
IKICK AND BLACKBURN: STATISTICAL METHODS o29 

Application of Statistical Methods to 
Laboratory Concrete Freeze-Thaw 
Test Data 

p . E. I R I C K , Research Associate, Statistical Laboratory, and 
J . B . B L A C K B U R N , Research Engineer 
Joint Highway Research Project, Purdue University 

THIS pajjer is written for researchers in the field of construction materials in an effort 
to demonstrate and explain a fairly complicated statistical analysis. The authors 
discuss experimental designs, the mathematical model, the assumptions which must 
be satisfied before the analysis of variance may be used, the mechanics of the analysis 
of variance, and a method for determining where the differences lie among a set of 
means. An example is used to help those who are unfamiliar with statistical terms and 
to illustrate the mechanics of the analysis of variance. 

The authors believe a better understanding of the statistical aspects of experi­
mental design and a more widespread use of the analysis of variance will lead to: 
(1) a more complete analysis of data than is now possible by interpreting graphs or 
tables; (2) better agreement among researchers as to the meaning of data because 
their methods of analysis will be more similar and less subject to personal bias; and 
(3) greater validity in test data once the importance is recognized of the roles played 
by replication and randomization in the design of experiments. 

1. INTRODUCTION much personal bias is eliminated in interpret-
• AT the present time there is a great need ^he results. Further advantages are that 
for more uniform methods of analv.ing re- ^̂ e inferences one may make abou his data 
search data in the field of highwa^• construe- ^''^ based on mathematical probabilities. For 
tion materials. This need can hardlv be over- f "̂̂ P̂ *'' confidence limits may be computed 
emphasized in view of the eveiwncreasing for means, and differences between means niaj" 
research activity by private, federal and state determined to be real or non-existent, on 
agencies. Furthermore, the ever-increasing the basis of mathema ical probabilities, 
complexity of experimental designs and the , ^he method of analysis that is referred to is 
growing tendency toward cooperative research known as the analyn, of variance It is widely 
involving several laboratories makes it more ^ '̂̂ '̂  "^^^^ ^ ^ ' f "t^fi". ̂ 'f'' mcludmg agr.cul-
important than ever to use a method of analv- ture and the )>iological sciences. Only m 
sis of the cumulative data that will vield com- '-ecent years have the principles of experi-
parable results for each analyst. Investigations "^^ntal design and analysis begun to be used 
such as studies of the durability of portland engnieering re.search. 
cement concrete or soil-cement mixtures; or Very few investigators appear to have used 
the permeability of different concretes; or the the analysis of variance in the field of construc-
compressive strengths of specimens from tion materials testing. In 1953 Haskell (1) 
different concrete mix designs; or the stalMIity reported the use of the analysis of variance for 
of bituminous-aggregate mixtures; or any analyzing concrete strength test data and 
other investigation where numerical data are Wright (2) referred to it in 1954 in a similar 
recorded, are particularly suited to the method example. Duncan (3) showed how the analysis 
of analysis that will be described in this paper, of variance could be used to advantage in a 
One value of the analysis lies in the fact that study of highway maintenance costs. I t should 
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he mentioned in jjassing that I'esearphers in 
the field of traffic ongineerinK have used statis­
tical teeliniques, including the analysis of 
variance, for some time. 

It is the piu'poso of this paper to show how 
the analysis of variance may he used as an aid 
in inteipreting materials test data. Our dis­
cussion will be facilitated by the use of an 
example foi' which we have chosen the data 
fi'om a study of the freeze-thaw dui'ability of 
laboratory concrete specimens. The ]jurpose 
of the experiment was to investigate the freeze-
thaw dui'abilitj' of 3 x 4 x 16 inch concrete 
sjjecimens made from certain cement-aggre­
gate combinations when duplicate sets of 
specimens were subjected to thawing in water 
at different temperatures. The cement-aggre­
gate combinations involved four aggregates 
and two cements which wei'e chosen foi' their 
i-ange of field pei'formance record. In highway' 
pa\'ements and exî osed structural concrete 
two of the four aggregates have good sei-vice 
records and the other two have bad service 
records. One of the cements (alkali equivalent 
of 0.40) has a good service record and the other 
(alkali equivalent 0.75) has a doubtful service 
record. The four aggregates are gravels, the 
best of which is predominantly of igneous 
origin and the poorest of which contains ap-
I)roximately 50 percent chert. A simpler ex­
ample could have been chosen but the premise 
is that many experiments will be at least as 
involved as this one. 

In order to realize the benefits which arise 
from the use of statistical methods, as much 
attention must be paid to the experimental 
design as to the analysis of the experimental 
data. Conclusions which ai'e drawn from a 
statistical analysis are always relative to the 
mathematical model which rejjresents the 
design, and cannot be properly interpreted 
until the model is clearly understood. 

This presentation is intended to be self con­
tained, and so we have gi\'en an extensive 
explanation of the use of statistical methods in 
each of the phases of design, analysis, and 
interpretation. The only ]jart of the develop­
ment that has been intentionally slighted is 
concerned with algebraic mathematical ma­
nipulations. 

The mechanics of the analysis of variance 
and othei' statistical procedures are rather 
completely discussed in Sections 3, 4.1, 5.2. 

6.2 and 6.3. Sections 2, 4.2, 5.1, and 6.1 ai'e 
mainly concerned w ith the fiuidainental con­
cepts which underlie the statistical procedures. 
Section 7 is a discussion of the statistical 
inferences for the experiment that was used as 
an example. 

The entire presentation has been directed 
at just one experimental design, that of the 
expei'iment described above, with the attitude 
that it is of importance for the I'eader to full\-
understand the fundamental statistical con­
cepts which are connected with a single but 
fairly complicated anah'sis of variance. I t 
would appeal', however, that othei' experi­
ments in the field of materials testing will ha\e 
designs quite similar to that of the illusti-ation, 
and that many of the principles discussed 
here are general and are I'eadily aflapted to 
other experiments. In the long run it will be 
advantageous to have a statistician assist in 
the design of experiments and to have com­
puters to do the anal>-ses. The fact remains, 
however, tliat the research person nmst finally 
interpret the results of the analysis of his data 
and the more familiar he is with statistical 
concepts the more valid will be his conclu­
sions. 

2, D K S I G N Oh' T H E K X l ' K R I M E N T 

The design of an experiment may be re­
garded as a blueprint foi' the way in which 
data are to be collected on one or more de­
pendent variables. The broad objective of 
most experiments in materials testing is to 
determine the effects of selected controlled 
factors upon some measurable characteristic, 

of the material being te.sted. 
In the example to be used throughout this 

papei', the dependent variable is a conven­
tional measure of the durability of a concrete 
specimen, 

F = 100 X ^ ^ 

where Eo and Ef are the i'especti\ e dynamic 
moduli of elasticity of the sî ecimen at the 
outset and after / cydes of fi'eezing and thaw­
ing. 

2.1 Nature of tlie Controlled Factors 

The experimentally controlled factors fall 
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logically into two classes. The first of these 
consists of factors which determine the nature 
of the material to be tested. These factors will 
be called formulation factors since their com­
plete specification leads to a formula for pre­
paring the material from which the test speci­
mens are to be made. The second class consists 
of factors which specify how the materials 
are to be tested, and will be called test condi­
tion factors. In each of these two categories 
there may be factors which are held at one 
level throughout the experiment, and other 
factors which are \-aried over two or more 
levels. 

An experiment is said to be a complete 
factorial experiment if each level of anj- factor 
is tested in every combination of levels of the 
remaining factors. This is the only type of 
experiment to be discussed in this paper, al­
though much use is currently made of experi­
mental designs which call foi- only a fraction 
of the complete factorial experiment (4 and 5). 
I f the experimenter has enough beforehand 
information, or is willing to make the necessary 
assumptions concerning his variables, he may 
take advantage of the economies of these 
fractional replications. 

The controlled factors for the illustrative 
example are listed and classified below. 

Formulation Factors 
One Level Several Levels 

Water-cement ratio Sources of aggregates 
Cement factor (4 levels) 
Condition of aggre- Sources of ASTM 

gate at time of mix- Type 1 Cements 
ing (2 levels) 

Ratio of fine to coarse 
aggregate 

Percent of entrained 

Test Condition Factors 
Type of concrete Thawing tempera-

mixer tures (3 levels) 
Source of fine aggre­

gate 
Number of freeze-

thaw cycles per day 
Freezer temperature 

I t was not feasible to attain a single value 

in each mix for the one level formulation fac­
tors, and so minor variations were permitted. 
Although these variations were small, they 
contributed to the uncontrolled \-ariations to 
be discussed in the next section. 

