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SYNOPSIS

A brief review points out the lack of applicable mathematical relationships be-
tween the analysis of the varables and the design of flexible surfaces or other
structures involving soil or aggregate masses This is followed by the develop-
ment of a possible fundamental equation through the application of the Law of
Smulitude to the problem in its simplest form Since the well known Housel re-
lationship between soil support and perimeter area for a given deflection seems
to be a special form of this general equation, the prospects that it may be sub-
stantiated seem excellent. If this equation 1s proved correct 1t will have some
interesting corollaries, such as the possibility that laboratory tests can be extra-
polated to field use. The definite need for flexible test plates instead of the ngid
so far used is another possible consequence from the implications of the formula

The derivation of the relationship between the increase in supporting strength
and layer thickness for foundation materials over a subgrade, where the load tests
indicate Housel’s relationship is being maintained, throws further light on the
design situation, as 1t affords an indication of which type of design formula may
be required to most nearly represent the conditions. It indicates that the sup-
porting power of the foundation is directly proportional to the foundation ma-
terial strength, from which it would follow that methods which specify set foun-
dation thicknesses regardless of the foundation material quality, are incorrect

In conclusion warning is given that the formulae must be fully confirmed by
experiment, but 1t 18 felt that the relationships derived may be quite helpful
in indicating the proper trend of future investigation and methods to use 1n

149

A MATHEMATICAL ANALYSIS OF SOME PHASES OF THE FLEXIBLE

analyzing the results.

Aggregate structures for the spreading of
stresses or the carrying of loads were early
used by man. Despite the apparent simplic-
ity of such structures, their analysis for design
purposes is among the most complex problems
of mechanics. The growing importance of
highways and airports, and the economic
benefits which will result from the develop-
ment of & rational method of design of flexible
surfaces (including 1 this classification all
which are composed of discrete particles of soil
or aggregate functioning as a mass through
frictional interlocking or the cementmg effect
of flud binding materials), have given this
subject outstanding prominence today.

Even in simplified form, the problem is not
readily susceptible to mathematical analysis
of the stress stramn relationships. The classic
solution for the distribution of stresses result-
ing¥rom a uniform load applied over a circular
area to a completely elastic, homogeneous, and
isotropic medium has been of some help 1n the
study of cohesive soils; but if anything, it has
been misleading 1n its attempted apphcations
to actual structures with properties differing
greatly from these assumed characteristics.

No solution to a similar attack, for an elastic
layer of different structural characteristics
imposed upon the base medium—unless the
Westergaard analysis for a ngid slab can be so
classified—1s known to the writer, but a very
general analysis of this type would undoubt-
edly be far more helpful. Perhaps the deter-
mination of the trend of the variables in-
volved, through a systematic experimental
study by the use of materials exhibiting these
1deal properties, will be a compromse solution.

As a result of this general mathematical
situation, the usual approach to this problem
has been erther through field tests or the ap-
pheation of empirical formulae to experience
data, with no solution from either attack gen-
erally accepted as satisfactory today. How-
ever it does appear possible to throw some
hght on certam aspects of the situation
through a fundamentally rational mathemati-
cal attack, and this paper 1s concerned with
such analysis.

FUNDAMENTAL LOAD BEARING RELATIONSHIP

In the actual applications, with which we
are primarily interested in practice, the load is
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applied to the structure through pneumatic
tires, resulting in a more or less uniform in-
tensity of loading Test procedures to evalu-
ate the load bearing characteristics of soils and
aggregates have i general resorted to ngid
application surfaces, such as steel plungers or
plates, due to therr immediate availability and
the apparent difficulties involved in using an
appheation surface which gives uniform pres-
sure distnbution—that is, a so-called “flexable
bearing plate” A number of engineers, mn-
cluding the writer, have questioned the cor-
rectness of applying the results from such a
loading techmque to field design, feelng that
8 uniform correlation might not exist between
the two load appheation methods, and cer-
tainly the assumption of a direct relationship
is quite questionable. Since the ideal way to
determine the load bearing capacity of a
material when used in & structure is through
the appheation of actual loads, the load bear-
ing test attack seems the most rational and is
consequently recerving the maximum of at-
tention at the present time In the course of
so doing, this matter of ngid versus flexible
bearing plates is being given attention, al-
though 1t is not yet certain that the mechanical
difficulties of working out a suitable plate have
yet been solved in such fashion as to permit
the obtamnmng of all the data needed. Cer-
tainly any analysis which will assist on this
point, and incidentally throw some basic light
on probable relationships between the varia-
bles involved in the carrying of loads by such
structures, should be helpful

