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SYNOPSIS

There are many theories for the behavior of earth as an engineering structure
A complete solution based on the theory of elasticity satisfies (1) the boundary
conditions, (2) the equilibrium equations which give the basic relationships
between the rates of change of the stresses, and (3) the compatibility or integra-
bility conditions For the transmission of stress 1n a semi infinite elastic medium
supporting surface loads, the classical solutions of Boussinesq for a normal sur-
face load and that of Cerruti for a tangential surface load satisfy the desired con-
ditions In each of these solutions three of the stresses are found to be inde-
pendent of the elastic moduli of the medium and three of them depend on
Poisson’s ratio  This latter dependence 18 a consequence of the fact that the
compatibility relations must be satisfied 1n order to rationalize the system of
stresses with the accompanying displacements

J. H Griffith, late professor of civil engineering at Iowa State College, first
generalized the stresses of the Boussinesq, by omitting those terms i1n these
stresses which depended upon Poisson’s ratio and generalized the radial stress
in the form

2zR3

where R 18 the radius vector which makes an angle ¢ with the line normal to the
surface and through the point of apphcation of the load. He showed that the
system of stresses arising from this generalization satisfied only the conditions
(1) and (2) but the integrabihty conditions (3) were not complhied with unless
some form of vanable modul were employed 1n the relationships between stress
and strain. He did not attempt to furmish the required relationships in order
that conditions (3) are satisfied.

The present paper utilizes this generalization of Professor Gnffith for the
Boussinesq problem and a similar generalization by J Ohde 1n 1939 for the Cer-
rut: problem to bring out the fact that if a ‘‘compression modulus’’ or perhaps a
“foundation modulus” of the Form E = Eqz* (where z 18 the variable depth from
the surface) 1s employed then a complete solution of stress transmission 1s pro-
vided by the generalized system of stresses for any value of n 1f

n-l=242r=1
»

op = cos™ % (n>2)

where » 18 Poisson’s ratio. Under these restrictions, conditions (1), (2), and
(3) are satisfied. Whether the displacements ansing from this complete solution
can be correlated with the actual displacements arising 1n an undisturbed earth
remains unanswered

Formulas are presented and the results graphically exhibited for umform eir-
cular loads, parabolic and conical circular loads forn = 3,4,. ..,8 Similar
formulas for all s1x stresses induced by normal and tangential surface loads over
a rectangular area are given

There are many theories for the behavior
of earth as an engineering structure. In
the present paper the equilibrium equa-
tions of elasticity are employed to
present the basic relationships for the
transmission of stresses. In this theory

a problem 1s said to be solved when
the determined system of stresses satisfy
not only the equilibrium equations and
boundary conditions but also the ‘“‘com-
patibility relationships” or the ‘‘integra-
bility conditions.” The generahzation
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given in this paper does not assume
the homogeneity of the elastic medium.
The disparate character of the supporting
earth 1s treated by including a parameter
which may be selected by comparing the
analysis with field experiment. Although
the introduction of this parameter intro-
duces a desirable flexibility 1n the analysis
1t also places some restrictions upon the
dependence of this parameter and the
elastic modul in order that the compati-
bility relationships may be satisfied. It
is also assumed that the principle of super-
position holds so that stress distributions
due to distributed surface loads may be
obtained by summation methods when
the distribution is known for a unit load.
Only stresses due to surface loads are
considered, and the stresses induced by
the weight of the medium are neglected.

In the case of the earth, 1t is convenient
to designate this medium as a semi-
infimte elastic medium bounded by a
horizontal surface plane which 1s infimte
in extent. The surface loads on this
plane may be normal or tangential loads,
uniformly or nonuniformly distributed
over circular or rectangular areas By
combining the results for normal and
tangential loads, the distribution of the
stresses induced by any directed surface
load may be obtained.

