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products rather than sums, or by the use of There is, of course, the possibility that 
the total 24-hour traffic counts, peak-hour even though two layouts result in the same 
traffic counts, or individual traffic counts for index, the crossings made in one layout may 
each of the 24 hours, makes Grossman's be far-more dangerous than those made in 
index a much-more-reliable index than i f the the other layout. I t is believed, therefore, 
method of calculation resulted in large differ- that the method can be applied most bene-
ences in the order of preference. filially m the preliminary stages of design to 

The idea behind the accident-exposure select two or three layouts for a thorough 
. . . I- 1 • 1 J J. and detailed investigation of such items as 
index IS appealmgly simple and appears to j i -j. r i. r ± 
i_ • f 1 1 1 /• J.1 • ^ J J ramp and roadway capacity, safetv features, 
have considerable value for the intended ^ g^^l ^^.^^^.^^ ^ ^ j ^ ^ ^ j ^ j ^ ^ 
purpose. Grossman reahzes that an analysis ^^^^ satisfactory of several possible layouts, 
of this type has its limitations and is useful ĵ -g ^^^^i^ ^le limited to those layouts in 
only when applied in combination with many „ h i c h the many other factors involved in a 
other criteria for the adequacy of an inter- proper design have been found to be equally 
change layout. satisfactory. 

Deformation Mechanism and Bearing Strength 
of Bituminous Pavements 
C H A R L E S M A C K , Research Department 
Imperial Oil, Ltd, Sarnia, Ontario 

T H E mechanical behavior of bituminous pavements and their substructures is of im
portance in relation to the stresses acting on them. This paper deals w i th the deformation 
mechanism of such structures and the measurement of the bearing strength, defined as 
the maximum load per uni t area which a bituminous pavement can carry without caus
ing initial failure. 

The deformation of bituminous pavements consists of an instantaneous and retarded 
elastic deformation followed by a plastic deformation. The mechanical behavior is 
primarily determined by the plastic deformation which is accompanied by hardening. 
As a result of the hardening process, the coefficient of plastic traction, which is stress 
over strain rate and is related to the viscosity, increases w i th increasing compressive 
stress and time to a maximum within a certain region of stress. A t this point the shear
ing stress and shear are zero, and the maximum coefficient of plastic traction is an 
isotropic or volume viscosity, i.e., the material behaves like a solid. The principal 
stress corresponding to this maximum coefficient is the bearing strength. A t greater 
stresses the coefficient of plastic traction decreases rapidly and the material is in the 
region of failure. 

A bituminous pavement at rest is conceived as containing simultaneously particles 
in the disordered state and in the ordered state. The latter state refers to positions of 
minimum potential energy. Under stress the particles in the ordered state rarely escape 
their positions, while the remaining particles move f rom positions of disorder to those 
of order. A t the maximum value of the coefficient of plastic traction the number of 
particles in the disordered state approaches zero. The change in free energy of activa
tion in going from a disordered to an ordered state and the mass of a particle are also 
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maximums at this point. The process of hardening is comparable to a fusion of the 
disordered particles into a particle of larger mass. 

The theory of the mechanical behavior of bituminous pavements applies also to the 
base course and subsoil, as shown by data f rom bearing-plate measurements. 

# A B I T U M I N O U S road structure consists 
of a wearing course and a base course resting 
on the subsoil. Each layer of this structure 
must have a certain strength in order to carry 
the loads of modern motor vehicles, otherwise, 
failure wil l occur. A variety of methods for 
measuring this strength have been suggested 
in the literature. These methods are based on 
measuring the load at which the material 
fails in compression, tension, shear, or beam 
tests, or under extrusion through an orifice 
as in the Hubbard-Field stabihty test. I n 
dentation and plate-bearing tests measure 
the load required to obtain a certain penetra
t ion or depression. I n the triaxial test the 
vertical pressure is often determined at which 
the material fails under a given lateral pres
sure, or the lateral pressure is measured which 
is developed under a vertical pressure, as in 
the Hveem Stabilometer. Where the results 
can be expressed as load per unit area, these 
methods measure at best stresses. Stresses 
are associated wi th strains, which are gener
ally ignored in these tests. I t is generally 
agreed that the deformation of bituminous 
pavements is plastic, i.e., the strain is a func
tion of time. Yet the time is not taken into 
consideration in any of these tests or appears 
only as a secondary factor in cases where the 
rate of loading or rate of deformation is kept 
constant. 

A method for the measurement of the bear
ing strength of bituminous pavements must 
relate stress to strain and time and must 
conform to the following conditions: (1) the 
concept of bearing strength must be clearly 
defined; (2) the test procedure must permit 
the measurement of the bearing strength in a 
quantitative way; and (3) the method cannot 
be arbitrarily chosen but must be based on 
theoretical considerations which correspond 
to reality. None of the methods mentioned 
above satisfies these requirements. The 
majority of these methods are based on visual 
failure. There can be no doubt that before 
failure becomes visible, the material has 
gone through a stage of progressive weaken
ing. The bearing strength is therefore defined 

here as the maximum load per unit area 
which a bituminous pavement can carry 
without causing ini t ial failure. I t is the pur
pose of this paper to submit a theory of the 
deformation mechanism of bituminous pave
ments which is based on an analysis of the 
relationship between stress, strain, and time 
obtained from the experiment, and which 
also permits the determination of the bearing 
strength. 

The various layers of a bituminous road 
structure have similar compositions and con
sist of mixtures of mineral aggregate, a 
liquid, and air in the voids. The difference 
between these layers is that the liquid in the 
bituminous layer is asphalt, while in the other 
layers i t is water. I t can, therefore, be as
sumed that a theory of the deformation mech
anism of bituminous pavements is also ap
plicable to the base course and subsoil. 

D E F O R M A T I O N M E C H A N I S M O F B I T U M I N O U S 
P A V E M E N T S 

Types of Deformation 

Road structures are subjected to compres
sive loads whether they are of a transient or 
static nature. The deformation of such pave
ments is best carried out under compressive 
loading; therefore, as wi l l be shown later, 
the distribution of stresses in the material 
is rather complicated, and the compressive 
loads are preferably applied as uniaxial loads. 
W i t h regard to the time of load application, 
i t has to be borne in mind that at the moment 
of load application, solids as well as hquids 
behave like elastic bodies. This behavior can 
be readily demonstrated by hit t ing the sur
face of the water in the bathtub, for example, 
wi th the flat of the hand. The sensation of 
pain experienced is a manifestation of this 
rigidity. A t this moment a water molecule 
is still surrounded by its original neighbors 
as in an elastic solid. I t is only within a small 
time interval, the so-called relaxation time, 
that a molecule can free itself f rom its sur
roundings and move to a new position. The 
relaxation time is the ratio of viscosity to 
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modulus of rigidity, t = i j / G . For a plastic 
material under simple compression, the modu
lus of rigidity is replaced by Young's modulus 
of elasticity and the viscosity by a coefficient 
of plastic traction, and the relaxation time 
becomes 

t = ,x/E (1) 

Since the stresses associated wi th / i and E 
are the same, and since the strain rate is 
plastic strain over time, the relaxation time 
is a measure of the time by which the plastic 
strain lags behind the elastic strain. W i t h fi 
larger than E, the value of the relaxation 
time can be considerable, and a material under 
test can exhibit brittleness when the defor
mation is carried out during a time interval 
considerably smaller than the rela.xation 
time. Since the relaxation time is not known 
for bituminous pavements, the condition of 
constant static load suggests itself for the 
investigation of the strain as a function of 
time. The strains obtained are generally 
small, and the condition of constant com
pressive load approaches, therefore, the con
dition of constant compressive stress. 

Figure 1 represents the strain as a function 
of time at constant stress and temperature 
for a sheet asphalt mixture. The stress causes 
an immediate strain, OA, which is independent 
of time. Although from A on the strain in
creases with increasing time, i t wi l l be seen 

that the strain rate or strain per unit time 
decreases wi th increasing time. A t B the load 
is removed, resulting in an immediate recov
ery BC. From C on the recovery is a function 
of time and finally ceases. The amount of 
nonrecoverable plastic strain corresponds to 
DE. The total strain consists, therefore, of 
the following three pai'ts: (1) an instantane
ous elastic strain independent of time, (2) 
a retarded elastic strain which is a function 
of time, and (3) a plastic strain whose rate 
decreases with time. 

Plastic Deformation and Time-Hardening 

W i t h both elastic deformations being of a 
transient nature, the jjlastic deformation is 
most important for the mechanical behavior 
of bituminous pavements and wi l l be dis
cussed first. When the plastic deformation 
is due to plastic flow, the stress is a function 
of the strain rate at constant temperature, 
and at constant stress the strain increases 
finearly wi th time. When the strain rate de
creases with time at constant stress and tem
perature, as with bituminous mixtures, the 
material under test becomes harder. The 
amount of hardening obtained is the result 
of the work done on the system, and the 
stress can be a function of the strain rate and 
strain (strain-hardening) or a function of 
strain rate and time (time-hardening). 
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Figure 1. Deformation of a bituminous mixture as a function of time for loading and unloading. 
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The mechanical behavior of bituminous 
mixtures showed them to harden as a func
tion of time. For this case the stress function 
is as follows (for details see Appendix A ) : 

<7/(7o = [i{t + l ) / i o f (2) 

where a and uo are principal compressive 
stresses, e = dt/dt is the strain rate obtained 
at stress tr and time t. The time t refers to 
the total time from the moment of the first 
load application on to the time at stress a. 
This time interval covers the plastic deforma
tion only and not the retarded elastic deforma
tion. I t follows from Equation 2 that at 
constant stress 

iit + 1) = eo(<T/<ro)"' = H (3) 
and 

i = p/it + 1) (4) 

i.e., at constant stress the strain rate is pro
portional to 1/(1 + 1) and decreases with 
time. The parameter 0 is constant at con
stant stress and has the dimensions of strain. 
I n view of Equation 3, Equation 2 may be 
written as follows: 

(5) 

The experiments were carried out by meas
uring the total strain as a function of time at 
constant stress. Since the plastic deformation 
is preceded by a retarded elastic deformation, 
there are two time scales involved which are 
not readily separated. For the evaluation of 
i3 the time scale is shifted in such a way that 
each load is appUed at zero time. The retarded 
elastic deformation comes to a stop at total 
strain eo and time t,n. From this point on the 
deformation is plastic, and the relationship 
between total strain and time is as follows: 

e - e« = I3\n (t - t^ + 1) (6) 

where In is the natural logarithm. I n the cases 
studied i t was found that the plastic deforma
tion runs concurrently wi th the retarded elas
tic deformation, in wliich case Equation 6 
becomes 

e - 60 = /3 In (t/to) (7) 

The choice between these two equations is 
determined by the experimental data. I t 
is also found on occasion that the plastic de
formation at constant stress is associated 
with two values of /3. 
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Figure 2. Relationship between log coefficient of plas
tic traction and stress. 

The coefficient of plastic traction is 

ix = del At = ba/i = h<j{t + 1)/|8 (8) 

where t refers to the sum of the time inter
vals for the plastic deformations obtained at 
various stresses. This coefficient increases 
wi th increasing time at constant stress and 
increases wi th increasing stress and time to a 
maximum. A t this point the bituminous mix
ture has received its maximum amount of 
hardening and behaves like a sofid body. 
The stress associated wi th the maximum 
value of the coefficient represents the bearing 
strength at a given temperature. A t stresses 
in excess of this strength, the material be
comes weaker and finally fails. This is demon
strated in Figure 2 showing a plot of the 
logarithm of coefficient of plastic traction 
obtained at the end of each load application 
versus the stress for a mixture described in 
the experimental section. 

The behavior of bituminous mixtures under 
load shows that the bearing strength is not 
an inherent property but is acquired as a 
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Figure 3. Effect of order of loading upon strain as a 
function of time. 
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result of the work done on the mixture. This 
conclusion is borne out b\ ' Equation 2 repre
senting the stress as a function of strain rate 
and time. The expUcit inclusion of time in 
this equation indicates that the behavior 
depends upon the previous history of the 
material. As an illustration of this behavior, 
a sample of the above paving mixture was 
first subjected to a stress of 40 psi. for 500 
seconds and then the stress was increased to 
85.4 psi. for a second period of 500 seconds. A 
second sample was subjected to the reverse 
order of stress application, i.e. the first 
stress, <S5.4 psi., was reduced to 40 psi. after 
500 seconds. The strains obtained are plotted 
in Figure 3 as a function of time. A t 40 psi. 
the curve follows OA for a period of 500 

seconds, and an increase in stress to 85.4 psi. 
brings about a rapid increase in strain f rom 
A to B which is mainly elastic. From B to 
C the increase in strain as a function of time 
is relatively small. I f the first stress is 85.4 
psi, the strain along the curve to Point D 
increases at a greater rate than between 
Points B and C. Reducing the stress at Point 
D to 40 psi causes a small reco\-eiy in strain 
and the strain remains finally constant. The 
difference in the strains obtained by both 
procedures, CE, clearly demonstrates the 
dependence of the deformation upon the his
tory of the material under test. 

