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STUDY OF STRESS DISTRIBUTION IN SOILS FROM .1920 TO 1940

SYNOPSIS

A brief review of the literature covering vertical pressure in homogeneous
masses, shearing stresses in homogeneous masses, principal stresses in elastic con-
tinua, stresses n an elastic layer resting on rigid or shippery boundary, stresses
1 an aeolotropic mass, use of photoelasticity, pressure on tunnels and culverts

and lateral pressure

The facts established so far are cited briefly with mention of certain strong

indications

The report closes with mention of current and needed research

Stresses in earth masses are estimated
by figuratively replacing an actual earth
mass with an idealized one. The latter
is mostly conceived as an homogeneous
elastically 1sotropic body (“elastic con-
tinuum”) to which the formulas of the
theory of elasticity are applicable. An
alternative 1s visualizing the earth mass
as made of fragmental material possess-
ing constant angle of friction and constant
cohesion throughout. These two kinds of
1dealized bodies are assumed to be de-
formable, sometimes deformations in the
earth mass are neglected, and 1t is visual-
1zed as a ngid body.

REVIEW OF WORK DONE

Vertical Pressure 1n
Masses

Homogencous

Knowledge of vertical pressure is im-
portant in the following three cases: (a)
in considering consohidation of a clay
layer; (b) in designing a subgrade, (c)
in determining pressures on tunnels and
culverts

The “Boussinesq formula” proposed
about 1885 (1)* for determining vertical
pressure and other stresses at a point,
became familiar to engineers after 1925
when Dr. Karl Terzaghi published his
well known book “Erdbaumechanik”
(la). J. H. Michell solved the same
problem in two dimensions (1b). To

1 Numbers n parentheses refer to list of refer-
ence at end.

reconcile the Boussinesq formula with the
experimental data, Professor John H.
Gniffith 1n 1929 (2) and Dr-Ing O. K.
Froehlich or Holland 1n 1932 (3) pub-
lished equations involving a parameter
“concentration factor”) which may be
adjusted to smt materials other than the
elastic 1sotropic solids Further analysis
by A E. Cummings and others followed
(4).
In 1933 the Special Committee on
Earths and Foundations, A S.C.E. (5)
published the Boussinesq formula m a
simplified form, both for a concentrated -
load and for umformly distributed load
This was followed by a great number of
papers and articles discussing stress dis-
tribution 1n an earth mass from umiformly
and non-umformly loaded areas at its
surface. These publications have been
reviewed by D. P. Krynine, (6) and by
N. M. Newmark (6a) both members of
this Committee. Besides analytical pro-
cedures two graphs were proposed, one
by Professor Burmister (7) and the other
by Professor Newmark, member of this
Project Committee (8).

Simplified methods such as two-to-one
and 60-deg. method are sometimes used
(21, page 102).

Shearing Stresses in
Masses

Homogencous

Knowledge of shearing stresses is im-
portant in designing both foundations of
structures and slopes 1n cuts and embank-
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ments. Shearing stresses may be also re-
sponsible for instability of pavements.

The general rule that the maximum
shearing stress in a plane problem equals
half the maximum stress difference has
been known from mechanics. S. Timo-
shenko determined shearing stresses 1n a
semi-infimite elastic continuum loaded by a
umformly loaded circular disk placed at its
surface (9). This problem was studied
in some detail by L. A. Palmer, member
of this Committee (10). The study of
shearing stresses in an earth mass was
given special attention at the 18th and
19th meetings of the Highway Research
Board (papers by D L. Holl and D. P.
Krynine, member of this committee, see
ref. 11, 12, and 13). Shearing stresses
under a triangular load such as a schema-
tized embankment have been studied by
L. Jurgenson (14).

There are numerous papers concerning
shearing stresses along the failure line
(or failure surface) during a shde. This
stress 1s generally assumed to be uni-
formly distributed along this line or sur-
_ face which is an approximation. An out-
standing paper on the study of these
stresses has been written by Professor
D. W. Taylor (15). An extensive bibliog-
raphy along these lines is given in Tay-
lor’s paper; some references are given
hereafter under items (16), (17), and
(18).