The simplest load beanng situation is the
apphcation of a uniform loading over a known
circular area, resultng in some measurable
defiection of the soil or aggregate surface. If
the deflection at the center of the plate is used
as a criterion of this situation, we then have
three variables. In general, the aggregate
structure resmists by its ability to withstand
direct compression and frictional movement
or shear. If we assume that the soil or ag-
gregate mass can therefore be completely
characterized from a structural standpoint by
coefficients which express these two properties,
we have two more variables or a total of five.
Through the application of Rayleigh’s “Law
of Simlitude,” it appears that if the dimen-
sions of the soil constants can be determined—
that is, 1f the constants can be properly
chosen—we might throw some hght on the
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inter-relationships of these various quantities
in this case.

Simce the soil acts more or less as a confined
mass, 1t seems reasonable to charactenze the
compression resistance on the basis of resist-
ance per unit of volume or pounds per cubic
foot. Note that this differs from the usual
factor, the modulus of elasticity in compres-
sion expressed in pounds per square foot. the
use of the latter would also require the bring-
ing m of Powson’s ratio. The shearing tend-
ency, which occurs on planes, seems
reasonably to be expressible n resistance per
umt of area or pounds per square foot. These
are accordingly assumed.

Another important assumption is that the
problem 15 statistically determinate in the
range of pressures considered; or in other
words, that static equilibrium results from the
application of any force in this range.

The resulting application of dimensional
equations to the problem ig given in Section 2
of the Appendix, following Nomenclature in
Section 1. This derivation indicates that a
possible solution of the problem—that 1s, a
relationship between the variables—can take
the form of

_ ak,D
r

] + bk.D Equation 1

As pomted out in the Appendix, this appears
to be the famihiar perimeter area relationship
used by Housel but in a more general form.
This equation ndicates that the pressure
will be directly proportional to the deflection
for any plate, yet we know from observation
that thissrarely the case This however may
be easily explained A basic assumption in
the derivation was that the soil had constant
characteristics Quite evidently if consohda-
tion has not taken place, all the structural soil
properties will change as the squeezing to-
gether of the particles in the soil or aggregate
mass occurs However once this consohda-
tion has been completed (as a result of com-
paction and/or use) so that none additional
occurs from the application of loads within the
design range, it can be expected that the
deflection will be directly proportional to the
pressure. Furthermore field or laboratory
proof that this occurs will serve as some evi-
dence of the correctness of the equation.
Evidently, to take care of this situation, the
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equation should be expressed in the differen-
tial form.

dp_gﬁ_.
iD r + bk

Equation 2
This 1s the most general form of the relation-
ship, holding for any vanation of k, and k,
with D, if the other assumptions made remain
valid However in view of the objections by
some to the differential form, as well as the
wide acquaintanceship with the equation used
by Housel, Equation (1) mstead of Equation
(2) will be referred to hereafter, with under-
standing of its limitations, since this does not
affect the validity of these further conclusions