The importance of the time of load appfi-
cation has been discussed abo^•e in connection 
with the relaxation time. Since the coefficient 
of plastic traction increases with increasing 
stress and time, the relaxation time of l i i tumi-
nous mixtures increases also. Compression 
tests are often carried out under a constant 
rate of deformation or constant rate of load
ing, and i t is of interest to evaluate the 
stress under these conditions, which would 
correspond to a given coefficient of plastic 
traction. Considering, for the sake of simplic
i ty , constant strain rate and constant stress 
rate, then for the first case 

e = constant = hcr/n; a = c o n s t . ( 8 a ) 

For the second case, this stress is, as wi l l be 
shown in Appendix A as follows: 

6 
(8b) 

where c represents the constant stress rate. 
The maximum coefficient observed was 6.45 X 
10' psi. per sec. at a stress of 85.4 psi., which 
is close to the maximum bearing strength. 
The stresses corresponding to this coefficient 
for various constant strain rates and stress 
rates are given in Table 1. The data show 
the required stress to increase more rapidly 
wi th increasing constant strain rate than 
wi th increasing constant stress rate. This is 
not surprising, since the strain rates are 
small for bituminous mixtures under constant 
load. I t follows therefore that for the condi
tion of constant strain rate or rate of deforma
tion, a bituminous mixture wi l l fai l before i t 
has acquired its maximum strength. The 
data are also in qualitative agreement wi th 
the observation that the compressive strength 



M A C K : D E F O K M . ^ T I O N M E C H A N I S M 143 

increases with increasing constant rate of 
deformation or of loading. 

Elastic Deformation 

I t has been shown that the plastic deforma
tion is preceded by an instantaneous elastic 
deformation and a retarded elastic deforma
tion. The latter is an elastic deformation 
superimposed upon a plastic deformation. 
The retarded elastic strain as a function of 
time at constant stress is as follows (Appen
dix B ) : 

= a\n (t + 1) (9) 

where eo is the retarded elastic strain at < = 0 
and a is a constant wi th the dimension of 
strain. The similarity between Equations 6 
and 9 suggests that the mechanisms are 
similar for the plastic and retarded elastic 
deformation except that for the latter the 
process is reversible on unloading. 

I t has been mentioned that often the plas
tic deformation starts immediately after the 
instantaneous elastic deformation and pro
ceeds concurrently wi th the retarded elastic 
deformation. I n this case the strain consists 
of the sum of the plastic and retarded elastic 
strain, and the parameter a' is a composite 
of a fraction of a proper and a fraction of /3. 
The knowledge of this composite parameter 
serves to determine the instantaneous elastic 
strain. A t the first load application this strain 
is ci = e'o which is obtained from Equation 9. 
The next incremental load produces a strain 
difference Ae which is the difference between 
to for this load and the final total strain at 
the end of the previous load application, 
hence 

total instantaneous elastic strain 

Distribution of Stresses and Strains 

A solid material under load is in a state of 
stress. Wi th in a certain region of stress, the 
material behaves like an elastic body and 
the resulting strains are homogeneous and 
bear a hnear relationship to the stresses. Be
yond the elastic l imit , the material may either 
fa i l by fracture or may deform plastically. 
Plastic deformation proceeds along lines of 
slip which are subject to shearing stresses. 

The stress components of an element, 

Figure 4. Distr ibution of stresses acting on a n element 
I n the Y X plane. 

which may represent a particle during plastic 
deformation, are shown in Figure 4. The direc
tion of the algebraically larger principal 
stress ffi coincides with the y coordinate and 
the direction of the principal stress with 
the X coordinate. The normal stresses are 
(Ty and (Tx and the shearing stresses are 
Tyx = Txy = T. A particle can have any posi
tion so that its axis in the xy plane can be 
incUned to the horizontal at any angle between 
0 and 180 deg. The angle between the direc
t ion of the normal stresses and their coordi
nates can be larger or smaller than 45 deg. 
and may therefore be denoted hy 6 = 45 ± 
<p/2. For these conditions there follows ( / ) : 

o-„ = H W i + <T2+ (o-i - (Ti) cos (90 ± <p)] 

= m<Ti - f 0-2 T (o-i - o-j) sin (p] 

i x = J ^ k i 4- 0-2 - ( f f i - 0-2) COS (90 ± v?)] 

= Vilf^x -I- 0-2 ± (0-1 - 0-2) sin ^ ] 

Tyx = Txy = T = - ai) sin (90 ± <p) 

= 3-^(0-1 - o-j) cos (p 

These equations hold in general and have to 
be adapted to the condition of the test. For 
compression cri is generally taken negative 
and (72 positive or vice versa. I t follows that 
SLt<p = 90°, r = 0, further o-,, + (Tx = (Ti + a-i , 

cTy — (Tx = =F((7I — 0-2) sin <p. 

The angle <p represents the angle of in 
ternal friction. Substituting a for ay as well 
as (Xx , i t follows from Mohr's stress representa
tion as a stress circle that 

(11) 

dr/da = tan <p (12) 
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which holds for a constant as well as variable 
angle ( f . W i t h ^ = constant, this term leads 
to Coulomb's equation: 

T — To = ±cr tan ip (13) 

which indicates that sUp cannot take place 
unt i l the shearing stress T exceeds the shear 
resistance TO , which is usuallj- termed cohe
sion. When T = T o , 0- tan = 0, a condition 
which is satisfied when both a and <f are zero. 
For this case there follows from Equation 11 
that <j\ = — (72 = (To = To and TO is equal to 
the yield value o-o . Coulomb's equation refei's 
to a plastic deformation which proceeds along 
slip lines making constant angles with the 
coordinates. 

I t has been shown that plastic deformation 
accompanied by hardening is not continuous 
in time, which suggests that at constant 
principal stress (j\ the shearing and normal 
stresses and the principal stress oi are not 
homogeneous in time. This condition is 
satisfied by a variable angle <p and a solution 
of Equation 12 is as follows: 

T — T „ = ±<r tan (p (14) 

where T„ is a variable shear resistance varying 
with ip. Under constant principal stress <7i 
the strain rate decreases wi th time and the 
plastic deformation comes finally to a stop. 
A t this point there is no slip and T = T „ , 
<j tan ^ = 0. This condition is satisfied wi th 
( 7 = 0 , or 

(7i + (72 =F ((7i — ai) sin ip = 0 

I t follows that 

(aI + 0-2)/((7i - (72) = ± sin ^ (15) 

where the negative sign refers to an angle 
Q = 4 5 — <p/2 and the plus sign to an angle 
^ = 45 + (p/2. The ratio of the principal 
stresses are obtained from Equation 15 as 
follows: 

-o-i/(72 = (1 - sin (p)/( l + sin 95); 

(0 = 45 - <p/2) 

- a i / f f i = (1 +s in<j5 ) / ( l — sinip); 

(e = 45 + <p/2) 

(16) 

a compressive stress and negative, cr2 becomes 
positive. 

Equation 16 shows that a-i is larger than (7i 
for particles wi th an angle 6 = 45 — <p/2. 
W i t h increasing stress the particle rotates ac
companied by an increase in the angle 6 
and decrease in the value oi at . ki 6 = 45 
deg., <p = Q, and <Ji = 0-5. Wi th 6 > 4o deg., 
(7i is larger than and <Ji finally reaches a 
value of zero at 9 = 90 deg., ^ = 90 deg. A t 
this point the shearing and normal stresses 
and the minor principal stress are zero, and 
the system behaves like a solid material under 
simple compression, i.e., the only stress acting 
on the system is (7i = (7„ . A t this stress the 
maximum amount of hardening is obtained, 
and the yield value has increased from an 
initial value CTQ to the final value t7„ . 

A t stresses in excess of (7„ sUp can start 
again accompanied by a decrease in the angle 
ip and can finally lead to failure. 

The principal compressive strain is con
ventionally expressed as the ratio of the 
change in height to the original height. Since 
a variation in height depends upon the actual 
height, i t is more accurate to express the 
strain as natural strain. For a cylinder which 
under compression changes its height f rom 
ho to h and its radius f rom ro to r, the principal 
strains are 

€1 = hi (/ioA); e. = In {r/n) = vt, (17) 

indicating that for this condition the princi
pal stresses are of opposite sign. For cri being 

90= e 

Figure 5. Slip lines due to rotation of element. 
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where v = Poisson's ratio = ratio of lateral 
to vertical strain, and In is the natural 
logarithm. When the natural strains are small 
they are practically equal to the conventional 
strains. 

I n the plastic region the resultant of the 
two principal strains is shear. As the planes 
perpendicular to the normal stresses (t,j and 
ffx rotate, they describe two curves represent
ing two sets of shp lines as shown in Figure 
5. A comparison with Figure 4 shows that the 
tangents to the shp lines form in one case an 
angle d = 45 ± ip/2 with the horizontal and 
in the other case an angle of 90 — 9 = 90 — 
(45 =F (p/2) = 45 =F <p/2. The tangents of 
these angles are the shears as follows: 

-dy/dx = -dh/dr = tan (45 ± ip/2) 

= sin (90 ± v)/[l + cos (90 ± v)] 
(18) 

dy/dx = dh/dr = tan (45 T <p/2) 

= sin (90 =F <p)/[ I + cos (90 T <p)] 

\Yhen<p = 90°, sin (90 ± <f) = 0 , hence there 
is no shear in agreement wi th the state of 
stress at ip = 9 0 deg. described above. 

Kinetics of Plastic Deformation 

I t has been shown that, in the case of 
plastic deformation accompanied by time-
hai-dening, the coefficient of plastic traction 
and the yield value are at a maximum when 
the shearing stress and shear approach zero 
values. Since this effect is the result of a 
rotation of the slip planes, i t follows that the 
plastic deformation causes a change in the 
internal structure of the matei-ial under test. 
A bituminous mixture, compacted in the 
ordinai-y way, can be conceived as containing 
at i-est a number of particles acting as units 
of flow whose axes form anj- angle between 0 
and 180 deg. with the horizontal. The parti
cles with zero angles are in regions of greater 
density and are attached to their neighbors by 
strong cohesive forces. The remaining particles 
are, on account of their greater angles of 
position, in regions of lower density and 
weaker cohesive forces. The arrangement is 
similar to that in ordinary solids where the 
particles in I'egions of greater density are in a 
state of order and the particles in regions of 
lower density in a state of disorder. For rea
sons of simplicity, this terminology wil l be 
also applied to bituminous mixtures. The es

sential difference between the ordered and dis
ordered state is that the particles in the or
dered state are in positions of minimum 
potential energy, whereas the particles in the 
disordered state are considered to he dis
tributed over various levels of greater po
tential energy. 

I n a stress region which has the lower yield 
value as upper l imit , the system is deformed 
elastically. The particles change slightly their 
positions, but each particle retains its neigh
bors. A t stresses in excess of the yield value, 
the particles in the ordered state rarely leave 
their positions, since on account of their zero 
angle, the shearing stress associated with 
them is zero according to Equation 11. The 
particles in the disordered state are subjected 
to shear and move to new positions. Such a 
particle can move over a barrier of potential 
energy only if under the influence of inter
action with its neighbors i t acquires a kinetic 
energy equal to the magnitude of the barrier. 
The energy barrier of smallest magnitude is 
associated with the lower yield value. Since 
the strain rate decreases wi th increasing time 
and stress in the region of hardening, some 
of the particles in the disordered state, after 
having passed the energy barrier, lose their 
kinetic energy again under the influence of 
their new neighbors and move to positions of 
lower potential energy or, in favorable cases, 
to positions of minimum potential energy, 
i.e., to positions of order. 

