as h. 

A more complete description of plot
ting the stabilometer test data in connec-
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Figure 1. Load-compression test results 

tion with computmg C has been published 
elsewhere". In Figure 1, the portions of 
the three curves for which the vertical 
pressure, v, is less than the lateral pres
sure, I, have been omitted and the coor
dinate axes have been moved to the right 
so that the point where i = » falls on the 
A h _ . - i — = 0 axis. 

In Figure 1, the slope of any of the 
' The Settlement of Embankments by L A 

Palmer and E. S. Barber. PXTBLIC R O A D S , 
vol 21, no 9 November, 1940 

secant lines is taken as the modulus of 
deformation, C, within the range of load
ing indicated. The more nearly linear 

the V versus relationship, the more 
n 

nearly the secant modulus becomes a 
tangent modulus The greater the curva
ture of the V versus relationship, the 

n 
greater is the divergence of the secant 
line from the curve. Usually this diver
gence increases with mcreasing load. 

DERIVATION OF EXPRESSIONS FOR S L 

From the theory of elasticity, the ver
tical strain e„ at any point on the axis of 
loadmg in the stressed earth below the 
uniformly loaded circular area of radius, 
a, is 

3V 1 , „ V 
(1) 

where z is the depth of the point, V is the 
vertical displacement at the point and p. 
and pr are normal stresses m the vertical 
and radial directions, respectively, acting 
at the point. 

If instead of E, the modulus of deforma
tion, C, is used and taken as a constant, 
equation (1) becomes 

1 , „ V 
- = g(p . -2;xp, ) (2) 

The expressions for the normal stresses, 
p. and p„ are 

= f l - ^ " (3) 

and 

P , = | [ i + 2m 

2(1 -f- m)z i 
(a« -f- z«)'« (a* -H z')»'«. (4) 

where p is the unit surface load. The 
origin of coordinates is taken at the center 
of the circular area of earth surface. By 
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substituting equations (3) and (4) in (2) 
and integrating between the limits, z and 
0 0 , one obtains 

maximum 

(1 + 
(a« - I - z«)»« 

By takmg m = §, 

V = g[(2-2M')(a'-Fz*) 

2m' - l)z . + (m + 

3pa* 
^ 2C(a« - I - z«)>«' 

or in general. 

max. Y = ^F 

.(5)' 

(6) 

(7) 

where 

(2 - 2m*) 

(1 + m) r 
V + ( ^ + 2m*-1)? 

a 

F may be called the "settlement fac
tor." I n Figure 2, F is plotted against 
values of z/a for values of 0, 0.2, 0.3, 0.4, 
and 0.5 assigned to ft. I t is observed that 
the value of n has but very little influence 
on the value of F if z/a exceeds umty. 

In equations (5) and (6), z can have 
any value. For m = i and z = 0, equar 
tion (6) becomes 

s, _ 3pa (8) 

which is the total settlement due to lateral 
yield from the load down to infinite depth, 
and i t also is the downward displacement 
of a soil particle at the center of the circu
lar surface contact area. Equation (8) 
gives S L along the center Ime At points 

•Equation (5) is very similar to equation 
(3) on page 32 of an article, "Physical Prop
erties of Ear th ," by John H Grif f i th , Bullet in 
101, Iowa Engineering Experiment Station, 
Iowa State College. 

removed from the center line, the settle
ment is less than this value. According 
to Timoshenko' the average settlement 
under the uniformly loaded circular area, 
which IS the average deflection of all 
points over the circular contact area, is 
85 percent of the maximum deflection at 
the center. Timoshenko^ also shows that 
the average settlement under a uniformly 
loaded circular area is practically the 
same as that under a uniformly loaded 
square area. He shows further that the 
average settlement under a uniformly 
loaded rectangular area having sides of 

stnuutHi racioe r 
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Figure 2. Settlement under center of uniform 
circular load 

ratio 2:1 is about four percent less than 
that reahzed in the case of the circle or 
square Thus the effect of shape of 
loaded area on settlement is not so im
portant as might at first be considered 

The depth, z. Figure 2, may be con
sidered as the thickness of an incompres
sible yet flexible layer, infinite in lateral 
extent, below which there is yielding soil 
of infimte depth. Such a condition may 
be realized for practical purposes if a bed 
of stabilized soil-aggregate is spread over 
a clay soil and a load is applied to the 
stabilized surface. The settlement in 

' Loc c i t , see pages 338 and 339 
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this case would be due entirely to yielding 
of the clay if the thickness, z, of the soil-
aggregate bed is assumed to remain con
stant under load and to have no flexural 
strength. Then, as shown in Figure 2, 
for given values of p and C mcreasing the 
ratio, z/a, either by increasing z or de
creasing a, reduces the settlement factor, 
F, and hence the value of SL-

This reasoning is based on the simpli
fying assumption that the bed of material 
of thickness z and the more yieldmg ma
terial below i t comprise a single, homo
geneous and isotropic mass of material 
insofar as the system of stresses is con
cerned. As pointed out previously,^ a 
very similar assumption has been made 

pmicipu. s m s s oirrtRENCE F«CIO« /• 
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Figure 3. Principal stress difference under 
center of uniform circular load 

and used to very good advantage in es
timating the settlements of structures 
supported by one or more layers of com
pressible soil with one or more intervening 
layers of sand. 