Principal Stresses in Elastic Continua

Formulas for principal stresses in plane
problems as functions of the angle of
visibility are often attributed to S. D.
Carothers (19). Their early development
may be found also at other places (for
instance, in ref. 20).

At the present time the formulas for
principal stresses, together with the use
of the Mohr’s circle are discussed in text-
books (21, 22). Formulas for principal
and other stresses for different cases of
surface load distribution have been ar-
ranged by Hamilton Gray (18).
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Stresses Under an Elastic Layer Resting
on Rigid or Shppery Boundary

This problem was solved by S. D
Carothers (19) who used hyperbolic func-
tions mn his solutions. The stresses at the
rigid boundary as computed according to
Carothers do not agree with values ob-
tained by E. Melan in Germany (23).
The cause of disagreement lies in the
difference of assumptions of both authors.
Melan was followed by some authors in
Germany (24, 25) and tried to clarify
his position in a letter to the Editor of
the Journal of the Boston Society of Civil
Engineers in 1935.

The same problem may be easily solved
by reducing the thickness of the elastic
layer and computing stresses, using elastic
formulas for the reduced depth. A. E,
Cummings has shown that the thickness
of the layer thus reduced equals 0.75 ot
the original thickness. Cummings states
in his paper (26) that the idea of a
depth reduction was first advanced by K.
Terzaghi (in 1932).

At the 1938 Meeting of the Highway
Research Board, G. Pickett gave a com-
prehensive theoretical paper on so1l masses
with rigid boundaries (38).

Stresses in an Acolotropic Mass

The simplest case of an aeolotropic
mass having different modult of elasticity
in vertical and horizontal direction has
been discussed by Michell (26a) and later
by Wolf (27). Biot studied the influ-
ence of non-homogeneity in a mass con-
sisting of an elastic layer underlain by a
base of another material (as in the pre-
ceding section of this report) and also
in a clay mass with thin sand inclusions

(28).

Use of Photoelasticity

Experimental determination of stresses
in transparent models of structures has
been widely discussed (20, 22). F. B.
Farquharson and R. G. Hennes, member
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of this Committee, ingeniously applied the
photoelastic method to the determination
of stresses around tunnels (29). F. Plum-
mer,. also member of this Committee, in
a text on soil mechanics and foundations,
has published some examples of photo-
elastic research (30).

Systematization of the Theories Discussed

Considerable work in applying the
stress distribution theories to highway
engineering has been done by the Public
Roads Administration in the past five
years. This material has been published
in numerous papers in “Public Roads.”
(31). A considerable part of this work
was done by L. A. Palmer, member of
this Committee. The Bureau of Reclama-
tion issued a technical memorandum spe-
cially dedicated to analytical soil mechan-
ics (32). Work done mn the Iowa State
College by D. L. Holl is to be noticed
(33). Considerable work on gathering
together and extending elastic studies as
applied to highways was done by Warner
Tufts, member of this Committee, when
working for the Federal Coordinator of
Transportation (37).

An interesting and comprehensive his-
torical review of earlier studies of lateral
earth pressure was given by Jacob Feld
at the 20th Meeting of the Highway Re-
search Board (36).

Pressure on Tunnels and Culverts

This problem occupies quite a special
place 1n the theory of stress distribution
in soils and will not be discussed in this
report in deta1l See references (34) and
(35), the former is an analytical study of
stresses around a tunnel and the latter is
an attempt to put together, in very brief
terms, what 1s known about pressure on
pipe culverts, with references to the hitera-
ture on this subject

Lateral Pressure

M. G Spangler obtained very interest-
ing and important results in his experi-

‘18
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mental studies of horizontal pressures due
to concentrated loads (39). Work done
in the past years by Karl Terzaghi, Laza-
rus White, George Paaswell, Jacob Feld,
H. de B. Parsons, Joseph Jaky and others
has been reviewed 1n Chapter X of refer-
ence (21). Recently R. B. Peck has made
measurements of earth pressures in open
cuts of the Chicago Subway. Results have
been but partly published (40).

