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Some Basic Problems in Flexible-Pavement 
Design 
N o R M A N W . M C L E O D , Engineering Consultant 
Department of Transport, Ottawa, Canada 

^ ^ ' I T H respect to the stresses applied by wheel loads to airport and highway surfaces, 
there are three basic problems of flexible pavement design: (1), sufficient thickness of 
base and surface must be placed over the subgrade to prevent failure within the sub-
grade; (2) the shearing strengths of the layers of flexible pavement close to the loaded 
area, i.e., of the base course and bituminous surface, must be high enough that failure 
along shear surfaces entirely within the base and surface will not occur; and (3) the 
possibility of failure of any one layer by squeezing out laterally under the applied load 
must be studied, e.g., a poorly designed bituminous surface may be squeezed out be
tween the tires of traffic and the base course. 

During the past 10 or 12 yr. the first of these three problems has been in
tensively investigated, and various organizations believe they have developed satis
factory solutions, although there is still no universally adopted method. With the 
advent of tire pressures up to 300 psi. on jet aircraft, and the possibility that these in
flation pressures may go higher, answers to the second and third problems have become 
important. A rational solution to the third problem, insofar as the stability of the 
bituminous pavement is concerned, has been described in previous papers. I t is the 
principal objective of the present paper to outline a rational approach to the solution 
of the second major problem—to the problem of avoiding failure along shear surfaces 
entirely within the base course and bituminous surfacing. 

This rational approach is based upon the determination of the c and 0 values for 
each layer of the flexible pavement by means of the triaxial test, and upon the assump
tion that the surfaces of shearing failure are logarithmic spirals. By trial and error, 
the position of the critical logarithmic spiral is located along which the shearing re
sistance of the materials will support the smallest ultimate applied load. The wheel 
load and tire pressure for which the flexible pavement is designed must not exceed this 
ultimate strength after it has been reduced by a suitable safety factor. 

In essence, this method involves the determination of c and 4> values for an equiva
lent homogeneous material having the same ultimate strength as the layered system 
of the flexible pavement. The ultimate strength of this equivalent homogeneous ma
terial is calculated on the basis of a logarithmic spiral failure surface. 

# FOR many years, one of the principal prob- and highway engineers on this problem as it 
lems in flexible pavement design for both high- never had been before. During the past 10 or 
ways and airports has been the determination 12 yr., large sums have been spent by a number 
of the minimum thickness of granular base of organizations on research directed toward 
and surface required to prevent subgrade its solution. While there is still no universally 
failure under any specified wheel load, that accepted formula for determining the minimum 
is, the emphasis in flexible pavement design thickness of flexible pavement that must be 
has been placed on the avoidance of subgrade placed on any given subgrade to support any 
failure. The tremendous increases in the wheel specified wheel load, various airport and high-
loads of aircraft (from about 12,500 lb. for way agencies appear to feel that they have 
the DC-3 to nearly 200,000 lb. for the B-36), individual methods that answer this problem 
that occurred during and following World at least to their own satisfaction (1, 2, S, 4, 
War I I , focused the attention of both airport 5, 6, 7, 8). Asa, result of the marked attention 
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it-has received in recent years, the necessity 
for this minimum thickness of flexible pave
ment to prevent subgrade failure is now 
clearly recognized by highway and airport 
engineers everywhere. 

Since the end of World War I I , there has 
been a vast increase in highway traffic, par
ticularly in the number of heavy axle loadings. 
In air transport, the introduction and rapid 
improvement of jet-engine airplanes has been 
the major development. Reduction in the size 
of jet aircraft landing gear has been achieved 
by equipping them with smaller tires inflated 
to from 200 to 300 psi., and these inflation 
pressures may go higher. These high tire pres
sures have brought new problems to flexible-
pavement design for airports, because of the 

ment design caused byThigh tire-inflation 
pressures is the greater squeezing action on 
each layer, subbase, base course, and bi
tuminous surface. I f the applied pressure is 
high enough, a weak layer may fail bylbeing 
squeezed out laterally. This type of failure is 
more Hkely to occur in a relatively thin layer 
of material. The most-common example of this 
type of failure is the squeezing out of a bi
tuminous pavement between tires and base 
course. 

Consequently, each of the following three 
separate problems or criteria must be con
sidered in flexible pavement design, insofar as 
resistance to applied loads is concerned: 

1. The overafl thickness of subbase, base 
course, and bituminous surface must be ade-
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Figure 1. Diagram of shear planes under a loaded area. 

high shearing stresses they create in the por
tion of the pavement close to the loaded area, 
that is, in the bituminous pavement and the 
upper portion of the base course. To a lesser 
degree this is also true of flexible pavements 
required for the heavy axle loadings and 
relatively high tire pressures of truck traffic 
on highways. Consequently, the increased 
gross loadings and high tire pressures on air
ports particularly, and to a smaUer extent 
on highways, have made greater thicknesses 
of flexible pavement necessary, have intensified 
the shearing stresses in the layers close to the 
loaded area, and have increased the tendency 
for failure along shearing surfaces that are 
located entirely within the base course and 
bituminous surface (see Fig. 1). 

Another serious problem of flexible-pave-

quate to protect the subgrade from failure 
under the stresses transmitted from the 
loaded area. 

2. The shearing strengths of the materials 
in layers close to the loaded area must be 
greater than the shearing stresses caused by 
high inflation pressures, which tend to cause 
failure along shear surfaces entirely within the 
base course and bituminous surface. 

3. The stability of each individual layer, 
subbase, base course, and bituminous surface, 
must be greater than the tendency of the 
layer to fail by being squeezed out laterally 
under the applied load. For example, the 
bituminous surface must be stable enough to 
resist being squeezed out between the tire 
and base course. 

As already mentioned, the first of these three 
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problems of flexible pavement design has al
ready received considerable investigation (/, 
2, 3, -i, 5, 6, 7, S). The author has described 
a lational solution to the third problem in 
previous papers {9, 10, 11, 12, IS), insofar as 
the stability of the bituminous pavement is 
concerned. I t is the principal purpose of the 
l)resent paper to out'.ine a rational approach 
to the solution of the second major problem 
of flexible pavement design, that is, to the 
problem of avoiding failure along shear sur
faces entirely within the base course and 
bituminous surfacing when the base course is 
of great depth. 

F L E X I B L E P A V K M E N T S A R B L A Y E R E D S Y S T E M S 

As illustrated in Figure 1, the composite 
ci'oss-section of a flexible iiavement, con
sisting of subgrade, base course, and bi
tuminous surface, constitutes a layered sys
tem. Both empii ical and rational methods are 
available for solving the problem of flexible 
pa\-ement design with which this paper is 
primarily concerned; namely, a\'oiding failure 
along shear surfaces entirely within the base 
course and bituminous surfacing. 

The best-known empirical method in com
mon use is the C. B. R. test emjjloyed by the 
U. S. Corjis of Engineers (7). By requiring 
high C. B. R. values for materials in layers 
close to the loaded area, the Corps of En
gineers believes that shearing failure within 
the base course can be avoided. The jirincipal 
criticism of any empirical method is that the 
safety factor actually being employed cannot 
be determined. 

The onl}' rational metliod of design that has 
been projiosed so far for the layered system 
represented by a flexible pavement is that of 
Burmister {14)- In this method, each layer, 
subgrade, base course, and bituminous surface, 
is assumed to consist of perfectly elastic 
material. Consequently, insofar as its strength 
is concerned, the most-important charac
teristic of the material in each laj'er is its 
modulus of elasticity. For any measured or 
given moduli of elasticity for the subgrade, 
base course, and bituminous surface, and for 
any specified deflection of the surface of the 
pavement under the applied load within the 
elastic range, the required thickness of flexible 
pavement can be determined. Partly because 
of its own individual merit, and partly because 
of its stimulation toward organized rational 

thought in this field, Burmister's theory repre
sents an outstanding contribution to flexible-
pavement design. 

For the principal pi'oblem under considera
tion in this paper, which is the avoidance of 
failure along shear surfaces wholly within the 
base course and bituminous surfacing, 
Burmister's method provides a very definite 
solution. I t requires the use of an adequate 
thickness of base course and bituminous sur
face, each with a sufficiently high modulus of 
elasticity that the specified critical deflection 
at the surface will not be exceeded by the 
applied load. Consequently, where shearing 
failure entirely within the base and surface 
has occurred, Burmister's method indicates 
that either the critical surface deflection as
sumed is beyond the elastic range, or that the 
moduli of elasticity of the base course and 
surface materials have been less than his 
theory requires to prevent failure, or both. 

The principal criticism of the Burmister 
theory that is usually made is its assumption 
that the soils, aggregates, and bituminous mix
tures that make up the various layers of a 
flexible pavement function as perfectly elastic 
matei'ials. The actual behavior of many of 
these is far from elastic. Another criticism is 
that a critical surface deflection must be 
arbitrarily assumed, since information does 
not exist to indicate how this deflection should 
vary with size of contact area, intensity of 
inflation jn-essure, thickness of flexible pave
ment, etc. Furthermore, the moduli of 
elasticitj' of many cohesionless base course 
aggregates and bituminous paving mixtures 
seem to lie within a similar range. Wherever 
this occurs, Burmister's method indicates them 
to be of equivalent strength in flexible-pave
ment design. Results developed later in the 
present paper indicate that this may not 
be true. 

I t has been frequently obser\-ed that when 
an earth road consisting of a relativel.y soft 
homogeneous clay or loam is overloaded by 
traffic, a rut forms in each wheel pa.i\\ and up
heaval of the displaced mateiial occurs on 
both sides of the lane. I t is also ;i matter of 
relatively common observation that when a 
flexible pavement consisting of subgrade, 
base course, and bituminous surface is over
loaded by traffic, similar rutting and upheaval 
develops. Therefore, in a qualitative way at 
least, failure of the lavered svstem of a flexible 
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pavement when overloaded by wheeled traffic 
seems to follow the general pattern of failure 
of a homogeneous soil that has been over-
stressed hy traffic. I n both of these cases, 
failure occurs because the applied wheel load 
exceeds the ultimate strength of the roadway 
structure. Expressed in another way, failure 
takes place because the applied shearing stress 
exceeds the shearing resistance of the loaded 
material. 

These various considerations ha\-e led the 
author to a different rational approach to 
flexible-pavement design. Burniister's theory 
is based upon the assumptions of a critical 
surface deflection and of elastic performance 
of the matei-ials in the different layers. In the 
present paper, an attempt wil l be made to 
analyze the flexible-pavement problem on the 
basis of shearing stress versus shearing i-e-
sistance. Since the ultimate strength of the 
flexible pavement is employed, which is far 
beyond any elastic range of loading the struc
ture may have, the method described in this 
paper is based upon the plastic rather than 
the elastic behavior of the materials in the 
various layers of the flexible pavement. 

U L T I M A T E S T R E N G T H O F H O M O G E N E O U S S O I L S 

Various investigators ha\'e studied the prob
lem of the ultimate bearing capacity of 
homogeneous soils. Equations for ultimate 
strength have been proposed by Prandtl (15), 
Terzaghi (16), Krey (17), Fellenius (IS), 
Meyerhof (19), and others. I t is beyond the 
scope of this pajjer to review each of these 
critically. However, reference wil l be made to 
the principles on which several are based, in 
order to point out the reasons for the selection 
of the method adopted in this paper. 