KNOWN BOLUTIONS

A formal general solution of the prob-
lem for a point load applied on the surface
of an isotropic homogeneous medium was
gwven by Boussinesq [1].! In his solution
the components of the displacement and
components of stress were expressed by
means of various types of potentials and
1t was applicable to any form of boundary
of the loaded area, and to any law of pres-
sure vanation over the area. The
stresses induced by a tangential surface
force were given by Cerruti [2]. As a
special case of these solutions, the two

1 Figures in brackets refer to hst of refer-
ences at end

dimensional plane strain and plane stress
problems were solved by Michell [3]
All these solutions satisfy the proper
boundary conditions, the equihbrium
conditions and the compatibility rela-
tions

During the college school year 1927-28,
the late Professor J. H. Griffith [4] of
Iowa State College, at a colloquium staff
meeting of the mathematics department,
first presented his generalized solution
of the Boussinesq problem. In 1929 in
Engineering and Construction under the
caption, ‘“Pressures under Substructures ”
and subsequently 1n 1934 1n Bulletin 117
of the Iowa State College Engineering
Experiment Station, Professor Griffith
pubhshed his results. In 1933, Dr. O. K.
Frohhch (5] in Europe ndependently
arrived at the same result. This generali-
zation of the Boussinesq law of stress
propagation is considered as a rectilinear
type of stress transmission n that the
radial directions emanating from the
load point are principal stress directions
and that the radial stress ¢ is the only
nonvanishing stress. The radial stress
oz of the Boussinesq problem on a unit
horizontal element is the vector sum of
the vertical stress o, and the tangential
stress 7, on this horizontal element,
that 1s )

o = —£QOSI¢= —3
.

4
g2 ©08 ¢.

This stress on' a unit horizontal element
is equivalent to the stress

3P
Or = —i;z—z' cos ¢
on the unit element normal. to the
radial direction making an angle ¢ with
the vertical direction (See Fig. 1) The
generahization of this stress by Professor

Gniffith and by Dr. Frohlich is to set

__nP n __'nP n—2
op = —5—,C0S o= g 08 ¢ (1)
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where n > 2. The case n = 3 is that of
Boussinesq, producing the corresponding
stresses ¢z, 0y, 0s, 7Tyz, Tz, and 7, only if
Poisson’s ratio » = }

The generalized stresses for a point
load P normal to the loading surface are.
(See Fig. 2)

cosn+2 ¢

2
Oz = or COS = - —
* & A 2n2?

. nP n o 2
or = og8in’ ¢ = —5 cos" psin’ ¢

Tre = g SiD ¢ COS p = —;TP;, cos"™ ¢ sin ¢
2 nP n o 2 2
0y = 0,C08 0 = —2—1rz,‘,cos ¢ sin” ¢ cos 0
o, =0,80°0 = —2%;2 cos” ¢ sin’ ¢ sin’ 6
— nP n+1 :
Tes = Tp COS 0 = 2Tz,cos ¢ sin ¢ cos @
E n+l

Tye = TSN = — 08" ¢ sin ¢ sin 0

c
2722
Tzy = orsinfcosd

)

nP n . 2 .

5t cos ¢ sIn” ¢ sin @ cos 6.

The first three of the stresses satisfy
the equilibrium equation for an axially
symmetric loading, namely

aa‘ 2 31',-. Trs —
i tr -

do, , O
I +

The stresses ¢z, 0y, 05, Tzs, Tyz, and 75,
formally satisfy the following differential
equations of equilibrium for any value of
n > 2.

do;
oz

a'rz,, a_ﬂy a'ry. —
oz + dy + 9z

Trs gy
+Z =0
9z T

a‘r:l
0z

072y
E7

a'r:. + 61',. + aa’; =

Ty T a @)
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Although the generalized stresses of
Equation (2) satisfy these equihibrium
equations, they do not satisfy the com-
patibihty equations for an 1sotropic
medium having constant elastic moduli.
The stresses in Eq. (2) satisfy the bound-
ary conditions on the surface plane z = 0.
At the load point, these stresses become
infinite corresponding to a smgulanty due
to a point load. On any plane z = h, the
total normal force made by the summa-
tion of the stress o, is statically equivalent
to the load —P.

GENERALIZATION FOR TANGENTIAL FORCES

Frohlich [5] in his book, ‘“Druckver-
teilung im Baugrunde,” gives a general-
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Figure 1

ized formula for a rectilinear propagation
of stress induced by a tangential force on
the surface of a semi-infinite medmum
sumilar to the problem of Cerruti. His
generalized stresses are deduced from the
stress

* B2

sin"™" ¢.