Lateral pressure within an embankment
has been studied by J. H. A. Brahtz who
introduced the conception of the “com-
paction factor” (41).

FACTS ESTABLISHED

1. There 1s no way to compute stresses
within an earth mass. They may be esti-
mated only by considering the earth mass
as an idealized body.

2. Formulas of the theory of elasticity
may be applied to earth masses with cer-
tain limtations Particularly, for comput-
ing vertical pressure at a certain depth,
such as 50 ft. or more, the Boussinesq
formula may be used For shallow depths,
particularly in the case of the highway
subgrade, the Boussinesq formula does
not fit experimental results.

3. For computing shearing stresses
elastic formulas alone are available. No
other way of doing so has been proposed
except some graphical or experimental
methods based, after all, on the theory of
elasticity.

4. For the simplest case of an aeolo-
tropic mass, plane stresses may be com-
puted by replacing this mass by an iso-
tropic one of modified thickness.

S. For the case of an elastic layer on
rigid boundary stresses at this boundary
may be computed by reducing the thick-
ness of the layer practically to 0.75 of the
actual thickness.

6. In using “classical formulas” for
lateral pressure, such as Coulomb’s or
Rankine’s, attention should be paid to the
fact that these formulas are valhd only
under the assumptions made in their deri-
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vation. Particularly, these formulas can-
not be used for flexible walls, for sheet
piling and for bracing of cuts and tunnels.

7. In the province of vertical pressure
on pipe-culverts, Marston’s theory may be
considered adequate for all practical
purposes.

STRONG INDICATIONS

1. In all cases of estimating stresses,
different assumptions should be made in
order to obtain two limiting values of the
given stress such that the true value will
be somewhere between them. The more
limited the range of values thus obtained,
the better.

2 In all cases, without any exception,
mathematical results obtained by the use
of formulas, must be checked against
sound engineering judgment based on
experience which cannot be replaced by
theories. Theory and practice should be
combined

RESEARCH

Several agencies are working on the
determination of pressure on tunnels
These data are being gathered, digested,
and completed

Analytical study of the influence of the
mmpact and vibrations on the value of
stresses in an earth mass is being made.

Information on the design and construc-
tion of bridge abutments as influenced by
stresses in the adjacent earth mass is being
gathered, digested, and completed.

SUGGESTIONS FOR FURTHER RESEARCH

The MNterature on stresses in earth
masses 1s too voluminous and contains
repetitions and complicated formulas. It
is desirable to prepare, sometime in the
future, a brief manual along these lines,
written especially for highway engineers.
This manual should be such as to com-
pletely replace all articles and papers
written before the date of its publication.

A structure causes stresses and strains

SOILS

in the earth mass on which it is built ; and
in turn, the earth mass causes stresses and
strains in the structure. It 1s proposed to
study this contact problem both in its
general aspect and in possible highway
applications.?

REFERENCES

1. J. B. Boussinesq “Applications des poten-
tiels,” Paris, 1885

la.Karl von Terzaghi. “Erdbaumechamk auf
bodenphysikalischer Grundlage,” Franz
Deuticke, Leipzig and Vienna, 1925

1b J. H Michell. “Elementary Distribution of
Plane Stress,” Proceedings, London Math.
Soc, Vol 32, 1900.

2 John H. Gnffith “Pressures under Sub-
structures,” Engineering and Contracting,
March 1929

3 O. K Froelich, an article in De Ingenieur,
April 15, 1932, and also “Druckver-
tellung 1m Baugrunde,” Juls Springer,
Vienna, 1934

4 A E Cummings “Distribution of Stresses
under a Foundation” Transactions, Am.
Soc C. E, Vol 101, 1936.

5. Progress Report of the Commttee on Earths
and Foundations, Am Soc C E, Pro-
ceedings, Am Soc C E, May, 1933

52 N M Newmark “Simplified Computation
of Vertical Pressures in Elastic Founda-
tions,” Umv of Ill Exp. Sta, Circular 24,
1935

6. D P Krynine, a discussion in Transactions,
Am Soc C. E, Vol 101 (1936), p. 32

6a.N M Newmark “Stress Distribution in
Soils,” Proceedings, Purdue Conference
on Soil Mechanics, Sept. 1940.