Still another distinction must be macle 
among the experimental factors before an 
appropriate statistical analysis can be made. 
Some of the factors may be called/txed factors, 
while the remaining factors are called random 
factors. A factor is said to be fixed if the ex­
perimenter purposely selects its le\'els and 
wishes to generalize the results of the experi­
ment to only these selected levels. On the other 
hand, if the experimental results are to be 
generalized to a larger set of levels for the fac­
tor than actually appear in the design, then 
the factor is said to be a random factor, pro­
vided that each level in the larger set had an 
equal chance to become one of the levels used 
in the design. For example, the four aggre­
gates used in this experiment would be called 
fixed if they were the only aggregates about 
which conclusions were to be drawn. But if 
these four aggregates had been randomly 
selected from one hundred aggregates, say, 
then aggregates would be a random factor, 
and it would be valid to generalize the results 
of the experiment to the larger set of aggre­
gates provided that an appropriate analysis 
of variance were performed. All the factors 
listed above will be called fixed factors. 

2.2 Nature of the Uncontrolled Variables 
The measured or dependent variable Y is 

expected to take on somewhat different values 
for any two mixes, or specimens, even though 
the mixes or specimens represent the same 
combination of controlled factor levels. This 
variation is called error variation and is gen­
erally brought about hy many uncontrolled 
variables. 

The uncontrolled variables may represent 
departures in the controlled factors from their 
purported levels. For example, not all the 
mixes in the experiment had identical percents 
of entrained air. Other uncontrolled variables 
may reflect variations which could have been 
controlled but were not. For example, labora­
tory personnel may change during the course 
of a long time experiment, and this could lead 
to variations in methods of handling and 
measurement of the test specimens. Another 
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specific source of error variation in measure­
ments on concrete specimens arises because of 
different distributions of aggregate types, 
particle size and placement within the speci­
men. 

I t would be nearlj' impossible to list all un­
controlled variables which ojjerate during the 
course of an\- particular experiment, but if a 
complete statistical analj-sis is to be made, the 
effects of these vai'iables must be (juantita-
ti\'ely estimated. Unless simplif>'ing assump­
tions are made, it is necessary to make 
repeated measurements on Y for each combi­
nation of levels of the conti-olled factors. These 
replications will then provide a measure of the 
effect of the imconti'olled variables which ai'e 
at work. I f the replications can be i-egarded as 
random samplings from all replications which 
could have been made using the same e.xperi-
mental design, then the observed results can 
be generalized to a larger set of experiments, 
all performed with the same design and imder 
the influence of the same uncontrolled vari­
ables. 

If, for example, only one mix were made 
from each formulation, there would be no way 
to evaluate the effect of vai-iables which ha\-e 
different effects from mix to mix, no matter 
how many specimens or tests were made from 
a single mix. 

In the illustrative example there are eight 
combinations of formulation factor levels, four 
aggregates times two cements. For each of 
these eight, two mixes were prepai'ed, and so 
each factor level combination was i-eplicated 

twice. Without prior information on the extent 
of mix-to-mix variability, there is no way to 
tell whether two mixes represent a sufficient 
amount of replication. 

Figure 1 shows a block diagram of the ex­
perimental design. Xine test beams were 
molded from each of the sixteen mixes, then 
three of these were assigned to each of the 
thi-ee temperature levels. Thus any aggregate-
cement-temperature combination is repre­
sented b\- replication in two stages, two mixes 
and three specimens from each mix. Replica­
tion of beams within mixe.s provides a compari­
son of mix to mix variability with beam to 
beam variability. 

The design of the experiment is not complete 
with the specification of controlled factor 
levels and the number of I'eplications which 
are to be made. I t must still be decided in 
what manner the replications are to be ob­
tained. I f the factor level combinations and 
the replications are to receive the effects of 
uncontrolled variation in a random fashion, 
then provision must be made for this in the 
design. 

Randomization î rocedures are necessary to 
validate the significance tests and probability 
statements which accompany an analysis of 
variance. Randomization essentiallj' insures 
that any net effect of the uncontrolled \'ari-
ables has the same chance to be associated with 
one combination of experimental factor levels 
as with any other, at least within the same 
replication. I t is intuitively clear that one can 
never randomize with respect to all the uncon-

EXPERIMENTAL DESIGN FOR FREEZE-THAW INVESTIGATION 

K 5 5 T 

P OOO' F) 

Figure 1 
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trolled vai-iables, and in practice, randomiza­
tion is usually performed with respect to time 
or location. In field experiments, factor level 
combinations might be assigned i'antlomly to 
stretches of highway to be usetl in the ex))eri-
ment. In mateiials testing experiments it 
woukl seem that the major opportunities for 
randomization lie in manufacturing the mixes 
in a random order, and in assigning test speci­
mens randoml3- to the levels of the test condi­
tion factors. Randomization can also be ac­
complished with respect to the placement of 
the specimens in tlie freeze-thaw a]jparatus. 

The order of manufacture of the sixteen 
mixes (!an be randomized completely b\-, say, 
drawing the numbers from one to sixteen from 
a hat, then making the mixes in the order 
drawn. Another procedure would consist in 
making one mix of each of the eight formula­
tion facto!' combinations in a i-andom order, 
then repeating this procedui-e in a second 
block of the eight mixes. Whether these pro­
cedures are equivalent depends upon whethei-
the mean value of Y in one block is expected 
to be the same as the mean of }' in the second 
block. Whethei- a completeh' randomized de­
sign, a complete blocks design, or an incom­
plete blocks design is used will depend largelj-
upon how many mixes are prepared in a well 
defined time interval such as a dâ -. Only one 
mix was prepared each day in the illustrative 
experiment. Complete landomization of the 
order of preparation of the mixes gives uncon­
trolled variables associated with day to day 
changes in the experimental conditions an 
equal chance to exert their effect on any one of 
the mixes to be prepared. Randomization of 
the temperature treatments to the nine speci­
mens in each mix gi\-es each specimen an equal 
chance to be subjected to any one of the three 
thawing temperatures. The order in which 
test beams are measured could also be )-an-
domized. To whatever extent the expei'imenter 
follows randomization procedures, he takes out 
insurance against making unfounded prob­
ability statements concerning similar experi­
ments to which he may generalize (6). 

At some point in the design stage of an ex­
periment, a mathematical model should be 
written down. A mathematical model is essen­
tially an equation which expresses the \'alue 
of each observ-ation in terms of symbols which 
represent the effects of the controlled factors 
and uncontrolled variables upon the obser\'ed 

value. I t will be simpler to explain what is 
meant by the model after the data ha\'e been 
presented for the example. I t should be em­
phasized that the experimental design, the 
mathematical model, and the statistical analj--
sis are all interdependent. Although analyses 
of variance may have been performed without 
an explicit statement of the model, it is ne\'er-
theless true that every analysis of variance is 
determined by a particular model which is 
itself dictated by the design of the experiment. 

3. PEIOSENTATION O F T H E DATA 

I t will only be necessary to present a jiortion 
of the data that were taken for this experiment 
since the primary purpo.se is to illustrate the 
use of the analysis of variance. However, 
enough of the raw data will be shown to make 
it ('leai- how the data were handled. 

In the statistical analysis of durability test 
data it is necessary to decide at which intervals 
the data should be anal3-zed. Usuall\' a study 
of the ac^cumulated data will give some indica­
tion altliough not alwa\-s. In the illustrative 
experiment the data at 40, 80, 120 and 160 
cycles were chosen for anah'sis. A sepai'ate 
analysis was made at each of these cycle times 
although the bulk of the discussion of this 
paper will relate to the analysis of the data at 
40 cycles. The i-esults of these analyses are 
correlated since the same specimens appeal' in 
each analysis. 

Table 1 shows the forty c\-cle data for each 
specimen from the two mixes containing 
Aggregate One and Cement One. The values 
recorded are those for the dependent variable 

T A B L E 1 
T Y P I C A L T A B L E SHOWING P E R C E N T A t 5 E O F 

O R I C ; I N A L D Y N A M I C £ R E T . \ I N E D A I ' T E R 40 
C Y C L E S O F F R E E Z I N C A N D T H A W I N G F O R 
S P E C I M E N S C O N T A I N I N G A G G R E G A T E 1 W I T H 
C E M E N T 1 

Mix No. Specimen No. 