SHEARING STRESSES UNDER A CIRCULAR 
LOADED AREA 

For a uniform load on a circular area at 
the surface, the maximum shearing stress 
at each point on the axis of loadmg is 

Sm„ = | (p . - Pr) (9) 

where the difference, p, — p,, is the pnn-
cipal stress difference. 

' "Stresses Under Circular Loaded Areas" 
by L A Palmer Proceedings of the High
way Research Board, vol . 19,1939 

From equations (3) and (4), 

P . - P r = p [ i ^ + ( 1 + M ) 

^ i?! 1 (10) 
(a* + z«)"» 2(a« 
= pf 

where 

f = 

Values for the principal stress differences 
at different depths on the axis of loading 
and for different values of ix are shown in 
Figure 3 I t may be noted from this 
figure that for /a = ^ the maximum princi
pal stress difference is equal to 0.58p and 
occurs at the depth, z = 0 71a. 

I t is necessary to bear in mind that 
p, — Pr is the difference between the ver
tical and lateral pressures. Obviously 
there could be no lateral yielding of the 
supporting soil if p. and p, were equal in 
magnitude and of the same sign at all 
points. 

I n Figure 1, the points A, A' and A" 
were selected so as to give a — Z the same 
value. In general, the modulus, C, ob
tained from the slopes of secant lines, such 
as OA, O'A', etc , vary somewhat with the 
magnitude of the lateral pressure, I, main
tained constant during a single test 
Usually the value of C is lowest for the 
curve, { = 0. The procedure in this 
paper is to use an average value of C ob
tained from two or more curves of th( 
type shown m Figure 1 for a definite value 
of V — I, applicable to the particular prob
lem. The value of » — I which deter 
mines the average C to be used is th< 
maximum principal stress difference a1 



PALMER AND BARBER—SOIL DISPLACEMENT 283 

any point within the yielding soil mass 
and on the axis of loading Obviously 
this procedure is on the side of safety. 

NUMERICAL EXAMPLES 

The use of these principles may be il
lustrated by a numerical example. 

Assume the existence of a clay layer 
extending from the earth surface to an 
indefinite depth Assume there is a uni
form load at the surface of 3 tons per 
sq. ft distributed over a circular area 
having a radius of 10 ft Taking A> as ̂ , 
the greatest principal stress difference on 
the axis of symmetry is at a depth of 
0 71a = 0 71 X 10 = 7.1 ft. Soil samples 
taken at this depth have the stress de
formation characteristics shown in Fig
ure 1. The greatest principal stress 
difference = 0.58p = 0 58 X 6,000 = 
3,480 lb. per sq ft 

On the curve, / = 0, Figure 1, for 
V - I = 3,480, t; = 3,480 lb per sq ft. 
This IS at point A on this cuive The 
secant Ime, OA is drawn 

The slope of OA is or 362,000 lb 

per sq ft., the value of C from this curve 
For the curve obtained with { = 1,440 lb. 
per sq ft in the triaxial test, the point 
A' is determined by adding 1,440 to 3,480 
to obtam a value, t; = 4,920 lb. per sq. 
ft The corresponding percentage de
formation IS 0.68 Then C from this 

curve IS or 512,000 lb. per sq. ft. 

Similarly, from the secant line 0"A" for 
the curve, I = 4,320 lb per sq f t , C 
corresponding tov = 7,800 lb. per sq. ft. 

3 480 
on the curve, is computed as -^rzr^ or 

UUbo 
535,000 lb per sq ft The average 
modulus is then | (362,000 -|- 512,000 + 
535,000) or 470,000 lb per sq ft 

In this problem, the depth of a layer 
or zone wherein compression due to yield
ing does not occur is zero and hence z/a 

is zero. From Figure 2, for z/a, = 0 and 
; i = ,̂ F = 1.5. Then 

Q _ pa „ _ 6,000 X 10 - . 1 . 
^ ^ " C ^ - 470,000 ^^-^ 

= 0.19 ft., or about 2 3 in. 