7. Donald M Burmister. “Graphical Distri-
button of Vertical Pressure beneath
Foundations,” Transactions, Am. Soc
C. E, Vol 101, 1936

8. Nathan M Newmark, a discussion n
Transactions, Am Soc C E, Vol 101
(1936) ; also “Graphical Procedure for
Computing Vertical Pressures,” a mimeo-
graphed publication, Univ of Iltinois, Ur-
bana, Ill, 1937.

9. S Timoshenko. “Theory of Elasticity”
Engineering Societies Monograph, N. Y
1934

10 L A. Palmer Stresses under Circular
Loaded Area Proceedings, Highway Re-
search Board, Vol 19, 1939,

11. D L Holl “Shearing Stresses and Surface
Deflections Due to Trapezoidal Loads,”

2 See discussion by L. A. Palmer.




COMMITTEE ON STRESS DISTRIBUTION ON SOILS

Pyoceedings, Highway Research Board,
Vol 19, 1939

12 D P Krynine “Shearing Stresses under-
neath a Spread Foundation,” Proceedings,
Highway Research Board, Vol 18, 1938

13. D P Krynine “Shearing Stresses at the
Base of an+Embankment,” Proceedings,
Highway Research Board, Vol 19, 1939

14, L. Jurgenson “The Application of Theories
of Elastiaity and Plastiaity to Foundation
Problems” Journal, Boston Society of
C E,, July 1934

15 D. W. Taylor, “Stability of Earth Slopes”
Journal, Boston Society of C. E, July
1937.

16. W Fellenius “Erdstatische Berechnungen
mit Reibung und Kohasion (Adhasion) ”
Wilhelm Ernst und Sohn, Berlin 1927

17. L. Rendulic “Ein Beitrag zur Bestimmung
der Gleitsicherheit,” Der. Bausngenseur,
Vol 16, 1933

18 Proceedings of the International Conference
on Soil Mechames and Foundation Engi-
neering, Cambridge, Mass, 1936, (par-
ticularly Section “E”).

19. S D Carothers “Direct Determination of
Stresses ” « Proccedings Roy Soc (Lon-
don), Series A, Vol 47, also two
papers of this author in Proceedings,
Intern Math Congress, Toronto, Canada,
Part II.

20 E G Coker and L N G Filon “Treatise
on Photoelasticaty,” Cambridge Press,
1931

21 D P Krynne “Soil Mechanics,” McGraw
Hill Book Co, N. Y 1941

22 M M. Frocht ‘“Photoelasticity,”
Wiley & Sons, N Y 1941.

23. E Melan “Die Druckverteilung durch emne
elastische Schicht,” Beton und Eisen H
7-8, 1919.

24 K Marguerre “Druckverteilung durch eme
elastische Schicht auf starrer, rauher
Unterlage.” Ing Archiv 1931, ibid 1933

25 W Passer “Druckverteilung durch eine
elastische Schicht”  Sitzungsberichte,
Akad. Wiss , (Math -naturw Klasse, Abt
II a), Wien, 1935

26 A E Cummings “Foundation Stresses”
Cwil Engimeermmg, Vol 11, November
1941

26a J H Michell “The Stresses in an Aeolo-
tropic  Elastic Solid with an Infinite

John

27

28

29

31
32

33

34

35

36

37.

38

30

40

41

535

Plane Boundary,” Proceedings, London
Math Soc, Vol 31, 1900.