One of the earliest simple methods proposed 
for calculating the ultimate strengths of 
homogeneous soils was the Terzaghi-Hogen-
togler equation [W, 21). This was based upon 
the assumption of failure along the straight-
line shear planes ab and be in Figure 2(a). 
Failure occurs when the shearing stress exerted 
on these shear planes by the applied load ex
ceeds the shearing strength. The shearing 
resistance of the soil along these failure planes 
is given by the well-known Coulomb equation 
s = c -I- n tan From the nature of this 
equation, i t is apparent that anj ' factor that 
wil l increase the normal pressure n on the 
plane of failure wi l l add to the magnitude of 

the n tan <t> term of the Coulomb equation and 
thei-eby increase the shearing strength s of 
the soil. 

The Terzaghi-Hogentogler equation over
looks the possibility that the applied load 
itself may increase the normal pressure n on 
the failure plane he in Figure 2(a). Investiga
tions by Housel {22), and by Davis and 
Woodward {23, 24), have shown that spread
ing of the applied load outward with depth 
below the loaded area may add considerably 
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Figure 2. Stralght-Une failure planes. 

to the magnitude of the normal pressure n 
exerted on the failure plane be. Neglect of this 
factor makes the Terzaghi-Hogentogler equa
tion for ultimate bearing capacity ultra-
conservative. 

On the other hand, the manner in which an 
aijplied load spreads outward with depth in a 
homogeneous soil is not known precisely. I n 
the region close to the loaded area at least, 
this depends upon such factors as the nature of 
the soil, how the load is applied, e.g., rigid or 
flexible bearing, etc. As a consequence, the 
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way in which the normal stress n, due to this 
spreading of the apphed load, varies in mag
nitude along the failure plane he is not ac
curately known and must also be assumed. The 
calculated ultimate strength in turn wi l l be 
only as accurate as this assumption. I n addi
t ion, even after this distribution of normal 
stress n has been assumed, the summation of 
the total shearing resistance s, acting along 
the surface of failure, is not a simple matter, 
since the n tan ^ term of the shearing strength 
varies f rom point to point along the failure 
surface. 

CIRCULAR 

s = c + nTan 

CIRCULAR ARC FAILURE CURVE 
IN HOMOGENEOUS SOIL 

EQUATION FOR 
LOGARITHMIC SPIRAL 

r = r o e * ^ " » 

s = c + n Tan ^ 
LOAD MOMENT = REACTION M0MENT = 

WEIGHT MOMENT + COHESION MOMENT 

LOGARITHMIC SPIRAL FAILURE C U R V E 
(b) 

Figure 3. Cunred-Une fai lure. 

The principal problem, therefore, in ob
taining a reasonably accurate ultimate 
strength value for a homogeneous soil, even 
on the basis of the simple failure planes in 
Figure 2(a), is due to uncertainty concerning 
the magnitude and distribution of the normal 
stress n acting on the failure plane he. I t 
should be particularly noted that this intro
duces equal uncertainty into the value of the 
n tan * term of the Coulomb equation for the 
shear strength s of each individual element of 
length along the failure surface he. 

Recent theoretical studies of the shape of 
the pressure bulb in a layered system by Fox 
{26) at the National Physical Laboratory 

(England) have shown that the pattern of 
pressure distribution on horizontal planes 
below a loaded surface is still less certain for 
a layered than for a homogeneous system. Con
sequently, i f i t is not easy to determine the 
ultimate bearing capacity of a homogeneous 
soil on the basis of the simple straight line 
failure planes of Figure 2(a), i t is still more 
difficult to do so for the layered system of 
Figure 2(b). I n both cases, accurate values 
for the shearing resistance s can not be cal
culated because the magnitude and distribu
tion pattern of the normal pressure n on the 
plane of failure is not definitely known. 

The circular-arc failure curve proposed by 
Fellenius (IS) can be used for the determina
tion of the ultimate strength of a homogeneous 
soil, Figure 3(a). The critical circular arc is 
found by t r ia l and error and is the arc along 
which the shearing resistance of the soil wi l l 
support the lowest ultimate load. The ultimate 
strength is obtained by equating the moment 
of applied load about the center of the critical 
circular arc to the reaction moment about 
the same point. The reaction moment consists 
of the summation of the tangential shearing 
resistance on all elements of the circular arc 
multiplied by the radius of the arc. Here 
again, however, the same difficulty that has 
already been described in connection with 
Figures 2(a) and 2(b) st i l l arises. The magni
tude of the normal pressure n acting on each 
element of the circular arc is not definitely 
known. Consequently, the value of the n tan 
0 term of the Coulomb equation for shearing 
resistance acting tangentially along each ele
ment of the circular arc cannot be determined 
without making assumptions concerning the 
pattern of lateral distribution of the applied 
load below the loaded area. The calculated 
ultimate strength can be no more accurate 
than these assumptions. I n addition, the 
calculation of the part of the reaction moment 
due to the n tan <t> portion of the tangential 
shearing resistance along the circular arc of 
Figure 3(a) is a time-consuming task, par
ticularly since the center of the critical circular 
arc must be found by t r ia l and error. These 
difficulties do not arise of course, when apply
ing Fellenius' method to homogeneous co
hesive soils for which the angle of internal 
fr ict ion ĉ) = 0. 

When discussing the determination of the 
ultimate bearing capacity of a homogeneous 
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soil by the methods illustrated in Figures 
2(a), 2(b), and 3(a), i t has been shown that 
a major difficulty arises because the value of 
the normal stress n to be used in the Coulomb 
equation for shearing strength, s = c - f n 
tan 4,, is not accurately known. This problem 
leads to considering whether there is any 
alternative approach to the calculation of 
ultimate bearing capacity, which would 
eliminate the n tan 0 term of the Coulomb 
equation, and substitute for i t some other 
quantity that can be accurately measured or 
calculated. 

As illustrated in Figure 3(b), the assumption 
of a logarithmic spiral failure curve meets 
these requirements, provided the ultimate 
strength is obtained by equating the load 
moment to the reaction moment. Two sym
metrical-spiral failure curves normally occur 
about a strip load, but in Figure 3(a) the spiral 
on only one side is shown. Figure 3(b) demon
strates that the resultant of the intergranular 
normal (w) and frictional (n tan <t>) forces 
acting at any point along a logarithmic spiral 
is directed to the origin of the spiral. Conse
quently, since the moment arm is zero, the 
moment of the resultant of the intergranular 
stresses {n and n tan <t>), at any point along 
the spiral, about the origin of the spiral, is 
always zero. On the other hand, due to the 
shape of the logarithmic spiral, there is a 
greater weight of material within the spiral 
to the right than to the left of the vertical 
through the origin. This creates a weight 
moment about the origin of the spiral. 

For the friction moment due to the n tan <̂  
term of the Coulomb equation in the case of 
the circular arc of Figure 3(a) and other 
failure surfaces, therefore, the logarithmic 
spiral failure curve of Figure 3(b) substitutes 
a weight moment. As previously pointed out, 
the term n tan <p is difficult to evaluate pre
cisely. On the other hand, the weight moment 
of a logarithmic-spiral failure curve can be 
readily calculated to any desired degree of 
accuracy. 

The significance of each term of the general 
equation for the logarithmic spiral, 

r = roe'*, (1) 

is illustrated in Figure 3(b): 

To is the init ial radius vector; 
r is any other radius vector; 

e is the angle between the two radius vec
tors ro and r, and is measured in 
radians; 

e is the base of natural logarithms and is 
equal to 2.71828; and 

<t> is the angle of internal fr ict ion of the 
material subjected to load. 

When calculating the ultimate strength of 
a homogeneous soil on the assumption of a 
logarithmic-spiral failure curve, we employ 
the well-known principle of mechanics that 
for equilibrium the sum of the moments of 
the forces about any point must be equal to 
zero. I n this case, i t is most convenient to 
select the origin of the spiral as the point 
about which the moments are to be taken. 

A t equilibrium, 

load moment = reaction moment = 
weight moment plus cohesion moment. 

The load moment is obtained by mult iply
ing the total load by the moment arm. The 
reaction moment consists of two quantities, 
the weight moment and the cohesion moment. 

Since more material is contained within the 
spiral to the right than to the left of the 
vertical through its origin, this unbalanced 
weight results in a weight moment. I f the 
material under load possesses any cohesion, 
its cohesion c acts as a shearing resistance 
along the entire length of the spiral. The 
summation of the moments for cohesion c for 
each element of length of the spiral about the 
spiral's origin gives the cohesion moment. 

E . S. Barber {^6) has published several 
tables of basic data that greatly simplify cal
culations involving the logarithmic spiral. 
These enable the weight moment and the 
cohesion moment for the critical spiral, and 
the ultimate strength, to be determined quite 
rapidly for loads applied to homogeneous soils 
wi th different c and 0 values. 

The principles involved in the determina
tion of the ultimate strength of a homogeneous 
soil by means of a logarithmic-spiral failure 
curve are illustrated by a sample calculation 
in Appendix A, and can be ver j ' easily de
scribed. B y tr ial and error, the location of the 
origin of the spiral along which the shearing 
resistance of the soil wi l l support the smallest 
ultimate apphed load is found. I n this tr ial-
and-error method, the load moment is equated 
to the sum of the weight moment, and the 
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cohesion moment for each ti-ial spiral selected. 
This approach is, thei'efoi-e, somewhat similar 
to that employed in the circular-arc method 
for determining the stability of slopes. 

The origin of the critical spiral determined 
by the trial-and-error method lies on a radius 
vector through an extremity of the loaded area 
and making a positive angle 9i with the hori
zontal (Fig. A ) . For cohesionless soils, the 
origin of this spiral is at the intersection of 
this radius vector with the vertical marking 
75 percent of the distance toward the opposite 
extremity of the loaded area. For cohesive 
soils with zero angle of internal friction, the 
origin of the spiral is at the intersection of the 
radius vector with the vertical through the 
opposite extremity of the loaded area. For 
soils with both c and <t> values, the origin of 
the critical spiral lies on the radius vector 

UNIFORMLY APPLIED 
LOAD "P" 

LOG 
SPIRALS 

Figure 4. Influence of size of angle of internal friction 
on the position of the logarithmic spiral-failure curve. 

at its intersection with a vertical somewhere 
between 75 and 100 percent of the distance 
toward the opposite extremity of the loaded 
area. The angle Oi = 23.2 deg. for the critical 
spiral for homogeneous coliesive soils for which 
the iingle of internal fr ict ion = 0, and 
increases as 0 is increased, ffi approaches <j> for 
values of 4> greater than 45 deg. 

To simplify the calculations, unless specifi-
calh- stated to be otherwise, all data in this 
paper pertain to the condition of strip loading, 
that is, for a loaded area which is very long 
in pro])ortion to its width. The contact area 
of a loaded tire is eUiptical in outline, but the 
calculations for ultimate strength for this 
shape of contact area become quite compli
cated. Other investigators (37, 28) have found 
that the ultimate unit load supported by a 
homogeneous cohesive soil on a square or 
I'ound l)earing area is f rom 20 to 30 percent 
higher than the ultimate unit pressure sup

ported by the same soil on a stri]) load of 
the same width. 

To save space in Figures 3(b), 13, and in 
other diagrams of this paper, only one 
logarithmic-spiral failure curve, passing 
through the left extremity of tlie loaded ai-ea 
and extending toward the right, is shown. 
I n all cases, however, a similar logarithmic-
spiral failure curve jiassing through the right 
extremity of the loaded area and extending 
toward the left also exists. The two spii'als 
are symmetrical about the midordinate of the 
loaded area. 