Suppose now that there is a bed of com
pact sand 5 ft thick at the surface and 
that the clay is below this Neglecting 
the lateial displacement or vcitical com
paction of the sand, with z/a = TV = 0 5, 
the displacement factor, Figuic 2 is seen 
to be now reduced fiom 1 5 to 1 33 and 

1 33 
the value of SL IS reduced to 2 3 X •!-=- = 

1.5 

2 0 in. Similarly, if the bed of sand is 
10 ft thick, z/a becomes 1 and F, Figure 
2, IS 1 06. 

With a bed of compact sand 10 ft. 
thick, the greatest principal stress differ
ence IS in the sand and not in the clay. 
The greatest principal stress difference in 
the clay is then 10 ft down from the 
ground surface on the axis of symmetry, 
and from Figure 3, its value at the point, 
z/a = 1, is 0 53p For the soil data 
plotted in Figure 1, the moduli of de
formation corresponding to various v — I 
values are shown in Figure 4 for the three 
curves, I = 0, I = 1,440, and I = 4,320 
lb per sq ft An average for these three 
curves is also shown For p = 6,000 lb 
per sq. ft and a maximum principal stiess 
difference of 0 53p = 0 53 X 6,000 = 
3,180 lb per sq ft, the corresponding C 
from the average curve, Figure 4 is 
490,000 lb per sq ft Taking F = 1.06 
corresponding to z/a = 1 and n = 

S, = X 1.06 
490,000 

= 0.13 ft. or 1.6 m. 

This is approximately 70 percent of the 
settlement without the sand, assuming no 
lateral displacement or compaction'of the 
sand 

Actually, the sand would undergo some 
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lateral displacement or compaction or 
both but to a considerably lesser extent 
than a soft clay. Greatest settlements 
due to lateral yield are to be expected m 
the case of plastic soils in which pore pres
sures of considerable magnitude are de
veloped by loading. 

With reference agam to Figure 4, con
sider a wheel load producing 10,000 lb. 
per sq. f t . pressure on the surface of the 
clay, assuming a balloon tire and an 
equivalent radius of 6.5 in. for the con
tact area. Here the greatest principal 
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Figure 4. Variation of modulus of deformation 
with stress 

stress difference on the axis of loadmg is 
0.58 X 10,000 or 5,800 lb. per sq. f t . 
corresponding to an average C value. 
Figure 4, of 270,000 lb. per sq. f t . For 
z/a = 0, F = 1.5 and 

o 10,000 X 6.5 ^ , , 
270.000 X 1-5 = 0-36 

Suppose now that the wheel rests on a 
flexible type of pavement 6 5 in. thick and 
that the lateral movement and compac
tion of pavement material under the 
wheel load is negligible. Under the pave

ment is the same clay, extending to an 
indefinite depth. The maximum princi
pal stress difference in the clay is 0 53p for 
z/a = 1 and /X = § and 0.53 X 10,000 = 
5,300 lb. per sq. f t . The corresponding C 
value, average curve, figure 4, is 330,000 
lb. per sq. f t . and F = 1.06, Figure 2. 
Then 

j5 _ 10,000 X 6.5 y 1 - 091 5r, 
= 330,000 ^ -

By making similar computations for the 
same soil and for various values of z, the 

T A B L E 1 

T H E E F F E C T O F P A V E M E N T T H I C K N E S S ON T H E 
E S T I M A T E D S E T T L E M E N T , S L , D U E TO 

Y I E L D I N G O F T H E SUBORADE 
U m t load = 10,000 lb . per sq f t , equivalent 

radius of wheel load = 6.5 i n . and M = J 

Hazi-
iwiim 

Thick- principal Modulus Defleo- Settleneasof 
pave-

noiiti 1 
»_ 
a 

differ-
eneein 

sub-
grade, 
» — 1 

of 
defonnî  
tion, C 

tion 
factor, 

F 
ment, 

S L 

tttdua It. per 
t.ft. 

16. per«s. 
/* tneto 

0 0 5 ,800 270,000 1 50 0 . 3 6 
3 25 0 . 5 0 5 ,800 270,000 1 33 0 32 
6 50 1 00 5 ,300 330,000 1 06 0 .21 
8 00 1 23 4 ,600 390,000 0 . 9 3 0 16 