I n order that a particle may move from one 
position to another, i t is necessary that space 
be provided. I t is agreed that all matter, solid 
or liquid, contains a number of \-acancies 
which represent the unoccupied sites of the 
system. I n bituminous mixtures these vacan
cies are provided by the voids. For flow to 
occur, the energy barriers or the cohesive 
forces between the particles must be overcome 
by an externally applied force, and for simple 
liquids the viscositj' is a measure of these 
cohesive forces. Since plastic deformation in 
the hardening range is caused by motion of 
the particles in the disordered state which are 
associated wi th weaker cohesive forces, the 
coefficient of plastic traction is a measure of 
these weaker forces. Further, this coefficient 
varies with stress and time and, therefore, 
wi th the number of particles in the disordered 
state. This suggests that the coefficient de
pends not only on the magnitude of the weak 
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cohesive forces but also on the number of 
particles associated with them. A variation 
in the number of particles in the disordered 
state brings about a variation in the number 
of vacancies, hence the coefficient of plastic 
traction is a function of the number of parti
cles in the disordered state and of the vacan
cies, viz., 

M = Mto, 0) (19) 

where q is the fraction of the particles in the 
disordered state and </> the fraction of vacan
cies. 

A formulation of the energies associated 
wi th plastic deformation can be based on the 
two accessible quantities, stress and coefficient 
of plastic traction. The forces acting on a 
particle of mass m moving with a velocity v 
are as follows: 

/ - ( / i / 2 + 5 ) = f - x p v = mdv/dt (20) 

where mdv/di is mass times acceleration and 
is a force due to inertia. The term / is the 
external force acting on the particle, / i is 
the frictional force due to the shear resistance 
to flow, and is the frictional force due to a 
resistance to a change in volume and is asso
ciated with the isotropic or volume viscosity. 
Finally, B represents body forces which con
sist of the neghgible force due to gravitational 
attraction and of the more important cohe
sive forces. The last three forces act against 
/ and ma J' be combined into one term -^v, 
where ^ is the sum of frictional and body 
forces per unit velocity. Since the effective 
stress for plastic deformation is fccr, xpv = bf. 

I t wi l l be shown in Appendix C that the 
solution of Equation 19 is as follows for b = 
constant: 

M = qti/b + [g{4>o) - gmfio/g{<t>) (21) 

where juo is a coefficient of plastic traction at 
a state very near to that of rest and g{<j>) is 
a function of the fraction of vacancies. This 
equation shows the coefficient fx to consist of 
two terms, one referring to the motion of the 
particles in the disordered state and the other, 
being a function of the change in the vacancies 
or change in volume, is the isotropic or volume 
viscosity. I t wi l l be seen that ^(0) decreases 
wi th decreasing values of q in the region of 
hardening, and the process is accompanied by 
an increase in density. I n the region of failure 

the reverse holds true. I t also follows from 
Equation 21 that at 5 = 0 

= lg{<t>») - g{4><n)]no/g{<t>,n) (22) 

i.e., the coefficient of plastic traction is at a 
maximum and is equal to the volume vis
cosity. A t this point there is no shear, which 
is in agreement with the condition of zero 
values for the shearing stress and shear as 
shown before. 

Rearranging Equation 21 gives 

(23) 
b = qo = g{<t>o) 

= q + [g{<t>a) - (/(0)]Mo/Mif(0) 
which defines the parameter b in terms of q 
and g(4>) and gives i t a physical meaning. 

Mul t ip ly ing Equation 21 by the plastic 
strain rate i and substituting 1 - (1 - q) 
for q gives 

b(7 = cr + [g(4>o) - g{<l>)]ix(,e/g{<l>) 
(24) 

- (1 - q)a 

This equation represents the combination of 
frictional and body forces per unit area men
tioned in connection with Equation 20. The 
first and second term are the frictional forces 
due to a resistance to shear and change in 
volume, and since 1 — g represents the frac
tion of particles in the ordered state, the last 
term is a measure of the stronger cohesive 
forces. 

On multiplying Equation 20 by d\, the 
distance moved by a particle, and considering 
that dk/dt = V, there results the following 
expression for the work done by the system 
in going f rom a state of rest to a state of 
stress: 

W = U - m = A ( / , + / 2 + B)\ + 0.5 mv'' 

= bif - /o)X + 0.5 mv^ 

Mult ip ly ing and dividing by a, the area of a 
particle on which the force acts, gives wi th 
f / a = a, ak = Vf , the volume of flow, 

TF = (a - (To)vf = b((T - fft,)v/ + 0.5 TOD^ (25) 

where <ro is the init ial yield value or a stress 
so close to i t that q and g{<l>) can be considered 
to be constant. Substituting ba f rom Equa
tion 24 leads to 

W = {a - (To)vf = ((T - <Ta)Vf 

- 1(1 - 9)<7 - (1 - f/„)ao - [ff(0o) (26) 

- ?(0)]Moe/S((</>)|iV + 0.5mi;2 
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The second term on the right side is the work 
related to the stronger cohesive forces and to 
the change in volume, and is therefore a change 
in potential energy, hence 

W = W -A{PV) +0.5viv^ 

= W - A{PV) + AE, 
(26) 

and the change in potential energy is equal 
to the change in kinetic energy. This result 
is in agreement with the postulate that a 
particle can pass the barrier of potential 
energy only if i t acquires a kinetic energy 
equal to the magnitude of the barrier. The 
change in internal energy for the system is 
as follows: 

AU = W + TAS = AF - A ( P 7 ) + TAS 

where U = internal energy, T = absolute 
temperature, S = entropy, F = Gibbs' 
free energy, P = pressure, V = volume, 
PV = potential energy. I t follows from this 
and Equation 26 that: 

AF = W + A(PV) = W +AEk 

The free energy change is obtained by 
treating plastic deformation as a rate process. 
The particles in the disordered state move in 
the direction of the force applied and the 
vacancies in the opposite direction. Each 
process is carried out with the same rate, and 
a condition of equilibiium is established. This 
is shown by rearranging Equation 21, keeping 
in mind that 6 = go = g(<t>o) and bj^ replacing 
IX and /io by E't and E'oU , the products of 
relaxation time and modulus of elasticity 
according to Equation 1. The moduli are 
considered to be variable, since wi th increas
ing hardening and densification, the modulus 
is also expected to increase. The result is then 

g)Ao 

= [gi4>o) gi<t>m<t>o)E'o/g{4>)E'i 
(27) 

This equation shows that the change with 
time in the concentration of the particles in 
the disordered state is equal to a function of 
the change in the concentration of the vacan
cies with time. The specific rate constants are 

k' = 1/h = -BO/MO , k" = E'o/E't = Klix 

and the equilibrium constant is 

K = k'Ik" = /i/Mn = exp (AF/kT) (28) 

where AF is the above free energy change for 
a particle going from one state to another, 
k = Boltzmann's constant = 1.38 X IQ-^"' 
ergs per degree Kelvin, and exp = exponen
tial . Equation 28 shows that A F is positive 
when > Ho , and vice versa. I t follows from 
Equation 26 that 

AF W + A(PV) = W + AE, 

= {2 -h){<j - co)vj (29) 

A F = [2((7 - <7o) - {h(j - 6„!r„)]t7 

depending upon whether one or two values of 
6 are associated with tx and fxo . Since the 
value of A F is obtained from Equation 28, the 
value of the kinetic energy and therefore mass 
of a particle can be calculated from Equation 
29. 

I t can also be shown that the process of 
ordering is not restricted to the plastic de
formation but starts already wi th the onset 
of the retarded elastic deformation. 

Cohesion of Bituminous Mixtures 

Mineral aggregate, when dry, forms a loose 
mass with no coherence of the particles. When 
an asphalt is added and the mixture com
pacted, a certain force must be applied to 
separate the particles. This force is a measure 
of cohesion and is related to the yield value, 
which increases as a function of stress and 
time from a minimum to a maximum. I n 
view of the irregular surface of mineral 
particles, the cohesion is determined by the 
number of points at which the mineral parti
cles contact each other. I n a compacted b i 
tuminous mixture where the particles are 
distributed at random, the number of these 
contact points is relatively small. W i t h in 
creasing orientation under stress, the number 
of contact points, and therefore the cohesive 
force, increases. 

I n view of the surface irregularities of 
mineral aggregate the cohesive force cannot 
be directly assessed. An insight into the mag
nitude of this force is obtained by considering 
two flat surfaces held together by a liquid. I t 
wi l l be shown in Appendix D that this force 
is as follows: 

/ = 2S'w/pga^ (30) 

where S = surface tension of the liquid, w = 
width of the surfaces, p = density of the 
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liquid, g = gravitational constant and a = 
distance between the two surfaces or thick
ness of the liquid layer. When a is ver j ' small, 
the force reaches large values. 

The cohesive force is in general attributed 
to the high viscosity of the asphalt jjresent in 
the bituminous mixture, yet Ixjuation 30 
contributes this force only to the surface 
tension and film thickness. This effect has been 
demonstrated by Gri f f i th (2) in an exjieriment 
where a hardened steel ball was fitted to a 
carefully made hole in a plate. The clearance 
between the ball and the hole permitted the 
ball to fa l l easily through the hole. However, 
when a drop of water was placed in the annular 
space between the ball and the plate, the ball 
stuck, and could only be forced thi'ough by 
applying considerable pressure. 

The viscous effect is n i l in comi)arison to 
the cohesive force and appeal's only as a time 
factor affecting the rate with which plates 
can be separated. Since the modulus of rigidity 
is considerably larger than the viscosity, the 
relaxation time of asphalts is of the order of a 
fraction of a second, according to Equation 1, 
and is of minor importance. Equation 30 sug
gests, therefore, a method for measuring the 
force with which two surfaces are held to
gether by a layer of asphalt of given thick
ness. Such a method consists in placing a 
given amount of asphalt between two flat 
surfaces and subjecting i t to a high pressure 
at elevated temperature to obtain uniform 
distribution of the asphalt. A t a given con
stant temperature, the force is measured at 
which the plates separate undei- a constant 
low rate of loading. From the amount of 
asphalt used and measurement of the area 

M A X I M U M C O H E S I V E F O R C E AS F U N C T I O N O F 
A M O U N T O F A S P H A L T 

Asphalt 
Pene

tration 
at 77 F. 

Type of 
Surface 

Amount 
of 

Asphalt 

Cohe
sive 

Force 

Psi. 
Galicia 60 Silica 1.250 233 
Bedford 100 Silica 0.389 426 
Trinidad Lake 75 Silica 0.725 632 

blended with Shale 
Oil 

Trinidad Lake 60 Silica 0.825 711 
blended with red. 
Trinidad Crude 

Ditto minus As- — Silica 0.376 647 
phaltenes 

Mexican 42 Silica 0.556 671 
Mexican 42 Limestone 1.080 739 

covered by the asphalt, the force per unit 
area for a given film thickness can be deter
mined. 

Experiments carried out by the author 
showed that the load per unit area necessary 
to separate two surfaces of granite held to
gether by a 60-penetration asphalt increased 
with increasing film thickness to a maximum 
and then decreased. This result is in contradic
tion with Equation 30 and suggests that the 
film thickness is restricted to a certain bound
ary. Inspection of the asphalt after rupture 
showed that there was no visible flow at all 
but the asphalt was cracked up to the film 
thickness at the maximum loaA. A t greater 
film thicknesses flow occurred in the asphalt 
layer. 

Although asphalt is a hquid, i t behaved 
like a solid in these experiments. Marcelin 
(3) showed that when a hquid is compressed 
between two parallel plates, there is a critical 
film thickness which cannot be reduced by 
application of increased pressure. For a rmm-
ber of liquids varying widely in viscosity, he 
found the critical film thickness to vary with 
the viscosity according to 

77 = 2a2 X 10" (31) 

where a is the critical film thickness in cm. 
and 7j is the viscosity in poises. This film was 
found to be remarkably resistant to pressures 
up to 100 kg./cm.'' and to become disrupted 
at greater pressures. 

Althougli viscosity increases wi th increas
ing molecular weight. Equation 31 shows the 
critical film thickness to be considerably 
larger than molecular dimensions. For example 
the critical film thickness of water at a vis
cosity of 0.01 poise is 22.36 X 10"* cm., 
whereas the height of a water molecule is of 
the order of 1.9 X 10^' cm. For asphalts the 
critical film thickness is considerably larger. 
Hubert (4) presented data relating the force 
necessary to rupture a film as a function of 
film thickness for various asphalts contained 
between pohshed silica and limestone sur
faces at a constant rate of loading of 100 g. 
per sec. The data show an increase in this 
force with increasing film thickness to a 
maximum, as mentioned above. Figure 6 
represents such data for a fluxed Trinidad 
asphalt and its petrolenes. The maximum 
force and film thickness are given in Table 2 
for various asphalts. 
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T A B L E 3 
S T R A I N A N D T I M E AS F U N C T I O N S O F S T R E S S 

F O R A B I T U M I N O U S M I X T U R E U N D E R 
C O M P R E S S I O N A T 60 F . 

Figure 6. Force required to break film versus thickness 
of film. 