Figure 4 demonstrates how the reaction 
moment increases with increasing angle of 
internal friction <j> of the homogeneous soil 
being loaded to failure. The length of the 
logarithmic spiral increases as <t> increases. 
This increases both the weight moment and 
the cohesion moment, which together make up 
the total reaction moment. Figure 4 alsf) i l 
lustrates very clearly how a weight moment 
is substituted for a friction moment (w tan 0) 
in the case of cohesionless soils. 

I n Figure 5, the increase in the ultimate 
sti'ength q for a strip load 10 in. wide is illus
trated as the angle of internal friction 41 oi & 
homogeneous cohesionless soil is increased. 
For highway and airport construction, reason
ably well-compacted cohesionless soils would 
have angles of internal fr ict ion normally 
ranging from about 30 to 50 deg. or slightly 
higher. On the basis of a logarithmic-spiral 
failure curve, and the other conditions illus
trated in Figure 5(a), i t is shown in the graph 
in Figure 5(b) that as the angle of internal 
friction 0 changes from 30 to 50 deg., the 
ultimate strength q of a cohesionless soil in
creases from about 16 psi. to about 1,000 psi. 

Figure 6 demonstrates the large increase in 
ultimate strength q that would be possible if 
the angle of internal friction 0 of a soil were 
maintained constant at 35 deg., while its 
cohesion c was increased from 0 to 14 i)si. For 
the conditions illustrated in Figure 6(a), i t 
is observed from the graph of Figure 6(b) that 
the ultimate strength q is increased from 37 
psi. when c = 0, to 342 psi. when c = 5 |)si., 
to 883 psi. when c = 14 psi. Nijboei ' {29) has 
reported the results of some triaxial tests on 
a sand in both the dry and moist states. No 
difference in the angle of internal friction 4> 
occurred between the moist and dry condition 
in these tests. However, he found that the 
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cementing or binding effect of the moisture 
films on the moist sand pi'ovideil a value for 
cohesion c = 1.4 psi. Of particular interest, 
therefore, is tlie increase in ultimate strength 
q f rom 37 psi., when c = 0 and (/> = 35 deg., 
to 125 psi., when c = L4 psi. and ^ = 35 
deg., shown in Figure 6(b). This is at least 
qualitatively in keeping with the large varia
tion in the ultimate strength of beach sand 
between tlie moist and dry states, that is a 
matter of common experience. 

UNIFORMLY APPLIED 
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Figure ."S. Influence of angle of internal friction on the 

ult imate strengtli of a colieslonless soil. 

Natural deposits of the good gravel ag
gregates required for stable base courses are 
becoming depleted. While laige deposits of 
sands and inferior gravels are still readily 
available, their stability is too k)w for service 
as base course materials, particularly for 
traffic on tires inflated to high pressures, wliicli 
tend to cause failure within the base. Figure 6 
demonstrates that by the use of a suitable 
binder the stability of these inferior aggegates 
could he increased to the extent required for 

good base-course performance. For exam])le, 
from a comparison of Figures 5(b) and 6(b), 
i t is seen that if to an infeiior aggregate with 
an angle of internal friction 0 = 35 deg. a 
binder can be added to gi\-e a cohesion c = 1,0 
psi. without decreasing 0, its ultimate sti-ength 
q bei^omes 100 psi.. Figure 6(b), which is the 
same as the ultimate strength of a cohesionless 
gravel for which c?) = 40 deg., Figure 5(ii). 
I f to the material for which 0 = 35 deg., the 
added binder gives cohesion c = 6 psi. with 
no reduction in 4>, its ultimate strength be
comes 403 psi.. Figure 6(b), which is identical 
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LOAD "P" 

DENSITY • l35*/Cij.Ft. 

(0) 

-125 P.! i . l . 
— 

—7 —'— 1 
/ — 
n — ^ 

L i 7 PS.I. 

5 — 1 — 

COHESION "C IN RSI. 

(b) 
Figure 6. Influence of cohesion on ultimate strength. 

with the ultimate strength of a cohesionless 
gravel for which 4> = 46° 30', Figure 5(1)). 
Similarly, for 0 = 35° and c = 14 psi,, Figure 
6(b), the ultimate strength q = 883 psi. is the 
same as that for a cohesionless gi-avel for 
which 0 = 49° 30', Figure 5(b). Therefore, i t is 
possible by the addition of a suitable binder 
to a cohesionless sand oi - gravel of low stability 
to increase its sheaiing strength or stability 
to equal that of a cohesionless aggregate of 
high stability. 

Similarly, by adding a suitable binder to 
increase the cohesion c of loam soils that al
ready have a low cohesion c and an inter
mediate angle of internal friction their 



9 8 D E S I G N 

ultimate strength q, or stability, can be in
creased to equal that of good cohesionless 
base course aggregates. Although i t is prob
ably not always clearly recognized, this is one 
of the objectives of the stabilization of both 
cohesive and cohesionless soils for base-course 
construction. 

When adding binders to cohesionless soils 
(and even to cohesive soils), i t must be kept 
in mind that many binders can function as 
lubricants as well as cements. When function

ed = 40 deg., as a binder is added to i t . The 
curve for ultimate strength q in Figure 7 
indicates that q increases to a maximum of 
1,060 psi. at a binder content of 4.8 percent, 
after which i t decreases as further binder is 
added. A t a binder content of 10 percent, the 
ultimate strength } is less than that of co
hesionless aggregate by itself. Figure 7 em
phasizes the need for careful investigation of 
the influence of any proposed binder on the 
ultimate strength or stability of a soil to de-
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Figure 7. Influence of the addition of a cohesive binder on the ultimate strength of a cohesionless soi l . 

ing as lubricants, they tend to reduce the angle 
of internal friction. The cementing action of 
many binders increases up to a certain binder 
content, after which the lubricating effect 
becomes predominant as more binder is 
added. When the lubricating effect becomes 
sufficiently pronounced, the decrease in the 
angle of internal friction <i> may be large 
enough that the ultimate strength q may be 
lowered materially, even though the cohesion 
c may still be increasing. Figure 7 shows 
assumed values for <> and c for a cohesionless 
aggregate with an angle of internal fr ict ion 

termine that even small percentages of the 
binder do not decrease rather than increase 
the stability or ultimate bearing capacity of 
the soil. 

Figures 6(b) and 7 demonstrate the increase 
in stability of relatively unstable cohesionless 
materials that may occur as a cohesive binder 
is added. They also imply that the stability of 
even a highly stable cohesionless base course 
aggregate can be further increased when neces
sary by the addition of a binder that wi l l give 
cohesion c without materially decreasing its 
angle of internal fr ict ion <>. 
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Figure 8 illustrates the various combina
tions of values of c and <t> for soil materials 
that are required for a constant ultimate 
strength q of 200 psi. Figure 8 shows that soils 
for which c = 36.4 psi. and 0 = 0, c = 2 1 . 5 
psi. and 0 = 10 deg., c = 11 psi. and 0 = 20 
deg., c = 5 psi. and 0 = 30 deg., c = 1 psi. 
and 0 = 40 deg., or c = 0 psi. and 0 = 44 
deg., etc., would all have an ultimate strength 
of 200 psi. Figure 8, therefore, demonstrates 
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(b) 
Figure g. Corresponding values of c and 0 required 

to provide a n ultimate strength of 200 psi. 

further the principle already implied in 
Figures 6 and 7, that a certain required u l t i 
mate strength or stability can be obtained by 
combining a low angle of internal fr ict ion 0 
with a high cohesion c, intermediate values of 
c and 0, or a high angle of internal fr ict ion 0 
with a low cohesion c. 

Figures 4, 5, 6, 7, and 8 all refer to the 
ultimate strength of homogeneous soils as 
determined by means of the logarithmic-
spiral approach. I t is realized that ultimate-
strength values for homogeneous soils can be 

determined by means of equations for bearing 
capacity that have been developed by other 
investigators. For comparative purposes, the 
ultimate strength values for homogeneous 
soils given by several of the better known 
equations for bearing capacity are listed in 
Table 1. 

From the data of Table 1, i t is apparent 
that the logarithmic-spiral provides values 
for the ultimate strengths of cohesive soils 
(Columns 2, 3, and 4 in Table 1), that are 

T . \ B L E 1 
U L T I M A T E B E A R I N G C A P A C I T Y O F 

H O M O G E N E O U S S O I L S S T R I P 
L O A D I N G 

Strip Loading 
Width of Loaded Strip = 10 in. 

Soil Density = 136 lb. per cu. ft. 

Bearing-capacity 
formula 

Terzaghi-Hogentogler. 
Terzaghi 
Prandtl 
Fellenius 
Logarithmic spiral 

Ultimate strength values in psi. 
when 

= 0 
40 

c ~ S c = 5 c = S 
psi. 

0 = 0 
psi. 

0 = 20 
deg. 

psi. 
<t> = 35 

deg. 

20 
28.5 
25.7 
27.6 
27.6 

45 
92 
74 

90 

94 
307 
117 

3.38 

T A B L E 2 
U L T I M A T E B E A R I N G C A P A C I T Y O F CO

H E S I O N L E S S S O I L S T R I P L O A D I N G 
Strip Loading 

Loaded Strip ! inch wide; 10 and £4 in. long 
c = 0 

<t> = se deg. 
Density = W2 lb. per cu. ft. 

Bearing-capacity formula 

Actual load teat (Davis and Wood 
ward) 

Terzagiii-Hogentogler 
Terzaghi... 
Logarithmic spiral 

Ultimate Strength 
(psi.) 

14 to 20 
0.4 
1.5 
3.4 

similar to those given by some other bearing 
capacity equations. For cohesionless soils, on 
the other hand, the right-hand column in 
Table 1 shows that the logarithmic spiral gives 
ultimate strength values which are consider
ably higher than those derived by other 
methods. 

Davis and Woodward (23) report making 
over 100 bearing-capacity tests on sands. 
Table 2 contains data taken f rom their paper, 
in which they compared the measured ultimate 
strength of a sand wi th those calculated by 
means of several bearing-capacity equations. 
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I n addition, an ultimate strength value cal
culated on the basis of the logarithmic-spiral 
method employed for the present paper has 
been included. 

While Table 2 shows that all of the bearing-
capacity values calculated by means of the 
theoretical methods are several times less 
than that measured by the actual load test on 
this sand, the ultimate strength calculated 
by the logarithmic-spiral ajiproach comes 
closest to the measured value. On this basis, 
i t might be concluded that the logarithmic 
spiral gives an ultimate strength value for the 
cohesionless soil (<#. = 40 deg.) in Table 1, 
that is only less conservative than those of the 
other methods. However, in spite of the fact 
that the logarithmic-spiral method gives best 
agreement with the measured bearing capacity 

T A B L E 3 

I N F L U E N C E 0 1 ' W I D T H O F L O A D E D A R E A A N D 
O F S M A L L V A L U E S O F C O H E S I O N c O N T H E 
I : L T I M A T E S T R E N C I T H O F A C O H E S I O N L E S S 
S O I L W H E N C A L C U L . \ T E D B Y T H E L O G A R I T H -
M I C I S P I R A L M E T H O D 

Strip Loadiiif] 
Width of Loaded Area = L = I in. and 10 in. 

Densitif of Sand = lOS Ibfi. per cubic foot 
.-{nfilc of Internal Friction <i> = S6 deg. 