Temperature 

Mix No. Specimen No. 
Ti T, 

.Ui 1 96.5 95.6 84.1 .Ui 
2 94.9 95.5 82.8 
3 97.2 90.8 84.5 

M X T totals 288.6 281.9 251.4 
M X T means 96.2 94.0 83.8 

1 93.9 94.6 78.4 
2 97.5 93.8 81.5 
3 96.5 94.5 77.8 

M X T totals 287.9 282.9 237.7 
M X T means 96.0 94.3 79.2 
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T A B L E 2 
T O T A L S O F I ' E R C E N T A C i E OK O R I G I N A L D Y N A M I C E A F T E R 40 C Y C L F S O F F R E E Z I N G - iNI) 

T H A W I N G F O R T H F I N T E R A C T I O N E F F E C T S ACMT. ACT, Ami ACM \ N D F O R \ l \ N 
E F F E C T A. A L S O SHOWN A R E ACM A N D ACT MEANS 

AKgrcgate 
No. 

Cement 
No. Mix No. 

Temperature 
ACM Totals ACM Means A Totals 

AKgrcgate 
No. 

Cement 
No. Mix No. 

Ti 
ACM Totals ACM Means A Totals 

C, 

M, 
.'/•> 

288.6' 
:i87.9 

281.9 
282.9 

251.4 
237.7 

82T.9t 
808.5 

91.3 
89.8 

Ai 

C, 
ACT totals 
ACT means 

576.5} 
96.1 

664.8 
94.1 

489.1 
81.5 

1630.4 90.6 

C . 

Ml 
M, 

ACT totak 
ACT means 

294.1 
288.6 

582.7 
97.1 

291.7 
288.3 

580.0 
96.1 

280.5 
277.3 

557.8 
93.0 

866.3 
854.2 

1720.5 

96.3 
94.9 

95.6 
3350.9 

Ci 

M, 
Mn 

235.5 
262.8 

262.4 
257.6 

238.4 
268.5 

736.3 
779.2 

81.8 
86.6 

A: 

Ci 
ACT totals 
ACT means 

498.3 
83.1 

520.0 
86.7 

497.2 
82.9 

1515.6 84.2 

A: 

Ml 

ACT totals 
ACT means 

256.2 
252.7 

508.9 
84.8 

268.6 
260.3 

528.9 
88.2 

268.6 
277.3 

645.8 
91.0 

793.3 
790.3 

1583.6 

88.1 
87.8 

88.0 
30a9.1 

Ml 
M, 

275.0 
259.6 

252.1 
253.4 

204.9 
198.6 

732.0 
711.6 

81.3 
79.1 

A, 

ACT totals 
AC7' means 

534.6 
89.1 

505.5 
84.2 

403.4 
67.2 

1443.5 80.2 

c . 

-Vi 273.1 
278.7 

281.6 
277.9 

225.4 
245.2 

780.1 
801.8 

86.7 
89.1 

c . 
A C r totals 
AC7' means 

551.8 
92.0 

559.5 
93.2 

470.6 
78.4 

1581.9 87.9 
3025.4 

Ci 

Ml 
M, 

264.6 
257.6 

264.7 
263.4 

205.3 
219.3 

734.6 
740.3 

81.6 
82.2 

A, 

ACT totals 
AC7' means 

522.2 
87.0 

528.1 
88.0 

424.6 
70.8 

1474.9 81.9 
A, 

C-2 
Ml 
M. 

293.8 
265.7 

293.7 
271.4 

270.1 
208.1 

857.6 
745.2 

95.3 
82.8 C-2 

ACT totals 
ACT means 

559.5 
93.2 

565.1 
94.2 

478.2 
79.6 

1602.8 89.0 
3077.7 

Grand total 12553.1 

* Fjivh ACMT entry is the total for three specimens, 
t Each ACM entry is the total for nine specimens. 
X F.tich ACT entry is the total for six specimens. 

T A B L E 3 

T O T A L S F O R .4 X C I N T E R A C T I O N E F F E C T S A N D 
F O R .MAIN E F F E C T S A A N D C A T 40 C Y C L E S 

AgR. No. 
Ceme 

Ci 

nt No. 

C2 
A Totals 

AI 1630.4* 1720.5 3350.9 
.42 1516.5 1583.6 3099.1 
Ai 1443.5 1581.9 3025.4 
A, 1474.9 1602.8 3077.7 

C totals 6064.3 6488.8 Grand total; 12563.1 

* F^ach A X C entry is the total for eighteen specimens. 

for this e.xperiment, namely the percentage of 
0 cycle dynamic moduli of elasticity of the 
specimens. These data will be used in Sec. 5.2 
along with those in Tables 2 through 5 to show 
the calculations for the analysis of variance. 

Table 2 is an extension of the totals from 
Table 1 to all aggregates and cements. The 
totals which arise when only two controlled 
factors are considered at a time are shown in 
Tables 3, 4, and 5. 

Table 6 shows all of the means for all the 
data taken. I t is from this table that means are 
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obtained for making comjiarisons at 40, 80, 
120 and 160 cycles. A method for making these 
comparisons will be exjilained in Section 6.3. 

4. T H E M . \ T H l i M . \ T I C . \ L M O D E L 

4.1 Description of Terms in the Model 
The analysis of variance has been developed 

for a linear model, which is to say that }' is 
to be expressed as a linear combination of its 
sources of variation. The model must include a 
term to represent each source of variation 
which the experimental design gives to }'. I f 
the linear model is not appropriate for 1', 
either a different dependent variable, or some 
transformed value of 1', e.g. log 1', should be 
used. The mathematical model which has been 
chosen for the illustrative experiment may be 
written as follows: 

YKiiki = n + AH + Ci + (AChi 

+ Mm, + Tk + {An,k + {CT)i, 

+ (ACT)n,k + (MT)Hiik + SHW 

Values for the terms in the model are not 
actually observable from the experimental 
data, but are parameters which can only be 
evaluated when the experiment has been per­
formed indefinitely many times with the same 
design and under the influence of the same 
uncontrolled variables. In what follows this 
larger set of experiments will be called the 
generalized experiment. I t is precisely to this 
hypothetical set of experiments that the ex­
perimenter should be able to generalize his 
results and conclusions. 
. The above model is for any particular cycle 

of freezing and thawing. Five subscripts are 
necessary to locate any single specimen in 
Figure 1, or its F value in Table 1. These sub­
scripts are coordinates taking on the values 

/( = 1, 2, • • • , o = 4 (aggregates) 

i = 1, • • • , c = 2 (cements) 

, ; ' = ] , • • • , m = 2 (mixes in an hi combina­
tion) 

k = 1, • • • , i = 3 (temperatures) 

; = 1, • • • , s = 3 (specimens in an hijk com­
bination) 

For example, }'ii232 is found to be 81.5 after 40 
cycles since this is the \-alue of }' in Table 1 

T A B L E 4 
T O T A L S F O R A X T I N T E R A C T I O N E F F E C T S A N D 

F O R M A I N E F F E C T S A A N D T A T 40 C Y C L E S 

Agg. No. 
Temperature 

A Totals Agg. No. 
Ti Tz 

A Totals 

Ai 
Ai 
Az 
Ai 

1159.2* 
1007.2 
1086.4 
1081.7 

1144.8 
1048.9 
1065.0 
1093.2 

1046.9 
1043.0 
874.0 
902.8 

3350.9 
3099.1 
3025.4 
3077.7 

T totals.., 4334.6 4351.9 3866.7 Grand total; 12553.1 

* Each A X r entry is the total for twelve specimens. 

T A B L E 5 
T O T A L S F O R C XT I N T E R . \ C T I O N E F F E C T S A N D 

F O R M A I N E F F E C T S C A N D T A T 40 C Y C L E S 

Cement 
Temperature 

C Totals 
No. 

Ti r» 

C Totals 

2131.6* 
2202.9 

2118.4 
2233.5 

1814.3 
2052.4 

6064.3 
6488.8 

T totals. . . 4334.5 4351.9 3866.7 Grand total; 12553.1 

* Each C X 5'entry is the total for twenty-four specimens. 

for the first aggregate, first cement, second 
mix, third temperature, and the second such 
specimen. 

Without going into the mathematical analy­
sis of the model let it suffice to say that if a 
model parameter is a mean in the generalized 
experiment, then the best estimate of this 
parameter is the corresponding mean obtained 
from the observed data. Particular values for 
each of the terms in the model can be esti­
mated at 40 cycles from the data given in 
Tables 1, 2, and 6. We shall now e.xplain 
briefly the meaning to be attached to each of 
the eleven terms in the model, giving a nu­
merical estimate for the individual terms when 
the observation is F11232 at 40 cycles. 

fx is the overall parameter mean effect of all 
factors and variables upon F, and is estimated 
by the grand mean of all the data. From Table 
6, the mean of all 144 specimens at 40 cycles 
was 87.2, and this is the 40 cycle estimate of 
p. Each possible experiment in the generalized 
experiment will produce a grand mean such as 
the 87.2 of this experiment, and the parameter 
p is the average of all such grand means in the 
generalized experiment. We shall use the sym­
bols p = 87.2 = p where = is used in place 
of "is estimated by", and where a circumflex 
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accent denotes an estimate of the jiarameter 
ha\-ing the accent. 