Figure 6 is an illustration of the known 
fact that the strength of bituminous mixtures 
increases with increasing asphalt content to 
a maximum and then decreases again. Since 
the density of asphalts is close to 1, the 
critical amount in mg. per cm.^ corresponds 
to the critical f i lm thickness in millimeters. 
Table 2 shows this f i lm thickness as well as 
the maximum cohesive force to vary wi th the 
source or wi th the viscosity and surface ten
sion according to Equations 31 and 30. 

E X P E R I M E N T A L P A R T 

Determination of the Bearing Strength of 
Bituminous Mixtures 

I t has been shown that when the compres
sive stress is homogeneous, all other stresses 
are not homogeneous. I t is essential, therefore, 
that bituminous mixtures be moulded so that 
the height as well as density are as uniform as 
possible in order to ensure a uniform load 
distribution over the surface of the sample. To 
reduce the friction between the surfaces of the 
sample and of the platens of the compression 
machine, the sample surfaces are coated wi th 
a paste prepared by stirring starch into boil
ing water. The amount of starch used should 
be such that the mixture sets to a gel at room 
temperature. 

A sample of a bituminous mixture so pre
pared is subjected to a compressive pressure 
smaller than the yield value for several min
utes to permit the surface of the sample to 
adapt itself to the surface of the piston carry-

Reeion of 
Superimposed 

Strains 
Plastic Region 

Region of 
SuperimposediPlastic Region 

Strains 

Stress = 40.01 psi. Stress = 100.3 i)si 

Strain 
X 102 

Time 
in sec. 

Strain 
X 102 

Time 
in sec. 

Strain 
X 10! 

Time 
in sec. 

Strain 
X 10! 

Time 
in sec. 

0.5474 
0.6256 
0.6808 

13.1 
29.7 
52.2 

0.7176 
0.7958 
0.8901 
0.9453 
0.97757 
0.9982 

90.5 
130.6 
203.0 
262.0 
306.0 
339.0 

2.3138 
2.3276 
2.3460 

12.4 
33.0 
80.0 

2.3782 
2.4127 
2.4288 
2.5024 
2.5599 
2.7393 

126.0 
203.5 
241.0 
380.0 
460.0 
701.0 

Stress = 55.2 psi. Stress = 114.6 psi 

1.0994 
1.1224 
1.1431 
1.1661 

12.8 
25.8 
45.8 
80.6 

1.2098 
1.2512 
1.2972 
1.3317 
1.3686 
1.4099 

163.0 
229.0 
322.0 
414.0 
560.0 
750.0 

3.3620 
3.3735 
3.3860 

18.9 
27.4 
49.0 

3.4402 
3.4655 
3.6521 
3.5921 
3.6426 
3.7001 
3.8243 

71.4 
84.0 

135.0 
161.5 
206.0 
242.0 
316.0 

Stress = 70.4 psi 3.9370 
4.0405 
4.1532 
4.2669 
4.3809 
4.4936 

391.0 
467.0 
630.0 
692.0 
655.0 
717.0 

1.5203 
1.5433 
1.5663 

15.7 
42.2 

116.6 

1.5732 
1.6330 
1.6606 
1.6813 
1.6951 
1.8446 

127.5 
250.0 
342.0 
423.0 
508.0 

3070.0 

3.9370 
4.0405 
4.1532 
4.2669 
4.3809 
4.4936 

391.0 
467.0 
630.0 
692.0 
655.0 
717.0 

Stress - 85.4 psi. Stress = 127.6 psi. 

1.9550 
1.9780 

22.1 
82.5 

2.0010 
2.0470 
2.0562 
2.1229 
2.2011 

142.0 
217.0 
354.0 

1010.0 
3466.0 

4.6086 
4.6299 

14.5 
22.6 

4.8248 
5.0625 
5.2826 
5.5126 
5.9748 
6.4371 

91.5 
188.0 
277.0 
357.0 
620.0 
661.0 

ing the load. The load is then increased and 
the decrease in height measured as a func
tion of time. When the rate of deformation 
approaches zero, the next load increment is 
added. 

Table 3 gives the strains as a function of 
stress and time for a mixture containing 80 
percent sand passing No. 40 retained on No. 
50 mesh sieve, 10 percent of limestone dust 
and 10 percent Mid-Continent asphalt of 
100/120 penetration. This mixture was com
pacted from top and bottom under a pressure 
of 1,000 psi. in a mould having a diameter of 
2 inches and was aged 48 hours at room tem
perature before testing. The yield value of 
such mixtures is not readily measured and the 
stress was therefore determined at which the 
mixture began to yield plastically. This 
stress was 8.4 psi. at the test temperature of 
60 F. I t wil l be seen from Table 3 that the 
increase in strain obtained during a constant 
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T' 114.6 p i 

<r= 100.3 p»i 

I T . 70.4 psi 

<r • 4 0 . 0 p t 

n second! Log T i m e - 1 

Figure 7. Relat ionship between strain and loft time at various constant stresses. 

load increment is very small, hence the 
variation in stress is also small, and the sti-ess 
is expressed as load per mean actual area for 
each load. 

The strain as a function of the logarithm 
of time is plotted in Figure 7 for each stress. 
I t is seen that there are two linear relation
ships at the lower stresses. The first part 
with the smaller slope corresponds to the re
tarded elastic deformation in agreement with 
Equations 9 and 7. A t the greatest stresses the 
plastic strain is linear with the logarithm of 
time for a short interval only and then be
comes curvilinear. The latter part of the 
strain is a linear function of time, and the 
plastic strain rate becomes constant. A plot 

of the logarithm of stress versus the logarithm 
of j3, the slope of the plastic strain-to-time 
relationship, foims a straight line within a 
certain region of stress in agreement wi th 
Equation 5. The same holds also for the rela
tions between log stress and log a!, a! be
ing the slope of the combined retarded elastic 
strain-time relationship mentioned before. 
These plots are shown in Figure 8. For the 
first part the slope of both relations is nega
tive and then becomes positive. The point 
of intersection, which corresponds to a stress 
of 94.4 psi. for the plastic as well as retarded 
elastic deformation, represents the maximum 
bearing strength of the bituminous mixture. 
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Flgture 8. L o g stress versus log strain parameter for 
bituminous mixture. 

The pertinent data for each stress are 
given in Table 4. They represent the values 
of a! and /3, the constant strain rates where 
observed, the coefficient of plastic traction, 
AF, the change in free energy of activation, 
TO, the mass of a particle acting as a unit of 
flow, the instantaneous strain and the cor
responding Young's modulus. The coefficients 
of plastic traction are those obtained at the 
end of a load application, except the first 
one, which represents a value extrapolated 
to the beginning of the plastic deformation. 
For the calculation of the mass of a particle, 
the velocity must be known. Assuming the 
velocity to be linear, then v = -dh/dt, and 
since the plastic strain rate is e = dt/dt = 
—dh/ht, the velocity is v = hi. The values of 
the mass thus obtained are probably some

what too large. They are, however, of the 
right order of magnitude. 

I t will be seen that the coefficient of 
plastic traction, the free energy change, the 
mass of a particle, and Young's modulus 
increase with increasing stress to maximum 
values in the region of hardening. A t stresses 
in excess of the bearing strength, these values 
decrease with increasing stress, and this re
gion is associated with a loosening of the 
structure and progressive weakening. The 
results are in agreement with the theory pre
sented. 

Effect of Asphalt Content and Temperature 
upon the Bearing Strength of Bituminous 
Mixtures 

I t has been shown that the force which is 
required to separate two parallel plates de
pends upon the thickness of the layer of 
asphalt used as adhesive. Since the bearing 
strength is a measure of the maximum cohe
sive force acting between the two mineral 
particles, the bearing strength should vary 
with the asphalt content. This expectation 
is confirmed by the experimental results given 
in Table 5, which are augmented by Hubbard-
Field stability values obtained on the same 
samples. The data show the maximum values 
for the bearing strength and Hubbard-Field 
stability to coincide with the same optimum 
asphalt content. The Hubbard-Field stability 
test appears therefore to be useful for the 
determination of the optimum asphalt con
tent of a given bituminous mixture. I n view 
of what has been said of the effect of constant 
rate of deformation on the strength, no correla
tion exists between Hubbard-Field stability 
and bearing strength. 

T A B L E 4 
P A R A M E T E R S R E L A T E D TO T H E DEF0RM.4 .TI0N MECHANISM OF A BITUMINOUS M I X T U R E A T 60 F 

No. Stress in 
psi, 

a' X 10' 
Equation 9 

|3 X 10' 
Equation 7 

Constant 
Strain 

Rate X 10« 
M in psi-sec 
Equation 8 

AF in ergs 
X 10" 

Equation 
28 

ffl in g 
Equation 29 

Instantane
ous Elastic 

Strain 
X 10' 

Young' 
Modulu 

in psi 

1 8.4 1.964 X 102 _ _ 
2 40.01 9.660 21.320 — 3.96 X 10« 3.951 0.00686 2.9684 13480 
3 55.2 3.285 12.650 — 2.94 X 10' 4.754 0.0774 3.2012 17240 
4 70.4 2.298 8.540 — 2.12 X 10» 5.542 9.13 3.6702 19180 
5 85.5 1.748 6.250 — 6.45 X 10» 5.985 62.2 4.2306 20180 
6 100.3 1.730 7.143 7.38 2.47 X 10« 3.765 0.00797 4.9192 20390 
7 114.6 2.389 14.296 16.14 1.29 X 10« 3.506 0.00101 5.8512 19580 
8 127.6 6.066 — 27.78 8.34 X 105 3.332 0.000536 7.0534 18090 

Stress No. 2-5: d log^/d log a' = -0.692 = b' 
Stress No, 2-5: d logir/d log /9 = -0.610 = b 
Stress No. 6-8: d \ogtr/d log i = 0.1816= b 
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T A B L E 5 
E F F E C T O F A S P H A L T C O N T E N T U P O N T H E 

B E A R I N G S T R E N G T H A N D H U B B A R D - F I E L D 
S T A B I L I T Y A T 60 F . 

Bearing strength in psi.. 

Asphalt Content in g. 
per 90 g. of Mineral 

Aggregate 

8 9 10 11 12 

72.2 85.0 94.4 83.2 65.6 
in lb 58C0 6250 6500 6100 5650 

T A B L E 6 
B E A R I N G S T R E N C i T H O F B I T U M I N O U S 

M I X T U R E S AS F U N C T I O N S O F 
T E M P E R A T U R E 

Asphalt 

Mid-Continent 100/120 Pen. 
Mid-Continent 85 Pen 

Bearing Strength in psi at 

32 F 60 F 77 F . 100 F . 

104.2 94.4 65.0 42.2 
108.8 101.0 67.0 43.5 

E F F E C T O F H E I G H T O N T H E B E A R I N G 
S T R E N G T H A T 60 F . 

Height of Sample Ratio: Height to 
Diameter Bearing Strength 

in. psi. 
4.0 2.0 95.6 
1.96 0.98 92.9 
0.91 0.455 94.4 
0.20 0.10 127.0 

T A B L E 8 
B E A R I N G S T R E N G T H AS F U N C T I O N O F T O T A L 

A R E A T O L O A D E D A R E A A N D C O N F I N E M E N T 

Total Surface Area and 
Condition of Testing Loaded Area Bearing 

Strength 

sq. in. ' sq. m. 
3.141 unconfined : 3.141 
12.564 unconfined I 3.141 
12.564 confined in mould 3.141 

psi. 
94.4 
97.1 
95.5 

The effect of temperature on the value of 
the bearing strength is shown in Table 6 for 
two bituminous mixtures containing M i d -
Continent asphalts of 100/120 and 85 penetra
tion at the optimum asphalt content. 

The decrease in strength with increasing 
temperature is relatively small. For the same 
temperature interval the viscosity of the 
asphalts varies between approximately 10' 
and 10* poises. Hence the viscosity of the 
asphalt bears no relation to the bearing 
strength, and the latter is mainly affected by 
the surface tension of the asphalt as discussed 
before. This is corroborated bv data obtained 

on sand asphalt mixtures containing the 
optimum amount of various asphalts. These 
asphalts had a penetration of 90-92 penetra
t ion at 77 F., their surface tensions at 60 F . 
were 27, 32.4, and 36 dynes per cm.'^, and the 
bearing strengths of the mixtures at 60 F. 
were 97, 112, and 133 psi., respectively. 

Bearing Strength of Bituminous Mixtures in 
Relation to the Size of Samples 

The effect of a variation in height of the 
sample on the bearing strength is demon
strated in Table 7 for the same mixture pre
pared wi th the 100/120-penetration asphalt. 
The data show that the bearing strength is 
not affected by variations in the height of the 
samples between 0.91 and 4.0 inches, while 
at a height of 0.2 inches the strength is greater 
by 34 percent. I n the latter case, the height 
approaches a critical thickness which is de
termined by the size of the largest mineral 
particle present. 