Ultimate 
strength in 
psi 

When L = l.Q in. When L = 10 in. 
Cohesion c in psi. Cohesion c in psi. 

c = 0 c = 0.15 c = 1 c = 0 c = I 

3.43 14.3 74 
i 

34.3 j 107.8 

xahie in Table 2, i t should be mentioned that 
other investigators have reported good checks 
between measured values of the ultimate 
strength of cohesionless soils and those calcu
lated by other bearing-capacity formulas, 
such as Terzaghi's. I t is generally agreed that 
we still have ii great deal to learn about the 
bearing cajjacity of soils, and this is em
phasized l)y the variations in the data of 
Tables 1 and 2. 

Table 3 indicates that the large difference 
between the ultimate strength value measured 
by Davis and Woodward for a sand under
stood to be cohesionless, and the values calcu
lated by several theoretical bearing-capacity 
equations. Table 2, might possibly be due at 
least in part to the existence of a very small 
quantity of cohesion c in the sand. For the 
strip loading width of 1 in. , which they used 
for the data of Table 2, the information in the 

second and third columns on the left of Table 3 
indicates that on the basis of the logarithmic 
spiral method the calculated ultimate strength 
would be 3.43 psi. if c = 0 , and 14.3 psi. if 
c = 0.15 psi. Consequently, an actual existence 
of cohesion c =0.15 psi. in the sand with which 
Davis and Woodward were working would 
account for the entire diflerence between 
their measured value of ultimate strength, 14 
psi., and the value of 3.43 psi. calculated by 
the logarithmic-spiral method on the assump
tion that the sand was entirely cohesionless. 
A cohesion c = 0.15 psi. is so small that i t is 
within the range of experimental error for 
most triaxial or direct shear tests and would 
ordinarily be overlooked or disregarded. I t 
should be recognized that this small value of 
cohesion c = 0.15 psi. would not necessarily be 
due to the presence of a binder. Any char
acteristic of the sand that would lead to the 
existence of this small intercept on the ordinate 
axis of the Mohr or Coulomb diagram (the 
shear strength value at zero normal stress on 
the plane of failure commonly called cohesion 
c) would give the large increase in the ultimate 
strength of the sand that has been listed in 
Table 3. While this small cohesion c, if i t 
actually existed in the sand used by Davis and 
AVoodward, may have been due to some char
acteristic other than moisture, i t might be 
mentioned that small quantities of adsorbed 
moisture can influence the physical properties 
of sand. This has been pointed out by investi
gators (30) who have entleavored to stand
ardize a given sand for use in the sand method 
for controlling the compaction of soils in the 
field. Moisture contents as low as 0.25 percent 
have been reported to affect the density of a 
calibrated sand (passing No. 40, retained No. 
60 sieve) by as much as 5 lb. per cu. f t . {30), 
when compared with the density of thoi'oughly 
dr j - sand. 

Table 3 also demonstrates that the existence 
of small values of cohesion c in a sand thought 
to be cohesionless has a much greater influence 
on ultimate-strength values calculated by the 
logarithmic-spiral method for very narrow 
than for wide strip loads. When the width of 
the loaded strip is only 1 in. , a value for co
hesion c = 1.0 psi. inci-eases the ultimate 
strength from 3.43 psi. (for c = 0), to 74 i)si., 
which is 21.6 times as large. On the other hand, 
for a strip load 10 in. wide, a cohesion c = 1.0 
psi. increases the ultimate strength f rom 34.3 
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psi. (for c = 0), to 107.8 psi., which is only 
3.1 times as lai-ge. The possibility for unusual 
results due to unsuspected characteristics of 
a cohesionless material is, therefore, much 
gi-eater for very small than for large loaded 
areas. 

I t is instructive that Davis and Woodward 
(2S) repoit that the shape of the failure sur
face observed in their bearing-capacity tests 
is a logarithmic spiral. 

ULTIM.^TIO S T R K N G T H OP BAUK AND S U R F A C K 

C O U R S E S 

So far, the logarithmic-spiral method has 
been applied to the determination of the 
ultimate strength of homogeneous soils. An 
attempt wi l l now be made to apply this 
method to the determination of the ultimate 
bearing capacity of a layered system, such as a 
flexible pavement. I n this section, attention 
wil l be concentrated on the ultimate strength 
of the two-layer system of a bituminous sur
face resting on a great thickness of granular 
base. This provides the condition where 
failure occurs along shear surfaces located 
entirely wit l i in the base and surface course. 

Figure 9 considers the case of a bituminous 
pavement 2 in. thick for which c = 10 psi. 
and 0 = 40 deg., resting on a great depth of 
base of cohesionless material. The ultimate 
strength of the combined base and surface are 
to be investigated as the angle of internal 
friction of the base course is varied from 30 
deg. to 40, 50, and 60 deg. 

The i)rincipal problem in connection with 
Figure 9, insofar as this pai)er is concerned, 
is how the logarithmic-spiral failure curve is 
to be located through the two layers (surface 
and base), each with quite different c and 0 
values. The approach to this problem em
ployed in this paper is illustrated in Appendix 
B , but in essence i t involves the determination 
of c and 4, values for an eejuivalent homogene
ous material having the same ultimate 
strength as the layered s}-stem of the flexible 
pavement. The ultimate sti'ength of this 
equivalent homogeneous mateiial can then be 
calculated on the basis of a logarithmic-spiral 
failure siu-face, as described earlier in the 
paper; and illustrated in Appendix A. The 
entire procedure requires a trial-and-error 
approach involving the use of successive ap-
pi'oximations, and consists of the following 
steps, which by way of example, are based 

upon the conditions of Figure 9(a) and </. = 30 
deg. for the base: 

1. As the first step, c and 0 values must be 
assumed for the equivalent homogeneous 
material that is to have the same ultimate 
strength as the layered system of Figure 9. 
W i t h more experience, i t may be possible to 
assume a set of c and <p values in this first step 
that are not greatly different from the ultimate 
values determined at the end of the successive-
appi'oximation procedure. This may shorten 
the number of trials required. As indicated by 

DENSITY 
,I45LBS./CUFT 

- 1 0 " - H UNIFORMLY APPLIED 
LOAD "P" 

4 o » i ' ° g c • 10 RS.I. " • : ' ; : j ^ ^ : ' ^ g SURFACES 

BASE 
COURSE 

C . 0 
LOG. SPIRAL 

DENSITY.I45LBS./CU.FT 
(a) 

ANGLE OF INTERNAL FRICTION CF BASE COURSE 

Figure 9. Influence of size of angle of internal friction 
on the ultimate strength of a flexible pavement. 

the set of sample calculations for this par
ticular example in Appendix B, however, the 
c and <p values selected for the first tr ial wei-e 
those of the bituminous surface itself {c = 10 
psi., 0 = 40 (leg.), although i t was obvious 
that this woukl lead to a critical logarithmic 
spiral for which the ultimate strength \-alue 
would be much too high. For the first tr ial , 
therefore, the c and 0 values assumed for the 
hypothetical homogeneous material that is 
to be equivalent in strength to the two-layer 
system of Figure 9(a) were c = 10 psi, and 
0 = 40 deg. 
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2. Determine the critical logarithmic spiral 
for a homogeneous material for which c = 10 
psi. and * = 40 deg., by the method outUned 
in an earlier part of this paper, and illustrated 
in Appendix A. Calculate the ultimate strength 
q for this material, which is found to be 1,141 
psi. (see Appendix B) . 

3. Calculate the complete length of this 
spiral within the base and surface, and also 
the exact length of each of the two portions 
of the spiral that lie entirely within the surface 
course. 

4. Using the length of the spiral within the 
surface course where 0 = 40 deg., and the 
length of the spiral within the base course 
where <d = 30 deg., calculate an overall arith
metic average value for 0 for the entire length 
of the spiral within the base and surface. This 
gives a value for 0 = 30 deg. 26 min. (see 
Appendix B) . 

5. Find an overall average value for co
hesion c for the entire length of spiral within 
the base and surface, on the basis that c = 10 
psi. for the surface course, but is zero for the 
base course. This can be done in either of two 
ways. First, by spreading the cohesion c = 10 
psi. for the part of the spiral within the bi 
tuminous surface over the entire length of the 
spiral as an arithmetic average; that is, the 
part of the length of the spiral entirely within 
the bituminous surface multiplied by cohesion 
c = 10 psi., must be equal to the total length 
of the spiral within the base and surface 
multiplied by this overall average value for c. 
Second, by equating the sum of the cohesion 
moments for the two parts of the spiral entirely 
within the surface course, to the cohesion 
moment for the entire spiral within base and 
surface resulting from the use of an overall 
average value for cohesion c. The limited num
ber of calculations made to date indicate that 
a lower value for cohesion c may always result 
f rom the use of the first method. I t might be 
generally favored therefore, since a lower value 
for c results in a more conservative value for 
ultimate strength. For the present paper, the 
data for the various diagrams have been 
calculated partly by one method, and in part 
by the other. On the basis of the first method, 
the overall average value of cohesion c for 
the first t r ial spiral is c = 0.437 psi. (see 
Appendix B) . 

6. For the second t r ia l (approximation) de
termine the critical logarithmic spiral for a 

homogeneous material for which c = 0.437 
psi. and <;> = 30 deg. 26 min. Calculate the 
ultimate strength q for this material, which 
is found to be 34.0 psi. 

7. Repeat Steps 3, 4, and 5, on the basis of 
this second logarithmic spiral and obtain 
average values for c and 0 to be used for the 
third approximation. The new average values 
found for c and <t> are c = 0.739 psi. and 
0 = 30 deg. 44 min. (see Appendix B) . 

8. For the third tr ial (approximation), de
termine the critical logarithmic spiral for a 
homogeneous material for which c = 0.739 
psi. and 0 = 30 deg. 44 min. (see Appendix B) . 
For this spiral the calculated ultimate 
strength q = 45.7 psi. 

TABLE 4 
VALUES o r c, ^, AND 4 FOR SUCCESSIVE 

TRIALS 
Strip Loading 

Width of Loaded Strip = L •• 10 in. 

Successive 
Approxima

tion No. 
Coliesion c 

psi. 

Angle of 
Internal 
Friction 

Ultimate 
Strang thj^ 

psi. 

1 10 ' 40» 1,141 
2 0.437 30°26' 34.0 
3 0.739 30°44' 45.7 
4 0.660 30°40' 42.6 
5 0.675 30''41' 43.2 

9. Repeat for as many trials as are neces
sary to reduce the difference between the 
ultimate strength values for two successive 
approximations to an acceptable percentage. 

Table 4 summarizes the c, <t>, and ultimate 
strength q values for each of the five 
logarithmic spirals resulting f rom these suc
cessive approximations. I t wi l l be observed 
that the ultimate-strength values for succeed
ing approximations are alternately on one 
side of the final value that would result f rom 
many successive approximations, and then on 
the other, Figure C, with the differences 
between successive appro.ximations gradually 
becoming smaller. The difference in ultimate 
strength q between the fourth and fifth suc
cessive approximations is only 1.4 percent. 
Consequently, i n this case the fifth successive 
approximation provides a value for ultimate 
strength q that would usually be sufficiently 
accurate for practical design. 

On the basis of this logarithmic spiral ap
proach, therefore, the ultimate strength of the 
layered system of Figure 9(a) in which a 



M C L E O D : F L E X I B L E - P A V E M E N T D E S I G N 103 

2-in. bituminous surface, for which c = 10 
psi. and 0 = 40 deg., is placed on a great depth 
of cohesionless base course for which 0 = 30 
deg., is considered to be equal to the ultimate 
strength, q = 43.2 psi., of a homogeneous 
material for which c = 0.675 psi. and 0 = 30 
deg. 41 min. ( f i f th successive approximation 
in Table 4). 