.4;,, Ci, and are called main effects. An 
is the diiference between ix iind the parameter 
mean of all specimens made with aggregate h. 
li Ah is zero, aggregate /( will be said to have 
no effect on Y. I f Ah is jxisitive or negative 
then specimens made with aggregate /( have 
either more or less durability, respectively, 
tiian the mean of all tlie aggregates in the 
design. Corresponding statements can be made 
in describing the nature of T, and Tk . To esti­
mate the main effects from Table (i we must 
subtract the table mean from the \'arious fac­
tor level means. All 40 cycle estimates of main 
effects are listed below. 

^1 = 93.1 - 87.2 = 5.9 = -t, 

A, = 86.1 - 87.2 = - l . l = A. 

A, = 84.0 - 87.2 = -3.2 = i s 

A, = 85.5 - 87.2 = -1.7 = A, 

c, = 84.2 - 87.2 = -3.0 = c, 

c. = 90.1 - 87.2 = 2.9 = c. 

T, = 90.3 - 87.2 = 3.1 = ft 

T. = 90.7 - 87.2 = 3.5 = 

T, = 80.6 - 87.2 = -6.6 = ^3 

Two letter combinations of controlled fac­
tors represent two factor interaction effects of 
the corresponding factors. Although a different 
explanation of interaction will be given later, 
at this point an interaction effect will be de­
fined to be the amount by which the parameter 
mean of specimens, for the indicated combina­
tion of factor le\'els, fails to differ from ii by 
exactly the sum of the cori-esponding main 
effects. For example, (AC)hi is zero only if the 
parameter mean of specimens from aggregate 
h and cement i differs from by Ak + C, . 
If such is not the case, then this combination 
of levels is said to contribute to the interaction 
of aggregates with cement. Similarly there 
may be interactions of aggregates with temper­
atures and of cements with temperatures. 
Using Table 6 and the previous estimates of 
main effects we have estimated half of the 
AC and AT interaction effects and all of the 
CT interaction effects in the following list: 

{AC),, = (90.6 - 87.2) - A, - d 

= (3.4) - (5.9) - (-3.0) = .5 = (AC)n 

iAC)n = (95.6 - 87.2) - A, - C2 

= (8.4) - (5.9) - (2.9) = - . 4 = (AC)r. 

(AC),, = (81.9 - 87.2) - .14 - C, 

= (-5.3) - (-1.7) - (-3.0) = - . 6 

= (AOn 

(.4(7)42 = (89.1 - 87.2) - .14 - C, 

= (1.9) - (-1.7) - (2.9) = .7 = (AC),, 

(AT)n = (96.6 - 87.2) - .4, - f , 

= (9.4) - (5.9) - (3.1) = .4 = (.4^)n 

(AT)n = (95.4 - 87.2) - A, - f . 

= (8.2) - (5.9) - (3.5) = -1.2 = (AT),, 

(AT)n = (87.2 - 87.2) - .4, - f , 

= (0) - (5.9) - (-6.6) = .7 = (AT)n 

(AT),, = (90.1 - 87.2) - .44 - f , 

= (2.9) - (-1.7) - (3.1) = 1.5 = (AT),, 

(AT)n = (91.1 - 87.2) - A, - Ti 

= (3.9) - (-1.7) - (3.5) = 2.1 = (AT),, 

(AT)n = (75.2 - 87.2) - .44 -

= (-12.0) - (-1.7) - (-6.6) 

= -3.7 = (.VT),, 
(CT)n = (88.8 - 87.2) - 6, - f , 

= (1.6) - (-3.0) - (3.1) = 1.5 = (CT)n 

(CT)u = (88.3 - 87.2) - G, - f , 

= (1.1) - (-3.0) - (3.5) = .0 = (CT)„ 

(CT)u = (75.6 - 87.2) - C, - f , 

= (-11.6) - (-3.0) - (-6.6) = -2.0 

= (CT)n 

(CT):, = (91.8 - 87.2) - Co - f 1 

= (4.6) - (2.9) - (3.1) = -1 .4 = (C^T)n 
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(C7')22 = (93.1 - 87.2) - C, - f., 

= (5.9) - (2.9) - (3.5) - - .5 = {CT)n 

{CTYn = (85.5 - 87.2) - - f , 

= (-1.7) - (2.9) - (-6.6) 

= 2.0 = (Cf )23 

{ACT)hih represents the Ihree factor inter­
action effect of aggregates with cements with 
temperatures. This parameter measures the 
amount by wliich the difference between the 
pai-ameter mean of all specimens in an Ink 
combination and fx fails to equal the sum of the 
three main effects and the three two-factor 
interaction effects which are involved. From 
Table 6 and the previous estimates of main 
effects and two factor interaction effects, we 
may now estimate three factor interaction 
effects at 40 cycles. Only a few of these esti­
mates are given below. 

(ACT)ni = (96.1 - 87.2) - .!, - Ci - 7', 

- (.4(7),, - {AT)n - (CT)n 

= 8.9 - (5.9) - (-3.0) - (3.1) - (.5) 

- (.4) - (1.5) = .5 = (ACT),n 

(ACT)u2 = (94.1 - 87.2) - (5.9) - (-3.0) 

- (3.5) - (.5) - (-1.2) - (.6) 

= .6 = {ACT)u2 
iACT)u, = (81.5 - 87.2) - (5.9) - (-3.0) 

- (-6.6) - (.5) - (.7) - (-2.0) 

= -1.2 = (ACr)u2 

(ACT),21 = (93.3 - 87.2) - (-1.7) - (2.9) 

- (3.1) - (.7) - (1.5) - (-1.4) 

= 1.0 = (ACT),n 
(ACT),22 = (94.2 - 87.2) - (-1.7) - (2.9) 

- (3.5) - (.7) - (2.1) - ( - .5 ) 

= 0.0 = (ACT)422 
{AaT)42i = (79.7 - S7.2) - (-1.7) - (2.9) 

- (-6.6) - (.7) - (-.3.7) - (2.0) 

= -1 .1 = (ACr)«3 

The three remaining terms in the model ac­
count for the effects of the uncontrolled vari­
ables upon Y. Mitij measures the difference 
between the parameter mean of all specimens 
in an hi combination wliich could have been 
made from the mix, and the parameter 
mean of all mixes which could have been made 
from aggregate h and cement i in the gener­
alized experiment. This term, therefore, e\-alu-
ates the extent of mix-to-mix variation within 
any particular combination of formulation 
factor levels. Mf,ij is estimated by subtracting 
the mean of all ) ' values in the hi combination 
from the mean of all } ' values for mix j in the 
hi combination. Table 2 provides the necessary 
estimates, and a few of the Mhn estimates are 
listed below. 

M,n = 91.3 - 90.6 = .7 = Mm 
Mn2 = 89.8 - 90.6 = - .8 = Mn2 

= 96.3 - 95.0 = .7 = Mm 
Mv22 = 94.9 - 95.6 = - . 7 = MU2 

Since each mix oceui-s in combination with 
three temperature le\-els, the model provides 
a term (MT)Hijk to evaluate the interaction of 
mixes with temperatures within the hi com­
bination of aggregates and cements. I t would 
perhaps be appropriate to assume that this 
interaction is zero but we have not done so in 
the present model. The subsequent analysis of 
variance will point out whether or not such an 
assumption is reasonable. The estimate of 
{MT)hijk is obtained from the same considera­
tions that were used in deriving estimates of 
the two factor interaction effects among the 
controlled factors. For a fixed aggregate-
cement combirtation, (MT)hijk is the amount 
by which a mix-temperature mean fails to 
differ from the aggregate-cement mean In­
exactly the sum of the differential effects of 
mix and temperature. The added complication 
here is that (MT) interaction effects are deter­
mined for each hi combination separately, just 
as though each hi combination represented 
the entire experiment. Thus, for example, 
(MT)njk estimates are obtained from the part 
of Table 2 which pertains to the first aggregate 
and the first cement. A few of these estimates 
are given below. 