OR =

It seems probable that this generalization
was obtained from the corresponding
generalization for a normal load (Bous-

sinesq case) by replacing ¢ by g —¢. It

is obvious that no axial symmetry is
present for a directed tangential load.
Again if n is an even integer greater than
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two, all values of oz give compressive
stresses throughout the entire medium.
While such a state is admissible in the
case of a vertical load, it 1s evident that
Eq. (4) is not valid for a tangential load.
Ohde [6] gave a correct generalization for
a load directed along the z axis by the
relationship

_n(n — 2)P
27 R?

.cos" ¢ sin ¢ cos 8. (5)

The coefficient in (5) has been adjusted
to satisfy the static load P acting tan-
gential to the surface and also so that
when n = 3 the derived stresses agree
with those of the classical problem of
Cerrutr if » = 4.

The generalized stresses for a point
load P tangential to the surface are

Op =

0s = 0gCOS ¢
_ _n(n—2)P c
- 222

or = ogp8in° ¢

_ _wn=2P a1, s
= —21?—003 ¢ sin” ¢ cos 0

T+ = op 5in ¢ COS ¢

_n(n —2)P
2n2?

orcos’ 0

__n(n - 2)P
2722

Oy sin.2 0

_n(n—2)P cos™!

05" ¢ sin ¢ cos @

cos® ¢ sin’ ¢ cos 6

Oz

cos™ ™! ¢ sin® ¢ cos® 8

Oy

= 27z ¢
.sin® ¢ cos 6 sin’ 6
Tzy = Trs 0089
__nn—=2P . .2 2
= Wcos ¢ sin” ¢ cos” @

Tys = TrsSID 0

_ _n(n—2P .
=TT g 080

.sin’ ¢ sin 6 cos &
Tzs = oy SiN 0 COS 0

_a(n—2)P .
——g — ©08 )

.sin’ ¢ sin 6 cos’ 4. (6)

The stresses in Eq. (6) formally satisfy
Eq. (3) for any value of n greater than 2.
They also satisfy the proper loading con-
ditions at the boundary surface, but they
do not satisfy the compatibility relations
of an elastic medium with constant mod-
uli unless n = 3 and v = 4. In the
case of earths a “modulus of compres-
sion” or more appropriately a ‘“founda-
tion modulus” of the form

E = Ey*

is a conceivable modulus which varies
with the depth z measured from the sur-
face of loading. However, such a modu-
lus vanishes when z = 0, and may not
appear feasible. Nevertheless such a
modulus might be applied to an undis-
turbed earth which initially offers no
resistance to initial displacement of the
boundary surface. Another form of such
a modulus which avoids this difficulty is
E = Eo(zo + 2z)*. Ohde [6] has shown
that the stresses given 1n Eqs. (2) and (6)
will satisfy a set of compatibility equa-
tions when derived from this modulus if

n—1=72x4+2=1/y ()]

and zo = 0. Thus whenn = 3, A = 0,
and » = %, the classical compatibility
relations hold for in that case Equations
(2) and (6) reduce to those of Boussinesq
and Cerruti, provided that in the latter
v = 1. Not only do the restrictions
given in Eq. (7) quahfy the given stresses
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to satisfy a consistent elastic theory from
which the relative displacements may be
obtained but they also mnsure a mimmum
strain energy per unit volume,

PLANE STRAIN CABES

The plane strain case of a line load is
most readily obtained from the general-
ized three dimensional case by summing
the stresses for an infinite line load.
(See Fig. 3.)
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The stresses for a normal line load of
constant intensity p as obtained from
this summation are of the form

O = —EKCOB"Hlﬁ
_ _D n—1 , o 2
Os = —;Kcos ¢ sin” ¢

Toy = —g K cos" ¢ sin ¢ 8

where the constant K is determined by
statically balancing the load. The val-
ues of K are

n=3 4 5 6 7 8

2 3 8 15 16 35
k= im 65 ©
When n = 3, the stresses in Eq. (8) yield
the known stresses for the classical case

Og = —2—1’ 008‘¢
7z
oo = —2P cos’ ¢ sin’ ¢
* w2z
Tay = —gcos"ﬁsincﬁ. (10)
P
LZA A p

2
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The stresses for the plane strain case
of a tangential line load are

o= —(n— 2)K-p-;cos"¢sin¢

o= —(n— 2)K—’;-= cos”? ¢ sin’ ¢
Toy= —(n — 2)K Peos"'gsin®¢ (11)
with K having the values in (9). Ohde

[6] hasdoubted the validity of Eq. (10) and
corresponding ones from Eq. (11) for
n = 3 for the plane case unless Poisson’s
ratio » = 3. It is not difficult to show
that these stresses in the classical plane
strain case are independent of ».