Certain corollaries immediately follow from
any demonstrated correctness of Equation
(1). If the relationship is proven for any
range of the variables—or more particularly,
the dimensionless groups—it immediately fol-
lows that it will probably hold through therr
entire variation. This follows because the
expermmental verification for any set condition
not merely is apphcable to those values but for
any others which result in the same dimension-
less product value If the relationship is
proven for a number of quite different soils
(as may be hoped for from results to date)
over a considerable range of plate radi, it 1s
obvious that the probable range of the dimen-
sionless quantity so substantiated will be quite
large. In other words, if the Housel relation-
ship proves to stand up with flexible plates
(below the failure point of the soil), 1t should
be possible to extrapolate it to a zero value of
the perimeter area ratio  Also all other hines
on the perimeter area ratio graph for analogous
structures over the same subgrade will then
pass through this same zero value; because
obviously, for the plate ‘of mfimite racius, the
only supporting factor will be the subbase
compressive resistance, which must in the end
carry (and hence determine) the load support
value regardless of any added layers to 1m-
prove the load distnbution From the stand-
pomt of the apphcation of laboratory or field
bearing tests with small loads to the design
for the large units which may be apphed to
such surfaces, this is an extremely important
conclusion.

There is another deduction to be made from
this relationship. If the assumptions speci-
fied are correct and Equation 1 1s confirmed by
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experiment, the application of a umform pres-
sure makes possible the need for only two
dimensionless groups, from which the relation-
ship follows If the load however 1s not um-
formly apphed over the surface, as occurs with
a ngd plate, another dimensionless quantity
charactenizing the pressure distribution must
be brought in  'We then have three dimen-
sionless groups, the relationship of which must
be determined by experiment. It 15 quite
evident that, 1f the pressure distribution co-
efficient for a ngid plate holds constant over
& range, a straight line may result, but this 1s
only true while these circumstances mamtain
and this straight hine relationship may change
at some pomnt to some other one  Even in the
range where the straight line relationship holds,
the correlation with the straight line using a
flexible plate 1s stall not known, though 1t can
possibly be ultimately established by expen-
ment At the present time 1t 1s obviously un-
wise to attempt to apply the results of bearing
tests obtained from rigid plates where the load
conditions nvolve flexible load application
equipment. The obviously erroneous results
which would have been qbtamed bad field
bearing tests with ngid plates been extrapo-
lated to the design conditions i certam n-
stances are thus explained.

If the additive properties of the various
resisting effects (shearing, etc ) maintain and
some experimental information on the geome-
try of the pressure distribution can be ob-
tamed, this attack through dimensional analy-
sis has possibilities for a better understanding
of the soil reaction under rigid plates. Even
the deformation curve under flexible plate
loadings may throw some hght on this subject.
Since the characterization of subgrade reac-
tion (or the suitability of the various assump-
tions made concerning 1t), seems to be the
remaining pont to be settled mn connection
with the rational design of ngid slabs, this
whole matter may prove to be of interest to
the designers of such structures as well as of
flexible surfaces.

In general, 1t would seem that the foregoing
general relationship, if found applicable as
Housel’s work leads us to hope, will be of great
benefit in permitting a more rational analysis
of the problem. Some correlation can be per-
haps established between the constants in the
Housel formula and the fundamental proper-
ties of the soil. The relationship between the
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changes resulting from compaction and those
in these fundamental soil constants may also
be of use n a study of this practical matter of
consohdation, its prediction and control.

EFFECT OF FOUNDATION THICKNESS

Another pomt in the present discussion of
flexible surfaces 1s in connection with the rate
at which the load 1s distributed or spread by
layers of supporting aggregate, such as a
crushed stone foundation. For example, the
Gray formula, which was an early attempt to
give a more rational design attack, assumes a
constant 45 deg angle for this slope The
Klinger formula hikewise specifies a constant
angle but allows for its variation with the
material. Some msight may be thrown on
this sstuation by some elementary mathemati-
cal analysis, as shown by paragraph three of
the Appendix

In considering the application of Equation
(3) to the conditions possibly ensting, there
appear to be three cases requiring analysis,
remembering always the primary assumption
that the Housel formula is found appheable to
all layers. !

The first case will oceur where an additional
layer of the subgrade material 15 added Ob-
viously this will not change the soil constants
nor will the area subjected to shear or other

action be altered. Consequently %m? should

equal zero, and there will be no mcrease in
permussible pressure This conclusion would
have to result, because the basic assumptions
behind Equation 1 eall for an nfinite depth
and this addition of a soil layer of the same
material will consequently not alter the
situation in any respect.