K Wolf “Ausbreitung der Kraft in der
Halbebene und 1m Halbraum ber amso-
tropem Material” Z angew. Math
Mech, Vol 15, 1935

M A Biot “Effect of Certain Discon-
tinmties on the Pressure Distribution,”
Physics, Vol 6, 1935.

F B Farquerharson and R G Hennes,
“Gelatin Models for Photoelastic Anal-
ysis,” Crnl Engineering, Vol 10, 1940

Fred L Plummer and Stanley M Dore,
“Soil Mechanics and Foundations,” Pit-
man, N Y, 1940.

Public Roads, 1935-1941

Bureau of Reclamation “Notes on Analyti-
cal Soil Mechanics,” Techn Memo 592,
Denver, Colorado, 1939

D L Holl Plan-Strain Distribution of
Stress 1n Elastic Media Iowa Eng Exp
Sta, Bull 148, 1941

Raymond D. Mindlin “Stress Distribution
around a Tunnel ” Proceedings, Am Soc
C E, Vol 65, April, 1939

D P Krynme “Design of Pipe-Culverts
from Standpoint of So1l Mechanics,” Pro-
ceedmgs, Highway Research Board, Vol
20, 1940

Jacob Feld “Review of Pioneer Work n
Earth Pressure Determmation” Pro-
ceedings, Highway Research Board, Vol
20, 1940.

Section of Research, Federal Coordinator
of Transportation “Public Aids to Trans-
portation,” Appendix C to Vol IV,

Gerald Pickett “Stress Distribution in a
Loaded Soil with some Rigid Boun-
daries” Proceedmgs, Highway Research
Board, Vol 18, 1938

M G Spangler “Horizontal Pressures on
Retaining Walls due to Concentrated
Surface Loads,” Iowa Eng Exp Sta,
Bull 140, Iowa State College, 1948, also
ref (18), also Proceedings, Highway
Research Board, Vol 18, 1938

R B Peck “Measurements of Earth Pres-
sure on Chicago Subway,” Am Soc Test-
ing Materials, Bull 111, August 1941

D R May and J] H A Brahtz “Pro-
posed Methods of Calculating the Sta-
bility of Earth Dams,” Proceedings, Sec-
ond Congress of Large Dams, Washing-
ton, D C, 1936



536 SOILS

DISCUSSION ON EARTH STRESSES

MRr. L. A. PALMER, Bureau of Yards
and Docks, U. S. Navy Department:
Professor Krynine has presented a very
interesting and comprehensive report
which indicates that considerable progress
has been made and that the Committee has
contributed maternally to this progress.

The extent to which theory is applicable
to foundation problems 1s mostly a matter
of opinion, based on individual experience,
which, considering the profession as a
whole, may sometimes be quite limited.
Furthermore, authentic data pertaining
to foundation settlements are still meager.

The hmitations of theory in computing
earth stresses caused by foundation loads
can never be known until accurate and
reliable means of measuring these stresses
are available and are utilized on a large
scale. This can be the only reliable answer
to the controversial question. Without
such evidence, doubt concerning the relia-
bility of earth stress computations is in
itself largely a matter of speculation.

In a discussion of Professor Spangler’s
paper on wheel loads on flexible pave-
ments presented at the 1940 Highway
Research Board Meeting, the writer
showed that computed stresses, when
multiplied by a constant quantity, agreed
closely with observed values * If it should
happen that this is true generally or in
very many cases, then the outlook is quite
hopeful.

* The degree of reliability of experience
alone without reference to principles of
mechanics as applied to earth problems
may be good or bad, depending on the
experience. Experience limited to only a
few types of foundations may be exceed-
ingly unrehable when new problems are
encountered. Experience without knowl-
edge of soil characteristics as they have

11, A Palmer, Discussion on “Interrelation-
ship of Load, Loaded Area, Stress and Deforma-
tion of Soil,” Proceedings, Highway Research
Board, Vol. 20, p 325.