APPLICATIONS

Uniform circular load. The maximum
vertical compressxve stress on the central
axis at any depth z is

)
= —pll — cos” ¢,

where tan ¢o = a/z.
Similarly the generalized lateral stress on
the central axis 1s

=_P_"_
= 2[1.—2(1

— (1 — cos® ¢o)]- (13)

(12)

— cos™™ ¢v)

The stress o, 1n Eq. (12) can be graphi-
cally determined by a generalization of
Newmark [1] charts. The principal
shearing stress on the central axis is
found by taking half the difference of o,
and ¢,. The maximum value of this
principal stress 7 occurs at z/a = /2/2
regardless of the value of n. Atz = 0,
o:= —p/(n—2) and 6, = —p. These
stresses are shown in Fig 4.

Parabolic distribution over circular area.
The maximum vertical and lateral com-

SOILS

pressive stress on the central axis is (See
Fig. 5):

a+zz(

0, = —npo[ — cos” ¢o)
_ 21 — cos™™ ¢o):|
ai(n — 2)
oz —%[—M (1 — cos” ¢v)
+(4r2 ) (1 — cos™ g0)
z2 n—4

10_os_as odl)

n=J

""n-s

=6
rn=7
n=8

Principal siresses
wrder crculor lood

Figure 4

Conical disiribution over circular area.
The central vertical compressive stresses
are

n=38 o;:= —po(l+ cosdo— 2cosipo)
n=4 o = —po (1 — 3 cos —
% ¢o cot o)
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n=25 o,= —po (1 + % cos ¢y +
% cos® ¢o — 2 cos’ ¢o)
n=06 os=—po(1 —Fpocotdo—
# cos? o — § cost ¢0)
n=7 o,= —po (1 — 1% cos¢p —
1% cos® ¢o — % cos® ¢o)
n=8 g,= —po (1 — 1% docot ¢y —
1% c08? ¢o — 5 cost g0 — % cos® ¢o). (15)

Figure 5

Under the center of the load the stress
o; is the compressive load —p. The
stress vanishes at 2z = . In the interest
of brevity the central compressive lateral
stresses o, are omitted

In all of the above axially symmetric
cases, the general stresses at any pomnt in
the supporting medium are not given by
simple functions.

Rectangular Loads of Unaform Distribu-
ton

Adopting the notation of Figure 6 the
following results are given for the stresses
directly under the corner of a rectangle of
dimensions @ by b. Two types of loads
are shown in Figure 6. In one section
there is a normal load over a rectangular

<qE N

s AN

N\ HH[HH N

Figure 6

area and 1 another section there is a
tangential load over a rectangular area.

n=3 Normalload

_n_D ab ., abz

o =; 2| arcta,n C,+ C + )]
__»l ab  abz

T g MR o A’C’]
__Dr gﬁ __ abz

= T _a.rctan 2C B—’_C']
__p[d_ z_b]

== Tox|B "~ AC




= —Pl142_ (2
T = Tog [1 Te (A B)] (16)
n = 3 Tangential shear load in x direc-

tion

--2[3- 2]
%= To:|B  AC

o[, AG+B) _ azb]
s = ';[hg 20+ C)  24C

_ _?[1. A0+ B) b(l_l)]
T 2Ww+C) \B C

P ab abz

Tzs

2
= —a 1+z“(z+§)]

(A + a)(C — a)