(MT)nn = (96.2 - 90.6) - (91.3 - 90.6) 

- (96.1 - 90.6) = - . 6 = (il?7')„,. 
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(.Wr)ni2 = (94.0 - 90.6) - (91.3 - 90.6) 

- (94.1 - 90.6) = - . 8 = iMT)nu 

(MT)ni, = (X3.8 - 90.6) - (91.3 - 90.6) 

- (Sl.o - 90.6) = 1.6 = (MT),u3 

(MT)u2i = (96.0 - 90.6) - (89.8 - 90.6) 

- (96.1 - 90.6) = .7 = (MT)im 

(MT)n22 = (94.3 - 90.6) - (89.8 - 90.6) 

- (94.1 - 90.6) = 1.0 = {MT)m2 

iMT)nu = (79.2 - 90.6) - (89.8 - 90.6) 

- (81.5 - 90.6) = -1.5 = (MT)i,23 

Finally, the parameter Skijk-i measures the 
difference between Yujn and the mean of all 
possible specimens that could have been made 
from that part of the j " ^ mix, in the hi com­
bination, which was subjected to temperature 
k. There were onlj- three such specimens in 
the design of the single experiment, but it is 
clear that even a single mix could be molded 
into nine beams in an infinite number of ways, 
since any interchange of aggregate particles 
would result in somewhat different specimens. 
The numerical estimate of Shijki is simply the 
difference between YhUki and the mean of the 
three companion specimens in the hijk com­
bination. The following examples are derived 
from Table 1. 

Sinn = (96.5 - 96.2) = .3 = »Siiiii 

*Smi2 = (94.9 - 96.2) = —1.3 = 1S1U12 

»5uii3 = (97.2 - 9().2) = 1.0 = <SuiI3 

1S11231 = (78.4 - 79.2) = — .8 = »Sll231 

>SlI232 = (81.5 - 79.2) = 2.3 = ^11232 

Sm33 = (77.8 - 79.2) = — 1-4 = Su233 

Xow that each term in the model has been 
characterized verbally and numericallj', we 
can show how }"u232 gets its \'alue from the 
model. By substituting the respective esti­
mates of parameters in the model, the equa­
tion becomes as follows. 

}'„232 = M + 4 i + Ci + {AC)n + Mn2 

+ !f3 + (AT)u + {CT)n + (ACT)m 

+ {MT)n'n + '^m,2, 

Fn232 = (87.4) + (5.9) + (-3.0) + (.5) 

+ ( - .8) + ( - .6) + (.7) + (-2.0) 

+ (1.2) + (-1.5) -t- (2.3) = 81.7 

The observed value of }'ii232 in Table 1 is 
81.5 instead of the 81.7 which was just ob­
tained from the model. This discrepancy is due 
to the fact that we have rounded off the means 
in Tables 2 and 6. I t can be shown that the 
model becomes an identity for each 1' when 
the described estimation procedure has been 
used. 

The analysis of variance will consist in 
averaging, on a mean square basis over all 144 
observations, each of the effects which are 
represented in the model for the observed 
value of F. 

4.2 Assumptions Concerning the Terms in the 
Model 

An analysis of variance cannot be properly 
performed unless the statistical analyst knows 
what assumptions have been made on the 
terms in the mathematical model. Conversely, 
if the data have arisen from an experimental 
design which is in accord with an acceptable 
model, and if more or less conventional assump­
tions can be made concerning the terms in the 
model, then the data can be analyzed statisti­
cally. I t is for these reasons that the statistical 
analysis of experimental data cannot be 
divorced from the design of the experiment 
itself. 

From the definition of the main effects it 
follows that 

h=l 

since these effects were simply deviations from 
ti, and the sum of deviations about ii is zero 
for each controlled factor. Had one of these 
factors been a random factor, it would not be 
supposed that the sum of its effects in the ex-
perimentallj' used levels would be zero, but 
that the corresponding sum over all possible 
levels, called the expected sum, would be zero. 
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The respective variances of the level param­
eters for the main factors are defined by 

V(A) = f^Al/ia-1); 

F(C)= i c M c - 1); 

V{T) = £ Tl/{k - 1). 
k=l 

The divisor in these variances has been 
taken to be one less than the number of levels 
for convenience of notation in formulas which 
are to follow. The onlj- way in which any of 
these variances can be zero is for all the terms 
under the summation sign to be zero. For 
example, V(A) will be zero if, and only if, 
Ai = Ai = A3 = Ai = 0. Otherwise V(A) 
will be some positive value since each param­
eter is squared under the summation. 

From the previous definitions of two and 
three factors interaction effects of the con­
trolled factors it follows that 

Z (^C)'^i = Z (^C)Ki = (AChi = 0 
h,i h i 

^ (AT),, = Wkk = 2 : (ATh, =0 
h, k h k 

E (CT),-, = 23 (^^)« = H (GT)i, = 0 
i, k i k 

J2 (ACThik = 2 : {ACT),a = 2 : iACT),t, 
h,i,k h.i h,k 

= £ {ACT)mk = X; {ACT\ik 
i.k h 

= Y {ACT)Hik = (ACT)m, = 0 
> it 

The variances of these interaction effects 
are defined to be 

V{AC) = X (ACW/ia - l)(c - 1); 

ViAT) = 23 {ATW/(a - l){t - 1) 
h.k 

ViCT) = {CT)d/(.c- 1 ) « - 1); 
i.k 

ViACT) = 

{ACT)nikV{a - 1) (c - 1) {t - 1) 
li,i,k 

Again, none of these variances can be zero 
unless each term within the summation is zero. 

For each combination of aggregates and 
cements, only m mixes (w = 2 in the example) 
appear in the experimental design. Since 
generalizations are to be made to an indefinite 
number of mixes in each combination, it is not 
supposed that "^'ff Mkn = 0, but that 
E(M)hij = 0, where E stands for the average 
or expected sum of the Mhn over all possible 
mi.xes in an hi combination. The variance of 
all possible Mhn will be denoted by o-i = 
E(Mlij). I t is assumed that (j\t is the same 
for any hi combination. I t is further assumed 
that the complete set of Mhij follow a normal 
distribution and that the value of anj- par­
ticular Mhij is independent of any other 
Mkij • Thus, for each hi combination, we have 
assumed a normal distribution of independent 
Mna values, and that each of these normal dis­
tributions has mean 0 and variance 

For the random variables (MT)fnjk it is 
assumed that, for a jiarticular hi combination, 

(MT}Kijk = 0 and that the expected 
value of {MT)hijk over all possible mixes for 
any hi combination is zero. Furthei'more, for 
a particular Id combination, all possible values 
of {MT)h,jk are assumed to be normally and 
independently distributed with mean zero and 
variance of (y\,T • Symbolically, we have said 
that 

E{MT) hijk 0 <jlr = E(MT)hj, 

where the expected values refer to all possible 
mixes in any hi combination. 

For any hijk combination, it is assumed that 
all possible specimens give values to the ran­
dom variable Shijki which are independent 
and have a normal distribution with mean zero 
and variance o-|. 

That is, E(SHiiki) = 0, E{Slij,i) = <rl 
where the expectation refers to all possible 
specimens in any hijk combination. 

I t should be noted that we have used the 
symbol V for variances of a finite number of 
parameters and o-̂  for variances of an indefinite 
number of values of random variables. In the 
illustrative model, it happens that these two 
symbols also distinguish between controlled 
factor variances and uncontrolled vaiiation. 
This is so only because all the controlled fac­
tors were fixed factors in the design. 

The estimates for the terms in the model will 
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sum to zero whenever the corresponding model 
terms either sum to zero or have expected 
zero sums. That this is true can be verified for 
the estimates given in the last section. For 
example, J^id = 0, and X)i Ci = (-3.0) + 
(2.9) = 0 to within round off error. Again, 
E(Mh.j) = 0, and Mm = (.7) + 
(- .8) = 0. 

The foregoing list of conditions and assump­
tions on the quantities which are to be esti­
mated in the experiment is rather imposing, 
and one may well wonder whether any of them 
have ever been precisely met in a particular 
experiment. Randomization procedures have 
the express purpose of eliminating biases and 
correlations in the observed values and there­
fore make the assumptions of independence 
and homogeneity of variance more tenable. 
The normality assumptions as well as the 
homogeneit}' of variance assumptions are often 
enhanced hy transformations on the measured 
variable. 

For a given experimental design the ])reci-
sion and accuracy of the estimates of the model 
terms can be increased only through proper 
randomization and sufficient I'eplication. The 
degree of precision and accuracy can be stated 
in terms of mathematical probabilities only 
when assumptions can be made concerning 
the pi'obability distributions of the random 
\-ariables which affect the observations. 