The ultimate strength value, q = 43.2 psi., 
for successive approximation No. 5 in Table 4 
for a layered system consisting of a 2-in. b i 
tuminous surface for which c = 10 psi. and 
0 = 40 deg. on a great depth of cohesionless 
base for which 0 = 30 deg. has been plotted 
as the extreme left hand point on the graph in 
Figure 9(b). This graph indicates that the 
ultimate strength of the layered system illus
trated in Figure 9(a) increases rapidly as the 
angle of internal friction 0 of the base course is 
increased from 30 deg. to 40 to 50 deg. The 
layered system of Figure 9(a), for which the 
angle of internal friction 0 of the base course 
is 60 deg., is probably of l i t t le more than 
academic interest insofar as normal aggregates 
are concerned, since its ultimate strength, 
q = 30,000 psi., is far above the crushing 
strength of the grains and could not be at
tained in practice. 

Figure 9 emphasizes the increase in re
sistance to failure along shear surfaces entirely 
within the base and bituminous surfacing that 
results f rom increasing the angle of internal 
friction 0 of a great depth of cohesionless base 
course material beneath a given bituminous 
surface. 

I t is instructive to compare Figure 9 wi th 
Figure 5 since both pertain to systems in which 
the angle of internal friction 0 of a great 
depth of cohesionless base course material is 
varied. Figure 9 differs f rom Figure 5 only in 
that a 2-in. bituminous surface, for which 
c = 10 psi. and 0 = 40 deg. has been substi
tuted in Figure 9 for the top 2 in. of the base 
course in Figure 5. For 0 = 50 deg. in the base 
course, the bituminous surface in Figure 9 
has the effect of decreasing 0 f rom 50 deg. to 
40 deg. in the top 2 in. of Figure 5, but at the 
same time introduces cohesion c = 10 psi. 
into this layer. Nevertheless, Figures 5(b) 
and 9(b) show that when the base course has 
an angle of internal fr ict ion 0 = 50 deg., the 
single-layer system of Figure 5 and the two-
layer system of Figure 9 both have an ultimate 
strength of about 1,000 psi. Consequently, 

introducing a cohesion c = 10 psi. into the 
top 2 in . of Figure 9(a) just balances the effect 
of decreasing 0 f rom 50 deg. to 40 deg. in this 
layer, insofar as ultimate strength is concerned. 
When the base course has an angle of internal 
friction 0 = 40 deg. in both cases, the ultimate 
strength of the single layer system of Figure 
5 is 105 psi., while that of the two-layer system 
of Figure 9 is 160 psi., an increase of about 52 
percent. I n this case, since the angle of internal 
fr ict ion 0 is the same for both systems, the 
increase in ultimate strength is due entirely 
to the cohesion c of the 2-in. bituminous sur
face of Figure 9. For the case where the base 
course has an angle of internal friction 0 = 30 

DENSITY UNIFORMLY APPLIED 
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(b) 

F igure 10. Influence of bituminous-pavement thick
ness on the ultimate strength of a flexible pavement. 

deg., the ultimate strength increases f rom 16 
psi. i n Figure 5 to 42 psi. in Figure 9, an in 
crease of about 160 percent. This increase is 
due partly to increasing <j> f rom 30 deg. to 
40 deg. in the top 2 in. , and partly to the 
introduction of cohesion c = 10 psi. into this 
2-in. layer. The small difference in density, 
135 lb. per cu. f t . for Figure 5, and 145 lb. per 
cu. f t . for Figure 9, does not appreciably 
affect the comparison that has been made. 
This comparison between Figure 5 and Figure 
9 illustrates the important effect that the 
introduction of cohesion c into even a part of 
a layered system has on its ultimate strength. 

Figure 10 illustrates the increase in ultimate 
strength of a layered system consisting of a 
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bituminous surface on a great thickness of a 
given cohesionless base course for which 
0 = 40 deg,, as the thickness of bituminous 
surface is increased from 0 to 6 in. Two graphs 
are shown. The upper graph, labelled "Fu l l 
Cohesion," assumes fu l l development of the 
cohesion of the bituminous surface at both 
ends of the logarithmic spiral. The graph 
labelled "Partial Cohesion" is based on the 
possibility that the sti'ucture might have 
failed before any of the cohesion of the bi
tuminous surface along the right hand side of 
the spiral has been mobilized. I n this latter 
case, i t is assumed that onh' the cohesion of 
the bituminous surface traversed by the left-
hand side of the spiral of Figure 10(a) is fu l ly 
developed; that is, the poition of the spiral 
just under the left-hand extremity of the 
loaded area. 

Figure 10(b) indicates that if the cohesion 
of the bituminous surface is ful ly mobilized 
where i t is ti-aversed by both ends of the 
spiral, the ultimate strength of the layered 
system of Figure 10(a) increases from 105 psi. 
for 0 in. of bituminous surface, to 260 psi. 
for 3 in. , to 410 psi. for 6 in, of bituminous 
surface. 

On the other hand, if the cohesion of the 
bituminous pavement is developed only where 
i t is cut by the left-hand side of the logarithmic 
spiral, the graph of Figure 10(b) labelled 
"Partial Cohesion" shows that the ultimate 
strength of this layered system increases from 
105 psi. for zero thickness of bituminous sur
face, to 120 psi. for a thickness of 3 in. , to 160 
psi. for a 6-in. thickness of bituminous surface. 

Experimental data are required to determine 
which of the curves of Figure 10(b), or whether 
some other relationship, applies in actual 
pi'actice. Nevertheless, when the base itself 
is not highly stable. Figure 10 indicates that 
a greater thickness of well-designed and well-
constructed bituminous surface of good sta
bi l i ty may increase the overall resistance of 
the base and surface to shearing failure under 
high tire pressures. 

I t should be particularly noted in Figure 10 
that the angle of internal fi-iction for both the 
base and sui'face course is exactly the same, 
0 = 40 deg. Consequently, the increase in 
ultimate sti'ength of the layered system of 
Figure 10 with increase in thickness of the 
bituminous surface, again reflects the im

portance of introducing cohesion c into even 
one part of the layered system. 

I t should be emphasized that the ultimate 
strength values that have been given in this 
section pertain only to resistance to failure 
along shear surfaces that lie entirely within 
the base and surface. 

S Q U E E Z I N G F A I L U R E O F B I T U M I N O U S S U R F A C E 

B E T W E E N T I K E AND B A S E 

Figure 11 demonstrates the possibility of 
another type of flexible pavement failure that 
must always be investigated, particularly 
where high tire inflation pressures are 
involved. 

Figure 11(a) shows that a great thickness 
of cohesionless aggregate, for which 0 = 47 
deg. and c = 0, has an ultimate strength of 
467 psi. Figure 11(b) indicates an ultimate 
strength of 254 psi. for a great thickness of 
bituminous surfacing material for which c = 
10 psi. and 0 = 25 deg. Combining these 
materials in the two-layered flexible pavement 
structure illustrated in Figure 11(c) results 
in an ultimate strength of 465 psi., when the 
ultimate strength is calculated by means of 
the logarithmic-spiral method. 

However, Figure 11(d) demonstrates the 
effect of investigating the stability of the 
layered system of Figure 11(c) on an entirely 
different basis. The possibility of failure of 
the bituminous surface by squeezing out be
tween the tire and base course is examined 
by a method described in detail elsewhere 
{9, 10, 11, 12, IS). The results of this investi
gation are illustrated in Figure 11(d). For the 
shape of the tire-pressure-distribution curve 
and other conditions shown in Figure 11(d), 
these results indicate that under any tire 
inflation pressure greater than about 100 psi. 
this particular bituminous surface (c = 10 
psi., 0 = 25 deg.) would fai l hy being squeezed 
out between the tire and the base course, since 
some portion of the tire-pressure-distribution 
curve would be above the pavement-stability 
curve, that is, the applied pressure on some 
part of the bituminous surface would exceed 
its stability. Consequently, in this case the 
ultimate strength of the layered system is not 
465 psi. as given by the logarithmic-spiral 
method. Figure 11(c), but is about 100 psi.. 
Figure 11(d), as given by the investigation of 
its resistance to being squeezed out between 
the tire and base course. I f the conditions of 
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design require a higher unit load than 100 psi. 
to be carried. Figure 11 indicates that a 
bituminous jjavement having a higher stability 
against failure by squeezing action than that 
illustrated, (c = 10 jisi. and <ti = 25 deg.), 
must be selected. 

The data shown in Figure 11 demonstrate 
the necessity for applying the three criteria 
outlined at the beginning of this paper to 
every flexible pavement design problem: (1) 

F L E X I B L E - P A V E M E N T D E S I G N 

I t is appai-ent that the logarithmic-spii-al 
method that has just been described provides 
a possible basis for the rational design of 
flexible pavements f rom the point of view 
of their over-all thickness requirements. 
This is illusti'ated in Figure 12, where the 
logarithmic-spiral failure curve is seen to cut 
through bituminous surface, base course, and 
subgrade. 
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Flfture 11. I l lustrating failure criteria for flexible pavements. 

sufficient thickness to prevent subgrade 
failure; (2) adequate shear strength in the 
layers close to the loaded area to avoid failui-e 
along shear surfaces entirely within the base 
and surface; and (3) examination of the 
stability- of each layer against failui'e by 
squeezing action. A different ultimate strength 
for any given flexible pavement wi l l usually 
be established by each of the three criteria. 
I t is ob^-ious that the lowest overall strength 
established by any one of these criteria is the 
ultimate strength value that should control 
design. 

I n this case, the problem consists essentially 
of determining c and <}> values for an equivalent 
homogeneous material that wil l have the same 
ultimate strength as that of the three-layer 
system of Figure 12, compilsed of three differ
ent materials, each wi th its own e and <̂  \-alues. 
On the basis (if these over-all c and ct> values 
for the equivalent homogeneous material, the 
critical logarithmic-spiral failure cui've can 
be determined, f rom which the ultimate 
strength of the three-layer s^-stem is then cal
culated. The procedure is similar to that 
ah'eady outlined for a two-layer system. 
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I n Table 5, ultimate-strength values are 
given for a three-layer system of bituminous 
surface, base course, and subgrade, each hav
ing the c and 0 values and the thicknesses 
fisted. Three strip-loading widths were em
ployed, 10, 12, and 22 in. For each strip-load-

SURFACE ?A%V^X^l-T.k-ie-A^-r$mm'4 

BASE SPIRAL 

SUBGRADE 

Figure 12. Flexible pavement thiclcness design. 
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ing width, the only variable is the value of 
cohesion c of the base course, every other 
factor being held constant. The data in 
Column 5 demonstrate that the logarithmic 
spiral has penetrated well into the subgrade 
in each case, since its maximum depth of 
penetration, Z, considerably exceeds the com
bined thicknesses of surface and base. Other 

investigators have indicated that the ultimate 
strength for a circular bearing area is f rom 20 
to 30 percent larger than for a strip load of 
the same width {27, 2S). Since i t is usual to 
base airport and highway pavement design on 
circular contact areas, frequently considered 
to be equal to the wheel load divided by the 
tire inflation pressure, ultimate-strength 
values for circular bearing areas are shown 
in the right-hand column of Table 5, and 
were obtained by increasing the ultimate 
strengths for strip loading by 25 percent. 