10 00 1 54 3 ,750 455,000 0 80 0 11 
12 00 1 85 2 ,950 505,000 0 .71 0 09 
15 00 2 31 2 ,200 550,000 0 59 0 07 
18 00 2 77 1,600 580,000 0 .51 0 06 

settlements of Table 1 are obtained. I t 
is observed in Table 1 that when the pave
ment thickness is of magnitude such that 
z/a is equal to or greater than two, any 
further mcrease in pavement thickness 
effects only relatively small decreases in S L . 
I t is also noted that the modulus, C, in
creases rapidly as the principal stress 
difference decreases, a fact that is indica
tive of the curvalinear relationship be
tween V and 

n 
The effect of moisture content and com-
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paction on the modulus, C, of a typical 
clay soil IS shown in Table 2 The settle
ment, SL , caused by lateral displacement 
of this clay when subjected to a uniform 
load over a circular area is also shown. 
For the computations shown in Table 2, 
M is taken as | and the surface load is 
assumed to be applied directly to the 
clay, namely, z/a = 0 

The effect of moisture content and den
sity is strikingly illustrated by the com
puted values of Table 2. For the condi
tion of ultimate failure in the stabilometer 
test, the value of C is taken as zero and 

indicative of benefits derivable from hav
ing a well compacted and stable subgrade. 

CONCLUSIONS 

On the basis of the earlier report' and 
on the computations and data in this 
paper, i t is believed that the following 
general conclusions are warranted. 

1. For a uniform load on a circular area 
at the earth surface, failure of a cohesive 
supporting earth is most likely to begin 
at any point of a basin-shaped surface 
intersecting the axis of symmetry at a 
depth equal to about 0.7 of the radius of 

T A B L E 2 

T H E E F F E C T O F M O I S T U R E C O N T E N T AND COMPACTION ON T H E M O D U L U S , C , O F A C L A T S O I L AND 
ON T H E S E T T L E M E N T , S I , O F THIS S O I L W H E N UNDER A U N I F O R M L Y L O A D E D C I R C U L A R 

A R E A OF R A D I U S 6 5 IN. , it = i 

Soil 
mois
ture 

content 
Diy density 

Modulus. C. 
eonesfionding to pnneipal 

stress difference, v — l 

v - l = 
800 

v - l = 
1000 

> - ( -
3000 6000 

pereent 
of dry 16. per 

eu ft 
penmt 

V moxt-
mum 

deiutlu 

16 parsf. 
fl 

16. per Si 
ft 

16 pcrsg. 
f l . 

16 persg 
ft. 

35 2 86 82 50,000 zero* zero* zero* 
30 5 92 88 170,000 80,000 zero* zero* 
24 5 103 98 600,000 440,000 120,000 zero* 
19 7 105 100 900,000 790,000 590,000 250,000 

Settlement, Sj[,, eorrespondmg to 
unit load, p = ' - j = i ; 

•-=0 

862 p-1724 

t n . 

0 17 
0 05 
0 01 
0 01 

t n . 

failure 
0 21 
0 04 
0 02 

>S172 

failure 
failure 

0 42 
0 09 

• 10344 

failure 
failure 
failure 

0 40 

' Samples failed at these pnncipal stress differences 

with reference to the computed values of 
C, Table 2, i t is seen that only for the 
condition of 100 percent maximum den
sity is this soil able to deform in place 
without failure under a principal stress 
difference of 6,000 lb. per sq. f t . which 
corresponds to a unit surface load of 
10,344 lb. per sq. f t . For this particular 
table, a decrease of 4.8 percent in moisture 
content, 24.5 to 19 7 percent, is attended 
by a relatively small gain in dry density, 
from 103 to 105 lb. per cu. f t . However, 
the increase in C eorrespondmg to this 
moisture difference is quite large and is 

the loaded circular area and extending to 
the perimeter. For pomts on this sur
face, the pnncipal stress differences have 
maximum values. 

2 Since stresses of a certain magnitude 
may be msufficient to cause failure of the 
subgrade and yet sufficient to cause con
siderable settlement, depending on the 
properties of the subgrade, a knowledge of 
the stress-deformation characteristics of 
the subgrade soil is absolutely necessary. 

3. I t IS believed that a method of esti
mating deflections of the subgrade on the 

' Loc . c i t . 
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basis of laboratory test data and without 
the necessity of loading tests in the field 
is an objective worth striving for. 

4 A method is descnbed for deter
mining the modulus of deformation of co
hesive soils by means of the triaxial com
pression device. In general this is a 
secant modulus that diminishes in magni
tude as the principal stress difference is 
increased. 

5 By substituting the appropriate 
value for this modulus in integrated ex
pressions similar to those that apply to 
elastic behavior, it is possible to make 

some sort of estimate of the deflection of 
the supporting soil under load. 

6 I t is shown that the movement under 
stress diminishes according to determin
able relations as the thickness of pave
ment is increased, assuming that both 
lateral'yield and compaction within the 
flexible pavement itself is relatively small. 

7 Values of settlement computed from 
theory and stabilometer test data indicate 
the possibility of very materially reducing 
deflections under wheel loads by having 
the subgrade compacted at maximum 
density. 