5. A N A L Y S I S O F V A H I A N C B 

5.1 Estimates of Variances of the Model Terms 
An anal3-sis of variance is essentially a pro­

cedure for determining the magnitude of the 
variances of the terms in the mathematical 
model. In section 4.1 each term in the model 
was described and estimated mimericalh' from 
the data. The variance of each term was de­
fined and briefly discussed in section 4.2. In 
the summary given in Table 7 we have brought 
together the notation for the estim;ites of the 
model terms and their vtiriancc. The first term 
in the model, n, has no variance since it has 
only one value in the generalized experiment. 
In addition, the quantities, Q, have been intro­
duced as variances of data estimates of the 
terms in the model. These new variances have 
formulas which are quite similar to those for 
the variances of the corresponding model 
terms. In the generalized exjieriment there is 
only one variance for each of the model terms. 

but the value of the corresponding Q will 
change from expeiiment to experiment since 
new estimates will be obtained for the model 
terms from each experiment. I t might be sup­
posed that if the observed estimates were sub­
stituted into any particular formula for the 
variance of a model term, the result would be 
the desired estimate of the variance of the 
model term, but such is not the case in general. 
The effects hav̂ e been listed in Table 7 in the 
same order by which they were discussed in 
section 4.1; main effects first, then two factor 
interactions, then three factor interactions, 
then effects of the uncontrolled variables, or 
error effects. 

Many of the estimates indicated in the 
second column of Table 7 have been given in 
section 4.1. We shall now illustrate the use of 
these estimates in calculating a few of the 
Q's: 

A effect: Q(A) = ^ i , V ( a - 1) 
h 

= [(5.9)2 + (_ 1.1)2 + (_ 3.2)2 

+ ( - 1.7)2]/3 = 16.4 

CT effect: Q(CT) = ^ (CT)ikV(c - l)(t - 1) 

= [1.5)' + (.6)2 + (- 2.0)' + ( - 1.4)2 

+ ( - .5)2 + (2.0)^1/1 X 2 = ^ = 6,4 

M effect: Q(ifl) = - E -W,i//(m - 1) 

= [(.7)2 + ( - .8)2 + (6.2)2 

97.6 
-f- (-6.3)2]/4 X 2 X 1 = ^ = 12.2 

8 

The last column in Table 7 shows the expec­
tations of the Q values, or what the Q \'alues 
in any line would "average out" to be over the 
generalized experiment. These expectations 
can be derived mathematically when, and only 
when, decisions have been reached which 
specify the experimental design and its mathe­
matical model, the assumptions on the terms 
in the model, and the randomization proce­
dures which are to be used. The results in the 
last column are all-important since they form 
the basis for the statistical inferences which 
are to be made from the analysis of variance. 
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T A B L E 7 

Effect Notation for the Model 
Terms and their Estimates 

Variances of the Model Terms and 
Corresponding Variances, Q of the Estimates 

of the Model Terms 

Expectations of the 
Corres[)onding Variances, 

Q 

A (aggregates) Ah = Ah 

(4 = 1 . • • • ,a ) 

VU) = J,hAh'/(a - 1) 

Q{A) = ^hAh'Ka - I) 

— -t- ^ + F(.4) 
cmts cm 

C (cements) Ci = Ci 

(• = 1, ••• ,c) 

V(C) = S iC iV(c - 1) 

(2(C) = 2 ,C iV(c - 1) 
amfs am 

T (temperatures) Tk = Tk 

(k = 1, t) 

F ( r ) = ZkTkVd - 1) 

0(T) = ZkTk'Ht - 1) 
acms acm 

AC (agg. with 
cem.) 

UC)hi = UOhi F ( ^ C ) = 7:hiUC)hiV(.a - l)(c - 1) 

QUC) = -LhiUOhiVia - l)(c - 1) 
mis m 

AT (agg. with 
tern.) 

{AT)hk = (AT)hk V{AT) = Z,.U47')n-V(a - 1)(( - 1) 

QUT) = Xhk(AT)kk'/(a - 1)(( - 1) 

— + — + v u r ) 
cm8 cm 

CT (com. with 
tem.) 

(C7')a- = ( C T ) a F(C7') = 2a(C7')itV(c -Da - 1) 

Q(CT) = Xik(CT)itV(c - 1)(( - 1) 

— + + y ( c r ) 
ams am 

ACT (agg. with 
cem. with tem.) 

UCT)Kik = (.ACT}hik V(ACT) = Xhik(ACT)hik'/(a - l)(c - 1)(( - 1) 

Q(ACT) = 2j.-t(.4CT)A ,-tV('i - l)(c - 1)(/ - 1) 

a' o" 
-•S ^ JdZ. _,. 7 ( A C T ) 

M (mixes in agg.-
cem.) 

Mhii = Mkii 

a = 1, m) 

M hi J 

Q(M) = 'LhijMhijVacim - IJ 

MT (mixes with 
tem. in agg.-
cem.) 

(MT)kiik = (MT)uik 

QOIT) = XhijkiMlDliik/acXm - - 1) 

— + 
8 A/r 

S (specimens in 

agg.-cem.-mix-
tem.) 

Shijkl " tthiitl 

(I = 1, ») Q(S) = ^h%iklShiiklfo.cmt{s - 1) 

Any changes in the design, model, or assump­
tions may lead to different results in this 
column, and consequentlj- to different con­
clusions from the experimental data. This 
being the case, i t is all the more obvious that 
the experimenter and statistician (perhaps the 
same person) must cooperate closely from the 
start. For the experimenter cannot understand 
the implications of the statistical analysis 

unless he knows the nature of the mathemati­
cal model and the assumptions which are 
placed on the model. Neither can the statis­
tician derive appropriate results for the last 
column of Table 7 unless he clearly under­
stands the exjierimental design and is able to 
work from an acceptable model. 

A comparison of the third and fourth col­
umns of Table 7 show-s that, in general, the 
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expectations of the Q values are not equal to 
the variances of the model terms to which 
they correspond. Effects M, MT, and <S, 
which represent uncontrolled variables, yield 
expectations which involve only the error 
variances o-̂ „, aliT, and al- Effects which 
represent the controlled factors yield expecta­
tions which involve one or more of the error 
variances as well as the variances of the con­
trolled factor effects. 

For example, the expectation of QiA) is not 

7(4) but is 
C7nts cm 

+ V{A). Furthermore 

the expectation of Q(M) is - 7 ^ -|- al,, and not ts__ 
CM alone. In other words, Q{A) does not esti­
mate V(,A) directly, but also is expected to re­
flect mix to mix variation, while Q(M) would 
estimate al, directlj- only if the specimens 
did not vary within mixes, in which event cr^ 
would be zero. 

N'ow to decide whether the aggregates have 
any real (parameter) differential effects on 
durability, we must decide whether or not 
V{A) is zero, since T'(-4) is zero only if the 
four aggregates give the same mean for Y in 
the generalized experiment. To settle this 
question on a non-statistical basis, the ex­
perimenter might compare the variation in the 
four aggregate means against the variation 
found between mixes within the same aggre­
gate. This is precisely the procedure suggested 
by the analysis of variance. By comparing the 
expectations of QiA) and QiM) i t is clear that 
unless Q(A) exceeds (1/cm) Q{M) there is no 
reason to suspect that any real aggregate 
effects exist. The i-atio of the expectations of 
Q{A) and {{/cm) Q{M) will be unity if V{A) is 
zero, and greater than one if there really are 
different effects among the four aggregates. 
In section 6.1 we shall discuss how m tick greater 
than one this ratio must be before the conclu­
sion is reached that there are real differential 
effects of the aggi'egates upon the durability 
of the concrete. 

Thus, the analysis of variance makes it pos­
sible to s\-stematically compare the effects of 
the controlled factors with the effects of the 
uncontrolled variables upon the experimental 
units. Moreover, the comparisons ai-e made on 
the basis of expectations over the generalized 
experiment, rather than by using rules which 
would depend only upon the data from a single 
experiment. 

Table 7 is really an analysis of variance 
table, and could be completed numerically by 
determining the remaining Q values. However 
it is more conventional to carry out the calcu­
lations using the formulas to be given in the 
next section. The conventional formulas have 
two advantages. I n the first place, totals will 
be used instead of the means which have been 
used up to this point, and thus round off eri'ors 
are minimized. Secondly, the conventional 
formulas vield weighted Q quantities. For 
example, .4^ involves cmts = 2 X 2 X 3 X 3 
= 36 specimens for aggregate h. The \yeighted 
value of Q(A) then becomes cmts Q(A) = 36 
(16.4) = 590.4. This weighted Q value is 
called the mean square for aggregates. 

The formula for the mean square, MS, for ag­
gregates maybe written in the form: MS(A) = 
cmts Q(A) = cmts X * - ' Al/ia - 1). The 
numerator of this formula is called the aggre­
gates sum of squares, and the denominator is 
called the degrees of freedom for aggregates. 
Numerically the formula gives MS{A) = 
(36 X 49.2)/3 = 1771.2/3 = 590.4, where 
1771.2 and 3 are the respective sum of squares 
and degrees of freedom for aggregates. 