The data of Table 5 demonstrate that for 
the otherwise-constant conditions listed for 
each of the three loaded widths, the ultimate 
strength of the flexible pavement structure 
increases as the cohesion c value of the base 
course is increased from 0 to 1 to 5 psi. The 
effect on the ultimate strength is small when 
the cohesion c of the base course is changed 
from 0 to 1 psi., but the ultimate strength is 
increased by from 25 to 35 percent when the 
cohesion c of the base is increased from 0 to 5 
psi. (for the cases covered by Table 5). 

Consequently, on the basis of the logarith
mic-spiral method described in this paper, the 
data of Figure 5 emphasize again that increas
ing the cohesion c of any one layer of the 
flexible-pavement structure within the loga
rithmic spiral, without sacrificing angle of 
internal fr ict ion 4>, results i n an over-all in
crease in the ultimate strength of the structure. 

S A F E T Y F A C T O R F O R U L T I M . - \ . T E - S T R E N G T H 
• V A L U E S F O R F L E X I B L E - P . W E M E N T 

D E S I G N 

The ultimate-strength values derived on 
the basis of the logarithmic-spiral method de
scribed in this paper could not ordinarily be 
employed directly for flexible-pavement 
design, because the deflection developed by 
the load at ultimate strength would usually 
damage the bituminous surface. This is similar 
to the situation in foundation design where, 
i f the ultimate strength of the underlying soil 
were employed for the design of footings, the 
large ensuing settlement would normally 
damage the structure seriously. When de
signing footings, a safety factor of about 3 is 
frequently applied to the measured ultimate 
strength of the soil {27). 

Consequently, a factor of safety must 
usually be applied to the ultimate strength of 
a flexible pavement as calculated by the 
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logarithmic-spiral method, to protect the 
bituminous surface against damage by the 
excessive deflection that an appUed wheel 
load equal to the ultimate strength would 
cause. This immediately leads to the problem 
of what the magnitude of this safety factor 
should be. 

Factors of safety in actual use for flexible-
pavement design and construction for high
ways and airports are unknown. Nevertheless, 
they could be determined. Actual experi
ence in many areas has indicated what the 
flexible-pavement design should be for any 
given wheel load, subgrade support, and 
traffic intensity. For design purposes, the size 
of the contact area is usually taken to be equal 
to the wheel load divided by the tire-inflation 
pressure and is assumed to be circular in 
shape. By using the diameter of this circle as 
the width of a strip loading, and knowing the 
c and 0 values for subgrade, base course, and 
bituminous surface, and the density of each 
layer, an ultimate-strength value for the 
flexible pavement can be determined by the 
logarithmic-spiral method. The ultimate 
strength for the strip loading can be increased 
by f rom 20 to 30 percent to give the corre
sponding ultimate strength for a circular area 
of the same diameter as the strip load width. 
The ratio of this calculated ultimate strength 
for the circular area in pounds per square inch, 
to the tire inflation pressure in pounds per 
square inch employed for the original design, 
represents the safety factor being used. 

Since the required flexible-pavement thick
ness for any given wheel load and inflation 
pressure varies wi th traffic intensity, the 
safety factor being employed wil l also vary 
wi th the density of traffic. I t is quite Ukely 
that the safety factor being employed for 
flexible pavements for airport runways for 
capacity operations is somewhat smaller than 
that for highways for densest traffic, since the 
concentration of traffic is greater on a heavily 
travelled highway than on the busiest runway. 

G E N E R A L C O M M E N T S 

1. One of the criticisms of the logarithmic-
spiral method described in this paper for de
termining the ultimate strength of flexible 
pavements that may be suggested is that no 
allowance has been made for the discontinui
ties that may occur where the spiral crosses 
the boundaries between different layers. This 

objection may be quite valid. On the other 
hand, the lack of complete homogeneity of 
soils in embankments and slopes does not 
seem to interfere with the reasonable accuracy 
obtained when circular arcs are assumed 
for the shape of the failure surfaces when 
analyzing their stability. I n stabifity investi
gations, these circular ares are assumed to cut 
through soil layers of different shearing 
strengths without discontinuity. I n addition, 
as pointed out early in the paper, the surface 
profile of the rutt ing and upheaval of a flexible 
pavement that has failed under excessive wheel 
loads is at least quahtatively similar to that 
of a homogeneous soil which has been over
loaded by traffic. Consequently, the shapes of 
the surfaces of shear failure cannot be greatly 
different in these two cases, and in this paper 
they are assumed to be logarithmic spirals. 
I t may be, therefore, that any actual dis
continuities that may occur wherever the 
logarithmic spiral crosses a boundary between 
two layers of materials are not too important 
insofar as stability analysis by the logarithmic-
spiral method is concerned. 

2. When attempts are made to analyze the 
stability of a layered system by assuming that 
discontinuities occur wherever the logarithmic-
spiral crosses a boundary between two layers, 
serious difficulties immediately arise. For ex
ample a different origin must be located for 
the portion of the spiral in each layer. The 
position of each origin wi l l depend upon the 
amount of discontinuity assumed. I n addition, 
about which of these origins or other common 
point is the load moment to be taken? Conse
quently, if discontinuities of the spiral at 
boundaries between layers are assumed, other 
assumptions must eventually be made that 
may lead to greater error than occurs by dis
regarding them, as has been done in the 
present paper. 

3. When analyzing the stability of slopes 
by means of the circular-arc method, the 
shearing resistance of the soil is assumed to be 
mobifized simultaneously along the whole 
length of the failure arc, which may be several 
hundred feet. Good agreement between actual 
field performance and the stability values cal
culated on this basis are usually reported. 
Consequently, the assumption made in this 
paper that the shearing resistances of the 
materials in the different layers of a flexible 
pavement are mobilized simultaneously 
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throughout the length of a logarithmic-spiral 
failure curve, which is at most only a few feet 
in length, may not be unreasonable. 

4. One of the major conclusions indicated 
by the data of this paper is the important 
influence of cohesion c on the resistance of a 
flexible pavement to failure along shear sur
faces that lie entirely within the base and 
surface, and probably on failure surfaces that 
])enetrate the subgrade as well. Figures 9 and 
10 testify to its importance even when cohesion 
c is confined to the bituminous surface that 
has been laid on a base of cohesionless ag
gregate. The marked effect of cohesion c on the 
stability of base course material is demon
strated by Figures 6 and 7. 

The binders that provide cohesion c may 
function as lubricants as well as cements. I n 
their capacity as lubricants the.y tend to 
i-educe the angle of internal friction <j) of the 
aggregate. In some situations, therefore, the 
introduction of the binder leads to a net loss 
in stability, because the influence of the reduc
tion in (j) more than offsets the effect of the 
increase in c. 

I n cases where the lubricant projierty of 
current common binders, sudi as clay or bi
tuminous materials, is too pronounced, meth
ods for reducing their lubricant quality and 
increasing their effecti\'eness as plastic cements 
(higher cohesion c) should be considered. As 
an alternative, new inexpensive binders, that 
wi l l perform more nearly as desired, might be 
investigated. 

5. Since Burmister's layered-system theory 
of flexible-pavement design is based upon the 
elastic properties of the material in each layer, 
i t will result in the same strength rating for 
either cohesionless materials or those con
taining a bindei- to give cohesion c, if their 
moduli of elasticity are the same. The 
logarithmic-spiral method employed in this 
paper, on the other hand, indicates that while 
tw'o materials, one cohesionless and the other 
cohesi\-e with both c and ^ values, might have 
the same moduli of elasticity, the cohesive 
material may develoj) either a higher or lower 
ultimate strength, depending upon the rela
tive values for ej> of the two materials. There
fore, while its modulus of elasticity is the 
most important characteristic of the material 
in each layer from the point of view of Burmis
ter's theory, the c and 0 values are the most 
important properties of the material in each 

layer of a flexible pavement when its strength 
is analyzed by the logaiithmic-spiral method. 
Consequently, for the same layered system of 
base course and surfacing materials, a different 
strength rating wil l jjrobably be given by 
Burmister's theory based upon elastic proper
ties and a critical surface deflection than by 
the logailthmic-spiral method based upon 
ultimate strength and a factor of safety. No 
data are presently available for determining 
the magnitude and range of the difference in 
strength given by the two methods. 

6. While the calculations required for the 
logarithmic-spiral method described hei-e are 
somewhat time-consuming, they are relatively 
simple and straightforward and can be 
quickly mastei'ed by any qualified, interested 
individual. Considerable time might be saved 
if charts providing basic data concerning the 
logarithmic-spiral method were prepared. 

. S U M M A R Y 

1. Three criteria for flexible pavement 
design are listed. 

2. Heavier airplanes for air transport, and 
a gi-eater number of trucks with heavy axle 
loadings on highwa^-s, have increased the 
thickness of flexible pavement requii-ed to 
prevent subgrade failure. 

3. The high tire-inflation i^ressures of jet 
aircraft have increased the tendency for 
flexible-pavement failure along shear ])lanes 
entirely within the base and surface coui'se 
when the base course is of great depth. 

4. A logarithmic-spiral method for deter
mining the stability of layers of flexible pave
ment close to the loaded area is described. 

5. The ultimate strength of a homogeneous 
soil has been calculated on the basis of its 
c and <t> values, and assuming a logarithmic-
spiral failure curve. 

6. The ultimate strength of homogeneous, 
cohesionless soil increases as its angle of 
internal friction is increased. Its ultimate 
strength is also increased if a binder is added 
to give cohesion c, provided the lubricating 
qualit}" of the binder does not seriously reduce 
the angle of internal friction of the aggregate. 

7. The ultimate strength of a two-layer 
system consisting of a bituminous sui'face on 
a great depth of cohesionless base course 
can be calculated on the basis of the c and 0 
values for each layer, and assuming a log
arithmic-spiral failure curve. 
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8. The ultimate strength of this two-layer 
system inci'eases with an increase in the angle 
of internal friction of the base course material, 
and is also increased by the cohesion c of the 
surface course. 

9. An example of the possibility of flexible-
pavement failure due to squeezing out of an 
unstable bituminous surface between tire and 
base course is included. 

10. The ultimate strength of a three-layer 
system consisting of subgrade, base coui'se, 
and bituminous surface, has been briefly in
vestigated on the basis of a logarithmic-spiral 
failure curve and the c and <t> values for the 
material in each layer. 
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APPENDIX A 

SAMPLE CALCULATION FOB ULTIMATE 
STRENGTH OF A HOMOGENEOUS 

SOIL BY THE LOGARITHMIC 
SPIRAL METHOD 

The objective of this sample calculation is 
the determination of the maximum applied 
strip load that the homogeneous soil can sup
port without failure for the conditions illus

trated in Figure A, assuming the failure curve 
to be a logarithmic spiral. 

The method requires balancing load moment 
against reaction moment for the incipient fa i l 
ure (equilibrium) condition. For this purpose, 
the location of the critical logarithmic spiral 
that develops the minimum reaction moment 
for this condition must be found. The origin 
of this critical spiral is determined by the t r ia l -
and-error method. Barber (26) has published 
three tables of basic data concerning the loga
rithmic spiral that greatly facilitate a number 
of the calculations that must be made. 

" — L = I O " ' 

— B 

A 

D E N S I T Y 
I 3 5 L B S . / C U F T . 

Figure A. Illustrating the logarithmic spiral method 
for calculating the ultimate strength of a homoge

neous soil. 