actually existed is almost useless. Deep
sampling 1s always necessary and an ade-
quate soil profile study 1s needed if much
1s to be obtained from experience alone.
Too often, the soil characteristics are
studied superficially down to the depth of
excavation and the existence of deep
seated strata which markedly affect the
performance of the structure is not even
known. Without such information, the
accumulation of rehable experience 1s
hardly possible,

The most hopeful sign today is an ever
increasing tendency on the part of design
engineers to obtain more and more infor-
mation concerning the supporting earth
down to a depth equal to or greater than
the least dimension of the structure. For-
tunately, soi1l mechanics is getting into the
hands of men who design structures. The
specialist in this field can do the most good
and broaden his own knowledge by work-
ing closely with design engineers, a pro-
cedure that results in a desirable blending
of theory and experience,

There is a suggestion concerning the fu-
ture work of this Committee Specialists
in the field of soil mechanics sometimes
give too little thought to the structure in
the same way that structural engineers
may underestimate the importance of the
supporting earth. Various expressions for
stresses have been derived for different
types of load distribution, such as um-
form, triangular, trapezoidal, parabolic
loading, etc. It is suggested that these
types of loading may quite often be non-
existent. It is further suggested that
future work include some study of actual
contact pressure distribution. The footing
and the earth are interdependent. It 1s
likely that the distribution of surface load
or contact pressure changes with time.
Certainly when there are differential
settlements one would expect a redistribu-
tion of load, depending on the degree of
rigidity of the footing, floor slab, etc. The
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assumption of perfect ngidity or complete
flexibility leads to considerations that tend
to have only academic interest.

In this connection there are two possible
means of extending our knowledge, (a)
photoelastic studies and (b) the applica-
tion of principles of equilibrium 1involving
the interaction of earth and structure.

To 1illustrate the latter, consider a con-
crete slab of uniform thickness, having a
modulus of elasticity E, and a moment of
nertia, I and supported by earth having a
modulus of elasticity, E,. Assume that
the slab 1s very long in relation to 1its
width. Let the z direction denote depth,
the y direction that of the longitudinal
axis or center line of the slab and the x
direction be horizontal distance from the
center line Let a=% the width of the
slab Let pe denote the pressure between
earth and slab at any horizontal distance
x from the centerline. Then clearly at
equlibrium p, is a function of x.

In Technical Memorandum No. 596 of
the Bureau of Reclamation, J. H. A.
Brahtz has shown that for a umt load at
a point x,, the surface deflection at another
point x is given by the expression,

1 ., 2X
"E.I:A+log(x X1) +x_.:|
one of the constants having been elimi-
nated from the condition that the loading
is symmetrical. Then for the entire load,
p, the deflection at any pont x on the
ground surface is obtained from the
expression,

dv=

1
v=

Here f(x,) denotes the distribution of
contact pressure, that 1s,

pa=1(x:)
Now if z denotes the deflection of the slab
at any point x, then
d4z
EI o =f(x;)=ps

537

1s a condition for equilibrtum. Another
condition 1s that v=2z or that v=z+a con-
stant, the constant being the value of
v at x=a It then remains to determime
f(x;) from boundary conditions pecuhar
to the problem For example, one may
assume that p, may be expressed by the
polynomual,

pe=f(x;) =B+Cx,2+Dx,*+Ex,*+..

the odd terms not appearing in symmetri-
cal loading. To evaluate the constants one
condition that may be used 1s that at the
origin, x=0,

E_dv

Still another condition is that the moment
in the slab at x=a is zero. That 1s,
dzz d2v

Another condition is that
a
[ f(x,)dx,=p, the total load.
—a

Hawing actually obtained p,, it is then
possible to obtain earth stresses at fimte
depths under the slab. The assumption
that the surface deflection 1s directly pro-
portional to k, the modulus of subgrade
reaction, is obviously incorrect. To see the
fallacy of this assumption one needs only
to consider that for any uniform load on
the ground surface the settlement of the
earth, according to this assumption, would

_’rE.a‘ I:A+log(x—x|)’+ i—’f]i(x,)dx‘

be uniform under the loaded area at all
points.