——

zb

1 1]
n =4 Normal load

p 13
2‘"_[ (1+2“12 a,rcta.nA

Tay

2 ALD

[“m"”'n 2C A’C’]
|

[ og

4+a

O3
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Tzy =

- ;(ﬁ; + %:)] (18)

n = 4 Tangential load
_P b_z a’
;[mt"‘nz (1 + 2A=)

b a*bz ]
.arctan —

Oz =

A~ 2&C

oy = 2% [arctan l—’ - —Z— arctan z
1
-5(3- )]
Tay = %[arctan - — E arctan 2 B

+ ;1(%; -9 g,"')]. (19)

n =5 Normal load
P ab abz( l)
2T[arctan :C + C \7 + =

ab (1 1 abs* b2 ]

tT (m + F) so\a T )

ab _ abz

z2C AC

abz [3a’ b a b 2°
(m —zet E@) + c—A]

e = _z[_b _ b

O =

3B~ CA
b2/ 1 1 bz’a’]
+ ?(ﬁ - 68) T o4
Tay = —621;[1
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= & Tangental load

__? b_ﬁ( a_’)
o2 = ;[E AT

ab At
+ A‘C’(l + 202)]

[2,‘2,, + b’( é,,)] (21)

6 Normal load

_p 7 b
Z[ ( +2A=+8A4)“°t““ )

b Z 3z a
+—(1+_+SB‘ a.rctanB

+ 5@+ 5) * ot )

+3f(A‘ 34}]. (22)

Q
-
I

S
Il

Oy =

n =7
ab’p[f1 , 1
s = [oiars - #[(_.Jr %)
2 (v
_3_02( +g

+ 55 (;';1, + %:)] (23)

5az® b
o = [a.lﬂ-%[ﬂg,mmz

n=S§8

5b2°
168"

1 1 1
{3? p+§=)

5
m—cs(m““ﬁi

e ) o0

For n = 3, all six stresses are given for
both the normal and the tangential loads.

abz®

Ty 2C:

a.rta.n+

+

7

In the case of the normal loading the
stresses ¢, and o, as well as 7, and 7,
are obtained from each other by inter-
change of the z and y directions, that is,
by replacing @, b, A, B by b, a, B, A,
respectively. Thus Incases n = 4 a,nd
n = 5 only four of these stresses are
included. In the tangential or shear
loading all six stresses are given for the
case n = 3. One notes that the stresses
(when n = 3)

Tz, Tys, 80d o, for a tangential load agree
respectively with

0z, Tzy, a0d 7 Of & normal load.

A comparison of these respective stresses
in Eqgs. (6) and (2) shows that these three
stresses for a shearing surface load may
always be obtained from the correspond-
ing three stresses for a normal load if the
latter are multiplied by the factor (n — 2).
This explains the peculiar listing of the
stresses for the cases n = 4 and n = 5.
Only the direct stress o, due to a normal
load 1s given in the cases n = 6, 7, and 8.
The complete system for these cases is
quite lengthy and 1s omitted in this ab-
breviated paper. One observes that the
first two terms in ¢, for n = 5 coincides
with o, for n = 3. Simlarly one may
write Eqgs. (23) and (24) for o, in cases
n = 7 and » = 8 n terms of the earlier
values of o, for n = 5 and n = 6, re-
spectively.

The vanation of the stress o, on the
vertical axis under a normal load over a
square area is shown in Figure 7 for
different values of n  These curves are
similar to those 1n Figure 4 for a umform
load over a circular aresa of radius a but
entail more calculation than is needed in
Eq. 12 for the latter curves. Figure 8
graphically presents the variation in the
central compressive stress for three
values of the concentration factor #, when
the area of normal loading changes from
b/a =1tob/a = » The lateral vana-
tion of the vertical stress o, at three
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depths z/a is shown in Figures 9 and 10.
In Figure 9, b/a = 1 and the stresses for
n = 3 (right) and n = 6 (left) occur on
the horizontal elements which are nor-
mal to the vertical plane of symmetry
through the centroid of the loaded area.
In Figure 10 where b/a = 2, the lateral

|G

%o

Figure 7

variation of o, is shown for the longi-
tudinal and transverse directions. One
readily observes that a greater concen-
tration of stress exists about the vertical
axis of symmetry when the law of trans-
mission 1nvolves the larger values of n.
When tables or graphs are given for the
stress o under the corner or center of a

SOILS

rectangular loading, it is easier to evaluate
the lateral distribution under rectangular
loads than under circular loads, since the
latter are not generally given by ele-
mentary functions.