For this sample calculation, the following 
conditions are given (Fig. A) : 

Strip Loading 
Width of loaded strip = L = 1 0 in . 
0 = 30 deg. 
c = 5 psi. 
Soil Density = m = 135 lb. per cu. f t . 

The following information is required: 
( 1 ) ultimate strength q of the soil in psi. and 
(2) depth z of the deepest penetration of the 
critical logarithmic spiral. 

As previously shown, the equation for a 
logarithmic spiral is 

r = ,-„e«'-* ( 1 ) 

where 

ro = the init ial radius vector 
r = any other radius vector 
$ = angle between the two radius vectors 

Co and r, measured in radians 
e = the base for natural logarithms, 

2.71828 
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(j> = the angle of internal friction of the 
material subjected to load 

The reaction moment consists of a weight 
moment plus a cohesion moment. The weight 
moment is due to the greater weight of material 
above the spiral to the right than to the left 
of the ordinate through its origin. The cohe
sion moment results from the shearing resist
ance due to cohesion c acting along the length 
of the spiral. The calculation of the weight 
moment wi l l be illustrated first. 

Step 1 

Assume for the first tr ial that the center 
of the critical spiral lies on a radius vector 
through the left extremity of the loaded area 
making an angle 9i = 30 deg., and at a hori
zontal distance B to the right of the left ex
tremity of the loaded area, Figure A. 

Step 2 

Calculate values for r i / r o , sin Bi, r s / ro , 
ir — 92 , , '•o , and r o ^ all of which are required 
for determining the weight moment. 

By substitution in liquation 1, i t is found 
that r i / c o = 1.35, (see also Barber's Table A, 
which is based on Equation 1, and gives values 
of /•//'o for different values of 6 and 4>). 

sin 9i = sin 30° = 0.5 

To evaluate r^/co , solve the following iden
t i t y by trial and error. 

— s i n Bi = — s i n (T — 

ro rs, 

from which 

5.74 

and 

X - 9 , = 6.8° 

= 180° - 6.8° = 173.2° 

From Figure A by inspection 

^1^ 

" (cos B X J ) " (cos 3 0 ° ) ( l . 3 5 ) " 
— = 0.854fi 

Step 3 

Barber (26) lists the following equation for 
the moment of a sector of a logarithmic spiral 

M = 
3-1-27 tan^ B (2) 

• [e^'"'°'''(sin 9 - i - 3 cos 9 tan 9) - 3 tan 4,] 

and in his Table C has tabulated values for 
M / r o ' for a wide range of values of 6 and 0. 

The weight moment for the first tr ial spiral, 
Bi = 30 deg., is calculated as follows:— 

Weight moment of spiral sector OADMGO = 

15.75B'«) (Barber's Table C (26)) 

Weight moment of spiral sector OADO = 

O.nB'w (Barber's Table C (26)) 

Weight moment of triangle ODJO = (S/2) 

• (B tan 61) (B/3) {w) = 0.096B'w 

B tan Bi 
Weight moment of A OJOO = 7^^7-777-

(2) (3) 

•{B tan ft cot (TT - B-^Yw = 2.29B% 

Weight moment of section DMOD 
= MoADMGO + MoADO + MoDJO — Mojao 
= 15.75B^«) + O.llB^w + 0.096B5«) 

- 2.2m^w 
= 13.73B'M) 

Therefore, the required value for the weight 
moment for the first t r ial spiral = 13.73B%. 

Step If 

The cohesion moment for the length of the 
first t r ial spiral actually in the soil must now 
be calculated. 

The moment of the length of a section of a 
logarithmic spiral is equal to twice the area 
subtended by the section from its origin. 
Barber {26) lists the following equation for the 
area of a sector of a logarithmic spiral. 

A = 
4 tan B 

(3) 

ro = 0.623B' 
and in his Table B has tabulated values for 
A/co^ for a wide range of values of B and i>. 
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Consequently, 

cohesion moment 

= 2c (area of sector of spiral) 

= 2c (area 0.4/).l/G0 - area OADO) 

Area of sector of sijiral OADMGO = ]3.78c„2 

(Barber's Table B (20)) 

Area of sector of spiral OADO = 0.36/-|,2 

(Barber's Tal)le B (26)) 

from which 

cohesion moment = 2c (13.78ro- — ().36( iî ) 

= 26.S4c„2c 

but 

/•(, = 0.854B (see Step 2 uliove) 

Therefore, the rcciuired value for the cohe
sion moment for the first trial spiral = 19.6/i^c. 

Step 5 

Consequently, for the first trial spiral 

Total reactioti moment 

= weight moment plus cohesion moment 

= Vi.lWw + lo.ew^c 

Step fJ 

Repeat the calculations for Steps 1 to 5 to 
obtain similar expressions for the total reaction 
moment when di is assumed to be 35 deg., 40 
deg., 45 (leg., and 50 deg. These are summar
ized in Table 6. 

It should be pointed out in connection wit l i 
Talile 6, that the expressions obtained for the 
reaction moments when assumed values for 
di = 30 deg., 35 deg., 40 deg., 45 deg., and 50 
deg., will always hold for a homogeneous soil 
for which 4, = 30 deg., regardless of the value 
of cohesion c. Conseciuently, the reaction mo
ment expressions listed in Tal)le 6 do not again 
have to be calculated as long as the angle of 
internal friction d = 30 deg. for a homogeneous 
soil. Similarly, other expressions for reaction 
moments for assumed values of 9i need be cal
culated only once when ^ = iO deg., and so on. 

It will be observed that reaction moment 
expressions are given for assumed values of 
d, in 5-deg. intervals in Tal)le A. .\ limited num-

l)er of calculations indicate that this results in 
values for ultimate strength that may be suffi-
cientl.y accurate for practical design. 

Step 7 

For this sample calculation i t has been 
assumed that c = 5 psi., <t> = 30 deg., and w = 
135 lb. per cu. f t . By substitution of these 
values for w and c in the reaction moment ex-
l)ressions in Tal)le 6, the minimum reaction 
moment appears to occur for 4>i = 40 deg., and 
is given by the expression ll.(i7wB' -f- 18.70BV. 

I t should be noted, however, that each reac
tion moment expression in Table 6 contains the 
term in the weight moment portion, and B' 
in the cohesion moment item. (In Figure A, B 
is the horizontal distance from the left-hand 
extremity of the loaded area to the ordinate 
through the origin of the spiral, and is given 
by DJ.) The value of B (see Step 10 below) 
varies somewhat with the values of c, 0, and <̂ >i. 
Conse<iuently, the minimum reaction moment 
ol)tained by substituting values for c and w in 
tal)les of reaction moments such as Table 6, 
should be checked by substituting the value 
for B calculated for reaction moment expres
sions at and on each side of this apparent miin-
mum to ensure that the minimum reaction 
moment has l)een determined. 

In this particular case, substitution of the 
values for w and c gives a minimum reaction 
moment that is unchanged by the values found 
for B. 

Therefore, 

the minimum reaction moment 

= 11.67)cB= + 18.7B^c. 

Step 8 

From inspection of Figure A, and since L = 
10, it is apjiarent that 

Load moment = (Lp) ^B 10p(B - 5) 

Step 9 

l''.([Uating the load moment to the minimum 
reaction moment gives 

10/j (B - 5) = n.67wB= + \S.70B^c 

which upon rearranging becomes 

11.67u;S' + \S.70B^c 
V 10(B - 5) 

(4) 
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but 

w = 135 lb. per cu. f t . = 0.0783 lb. per cu. in . 

and 

c = 5 psi. 

Substitution of these values for w and c in 
Equation 4 gives 

0.91 - I - 93.5B2 
^ = 10(B - 5) ® 

Step W 

In Equation 5, p = unit applied load, while 
B = the horizontal distance from the left 
extremity of the loaded area to the ordinate 
through the origin of the critical logarithmic 
spiral. I t is necessary to find the value for B 
that wi l l result in the minimum value for p; 
that is, to find the origin of the spiral that wi l l 
provide the smallest ultimate strength q. 
This is obtained by differentiating Equation 5 
with respect to p, equating the derivative to 
zero, and solving the resulting quadratic equa
tion for B. 

Differentiating Equation 5, simplifying, and 
equating the resulting equation to zero, gives 

dp 
dB 

= B^ + 43.9B - 513.7 = 0 (6) 

Solving Equation 6 for B gives 

B = 9.6 in . 

Consequently, the origin of the required 
critical logarithmic spiral is located on the 
radius vector making an angle Bi = 40 deg., 
at the point of intersection of this radius vector 
with the ordinate spaced 9.6 in . to the right of 
the left-hand extremity of the loaded strip, 
Figure A. 

Step 11 

The ultimate strength q is obtained by sub
stituting the value 9.6 for B in Equation 5, 
and solving for p, which gives 

p = 205 psi. 

Therefore, the ultimate strength q for a 
homogeneous soil for which c = 5 psi. and (t> = 
30 deg., and for the other conditions illus
trated in Figure A, is 205 psi. 

Step 12 

To find the depth z of the deepest penetra
tion of the critical logarithmic spiral below 
the ground surface. 

From Figure A, 

Angle OMR = 90 — î >, since the tangent to a 
logarithmic spiral alwaj's makes 
an angle of 90 — î ) wi th the 
radius vector at the point of 
tangency. 

Also, 

Angle OMR = 180 - B, . 

Consequently, 

90 - <A = 180 - B, 

or 

9. = 90 4- 0 

I n addition, 

z + h = cos {B, — 90°) = cos <t> 

but, 

h = B tan Bi 

Therefore, 

z = r« cos <j> — B tan Bi (7) 

The value of each term in Equation 7, ex
cept , has already been evaluated. 

cos 4> = cos 30° = 0.866 

B = 9.6 

tan Bi = tan 40° = 0.8391 

r, can be evaluated from the general equation 
for the logarithmic spiral, 

r, = r<,e»' * (8) 

for which 

ro = 0.870 B = (0.870) (9.6) = 8.35 

9. = 90 - f = 90 -f- 30 = 120° = 2.0944 

radians 

tan 4> = tan 30° = 0.5774 

Substituting these values in Equation 8 and 
solving, gives, 

r, = 28.0 in. 
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Al l terms on the right hand side of Equation 
7 have now been evaluated. Substituting these 
values in Equation 7 gives 

z = (28.0) (0.866) - (9.6) (0.8391) = 16.2 inches 

Consequently, the maximum penetration of 
the critical logarithmic spiral below the 
ground surface, z, is 16.2 in . 

APPENDIX B 

SAMPLE CALCULATION FOR THE ULTIMATE 
STRENGTH OF A TWO-LAYER SYSTEM BY 

THE LOGARITHMIC SPIRAL METHOD 

Tlie objective of this sample calculation is 
the determination of the maximum applied 
strip load that a two-layer system consisting 
of a bituminous surface on a great depth of 
base course can support without failure for 
the conditions illustrated in Figure B, assum
ing the failure curve to be a logarithmic spiral. 

I n essence, the method employed requires 
the determination of c and ^ values for an 
equivalent homogeneous material having the 
same ultimate strength as the layered system. 
After these c and <̂  values have been deter
mined, the ultimate strength of the equivalent 
homogeneous material can be obtained by the 
method outlined in Appendix A. I t is assumed, 
of course, that this method is capable of provid
ing c and 0 values for an equivalent homogene
ous material having the same ultimate strength 
as the layered system. 