Housel (5) developed a theory of bearing 
strength which is assumed to be the combined 
effect of two stress reactions, viz., the perim
eter shear and the developed pressure which 
acts against the column of material under the 
loaded area. I n view of this concept, bearing 
strength measurements were carried out on 
the same bituminous mixture which was 
moulded into cylinders 1.14 inches in height 
and 4 inches in diameter. These cylinders were 
centrally loaded and the ratio of total to 
loaded area was 4 to 1. The measurement was 
carried out on one cylinder while contained 
in the mould. The results are given in Table 8. 

The results indicate that neither confine
ment nor increase in the ratio of total to 
loaded area affect the bearing strength. Any 
developed pressure, acting against the ma
terial under the loaded area, should have in
creased the bearing strength of the confined 
sample. As the material hardens under the 
loaded area w'ith increasing stress and time, 
the zones of deformation become broader with 
increasing angle of internal friction. The slip 
planes disappear gradually under the loaded 
area and move to regions under the unloaded 
area which have not been deformed. Since, 
in the case of confinement, the diameter of 
the sample remained constant, there occurred 
an upward movement of the bituminous mix
ture between the loaded area and the wall 
of the mould. 
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Bearing Strength in Relation to Composition 
of Bituminous Mixture 

The data presented so far were obtained for 
a simple sand-asphalt mixture. The following 
data refer to mixtures, which were prepared 
by adding stone to this sand asphalt mixture, 
by increasing its filter content, and by grad
ing the mineral aggregate. 

The mixtures containing stone were pre
pared by adding crushed limestone, passing 
the K-inch and retained on the 3.^-inch sieve, 
in increasing amounts to the mixture of 80 g. 
sand passing No. 40 retained on No. 50 mesh 
screen, 10 percent limestone filler and 10 
percent of 100/120-pen. Mid-Continent as
phalt. The asphalt content of the final mix
tures was adjusted according to their stone 
content (see Table 9 for results). 

I t wil l be seen from the data that the 
bearing strength is hardly affected up to a 
stone content of 40 percent by weight. Wi th in 
this concentration range the stones apparently 
can rotate freely under stress. A t greater 
concentrations the rotation of a stone is 
hindered by its neighbors and the bearing 
strength increases with increasing stone 
content to a maximum at 65 percent. A t stone 
contents in excess of 65 percent the strength 
decreases, which appears to be due to an in 
crease in void content as evidenced by the 
open structure of the mixture containing 70 
percent of stones. 

The sand-asphalt mixtures with varying 
amounts of filler were prepared from the 
same sand, limestone dust, and asphalt at the 
optimum asphalt content in proportions 
shown in Table 10. 

The results show the bearing strength to 
increase with the filler content and to reach 
a maximum at about 25 i)ercent of filler. A 
further increase in filler content seems to 
reduce the strength. 

The considerable increase in bearing 
strength, experienced by the incorporation of 
the optimum amount of crushed stone or 
optimum amount of filler in a simple sand-
asphalt mixture, suggests that the bearing 
strength of a properly graded asphaltic-
conorete pavement should be of such a mag
nitude that the pavement could carry any 
type of traflfic. For the study of this effect, 
a mixture was prepared with an aggregate of 
the follov^ing composition: 65 ])ercent crushed 
limestone passing Jl-inch and retained on 

T A B L E 0 
B E A R I N G S T R E N G T H A T 60 F . AS F U N C T I O N O F 

S T O N E C O N T E N T O F B I T U M I N O U S M I X T U R E 

In Weight In Vol. Asphalt Con
tent In Weight 

Bearing 
Strength 

/o % % psi. 
0.0 0.0 10.00 94.4 

30.0 25.85 7.54 96.0 
40.0 35.04 6.72 97.5 
46.0 40.70 6.22 110.6 
50.0 44.50 5.90 124.8 

55.0 49.40 5.49 142.8 
60.0 54.33 5.08 165.3 
65.0 69.42 4.67 194.2 
70.0 62.46 4.26 160.3 

T A B L E 10 
E F F E C T O F F I L L E R C O N T E N T O N T H E B E A R I N G 

S T R E N G T H O F S A N D - A S P H A L T M I X T U R E S 
A T 60 F . 

Sand Asphalt Filler Bearing 
Strength 

% 
so.o 
74.0 
69.0 
63.5 
57.5 

% 
10.0 
11.0 
11.0 
11.5 
12.5 

% 
10 
15 
20 
25 
30 

psi. 
94.4 

123.4 
148.0 
174.2 
161.0 

3-^-inch screen, 22 percent siliceous sand 
passing No. 10 retained on No. 40 screen, 3 
percent siliceous sand passing No. 40 re
tained on No. 80 screen, 4 percent siliceous 
sand passing No. 80 retained on No. 200 
screen and 6 percent limestone dust passing 
the No. 200 screen. The optimum asphalt 
content was 5.6 g. per 100 g. of aggregate. A 
sample of this bituminous concrete mixture 
4.5 inches in height, was found to have a 
bearing strength of 389 psi. at 77 F. 

Bearing Strength Measurements with Bearing 
Plates 

The theory of plastic deformation, as out
lined for uniaxial compression, can also be 
apphed to the deformation of road structures 
under a loaded bearing plate. Since the loaded 
area is constant, the principal compressive 
stress is 

L/A = L/irr'' (32) 

where L = load and r = radius of a circular 
bearing plate. 

Making use of the mathematical device 
suggested by Trefftz (6), i t can be shown that 
the elastic strain under the center of the 
bearing plate is as follows: 

e = 22/7rr(l - v') (33) 
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T A B L E 11 
D E F O R M A T I O N O F S O I L U N D E R B E A R I N G P L A T E 

A S F U N C T I O N O F S T R E S S A N D T I M E 

No. Stress 
in psi 

Strain Diilerence X 102 
/s X 
10' No. Stress 

in psi 20 
Min. 

35 
Min. 

40 
Min. 

50 
Min. 60 Min. 

/s X 
10' 

1 62.50 1.8807 _ 2.0687 0.1711 
2 83.33 2.6330 3.0090 — 3.1971 0.5134 
3 104.17 3.5732 4.2879 — 4.8896 1.1980 
4 125.00 6.5823 7.8988 8.5570 9.2152 2.3961 
6 145.83 9.0272 11.0961 — 12.4120 13.1645 3.7653 
6 166.66 12.7886 15.2335 — 16.7377 17.4900 4.2787 
7 187.60 16.3618 19.7468 — 22.0040 23.1322 6.1617 

— xr^— 

0.2 0.4 06 08 
L o g t ^ l l O ' l 

Figure 9. Log stress versus log (3 for natura l soi l . 

where z is the central depression and v is 
Poisson's ratio. 

This expression for the strain explains 
Housel's observation (S) that a plot of the 
load per unit area versus the ratio of perimeter 
to area of bearing plates varying in diameter 
gives a straight line for a given value of the 
deflection under the plate. This behavior ob
viously appfies only to the elastic region for 
which 

a = E( 

Mul t ip ly ing and dividing Equation 33 by irr 
gives on substitution 

(T = L M = (Ez/TTil - ;'2))(2irr/7rr2) 

which shows the load per unit area to in
crease linearly for a given value of z w i th 
2xr/irr^, the perimeter per area ratio. 

I n the plastic region, the coefficient is 
H = b f f / i , and since 6 contains a term related 
to a volume change. Equation 33 can be 
simplified by inserting a value of 0.5 for 
Poisson's ratio. The plastic strain becomes 
then 

e = 82/37rr (34) 

To demonstrate the mechanical behavior 
of a natural soil under load, the field data are 
used which were presented by Housel and 
taken from Figure 5 of his paper. I n this 
investigation the settlement of a soil was 
measured as a function of time while a con
stant load was appfied on a circular bearing 
plate having an area of 4 sq. f t . The load was 
kept constant for 60 minutes and was then 
increased by increments of 3,000 lb. The set
tlement at zero time was reported as zero in 
the paper quoted. Therefore, these settle
ments actually represent settlement dif
ferences. The data are given in Table 11, the 
strain differences being expressed in ac
cordance with Equation 34. The strain at 
constant load was found to be a linear func
tion of the logarithm of time obeying Equa
tion 7. 

e - «o = /3 In (t/to) 

indicating that for this soil the plastic de
formation started at the moment of load 
appfication. 

The data show the strains and the values of 
13 to be larger than those given for the sand 
asphalt mixture. Figure 9 represents the 
relationship between log stress and log 13, 
which is finear in the lower stress region in 
agreement with Equation 5. 

(7/cro = iP/M" 

The value of b is 0.2626 in the region of the 
first four stresses and increases to 1.05 for 
the next two stresses. I t appears f rom the 
low and positive value of the first b, that this 
soil was in a poor state of consolidation which 
improved under loading. The bearing strength 
of this soil seems to be acquired at the second 
last load which is 166 psi. 

A load appfied to a bituminous pavement 
is transmitted to the base course and subsoil. 
Each layer of the road structure undergoes a 
deformation which is a different function of 
the load appfied and its duration for each 
layer. To evaluate the bearing strength of a 
road structure, bearing-plate tests should be 
carried out in such a manner that the deforma
tion of each layer can be measured. Such 
measurements have been made by Lancaster 
and Driscoll (7) which consisted in applying a 
constant load on a bearing plate, 30 inches in 
diameter, unt i l the rate of deflection was 0.001 
inches per 15 seconds and then releasing i t . 
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This procedure was carried out for three load 
increments, after which the load was applied 
continuously so as to produce a constant rate 
of deflection of 0.5 inches per minute unti l a 
maximum deflection of 2 inches was obtained. 
B y means of a special device i t was possible to 
simultaneously measure the deflections at the 
top of the bituminous pavement, the top of 
the base course and at the top of the subsoil. 
The data (taken from Figure 7 of their 
paper) are presented in Table 12 as strains 
observed at the stresses acting on the surface 
of the bituminous pavement. Since this part 
of the test begins wi th zero load, all strains 
have been corrected for zero strain at zero 
load. 

I t wi l l be seen from the data that the 
strains of the pavement and base course are 
approximately the same between 50 and 300 
psi., indicating that the deformation mech
anism of these layers is approximately the 
same. The corresponding strains of the sub
soil are smaller. 

The rate of deformation was 0.5 inches per 
minute, corresponding to a constant strain 
rate of 1.4147 X 10"' sec"^ This strain rate 
is so large in comparison to those observed 
for the bituminous mixture under constant 
load that the strains in Table 12 can be as
sumed to belong to the combined retarded 
elastic and plastic region. I t wi l l be shown in 
Appendix A that for the condition of constant 
strain rate the relationship between stress 
and strain in the region of hardening is as 
follows: 

T A B L E 12 
D E F O R M A T I O N O F R O A D S T R U C T U R E 

C O N S T A N T S T R A I N R A T E 

(j/o-o = (e/co)' (35) 

and the logarithm of stress should be a linear 
function of the logarithm of strain. The data 
are graphically presented in this manner in 
Figure 10 for the three parts of the road struc
ture. The stresses acting on the base course 
and subsoil are not known. They are, however, 
proportional to the load applied on the sur
face of the pavement. The relationships be
tween log unit load and log strain are linear 
up to a certain load, beyond which the struc
tures failed, as indicated by a rapid increase 
in strain for a small increment in unit load. 
The point of inflection appears at the same 
load for each layer; the strength is 225 psi. for 
the pavement and appears at the compressive 
stresses corresponding to the surface load of 
225 psi. for the base course and subsoil. I n 

2.5 

a 
= 21 
•a 

S 19 

2 5 

2 3 

Load De
veloped on 
Surface of 
Pavement 

Pavement Base Course Subsoil 

psi. Strain X 10̂  Strain X 102 Strain X 10' 
50 0.88766 0.94972 1.0570 

100 2.0160 2.1007 — 
160 3.2667 3.4210 2.8925 
200 4.8521 4.8671 3.6992 
260 7.9438 7.9138 6.2401 
300 16.076 14.441 12.107 
313 18.436 — — 
318 25.969 19.931 17.750 
320 — 23.692 21.511 
316 — 27.464 26.272 

Povf mint 

X 
/ 

f j 

Boat Courat 

/ 
/ 

A-

Subaoil 

Log (Strain R 10^ 

Figure 10. Log load per unit area versus log s train for 
road structure loaded at constant rate of deformation. 

view of the similari t j ' in the deformation 
mechanisms of the pavement and base course, 
the values of h are also practically the same, 
viz., 0.816 and 0.848, while the value of 6 
for the subsoil is 1.067. 