Figure 11 is a reproduction of Figure 15,
p. 250 of the paper, “Wheel Load Stress
Distribution Beneath Flexible Type Pave-
ments” by Spangler and Ustrud in this
volume. The heavy dots are values
calculated for o, from Eq. 22 for a rec-
tangular area b/a = 2 for a total load of
3000 pounds apphed by a tire. The cal-
culated values agree with the experi-
mental values just as well as the empirical
curve does.

By appropriately superposing rec-
tangles, the above equations may be
employed to completely describe the
state of stress at an arbitrary point in
the supporting medium. For example,
under the center of a rectangle of normal
loading of dimensions 2a by 2b stresses
02, 0y, o are multiplied by four, whereas
the stresses 7., 7y and 7, vanish. If
two rectangles are placed so that the
dimensions are a by 2b, and b allowed to
become infinite the results produce the
known results for line loads. These
latter stresses for the line loads may be
checked by direct ntegration of the
appropriate equations selected from Egs.
(8) and (11). Even the stress s, as ob-
tamed from this infinitely long rectangle
reduces to the corresponding plane strain
equivalent

oy = ¥(o: + ay)

if for each n, the value used for Poisson’s
ratio 18 » = 1/(n — 1), again agreeing
with the result stated in Eq. (7).

In all of the above cases the stresses
produced by the surface loads are de-
rived by the principle of superposition
and from a direct generahzation of the
Boussinesq and Cerruti formulas. They
satisfy the equilibrium equations and the
compatibility relations which result when
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the modulus E is given as a function of
the depth 2, provided that if z, = 0, then

)
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Similarly the lateral stress o. and ¢, have
surface values of —p/(n — 2) under the
loaded portion, except at the edges and
corners where they suffer abrupt changes.

0 02 04 06 a8 10

14
n=A+3= +
v
<z/p—
0 02 a4 G 08 10
Cose
rn=J

o

Figure 8

z/e

Figure 9

holds. The boundary conditions at the
surface z = 0 are always satisfied under
the loaded surface as well as at surface
pomts exterior to the load. The usual
discontinuities arise at the edges and
corners of a uniformly loaded area. For
example the edge stress is o, = —p/2 and
at the corners of the rectangle it is —p/4.

Zfa

=6
P

\Wr-heal stress, g /p

2/
Figure 10

In the classical case n = 3, Love [7]
discusses the indeterminacy of some of
the other stresses at the edges of the
rectangle The results for the normal
load for n = 3 may be confirmed by
comparing with the results of Love for
the rectangular loading if in the latter »
is given the value of .
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In the classical case, the lateral stress = —2P| orotan ab _ abz
o, for a point load P is =TT 2C B:C
P [3z*z a za
g = _'2_;-['1?,_5 (1-2) + 1 -2 (a.rcta.ns - arcta.nw
z 1 (2R + z)x’)] ab)]
o= — . — arctan — ] |.
(R’ ER¥2 T RE T+ arctan oa
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Pigure 11
A similar form holds for oy. By summa- It will be seen that when v = § these

tion one finds that the lateral stresses results confirm the generalized stresses of
under the center of a normal surface load Eq. (16). When b — <, these results

over a region 2a by 2b are . yield the correct “plane deformation’
2p ab  abz stresses when » is arbitrary and 1t is not
0z = —— [a.rcta.n ¢ — A°C required that » = % as Ohde (6] has con-

tended mn order for the two dimensional
+ (1 -2 (a.rcta.n b_ arctan L) plane strain problem to be valid.

a aC The result for o, in the classical case

— arctan Q)] n = 3 as given in the first of Eq. (16)

2C was obtained independently by the
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author early in 1928. It was suggested
to the writer by Dean Marston and the
result employed by him 1n his studies on
loaded culverts. This result was trans-
mitted by Dean Marston to the Bureau of
Public Roads in 1929 and later published
in Bulletin 96 of the Iowa State College
Engineering Experiment Station. A
simular result for this stress was published
in 1935 by N. W. Newmark in Circular
No. 24 of the University of Illinois Engi-
neering Experiment Station.
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