There is a different material in each layer of 
the two-layer system of Figure B, and each has 
its own c and values. To find the values of 
c and 0 for an equivalent homogeneous material 
having the same ultimate strength as the two-
layer system, the method of successive approx
imations is employed, assuming in all cases 
that the failure curve is a logarithmic spiral. 

As the first step in this method, single values 
for c and for the equivalent homogeneous 
material are assumed, and the critical logarith
mic spiral is determined as described in Ap
pendix A. Based on the actual values of c and 

for each layer traversed by the spiral, overall 
average values for c and assumed to be acting 
along the f u l l length of the spiral can be cal
culated. These calculated average values for c 
and <t> wi l l usually be different from those ar
bitrari ly assumed for this spiral. A second crit
ical spiral is, therefore, determined, based on a 
homogeneous material having the average 

values for c and </> calculated for the first 
spiral. Using the procedure just outlined for 
the first spiral, overall average values for c 
and 0 acting along the fu l l length of the second 
spiral can be calculated. Using this second set 
of average values for c and 0, a third critical 
spiral is determined, from which a third set of 
overall average values for c and <i> can be cal
culated, and used for establishing the fourth 
spiral. This process can be repeated as often 
as required. 

DeNSITY.|457CUFT 

BASE 
COURSE 

Figure B. Illustrating the logarithmic spiral method 
for calculating the ultimate strength of a two-layer 

system of flexible pavement. 

SURFACE 

BASE COURSE 12)M)-13) 

Figure C. Illustrating relative positions of logarithmic 
spirals resulting from successive trials when applying 

the method of successive approximations. 

As illustrated in Figure C, each successive 
spiral approaches more nearly to the ultimate 
spiral that would result from many successive 
approximations. Table 4 demonstrates that the 
differences in over-all average values for c 
and (̂>, and in the values of ultimate strength, 
become progressively smaller between suc
cessive approximations. Consequently, the 
number of successive approximations to be 
used in any given case, depends upon the de
gree of accuracy needed for practical design. 
For the conditions covered by Table 4, the fifth. 
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and possibly the fourth, or even the third suc
cessive approximation might provide the ac
curacy required. 

The successive steps required for the appli-
ctition of this method wil l be outlined in a 
sample calculation based on the following con
ditions illustrated in Figure B. 

Strip Loading 

Width of Loaded Strip = L = 10 in . 

Vor surface course, c = 10 psi., 0 = 40 deg. 

For base course, = 30 deg. 

Thickness of surface course = 2 in . 

Density of both layers = w = 145 lb. per 
cu. f t . 

= 0.839 lb. per cu. 
in . 

The following information is reiiuired: (1) 
ultimate strength q of the two-layer system 
in pounds per square inch and (2) depth z of 
the deepest penetration of the critical logarith
mic spiral. 

The successive steps retjuired for the de
termination of the ultimate strength of the 
two-la,yer system will be described first. 

Step 1 
Arbitrari ly assume c and 0 values for the 

homogeneous material that is to have the same 
ultimate strength as that of the given two-
layer system. With more experience, i t ma.vbe 
possible to assume a set of c and 0 values in 
this first step that are not greatly different 
from the ultimate values for c and 0 deter
mined at the end of the successive approxi
mation procedure, which wil l be intermediate 
between those for the surface course and the 
base course; that is, c should be somewhere 
between 0 and 4 psi., and 4> somewhere between 
30 deg. and 40 deg. Nevertheless, although they 
are obviously much too high, the c and 0 
values for the bituminous surface wil l be se
lected for the first approximation in this case, 
since they are rather extreme. 

The arbitrarily assumed values for c and 0 
for the equivalent homogenous material for 
the first step, therefore, are c = 10 psi. and 
0 = 40 deg. 

Sle-p 2 
Determine the critical spiral for a homo

geneous material for which c = 10 psi. and 

0 = 40 (leg., by the trial-and-error m.cthod 
outlined in Appendix A. The ultimate strength 
q for this homogeneous material as calculated 
from the critical spiral = 1,141 psi. (Table 4). 

Step 3 
On the basis of the actual values of c and 4> 

in each of the two layers traversed by this 
spiral, determine over-all average values for 
c and (p iissumed to be acting along the fu l l 
length of the spiral. The over-all average value 
for 0 will be calculated first. 

Slep 4 

Calculate the total length of this first sjjiral 
(below ground level), and also the length of 
each of the left-hand and right-hand portions 
of the spiral lying entirely within the surface 
course. 

The length of the arc DMG of the spiral is 
found by integrating the following equation: 

Length of arc DMG = /•oV tan'' 0 -f- 1 
tan 0 (9) 

By the jjrocedure of Step 2, Appendix . \ , 

ro = 7.133 in . 

e, = 50° = 0.8727 radians 

e-i = 172° 43' = 3.0147 radians 

tan 0 = tan 40° = 0.8391 

Substituting these values in Equation 9 and 
simplifying, 

Length of arc DMG = 116.16 in . 

To find length of arc of spiral DE, angle a 
must be first evaluated: 

B = 9.536 in . (Procedure of Appendix A) 

OJ = H tan $1 

tan $1 = tan 50° = 1.19175 

OJ = (9.536) (1.19175) = 11.365 in . 

OH = OJ + 2 in . = 13.365 in. 

OH _ sin a 
OE 

sin a 

Also 

OE = 
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Then 
OH 

- - = 7.133 e0-8391a 
sin a 

sinae»»'"» = 13.365/7.133 = 1.87:37 (10) 

Solving liquation 10 by trial and error gives 

„ = 55°49' = 0.974 radians 

CoVtan^ ^ + 1 Length of arc DE = 
tan 0 

•[e»<»"*]^j (11) 

Substituting known values for each term 
on the right-hand side of Equation 11 and 
simplifying gives 

Length of arc DE = 2.052 in. 

By a similar series of calculations, it is found 
that 

Length of arc = 3.029 in. 

Therefore, 

Total length of spiral in bituminous surface 

= 2.052 + 3.029 = 5.081 in. 

Total length of spiral in base course 

= 116.16 - 5.08 = 111.08 in . 

Step 5 

To obtain the overall average value for (t> 
along the whole spiral DMG, 

(116.16) = (5.08)(<i. = 40°) + (111.08)(<<) = 30°) 

(5.08) (40) - I - (111.08) (30) 
<t>a, = 

116.16 

• 30°26' 

Therefore, the overall average value for <p 
along the length of the first spiral is 30 deg. 
26 min. 

iS(ep 6' 

To obtain the overall average value for co
hesion c along the whole spiral DMG, 

(116.16) Ca„ = (5.08)(c = 10) + (lll.08)(c = 0 ) 

(5.08)(10) + (111.08)(0) 
116.16 

Therefore, the overall average value for co
hesion c along the length of the first spiral is 
0.437 psi. 

Step 6 {Alternative) 

As an alternative to the method just given 
in Step 6, an average value for cohesion c can 
l)e olitaincd by equating the sum of the cohe
sion moments for the two portions of the spiral, 
DE and FG, entirel.y within the surface course, 
to the cohesion moment for the entire spiral, 
DMG, resulting from the use of this overall 
average value for cohesion c. 

The general eciuation for the cohesion mo
ment of an arc of a logarithmic spiral is 

cohesion moment of arc of spiral 

2 t a n 0 
(12) 

From the conditions for this sample calcula
tion, Figure B. cohesion c = 10 psi. for the 
portion of the spiral within the bituminous 
surface, and c = 0 for the base. Consequently, 
cohesion moments for the different parts of 
the spiral can be calculated. 

Cohesion moment for Arc DE 

2 tan <j> 

Substituting known values for each term on 
the right hand side of Equation 13, and sim
plifying, gives 

Cohesion moment for Arc DE 

= 243.6 in.-lb. 

Cohesion moment for Arc FG 

cro' 

2 tan 0 
g2«l«ii« _ J]^2 

(14) 

Substituting known values for each term on 
the right-hand side of liquation 14, and sim
plifying, gives 

Cohesion moment for Arc FC? 

= 2046.2 in.-lb. 

Cohesion moment for Arc DMG 

0.437 psi. 
Cg.-ro' 

2tan</> 
[ e 2 » w _ i],'2 

(15) 



118 D E S I G N 

Substituting known values for each term on 
the right-hand side of Equation 15, and sim
plifying, gives. 

Cohesion moiuent for arc DMG = 4643.5 Ca» 
in.-lb. 

Equating these cohesion moments, 

4643.5 Ca, = 243.6 - f 2046.2 = 2289.8 

from which, 

2289.8 „ . 
= 0.493 psi. 

4643.5 

Consequently, the overall average value for 
cohesion c along the length of this first spiral, 
as obtained by the moment method, is 0.493 
psi. 

Step 7 
Since the over-all average value for cohesion 

c obtained as an arithmetic average is some
what smaller than that given by the moment 
method, i t is used here because i t is more 
conservative. 

Average values for c and (t> given by the first 
spiral (first approximation), which are to be 
used for the spiral representing the second 
approximation, therefore, are 

c = 0.437 psi. 

<t> = 30° 26' 

I t wi l l be observed that these average values 
for c and <̂  calculated for the first spiral are 
considerably different from the values of c = 
10 psi. and = 40 deg. that were arbitrarily 
assumed for its construction. 

The method of successive approximations 
must, therefore, be continued unti l the overall 
average values for c and calculated for any 
spiral are very nearly the same as the values 
of c and (t> used for its determination. Expressed 
in another way, this method must be con
tinued unti l the over-all average values for c 
and <t> calculated for spirals representing two 
successive approximations, are quite close to 
each other (Table 4 and Figure C). 

Step 8 
Determine the critical logarithmic spiral 

(second successive approximation) for a homo
geneous material for which c = 0.437 psi. and 
<ti = ZO deg. 26 min., by the t r ia l and error 
method outlined in Appendix A. The ultimate 

strength g for this homogeneous material as 
calculated from this second critical spiral = 
34.04 psi. (Table 4). 

Step 9 

Calculate over-all average values for c and 
<i> as given by this second critical spiral, using 
the procedure described in Steps 4, 5, and 6. 
These over-all average values are found to be 
c = 0.739 psi. and </> = 30 deg. 44 min. These 
values are used for the third successive critical 
spiral. 

Step 10 

Determine the critical logarithmic spiral 
(third successive approximation) for a homo
geneous material for which c = 0.739 psi. and 
0 = 30 deg. 44 min., by the trial-and-error 
method outlined in Appendix A. The ultimate 
strength q for this homogeneous material as 
calculated from this third critical spiral = 
45.7 psi. (Table 4). 

Step 11 

Repeat for as many further successive ap
proximations as may be required for the ac
curacy needed; that is, unti l the percent dif
ference in ultimate strength values between 
two successive approximations is as small as 
desired. 

From Table 4, i t wi l l be observed that the 
ultimate strength given by the f i f t h critical 
spiral ( f i f th successive approximation) is 
only 1.4 percent higher than that found for 
the fourth critical spiral. The fifth, and prob
ably the fourth, and even the third critical 
spiral, therefore, may in this case provide an 
ultimate strength value of sufficient accuracy 
for practical design. 

Figure C demonstrates that the critical 
spirals given by each successive approximation 
in the above steps lie alternately on either 
side and successively closer to the ultimate 
critical spiral that would result from many 
successive approximations. 

Step 12 

Determine the value for z, representing the 
deepest penetration of any logarithmic spiral 
below the ground surface, by the procedure 
illustrated in Step 12, Appendix A. The value 
of 2 for the fifth critical spiral of Table 4 is 
found to be 15.2 in . 