Photoelastic studies to determine p,
would be particularly valuable in cases
where existing discontinuities render
theoretical analyses almost hopelessly
complicated. They also serve as a check
on analyses of the simpler cases.
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STRESSES UNDER PIERS

MR. E. S BARBER, Public Roads Ad-
munisiration® To calculate the vertical
pressure at a given depth below a footing,
the new Boston Building Code (1) as-
sumes that “the load 1s spread umformly
at an angle of 60 deg. with the horizon-
tal.” In computations for a bridge at New
Orleans, W. P. Kimball (2) found a
variation of less than 5 per cent 1n settle-
ment using these stresses instead of
stresses from Boussinesq’s equation. In
order to compare these stresses at various
depths below a uniform load on a circular
area, the average stresses from the theory
of elasticity were obtaned by graphical
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Figure 1. Vertical Stress Below Uniformly
Loaded Circular Area
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integration from values tabulated by
Warner Tufts (3) which were checked
by Newmark’s chart (4). The stresses
for the distribution at 60 deg. to the
horizontal were computed from the
formula

1 2
p./p_(m) R

in which p.=vertical stress at depth z
below the surface

p=uniform pressure applied on cir-
cular area of radius a.

Figure 1 shows these stresses as well as
the maximum vertical pressure on the
axis below the loaded area from the the-
ory of elasticity. The difference between

1 Figures in parentheses refer to list of refer-
ences at end.
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the average stresses is not large and com-
putations show that it 1s even less under
rigid footings 1f the reaction of the sup-
porting material is concentrated toward
the edge. The method of formula 1 1s
simple and easily appled to various shapes
of footing. The angle of distribution may
be used as a parameter to allow for par-
ticular conditions.

To get an 1dea of the stress distribution
on the axis below a uniform pressure
on a circular area applied below the sur-
face, Mindhin’s formulas (5) for the
stresses from a force P at a point were
integrated from O to a after replacing P
by p2zrdr. The following further nota-
tion is used:

r=radial horizontal distance from
the point of load application at
depth ¢
Ri= (a*+ (z—c)?)?
2= (a°+ (z+c)?)?
p=Poisson’s ratio
E=modulus of elasticity
S=vertical displacement

The radial stress p, was determined by
combining the radial and circumferential
stresses from a point load (6) The
shearing stress on the horizontal plane
and the radial displacement are 0. Others
are shown by formulas 2, 3, and 4 in
Figure 2.

The pressure immediately under the
applied load from formula 2 1s less than
the applied pressure since part of the load
1s theoretically carried by tension above
as shown on the left in Figure 3. In the
practical problem (Figure 3) the load is
carried to the surface by a shaft so that
as the pier 1s loaded and displaced down-
ward part of the load is transferred by
shear along the sides. The distribution of
these stresses is a problem 1n itself (7, 8)
but the foregoing formulas may indicate
the conditions below the pier.

The axial vertical stresses from formula
2 for several founding depths and Pois-
son’s ratio of 0.5 are plotted 1in Figure 4.
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Figure 2

For a depth equal to the radius, the con-
tact pressure 1s 0.75 of the appled pres-
sure ; the other 0.25 is carried by tension
above and contributes stress to the axis
at greater depths. The pressure for an
infinite founding depth is just half the
pressure for a surface load. For Poisson’s
ratio less than 0.5 the stresses are some-
what smaller.
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Figure 3. Stress from Loaded Area Below
the Surface

The radial stresses are likewise reduced
and the cumulative effect is shown by
formula 4 for the vertical displacements
which are plotted 1n Figure 5. Poisson’s
ratio has an appreciable effect at shallow
depths only. The figure indicates that 1n
homogeneous materials increasing the
founding depth may considerably reduce
displacements even though the applied
pressure is constant.
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Figure 4. Axial Vertical Stress from
Uniform Pressure on Circular Area Below
the Surface (Poisson’s Ratio=0.5).
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Figure 5. Axial Displacement from Loaded
Circular Area Below the Surface
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