I t has been shown in connection with the 
data presented in Table 1, that a material 
when loaded under the condition of constant 
strain rate, wi l l fai l before i t has acquired its 
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maximum strength. The same argument also 
apphes to the above road structure. The data 
show however that this structure could carry 
loads up to 225 psi. without causing failure. 

A P P L I C A T I O N O F T H E T H E O R Y O F B E A R I N G 
S T R E N G T H TO T H E D E S I G N O F ROAD 

S T R U C T U R E S 

The theory presented here leads to the 
determination of bearing strength. As a ma
terial constant for a given temperature, the 
bearing strength is independent of the condi
tions of the test procedure, provided that 
sufficient time is allowed for the establish
ment of equihbrium. W i t h this provision, the 
bearing strength for each layer of a road 
structure may be determined in the labora
tory. 

A load apphed to the surface of a road is 
distributed through the material in such a 
way that the vertical stress decreases with 
increasing vertical distance from the loaded 
area. W i t h a knowledge of the bearing 
strength of the subsoil, the required thickness 
of pavement and base course can be calculated 
and must be such that the transmitted vertical 
stress corresponds at least to the bearing 
strength of the subsoil in its weakest condi
tion. For the computation of the transmitted 
stresses the tables compiled by Barber (8) 
appear to be useful. 

The required strength of a bituminous 
pavement is determined by the stresses 
exerted by stationary and moving wheels and 
by thermal stresses resulting from the change 
in volume wi th changing temperature. The 
bearing strength is determined on a uniformly 
loaded material. This condition is not satisfied 
by pneumatic tires. Bradbury (9) in an in 
vestigation of the wheel load distribution in 
concrete pavements, reported that the con
tact pressure of a pneumatic tire on the road 
surface is of the same order of magnitude as 
the inflation pressure. He quoted 90 psi. as 
the maximum inflation pressure and discussed 
circumstances which might lead to a contact 
pressure exceeding the inflation pressure by a 
maximum of 25 percent. Mar\^•ick and Starks 
(1), on the other hand, found that for bi tumi
nous pavements the vertical stress is approxi
mately 1.5 times the inflation pressure. Thus, 
for a stationary wheel with an inflation pi-es-
sure of 90 psi., the bearing strength of the 
pavement should be 135 psi. The data given 

in this paper show that such a strength can be 
obtained for any layer of the road. 

For moving wheel loads, i t appears f rom 
the studies of Marwick and Starks (10) that 
the contact pressure of a pneumatic wheel is 
independent of the speed of the vehicle. This 
holds only for level surfaces, but imperfections 
in the contour of the surface increase the 
contact pressure by an amount which varies 
with the nature of the impact. I t appears that 
a shock coefficient of two sufficiently corrects 
the contact pressure for the effect of impact. 
For this condition the stress exerted by a 
moving wheel with an inflation pressure of 
90 psi. would be of the order of 270 psi. Being 
of a transient nature, this stress wiU cause a 
very small strain, the magnitude of which 
further decreases with increasing speed. I t 
follows, therefore, that a bituminous pave
ment wi th a bearing strength less than 270 
psi. wi l l not fai l under a moving wheel with 
added impact. 

Thermal stresses arise f rom a change in 
volume wi th changing temperature. I t fo l 
lows from thermodynamics that 

dp = aKdT - KdV/V (36) 

where p = pressure, a = cubical coefficient 
of expansion, K = bulk modulus, T = tem
perature and V = volume. This equation 
cannot be readily applied; however, i t shows 
the pressure to be a maximum at constant 
volume, dV = 0. Keeping a and K constant, 
since they are rather insensitive to tempera
ture, i t follows for this condition that 

Ap/AT = aK = aE/S{l - 2v) (37) 

and the change in pressure wi th changing 
temperature, or the increase in pressure per 
degree is equal to the product of coefficient 
of expansion and bulk modulus. The latter is 
related to Young's modulus, E, as shown in 
Equation 37 with v = Poisson's ratio. For the 
sand asphalt mixture described in this paper, 
the maximum modulus of elasticit.\' was 
21,000 psi., V = 0.214 and a = 6 X 10"* per 
deg. Fahrenheit, hence the increase in internal 
pressure is 0.735 psi. per deg. F. I n compari
son, the values for portland-cement concrete 
are E = 3,500,000 psi., v = 0.33, a = 14.4 X 
10"'̂  per deg. F. as reported by Teller and 
Sutherland (11), and the increase in pressure 
is 50.4 psi. per deg. F. These values are maxi
mums, and are considerably smaller under 
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actual road conditions. They show, however, 
that thermal stresses are neghgibly small for 
bituminous pavements and can become critical 
for portland-cement pavements. 

Road structures can be damaged by impact 
forces when the energy transmitted to the 
surface is of a vibrational nature. The dis
integrating effect of vibrations due to moving 
traffic is greatly minimized if the road is 
highly resilient. High resihence is related to a 
low modulus of elasticity. Since the propaga
tion of the speed of dynamic waves increases 
with that of the moving traflfic, i t would ap
pear that increased speed reduces the effect 
of vibratory disturbances. On the other hand, 
the road surface can vibrate inharmoniously 
wi th the supporting medium, resulting in a 
sharp plane of discontinuity between the two 
layers which may cause failure. However, 
Ramspeck {12) showed that, if the elastic 
properties of the various layers are similar, the 
road structure wi l l respond as a unit to vibra
tory motions. Such a behavior can be expected 
with roads paved with bituminous pavements, 
since their modulus of elasticity is of the 
same order as that of the base course and sub
soil. 

I t was shown that bearing strength is not an 
inherent property of a road material but is 
acquired as a result of the orientation of the 
particles which is obtained under prolonged 
exposure of the material to stresses. Conse
quently, a freshly laid bituminous pavement 
is not yet in a state corresponding to that of 
the bearing strength. The actual load-carrying 
capacity, i.e., the load which can be carried 
without causing plastic deformation, is a 
function of the amount of work done on each 
layer by rolling during construction. The load-
bearing capacity increases wi th the amount 
of rolling only if the stress transmitted to the 
surface bears some relation to the bearing 
strength of the material at the temperature 
of rolling. Being of a transient nature this 
stress can be a multiple of the bearing strength. 
Under this condition the layer is consolidated, 
the particles become oriented in the direction 
of rolling, and the layer is in the region of 
hardening. I f the ratio of the transmitted 
stress to the bearing strength is large enough 
so that the layer is in the region of failure, 
rolling wil l cause surface cracks which are 
often observed. The effect of roUing on the 
increase in the load-bearing capacity and in

creasing orientation of the particles has its 
cause in the fact that the strain, obtained 
after the instantaneous deformation, is the 
sum of a plastic strain and retarded elastic 
strain. The plastic strain does not recover on 
unloading, and since the roller is in contact 
wi th the surface during a certain time, 
repetitive rolhng of a given area is equivalent 
in effect to static loading for a time period 
equal to the sum of each contact time. Traffic 
subsequent to the completion of the bi 
tuminous road has the same effect, which 
explains the known increase in strength and 
density wi th increasing traffic. 

I t has been sho-\TO that asphaltic-concrete 
mi.xtures can be prepared with a bearing 
strength of the order of 400 psi. Such bitumi
nous pavements can carry loads of great in
tensity, provided that the substructure has a 
correspondingly high bearing strength, other
wise the pavement wi l l fai l through over
straining. I t sometimes is observed that 
bituminous pavements of high strength laid 
on proper bases show occasional cracks. This 
type of failure has its origin in structural flaws 
such as microcracks. A vertical stress apphed 
to the surface above the flaw results in a stress 
concentration at the sharp edges of the micro-
crack. Gri f f i th {2) showed that for an elliptic 
flaw under a stress a perpendicular to the 
long axis of the elhpsoid, the stress at the 
sharp edges is as follows: 

(7e = (7 (2a + b)/h (38) 

where a and b are the long and short axes. 
Thus for a ratio, a/b = 10, the stress concen
tration factor is 21. Under a load of 40 psi. 
apphed to the surface of the pavement, the 
stress at the sharp edges would be 840 psi., 
large enough to crack the pavement along the 
long axis of the microcrack. 
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APPENDIX A 

Plastic Dejormalion and Time-Hardening 

I t has been shown by experiment that bi
tuminous mixtures under load become harder. 
The hardening process is the result of the work 
done on the system and is often referred to as 
work-hardening. In this case the stress is not 
only a function of the strain rate but also of 
another factor which may be the strain (IS) and 

<r = <r(e, e) (A-1) 

where i = de/ dt is the strain rate. Differentiat
ing this equation gives 

da- = {da/di),di + {da/di)idi ik-2) 

where dtr/di measures the change in stress with 
changing strain rate at constant strain, and 
da/de measures the change in stress with chang
ing strain at constant strain rate. The term 
dtr/di has the same dimensions as viscosity 
and may be termed coefficient of plastic trac
tion. The stress as a function of strain rate is a 
curve in the ease of plastic deformation and the 
coefficient is determined by the tangent to a 
point of this curve, hence 

da/di = ha/k (A-3) 

where ha is the diflerence between the stress 
and the intercept of the tangent on the stress 
coordinate. I t wil l be noticed that ha is dif

ferent from the actual stress a, and may be 
called effective stress. 

The term da/dt has the dimensions of a 
modulus of elasticity. The solution of Equation 
A-2 depends upon whether or not da/de is 
constant or variable at constant stress. With 
da/dt being variable, this term may in the 
simplest case be expressed as follows: 

da/de = ha/e (A-4) 

Introducing Equations A-3 and A-4 into 
Equation A-2 leads on integration between 
a and (To , e and «o , e and eo , to 

a/aa = ( « / e o e o ) * (A-5) 

This equation shows that at constant stress 
the product of strain rate and strain is con
stant. Since i = de/dt, integration of this 
equation between e and to , t and 0 at constant 
stress gives 

- eo' = 2̂ 060 (<r/<ro)i«< (A-6) 

which shows that the square of the plastic 
strain is a linear function of time independent 
of the stress. The strain-time curves for each 
stress applied are therefore parallel to each 
other. The same holds true for any power fac
tor of the strain other than 2. 

With da/de being constant at constant 
stress. Equation A-2 becomes for constant 
stress 

0 = ha d i / i + (da/de) de 

Dividing by ha dt and writ ing for da/ha de 
gives 

- d i / i dt = de/l3 dt = i/l3 

Integrating between i and to , ( and to gives 

1 / i - 1/eo = {t - t,)/0 

from which follows that 1/ia = <o//3, hence 

i = 0/1; it = 0 = hade/da 

I t follows that 

da/de = ha/it = ha/& 

which is constant at constant stress but varies 
with the stress. Introducing this term into 
Equation A-2 gives 

da = (ha/i) di 4- (ha/it) de 
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Since £ = dtldt, this equation becomes 

do- = (6<r/^) di - I - (6<r/0 di 

Integration between a and o-o , f and eo , t and 
0 leads to 

<rA„ = W D / f o l ' (A-7) 

I n this case the product of strain rate and time 
is constant at constant stress and this equation 
represents time-hardening. With e(( -f- 1) = /3 
this equation can be written as follows: 

<r/ffo = (/SZ/So)" 

The strain rate is 

(A-8) 

i = de /d t = (<r/<r„)"l>^„/(< - f 1) = /3/(i 4- 1) 

Integration between e and eo , t and 0, at con
stant stress gives 

€ - eo = /3 In (t - I - 1) (A-9) 

where In is the natural logarithm and ( refers to 
the time interval of plastic deformation only. 
This equation shows that at constant stress the 
plastic strain increases linearly with the 
logarithm of time and that the parameter /3 
varies with the stress. This condition is a 
criterion of time-hardening. Any other con
stant product of strain rate and a function of 
time at constant stress, such as e(i -|- 1)° for 
example, would on integration make e — eo at 
constant stress proportional to (t -|- l ) ' " * ^ . This 
relationship is similar to Equation A-6 and 
represents therefore strain-hardening. 

The amount of hardening which the system 
receives as a function of stress and time, de
pends upon the value of 6 and is most pro
nounced with negative values of h or values 
larger than 1. 