The second case will occur where a layer of
a different but granular material—or perhaps
more exactly, material offering resistance only
through compression and shearing effects—
has been added. Obviously the assumptions
behind Equation 1 as derived are no longer
present and therefore it does not directly
apply. It may come in only through the
impheation that the combmed structure acts
exactly as though 1t were composed of one
matenal, showing the resistance required by
Equation (1). The addition of such a layer
under these circumstances could increase the
area of the planes in the foundation layer sub-
jected to shear in direct proportion to the
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thickness of this layer If this happens, the
resultant shearing effect, or the effective shear-
ing constant 1 the substitute Equation 1
found applicable, would change directly with
the thickness, even though the shearing prop-
erties of the foundation material remamed

unchanged. In this case then dm would be

dt

equal to a constant

Obwiously in this second case we have the
equivalent of a resistance by shearng, with
this shearing effect i proportion to the
foundation layer thickness This 1s exactly
in line with the thickness formulae proposed
by Housel and others Conversely the find-

dm

g that a
the straight line formula will clearly represent
the situation, although it 18 an implication
only that the added layer functions through
compression and shearng effects, with actu-
ally the latter the only one mncreasing the load
support value

Where this second case exists, as indicated
in
@ e
angle of distribution—the tangent of which 1s
3—: m Equation (3) (Appendix)—
obviously 1ncreases as the bearing value de-
creases 'Thisis a very interesting conclusion.
Its immediate corollary 1s that the weaker the
subgrade the more effective a foundation layer
of given thickness in increasing 1its strength.
This 18 of great practical interest when the
rather large thickness called for by recent
empirical formulae for flexible surfaces where
the subgrade 1s quite weak, 18 considered.

The third case occurs when effects other
than compression and shear resistance are ob-
tained through the foundation layer This
primarly implies the additional presence of
cohesion, which through horizontal shear gives
bending resistance up to the hmit of the
cohesive strength of the foundation matenal.
Obviously the assumptions made in deriving
Equation (1) will be greatly exceeded mn this

is equal to a constant implies that

by the finding of a constant value of

equal to

‘situation; 1f the relationship charactenstics of

Equation (1) stall hold, such are simply exper:-
mental findings though not necessarily un-
reasonable. Where these cohesive effects are
appreciable, the imncrease 1n shearing areas will
still be proportional to the thickness, but the
bending resistance will increase at a faster
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rate, consequently %n will not be a constant

as in Equation (2) but presumably will increase
with the thickness The actual amount of the
change 1n thickness will have to be ex-
perimentally determined but Equation (3)
mdicates that this increase will have to be
roughly proportional to the pressure increase
for the Gray or Klinger type formulae to hold
even approximately. Since the mcrease m
thickness of the foundation layer where such
effects exist will involve not merely a greater
load bearing capacity by the foundation layer
but in addition a more rapid spread of the
effective racius of load distribution to the sub-
grade, the relationships may obviously be
quite complex

It will be noted, that in the second case the
strengthening effect of the foundation layer 1s
proportional to its shearing strength, and 1n
the last to 1ts shearing strength plus or mult:-
plied by an additional factor due to cohesion—
most likely the combmation of the two It is
obvious that the load distmbuting effect of
each and every layer in the foundation is di-
rectly dependent upon the strength charac-
terisfics of the materal used It then follows
that design methods which in specifying the
foundation thickness do not allow for the
strength of the foundation matenal, or which
only call for high bearing strength i the top
layers and imply that the charactenstics of the
lower layers are less or not important, are
incorrect in principle 1f Equation (3) 1s valid
for the conditions.

If the straight hine relationship for different
flexible bearing plates mamntains, even with
foundation layers over subgrades, as the find-
ings to date indicate may be the case, though
far from conclusively, it is evident that Equa-
tion (3) offers a means to analyze the situation
and determine which of the proposed struc-
tural formulae most nearly represents the
actual facts.