Similarly, each mix parameter estimate, 
i l / h i j , represents <s = 3 X 3 = 9 specimens, 
and so the mean squai'e for mixes may be 
written 

MS(M) = ts Q{M) 

= ('«E ^'^hii) I ac{m - 1) = (9 X 97.3)/8 

= 875.7/8 = 109.5 

In this case the sum of squares for mixes is 
875.7 and has 8 degrees of freedom. 

For each effect line of Table 7, the denomi­
nator of the Q value is the degrees oi freedom 
for the effect, and the weighted numerator of 
the Q is the sum of squares for the effect. 

These values for mean squares are not as 
accurate as those shown in Table 8, Section 
5.2, because of round-off error resulting from 
using means. 

The expectations of the mean squares are 
called expected mean squares, and will be the 
values shown in the last column of Table 7 
when weighted. The weights are such that all 
divisors disappear in the expected mean 
squares. Thus the expected mean square for 
the A effect becomes <r| + ts ali + cmts 
V(A), while the expected mean square for the 
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M effect becomes + <r̂  . The ratio of 
these expected mean squares will be unity 
only if V{A) is zero, and will exceed one other­
wise. 

Although the analysis of variance in Table 7 
has been presented in the order in which the 
model terms were discussed in Section 4, it is 
more appropriate to order the lines in accord­
ance with the sequence of terms in the mathe­
matical model. In the model, the first terms 
(after p) were for the formulation factor ef­
fects, A, C, AC, and the error effect, M, for 
mixes replicated in formulation factor com­
binations. Next came the test (condition factor 
and its interactions with the formulation fac­
tor effects, T, AT, CT ACT. Finally, the 
model included error terms for the interaction 
of mixes with temperatures, MT, and for the 
specimen to specimen variation, S. Subse­
quent anah'sis of variance tables will be ar­
ranged in the order of the model terms rather 
than in the order of Table 7. Moreover, the 
tables which follow will be in terms of the 
weighted Q \'alues. The advantage of the 
weighted Q's lies in the fact that every mean 
square in the table has been put on a per ob­
servation basis, and hence the mean squares 
become directlj- comparable. 

5.2 Conventional Compulaiional Procedure 
The principal computation for the analysis 

of variance is that for finding sums of squares. 
The sum of squares must be determined for 
each effect term in the mathematical model. 
Each sum of squares, SS, is then divided by 
its degrees of freedom to obtain the mean 
square, MS, for the effect. Ratios are then 
formed using the mean square for the effect 
being tested as the numei-ator, and the appro­
priate error mean square as the denominator. 
These ratios are then compared with standard 
tables to determine whether or not there are 
significant differences among the levels of the 
effect being tested. These ratios and the sub-
setjuent significance tests will be discussetl in 
Section 6.2. I f differences are found to be sig­
nificant, then it will be determined which of 
the levels are different from the others by a 
procedure to be described in Section 6.3. 

The computation for the sum of squares for 
each term of the model proceeds as follows 
below. The data shown in the computations 
were taken from Tables 1 through 5. Restating 

the model: 

Yhijki = P + Ah + Ci+ (AC)hi + (M)hi, 

+ T, + {AT)hk + (CT),, + {ACT)hik 

+ (MT)hijk + Shijki 

where: 

/ i = 1, • • • , a = 4 k = I , • • • , t = 3 

i = I, • • • , c = 2 ; = 1, . . . , s = 3 

j = 1, • • • , ??i = 2 

SS for Aggregates, A (From Table 3 or 4) 

Z f E '̂̂ '̂ "V (Z YhijkiY 
h \iikl I \hiikl 

cmts acmts 

_ (3350.9)̂  + (3099.1)' + (3025.4)̂  + (3077.7)" 36 

(12,553.1)" 
144 = 1,754.3 

SS for Cements, C (From Table 3 or 5) 

Z ( Z YM^kiY ( Z YhijkiY 
i \hikl I \hijkl ) 

amts acmts 

(6064.3)2 + (6488.8)" (12,553.1)" 
= 1,251.4 72 144 

SS for the interaction AC (From Table 3) 

ZfEi''»^«V (Z ^̂ -«V 
hi \ikl f _ \hijkl I 

mts acmts 

- SS for (A + C) 

(1630.4)" + + (1602.8)" 

12,553.1)" 
144 

18 

-(1754.3 + 1251.4) = 89.4 

SS for Mixes in Aggregate-Cement Combina­
tions, M in .4C (From Table 2) 
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X(En...,)- (En.,.,).-
mts 

(821.9)^ + (808.5)^ (1630.4)' 
9 18 

(866.3)^ + (854.2)2 (1720.5)' 
9 18 + 

+ 
(857.6)2 + (745.2)2 ^ (1602.8)' ^ ^^^^^ 

18 

In practice one would accumulate the posi­
tive tei-ms, then all the negative terms, before 
making the indicated subtraction. 
SS for Temperatui'Bs, T (From Table 4 or 5) 

k \hi,l ) \h.iikt /_ 
amis acmts 

^ (4334.5)2 + (4351.9)' + (3866.7)' 
48 

VIS acmts 

- SS{A + C + T + AC + AT + CT) 

(576.5)2 ^ (564,8)2 + . . . 
^ + (565.1)2 _̂  (478.2)2 _ (12,553.1)2 

6 144 

- (1,754.3 + 1,251.4 + 3,156.7 + 89.4 

+ 1,729.5 + 311.6) = 89.6 

SS for the Interaction M X T (From Table 2) 

z (Z Yk^my (z YMi^y 

z 
'Z (Z Y^^i^^y (Z î '-vny 

mts 
(12,553.1)2 

144 
= 3,156.7 SS{M) 

SS for the Interaction AX T (From Table 4) 

Z f Z f Z i^«^*'V 

which collapses to: 

z f z Y>.MY Z (Z Y.^jkiY 
hiik \ I / hik \ n I 

- SS{A + D = 

acmts 

(1159.2)2 + (1007.2)2 + ••• 
+ (874.0)2 ^ (902.8)2 

12 

SS{U) 

(288.6)2 + (287.9)2 + • • • 
+ (270.1)2 + (208.1)2 

(12,553.1)2 
144 

(1,754.3 + 3,156.7) = 1,729.5 

(576.5)2 + (564.8)2 + • • • 
+ (565.1)2 ^ (478.2)2 

6 
- 874.1 = 405.7 

SS for the Interaction C X T (From Table 5) 

Z fZ Y,iik\' { Z Y,,ik^' 
ik \h,i I \hiiki I 

SSiC + T) •• 

(12,553.1)2 
144 

acmts 

(2131.6)2 + (2202.9)2 + ••• 
+ (1814.3)2 + (2052,4)2 

24 

(1,251.4 + 3,156.6) = 311.6 

SS for the Interaction .4 X C X T (From 

SS for Specimens (From Table 1) 

Z fZ Y.^MV 
Ihijkl ^ 

hijkl * 

= (96.5)2 + (94 9)2 + . . . + (81.5)2 + . . . 

_ (288.6)2 +(281.9)2 + . . . ^ ̂ ^^^^ 
o 

I f all ten of the foregoing formulas are added 
together, the result is called the total sum of 
squares. 
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Total Sum of Squares (From Table 1) 

acmts hijkl 

= (96.5)^ + (94.9)2 + ••• + (81 .5 )2+ (77.8)^ 

In the same way that each observation is 
broken up into additive terms in the mathe­
matical model, the total sum of squares is 
thus broken up into sums of squares, one sum 
for each of the model terms with the exception 
of (U. The total sum of squares can be used as 
a partial cheek on the computation of the i-e-
maining sums of squares. 

I t is worthy of note that, in all of the com­
putational formulas, each time a squared total 
enters into a computation it is divided by the 
number of observations that are in the total. 
This can be more clearly seen, perhaps, from 
the numerical illustrations of the formulas. 

In Section 5.1, the sum of squares for ag­
gregate effects was said to be the weighted 
sum of squared estimates of the aggregate 
parameter effects. That is, SSiA) = crnls 
/ - l ^ , where mita is the weight, or number of 
specimens entering into an aggi'egates mean. 
In Section 4.1, 4̂̂  was defined to be the differ­
ence between the mean for the / i " " aggregate 
and the grand mean. Putting these two defi­
nitions together in summation notation we 
have 

/ Z ) Yhiikl X ] Yi^HM 
SSiA) = cm«s 2 ( '-^^ ^ ^ ^ ^ 

\ cmts acmts 

Squaring the binomial and expanding. 