Experiments are often carried out by loading 
in such a way that the rate of deformation or 
the rate of loading are kept constant. For the 
evaluation of these conditions, Equation .4-7 
may be written as follows: 

<r/ffo = (e(/eo^o)'' (A-10) 

Considering first the simpler case of constant 
strain rate, the stress becomes a function of 
time only. Since e = d e / d / = constant, it 
follows that e = const. (, hence 

<r/<7o = (e/eo)'' (A-11) 

For the conditions of constant rate of deforma
tion — dh/dt = constant, hence e = dt/dt = 

— dh/hdt = constant /h and eo = constant /h', 
where h' and h are the heights observed at stress 
<ro and ( T . Further with —dh/dt = constant, i t 
follows that h(, — h = const, t, and ho — h' = 
const, to . Introducing these terms into Equa
tion A-10 gives 

a A o = [h'iho - h)/hiho - h'f (A-12) 

When ho — h \s small in comparison to h, so 
that (Ti-o — h)/h = e Equation A-12 approaches 
the condition of Equation A-11. I t has been 
shown that bituminous mixtures are so sensi
tive to the condition of constant rate of de
formation that failure wil l occur long before 
these mixtures have acquired their maximum 
strength. Such a test condition does therefore 
give not much information about the mechan
ical behavior. 

For the case of constant stress rate, <r/l 
is constant, therefore multiplying Equation 
A-10 by to , dividing by t and substituting 
for iolii gives 

1 = {i/M^/t^'-"^ 

from which follows 

e = ^o tW -^ 'W'" = eo(«/(„)('-•""> (A-13) 

Since o-/« = constant = c, this equation may be 
written as follows; 

e = do (<r/.TO) 

For a negative value of 6, this equation becomes 

e = 4 o ( . r o A ) < i ( / 3 o c A o ) (<ro/.T)<'+M"' 

which has been used for Equation 8b in the 
main part of the report. Taking /So , <o and the 
constant resulting from integration together 
into one constant C, there results on integra
tion of Equation A-13 between e and 0, ( and 0, 
the following expression for the strain as a 
function of time or stress; 

e = C i " " = C ( < 7 / c ) ' (A-14) 

which is similar to Equation A-11. 
For the condition of constant rate of load

ing L/t = c Equation A-10 becomes: 

ato LAoti 

trot LoAt 
'o Ao / ft y to 
l ~ A " \ioto/ t 

The ratio of the areas, Ao/A, is according to 
Equation 17 in the main text as follows: 

.4„/.4 = iro/rr = (h/hoY-' 
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where v is Poisson's ratio. Since In (ho/h) = 
£, (h/ho)''' = exp ( — 2vt). Introducing tiiis 
term into above equation and rearranging 
gives 

exp {2ye/b) dt/dt = ioU/k)^'-''^"' 

Integration between e and 0, t and 0, leads to 

exp (2^e/6) = {2yi,/t^«'-''^"')t'"' + 1 (A-15) 

Tiiis equation cannot be readily applied to 
experimental data. However, when 2vi(,/t^a 
is of such a magnitude that 1 can be neglected 
at large values of t, then 

c = (6/2^)[ln2;'jo - (1 - h)/b\n U 

+ Q'M In I 
(A-16) 

e = constant + iViv) In t 

= constant' + (\iv) In L 

and the strain is approximately linear with 
the natural logarithm of time or of load. 

APPENDIX B 

Elastic Deformalion 

I t has been shown that the plastic deforma
tion is preceded by an instantaneous elastic 
deformation and a retarded elastic deforma
tion. The latter is an elastic deformation 
superimposed upon a plastic deformation. The 
strains accompanying these deformations are 
the same. The stress, however, consists of an 
elastic and plastic part: 

0-' + „" = E'e' + <r" (B-1) 

where <r is the total stress, <T' and <r" are the 
elastic and plastic stresses, and E', and e' are 
the modulus of elasticity and retarded elastic 
strain for this type of deformation. At the 
moment of application a constant stress is 
carried wholly by the plastic part and a- = a". 
Subsequently the elastic deformation takes 
over part of the stress, and this deformation 
increases unt i l the maximum elastic strain is 
obtained. At this point the jilastic stress is 
zero, and a = a'. Differentiating Equation B-1 
with respect to time gives 

daldt = E'dt'ldt 4- da"Idi = E'i' 

+ da"Idl - y.'di 

With da" = n' dt' this equation becomes for 
a = constant 

E'i' = -ix'di'/dl (B-2) 

For the solution of this equation, i t is neces
sary to know the variation of y,' wi th varying 
stress a" and strain rate e'. This information 
is obtained from the experiment. In the case 
of bituminous mixtures, i t was found that the 
plastic part of the retarded elastic deformation 
obeyed the following relationship 

e = eo exp {a — an)/hat, (B-3) 

expressing the strain rate as an exponential 
function of the stress. The equation requires 
the substitution of the proper stresses for the 
retarded elastic deformation. According to 
Equation B-1, the plastic stress is 

a" = a - E't', 

and (To in Equation B-3 corresponding to the 
strain rate to becomes a hence 

i' = i'„ exp (a - E't' - a)/ha 

= i'o exp ( — E'e'/ba) 
(B-4) 

Taking logarithms and differentiating with 
respect to e' gives the following expression 
for the coefficient 

M' = da"/de' = -E'dt'/di' 

= -da'I di' = ba/i 
(B-5) 

Introducing this term into Equation B-2 
gives on rearranging: 

-di'/i'^ = E'dt/ba = dt/a (B-6) 

where ba/E' = a is a constant at constant 
stress with the dimension of strain. Integra
tion between i' and ej, ( and , gives 

1/i' - = {t - U)/a (B-7) 

I t follows immediately that l/e,' = Ufa hence 

e' = a/L (B-8) 

Integrating again between e' and ej, ( and 0 
leads to 

e' - = a In (< - I - 1) (B-9) 

which is similar to Equation A-9 expressing 
the plastic strain as a function of time for 
time-hardening. 
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A P P E X D I X C 

Kinetics of Plastic Deformation 

A compacted bituminous mixture can be 
conceived as containing a number of particles 
acting as units of fiow wliose axes form any 
angle between 0 and 180 deg. with the horizon
tal . The particles with zero angles are in regions 
of greater density and are attached to their 
neighbors by strong cohesive forces. The re
maining particles are, on account of their angle 
of position being larger than zero, in regions of 
lower density and weaker cohesive forces. This 
arrangement is similar to that in ordinary 
solids, where the particles in regions of greater 
density are in a state of order and the particles 
in regions of lower density in a state of dis
order. For reasons of simplicity, this terminol
ogy wi l l be applied in the following. Such sys
tems can be visualized as containing sites or 
cells which are occupied by the particles. Part 
of these particles, qN, occupies the disordered 
sites where q is the degree of disorder or frac
tion of the particles in the disordered state, 
while the remainder, (1 — q)N', occupies the 
ordered sites. The sites of order and disorder 
are assumed to be distributed at random so 
that the system is as isotropic as a simple liquid 
from a macroscopic point of view. The essen
tial difference between the ordered and dis
ordered state in bituminous mixtures is that 
the particles in the ordered state are in posi
tions of minimum potential energy, whereas 
the particles in the disordered state are con
sidered to be distributed over various levels 
of greater potential energy. 

In a region of stress which has the lower 
yield value as the upper l imit , the system is 
deformed clastically. The particles change 
slightly their positions but each particle re
tains its neighbors. At stresses in excess of this 
yield value, the particles in the ordered state 
rarely leave their positions, since, on account 
of their zero angle of position, the shearing 
stress associated with them is zero, according 
to Equation 11, in the main text. The particles 
in the disordered state are subjected to shear 
and move to new positions. Such a particle 
can move" over a barrier of potential energy 
only if under the influence of interaction with 
its neighbors i t acquires a kinetic energy equal 
to the magnitude of the barrier. The barrier 
of smallest magnitude is the one associated 
with the lower yield value. Since the strain 

rate decreases with increasing stress and time 
in the region of hardening, some of the ])ar-
ticles in the disordered state, after having 
passed the energy barrier, lose their kinetic 
energy again under the influence of their new-
neighbors and move to positions of lower poten
t ial energy, i.e., to positions of order. 

In order that a particle may move from one 
position to another, i t is necessary that space 
be provided. I t is agreed that all matter, solid 
or liquid, contains a number of vacancies or 
holes, which represent the unoccupied sites of 
the system. In bituminous mixtures these 
vacancies are provided by the voids. Let V 
be the volume of the system, F , the effective 
volume of the particles, n the number of the 
vacancies, Vh the average volume of a vacancy, 
then 

nv^ = V - V, 

The volume of a particle is a multiple of the 
volume of a vacancy, v, = cvk . With the par
ticles occupying a volume V, = Ncvh , the ratio 
of the number of vacancies to that of the par
ticles becomes 

n/N = c(F - \ \ ) / V , = (C-1) 

For flow to occur the energy barrier or the 
cohesive forces between the particles must be 
overcome by an externally applied force, and 
for simple liquids the viscosity is a measure of 
these cohesive forces. Since plastic deformation 
in the hardening range is caused by the motion 
of the particles in the disordered state which 
are associated with weaker cohesive forces, 
the coefficient of plastic traction is a measure 
of these weaker forces. Further, this coefficient 
varies w'ith stress and time and, therefore, 
with the number of particles in the disordered 
state. This suggests that the coefficient de
pends not only on the magnitude of the weak 
cohesive forces but also on the number of par
ticles associated with these forces. A variation 
in the number of particles in the disordered 
state brings about a variation in the number of 
vacancies, hence the coefficient of plastic trac
tion is a function of the number of particles in 
the disordered state and the number of vacan
cies, viz., 

M = M(9,'<>) (C-2) 

For an understanding of the process of 
plastic deformation, the energies associated 
with it must be known. A formulation of these 
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energies can be based on the two accessible 
quantities, stress and coefficient of plastic 
traction. For this purpose use is made of the 
complete Stokes-Navier differential equations 
of motion. They cannot be directly solved 
when subject to boundary conditions of such 
complexity as encountered with plastic flow. 
However, by considering a particle of average 
mass m moving in one direction with a velocity 
f, the following simplification is obtained: 

f - ( f i + h + B) = m dv/dt (C-3) 

where m dv/dl is mass times acceleration and 
is a force due to inertia. The term / is the force 
acting on the particle, fi is the frictional force 
due to a shear resistance to flow, and fi is the 
frictional force due to a resistance to a change 
in volume and is associated with the isotropic 
or volume viscosity. Finally B represents body 
forces which consist of the negligible force due 
to gravitational attraction and of the more 
important cohesive forces. The last three 
forces act against / and may be combined into 
one term \pv, where i/- is the sum of frictional 
and body forces per unit velocity. There results 
then 

J — \pv = m dv/dl (C-4) 

Mult iplying by f?X the distance travelled by a 
particle gives with d\/dt = v, the following 
expression for the work done as a function of 
the kinetic energy 

f d\ = <pv d\ + mv dv = d\ + dEt (C-5) 

For the solution of Equation C-4, the case 
of a Xewtonian liquid may be considered first, 
for which is constant and proportional to 
to the viscosity. The result may then be applied 
to plastic flow by analogy. Integration be
tween V and 0, t and 0, at / = constant gives 

In / - l n ( / - <pv) = 4^1/m 

from which follows 

H = / [ I - exp {-<pt/m)] (C-6) 

The exponential term tends towards a value 
of zero the more rapidly the larger the value of 
4i or the smaller the value of m. Thus, for a 
simple liquid, the velocity of a particle in
creases rapidly to a constant value, hence 

j = <Pv 

i.e., the force acting on a particle is equal to 
the frictional force. This is in agreement with 
the idea that any work (force times distance) 
done on a simple liquid in the steady state is 
work done against the viscous resistance to 
flow, and the change in kinetic energy is zero 
according to Equation C-5. 

In the case of plastic deformation, i/ is 
variable and with ha being the effective stress 
\pv becomes equal to 6/, hence 

} - = {I - h)f = m dv/dt (C-7) 

f d \ = b f d \ + mv dv = 6/ dX -|- dEt (C-8) 

Here the work consists in part of the work 
done against the viscous and other resistances, 
6/ d\, and the remainder appears as kinetic 
energy. I t follows also on comparing Equations 
C-7 and C-3 that 6 contains parameters re
lated to the frictional forces due to shear and 
volume viscosity and due to the body force. 