CONCLUSIONS

In conclusion some warning must be given
The attack suggested has been primarly sto-
chastic. The assumptions made, while reas-
onable, are not obviously demanded or even
apparently more or less necessary Conse-
quently the equations derived eannot be taken
as hiteral physical laws until substantiated by
evnidence. They do however seem quite n

153

line wath the trend of the data so far made
available If venfied they should serve as an
excellent tool for better understanding the
phenomenon of load bearing by aggreagate
masses, planning the experimental work
necessary, and analyzing the relationships
indicated by 1t.

APPENDIX
1. Nomenclature

W . Total load on plate, 1b.

r . Radws of plate, ft

? Resultmg umform pressure apphed to
surface of structure, 1b. per sq ft

D . Deflection resulting (at any specified
pomnt, say center of plate), ft.

k. : Soil compression coefficient, 1b per
cu ft

k. : Soil shearing coefficient, Ib. per sq. ft.

m * Housel perimeter shear constant, 1b.
per ft.

n : Housel pressure constant, Ib per sq ft.

¢t : Thickness of added structure layer, ft.

a, b: Constants, dimensionless

2. Development of a possible structural equation
through dimensional analysis

For the case of a uniform pressure applied to
the surface of a homogenous 1sotropic soil (or
aggregate mass) of unhmited area and depth
through a circular (flexible) plate, where the
soil can be characterized completely (from the
structural standpoint) by two constants repre-
senting 1ts resistance to direct compression
and shear respectively, five vanables are
involved. These variables can be defined 1n a
dimensional system involving the funadmental
umts of mass, length, and time. The table of
quantities followmng lists these variables and
their dimensions L2

Since there are five arguments (variables
and/or dimensional constants) and three di-
mensional units, from the TT theorem two
dimensionless products which together mvolve
all these arguments can be anticipated The
relationship between these dimensionless
groups must then be determined from experi-
mental data or experience.

TABLE OF QUANTITIES FOR DIMENSIONAL
ANALYSIS

Description Symbol Dimensions
Plate radius r iL)
Plate gressure (uniform) p ML-1T-?)
Plate deflection (L)
Soi1l pressure coefficient ke (ML‘YI"!;
Soil shearing ks {(ML-1T-2
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Dimensionless quantities possible are (%)

and (-kll-) . These must be related 1n some

msanner which can only be conclusively estab-
lished by experiment
If the shearing characteristic alone furmshed
the resistance, the first dimensionless group
could be set equal to a constant and the re-
sulting pressure from the deflection in question
correspondingly determined: similarly 1if the
compression charactenstic alone acted. The
simplest and most reasonable relationship to
be anticipated 1s that these two effects would
be additave accordmg to some constant weight-
mg. This 15 the same as saying that the most
likely relationshp would be:
(kD) &.D) _

=4

oo TP !

ak,D
r

+ bk.D Equation 1

p =
This is obviously a more general form of
Housel’s'! perimeter area relationship, with
m = @;—D andn = bk.D. It has the advan-

tage that the variables involved are clearly
portrayed.

1 Housel, W 8.—Proceedings, The Associa-
tion of Asphalt Paving Technologists, January,
1942, Vol. 13, p. 84.
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3. Change of structural variables with change in
thickness of structure

The basic equation 1s assumed to be (for a
constant deflection)

m W
p_7+ﬂ=-rr’
or
w
— = mr + n1® = r(m + nr)

Differentiating with respect to the structure
thickness, we have

dr dm dn dr
0= (m+m')a-t+r(—d—t +r§;+n5t)

or
Wdr dm dn dr
- e matatratta
Consideration of the support given to in-
finitely large plates indicates that n will remain
constant regardless of the change in §, if we
ignore the mncrement m deflection contributed
by the direct compression of the layer of thick-

ness d¢, hence % = 0 and

dr dm
+m g+ =0

or
_dm
dr dt .
a = P Equation 3