For the evaluation of these parameters, 
Equation C-2 is differentiated as follows: 

dfi = (d^/dq)^ dq + (9^/50), (C-9) 

The coefficient of plastic traction at constant 
it> depends upon the number of particles in the 
disordered state and the stress acting on these 
particles may be assumed to be equal to the 
product of q and stress, qa in the simplest case. 
For other cases this stress may be expressed 
as the product of a and a function of q, af{q). 
For the sake of simplicity, the term q wi l l be 
used since the following derivations lead to 
the same result irrespective of the type of the 
function of q. With 6 being constant, the coeffi
cient of plastic traction at constant 0 becomes 
then 

yL4, = qa/i = qn/b (C-10) 

The coefficient at constant q varies with the 
variation in the number of vacancies in such a 
manner that this coefficient decreases with an 
increase in volume and vice versa. This condi
tion is satisfied if the coefficient at constant q 
and constant temperature is inversely propor
tional to a function of the volume of the vacan
cies, F./(0/c) = V.g(.t>) 

= C/V.g{4,) (C-11) 

where C is a proportionality factor. Equation 
C-11 also satisfies Equation C-9, which indi
cates that a positive dq must be associated with 
a negative d{<t>), and vice versa. To eliminate 
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the proportionality factor, the coefficient is 
referred to a coefficient of plastic traction no 
at a state so close to that of rest that go and 
g(<t>) can be considered to be constant, MO = 
C/V,g(<t>i)). With these stipulations, the coeffi
cient at constant q is as follows: 

i"5 = MoS(*o)/9(*) (C-12) 

Combining the proper derivatives of Equa
tions C-10 and C-12 with Equation C-9 gives 
on integration between n and MO , 2 and qo , 
g{(t>) and g{<t)o), keeping b constant 

M = qn/b - [go/6 - g(<f>o)/g{4>)]m (C-13) 

Differentiation of this equation wi th respect to 
M gives 

1 = 9 / 6 + {M/b)dq/dfi Uo»(*o)/(g d<t,/dn 

f rom which follows that at M = Mo , g{<t>) 
and 

6 = go 

Introducing this term into Equation C-13 gives 
on rearranging 

6 = go = g(0) 
q - Qo 

g{<t>) - g((t>o). 

Taking logarithms and expanding into a series 
gives 

In 6 = In g(<t>) + In M/MO - f g — go — 1 

- y2{q - 90 - l ) " ' ^ + ••• 

- [g('t>) - gi.'t'o) - ! ] + ••• 

from which follows that at M = MO , In 6 = 
In g(0o), hence 

6 = go = g(0o) 

= q — - y - r lgi<t>> - » (<t>o)\ — 
(C-14) 

This equation defines the parameter 6 in terms 
of g and g {<i>). 

Equation C-13 may then be written as fol 
lows: 

^ = ha/i = gM/6 + [g («o) - g(0)lMo/?(<#>) (C-15) 

indicating that the coefficient of plastic trac
tion is a composite of two terms, the first one 
refers to the motion of the particles in the dis
ordered state, and the second represents the 
volume viscosity. During plastic deformation 

accompanied by time-hardening, the particles 
in the disordered state shift to positions of 
order. Hence, the value of g decreases to zero 
at a stress <r„ , and at this point the coefficient 
of plastic traction is equal to the volume vis
cosity, i.e., at stress <rm there is no slip which 
coincides wi th a value of the angle of internal 
fr ict ion of 90 deg., as discussed in the main text 
in connection with the distribution of stresses. 
I t follows also f rom Equation C-15 that as g 
decreases with increasing M, g{<t>) also decreases 
and the process of time hardening is accom
panied by a decrease in the number of vacancies 
present and therefore hy a densification of the 
bituminous mixture under test. At stresses 
in excess of o-n, , g can increase again and the 
deformation can lead to failure. 

Mult iplying Equation C-15 by i and sub
stituting 1 — (1 — g) for g gives 

(C-16) 
ti6 — ba = <7 

+ [g(<t>o) - g{<t>)hoi/g(<t>) - ( i - qW 

This equation represents the sum of the f r ic-
tional and body forces per unit area men
tioned in Equation C-3. The first and the sec
ond term are the frictional forces due to a 
resistance to shear and to a change in volume, 
and since 1 — g is the degree of order, the last 
term represents the strong cohesive forces. 

These forces are related to the energies asso
ciated with plastic deformation. The change in 
internal energy in going from a state of rest to a 
state of stress is as follows: 

AU = W + TAS = A F - A ( P F ) + TAS 

where U = internal energy, W = work done, T 
= absolute temperature, <S = entropy, F = 
Gibbs' free energy, P = pressure, V = vol
ume, PV = potential energy. I t follows that 

AF = W + A{PV) (C-17) 

The work done is represented by Equation C-8. 
Mult iplying and dividing this equation by a, 
the area of a particle on which the force acts 
gives with J/a = o-, aX = v/ , the volume of 
flow, the following expression for the work done 
in going from a state of rest to a state of stress 

I f = (<r — <ro)v/ = 6(<r — (TO)V/ + }imv^ 

= 6((T — (To)V/ + AEk 

(C-18) 

where refers to the yield value or to a stress 
so close to i t that g and g{4>) can be considered 
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to be constant. The velocity of a particle at 
this stress is either zero or so small that its 
kinetic energy is negligible. Substituting in 
the above equation the value of ba from Equa
tion C-16 gives 

W = {a — a„)v/ = (a 

- 1 (1 - 9),r - (1 - g„)<r„ (C-19) 

- [gM - g(<t>)hoi/g(.4>)}«/ + A E J , 

The second expression on the right side is the 
work related to the stronger cohesive forces 
and to the change in volume and is therefore a 
change in potential energy, hence 

and 

W = W - A{PV) + AEt 

A(PV) = AE, (C-20) 

This result is in agreement with the postulate 
that a particle can pass the barrier of potential 
energ}' only if it acquires a kinetic energy equal 
to the magnitude of the barrier. I t follows from 
Equation C-17 and C-20 that 

AF = W + A(PV) = W + AEI, 

and from C-18 

(C-21) 
AF = {a - ao)vf + (1 — b)(o- — ao)Vf 

= (2 — b)(a — aa)vf 

In cases where the plastic deformation passes 
through various regions with different values of 
b, Equation C-21 becomes 

AF = [2ia - a«) - { b a - boao)]v, (C-22) 

The free energj' change is obtained as a func
tion of the coefficient of plastic traction by con
sidering plastic deformation as a rate process. 

The shift of particles from positions of dis
order to those of order is a kinetic process. 
The particles move in the direction of the force 
applied and the vacancies in the opposite di 
rection. I'̂ ach process is carried out with the 
same rate and a condition of equilibrium is 
established. This is shown by rearranging 
Equation C-15 as follows, taking into consider
ation that 6 = 9o = g(<t>(i): 

(5o - 9)/M(I = Igi't'o) - g(<i>)]g(4>o)/g{<t>)ii 

The coefficients of plastic traction can be re
placed by MO = ^o'o and fi = Et according to 

Equation 1 of the main text. The moduli of 
elasticity are assumed to be variable on ac
count of the structural and volume changes 
' ;iking place in a bituminous mixture under 
stress. The above equation becomes then 

(90 - q)/t„ 

[ff(0o) - g(4>)]gi<t>o)Eo/g(4,)El 
(C-23) 

Since qo — q = (1 — 9) — (1 — 90), this equa
tion shows that the rate of decrease in the con
centration of the particles in the disordered 
state or rate of increase in the concentration 
of the particles in the ordered state is equal to 
the variation of a function of the concentration 
of the vacancies with time. The specific rate 
constants are 

k' = l / u = E o / w ; 

k" — Eq/EI = Ea/fi 
(C-24) 

I t is interesting to note that k' is independent 
of the stress, whereas k" varies with the stress. 
This suggests that plastic deformation is pri
marily brought about by motion of the vacan
cies. The equilibrium constant is 

K = k'/k" = M / W = exp (AF/kT) (C-25) 

where AF is the change in free energy of ac
tivation for a particle going from one state to 
another and its accompanying change in vol
ume, k = Boltzmann's constant and T = 
absolute temperature. This equation in com
bination with Equations C-21 or C-22 serves 
for the calculation of the kinetic energy and 
mass of a particle. 

I t has been shown that the retarded elastic 
strain is a similar function of time at constant 
stress as the plastic deformation which sug
gests that the processes involved are also sim
ilar for both types of deformation. According 
to Equation B-5, the coefficient of plastic trac
tion associated with the retarded elastic defor
mation is as follows: 

M' = ba/i' 

and shows that this coefficient is independent 
of the plastic stress and varies only with the 
strain rate. I t can, therefore, be concluded 
that the parameter b is variable in such a 
manner that b ' a ' = 6a- and 6' = b a / a ' . I t can 
be shown {14) that for such systems gi<t>ii) = 
g(4>), b' = q, b = go hence E't' = a' = ba/b' = 
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halq. Introducing this term into Equation B-9 
gives 

o)/ba 

= 1/9 - l/g„ = In {I 1) 
(C-26) 

Hence, for the retarded elastic deformation 
at constant total stress, 1/g increases or q 
decreases with increasing strain and time. 
Therefore, the ordering of the particles is not 
restricted to the plastic deformation but 
starts with the onset of the retarded elastic 
deformation. 

A P P E X D I X D 

Cohesion of Bituminous Mixtures 

The geometrical shape and irregular sur
faces of mineral particles make a quantitative 
description of the attractive forces resulting 
in cohesion difficult. For reasons of simplifica
tion two parallel plates are considered to be 
immersed vertically in a liquid which wets the 
plates (Fig. A ) . When a, the distance between 
the two plates, is small, the liquid rises and 
forms a surface at the contact with air, of which 
one radius of curvature is a/2 and the other is 
infinitely large. The capillary pressure is then 

p = S{l/a/2 + 1/^) = 2S/a (D-1) 

where JS = surface tension in dynes per cm. 
The hydrostatic pressure of the liquid column 
in dynes per sq. cm. is equal to the product of 
height, h, density, p, and the gravitational 
constant g, viz., hpg. Since the capillary pres
sure and hydrostatic pressure are in equilib
rium, they must be equal and 

2S/a = hpg; h = 2S/pga (D-2) 

The plates are considered to move freely 
and the liquid not only rises between the plates 
but also pulls them toward each other. I f the 
width of the plates is w, the rise of the liquid 
dh reduces the area of the two plates above the 
meniscus by 2 wdh and the surface of the menis
cus by Trwda/2. Hence the change in free 
energy is 

-dF -Sw{2dh + wda/2) (D-3) 

The rise of the liquid increases its potential 
energy in the gravitational field. As the center 
of gravity of the liquid rises by dh/2, when 

Figure A. Capi l lary attract ion between two plates. 

the meniscus rises by dh, the change in poten
t ial energy becomes 

dE„. (D-4) 

The sum of both energy changes is the change 
in the work done and 

(D-5) 
- d f + dE„„t = dW 

= -Sw dh - Sw da/2 

Differentiating Equation D-2 gives 

dh==^da 
ga' 

which on introduction into Equation D-5 
results in 

2S'w 
dW = - da — - Sw da 

Dividing by da gives the force with which the 
plates are pulled together or that which is 
necessary to pull them apart by a distance da: 

dW 

da 

2S'w 

pga^ 
Sw 

Since a is considered to be small, 0.5 irSw can 
be neglected without introducing a serious 
error. The capillary force then becomes 

/ = 2S-w/pga' (D-6) 

A P P E X D I X E 

Nomenclature 

a = area of a particle; thickness of a film 
b = parameter related to plastic flow 
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C 
exp 

?(«) = 

h 
k 
k', k" 
In 
TO 
n 
P 
1 

r 
t 
t 
V 
V with 
w 
z 
A 
B 
C 
E 
Et 
F 
G 
K 

constant L 
exponential N 
force P 
gravitational constant iS 
function of the ratio of number of T 

vacancies to number of particles 
= height U 
= Boltzmann's constant V 
= specific rate constant W 
= natural logarithm = 2.303 log a 
= mass of a particle 
= number of vacancies per unit volume 
= pressure (3 
= fraction of particles in the disordered 

state e 
= radius i 
= time ri 
= relaxation time 8 
= velocity X 
subscripts = volume ii 

= width V 
= depression under bearing plate p 
= area o-
= body force T 
= constant <f> 
= Young's modulus of elasticity A 
= kinetic energy 2 
= Gibbs' free energy 0 
= modulus of rigidity 
= bulk modulus; equilibrium rate con- ^/z 

stant 

= load 
= number of particles per unit volume 
= pressure 
= entropy; surface tension 
= absolute temperature in degree Kel

vin 
= internal energy 
= volume 
= work 
= parameter related to retarded elastic 

deformation; coefficient of cubical 
expansion 

= parameter related to plastic deforma
tion 

= principal strain 
= de/dt = strain rate 
= coefficient of viscosity 
= angle 
= distance moved by a particle 
= coefficient of plastic traction 
= Poisson's ratio 
= density 
= principal or normal stress 
= shearing stress 
= angle of internal fr ict ion 
= difference 
= sum 
= ratio of number of vacancies to num

ber of particles 
= sum of frictional and body forces per 

unit velocity. 