SS{A) = cmts 
2Z Yhijkl 
ijkl 

cmts 

hijkl 
acmts 

h ijkl 
cmts 

+ a 

Yhijki^ 
hijkl 

acmts I 

Xow the last two terms can be directly com­
bined, and upon removing the square brackets 

we have the desired result, 

ZfZi^ ' . o«V (Y.'^hijki^ 
- ^ / \hijkl ) S,&{A) 

cmts acmts 

Next we shall look at the derivation of the sum 
of squares for mixes-in-aggregates. In Section 
4.1, Mhij was defined to be the difference 
between the mean of the /*" mix in an hi ag­
gregate-cement combination and the mean of 
the hi combination. That is. 

Mhi hij 

y^. Y hijkl 
kl 

Ts 

S Yhijkl 
ikl 

mts 

Mixes are said to nested in aggregate-cement 
combinations because the mix parameters are 
the differential effects of mix means relative 
to the aggregate-cement means within which 
the mix occurs. From Section 5.1, the sum of 
squares for mixes is 

SS(M) = is X M l , 
hij 

- t s Z 

E Yhijki E Yi hijkl 

mis 

Squaring the binominal and expanding the 
summation on the j subscript only. 

SS{M) = <s E 
hi i. 

E Yhijki 

- 2 
E Yhijki 
ikl 

mts 

E Yhijki 
kl 

ts 

/E Yhijki 
jkl 

+ m 
\ mts 

Combining the last two terms and bringing ts 
inside the square brackets we have the for­
mula as it was given above. 

SS(M) = E 
E (E Yhijkiy 

ts 

(S 
mts 

The only other derivation we shall give is for 
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the sum of squares for the AC interaction. In 
Section 4.1, (AC)ki was defined to be the 
amount by which an hi aggregate-cement 
mean failed to differ from the grand mean by 
exactly .1^ and Ci. In summation form this 
means that 

^ Ykijki ^ Ykijki 
jkl hijkl 

mts acmts 

- {AH + Ci). 

From section 5.1 and Table 7, SS (AC) = 
mts "^hi (AC)/,il Substituting, we have 

SS{AC) = mts J2 

^ Yhijkl 
jkl 

mts 

22 Yhijki 
hijkl 

acmts 
-An - Ci 

After squaring and expanding, this quantity 
reduces to 

SSiAC) 
. hi 

^ Yhijkl\' 

22 Yhijki 
hijkl 

acmts 

mts 

2" 

- amis - U ' 
h 

- amts 22 Ci^ 
i 

Km / _ _ \hijki / _ 

mts acmts 

- SS{A) - SSiC). 

as was given in the computational formula. 
We have given these derivations to indicate 

that the computational formulas are algebrai­
cally equivalent to the sums of squares which 
were defined in terms of the Q values of Table 
7. The computational formulas are more pre­
cise in that totals are used, thus avoiding 
round off errors which accrue when means are 
used as in Section 5.1. The sum of squares for 
aggregates was found to be 1771.2 in Section 
5.1, whereas the more precise formula of this 
section gave (SS(4) = 1754.3. The derivations 
we have given should also serve to point out 
that the computational procedures depend 

entirely upon the model and that Sections 4.1, 
4.2, and 5.1 do give the necessary background 
for understanding the computational formulas. 

Table 8 is a conventional analysis of vari­
ance table, showing the results of the compu­
tations of this section in the sum of squares 
and mean square columns. The degrees of 
freedom for any effect is the denominator of 
the respective Q value given in Table 7. The 
expected mean squares in Table 8 are the ex­
pectations of the Q values which were shown 
in Table 7 after the latter have been weighted 
or multiplied by the number of specimens 
entering into each of the respective parameter 
estimates. For example, in Table 7, 

E Q { A ) = ^ + ^-^+V{A). 
cmts cm 

Each Ah is based on cmts specimens, and so 
the expected mean square for aggregates be­
comes cmts E Q(A) = ffg^ + ts (TM'' + cmts 
V(A) as shown in Table 8. 

If one or more specimens are out of the test 
at any particular cycle chosen for analysis, a 
method must be selected for the analysis of 
the remaining data. The simplest procedure, 
although perhaps not the best, is to assign an 
arbitrary value to each missing specimen, and 
then perform the analysis as described above. 
The degrees of freedom for the specimens sum 
of squares must be reduced by one for each 
missing specimen. 

The rule used in analyzing the illustrative 
data has been to assign to a missing specimen 
the mean value of the remaining specimens 
in any such hijk cell. Other rules would per­
haps give less upward bias to these cell means. 
A different dependent variable, such as a dura­
bility factor, might make the above modifica­
tions unnecessary. Any modification of the 
data will affect the analysis, however slightly, 
and the results must be interpreted with the 
modifications in mind. 

6. S T A T I S T I C A L I N F E R E N C E 

6.1 General Nature of Significance Tests and 
Confidence Interval Estimates 

I f there is any basis at all for generalizing 
the results of a single experiment to a larger 
set of experiments, then to make any quanti­
tative inference from the experimental data is 
to draw a conclusion about the value of one 
or more parameters which exist in the complete 
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T A B L E 8 
A N A L Y S I S o r V A R I A N C E T A B L E F O R 4 0 - C Y C L E D A T A 

Model: Yhijkl = + A,, + C ; + (AC ) j i + Mnj + Tt + (AT)u- + (CT)ik + (ACT)i,ik + (MT)lnik + SuiU 

Source of 
V a r i a t i o n Degrees of Freedom Sums of 

Squares 
Mean 

Square 
" F " 

R a t i o F .05 Signif i ­
cance Expected M e a n Square 

A 

C 

AC 

M in AC 

(a - 1) = 

(c - 1) = 

(a - l ) ( c - 1) = 

ac(m — 1) = 

3 

1 

3 

8 

1,754.3 

1,251.4 

89.4 

874.1 

584.8 

1,251.4 

29.8 

109.3 

5.4 

11.4 

.3 

5.1 

4.07 

6.32 

4.07 

2.05 

N S 

* 

+ (s (7^^ + c m t s V(A) 

<r\ + Is <r' + a m t s V(C) 
a M 

< + ( S ( 7 ' „ + m t s T ( . 4 C ) 

T 

AT 

(( - 1) = 

(a - - 1) = 

2 

6 

3,156.7 

1,729.5 

1,578.3 

288.3 

62.2 

11.4 

3.63 

2.74 "'S+^'MT^ ems YUT) 

CT (c - 1)(( - 1) = 6 311.6 155.8 6.1 3.63 • «-'^ + J < 7 ^ j , + a m s ViCT) 

ACT (a - l ) ( c - - 1) = 6 89.6 14.9 .6 2.74 N S <r'̂  + s < r ^ y + m s ViACT) 

(MmAC)T ac(m - - I ) = 16 405.7 25.4 1.2 1.75 N S a MT 

S a c m t ( s — 1) = 96 2,035.6 21.2 
S 

T o t a l . . . . a c m t s — 1 = 143 11,697.9 

set of experiments. By a statistical inference 
we shall mean a probabilitj- statement which 
specifies a value, or range of values, for one or 
more parameters. The statistical inferences 
which follow an analysis of variance will result 
either from tests of hypotheses on the param­
eters or from interval estimates of these 
parameters. 

As a simple example, we note from Table 6 
that the mean for ] ' at 40 cycles was 93.1% 
for all specimens made from the first aggre­
gate. As in section 4.1, this mean leads to an 
estimate of the parameter Ai, by . l i = 
93.1 - 87.2 = 5.9%. In order to generalize 
this observed differential effect of the first 
aggregate, we must ask what value Ai really 
has in the generalized experiment. 

To answer this question without using sta­
tistical inference, the experimenter would logi­
cally note the extent of random variation from 
mix to mix, and then perhaps conclude either 
that " i t appears that the first aggregate really 
does have some differential effect on durabil­
ity", or that "there does not seem to be any 
reason to conclude that the first aggregate is 
any different from the average, when error 
variation is taken into account". Thus, the 
experimenter might use his own judgment to 
reach one or the other of these two conclusions. 

If statistical inference is used, the inferential 
process becomes more S3'stematic and less sub­

jective. First, the experimenter hypothesizes 
that Ai is really zero. Then he turns to statisti­
cal methodology for a rule which will be based 
on probability theory, and which will lead him 
to an acceptance or a rejection of his hypothe­
sis. This rule is called the test of the hypothe­
sis, and should have several desirable proper­
ties. I t should be objective in that it can be 
stated before any data at all are taken. I t 
should dispose of the hypothesis only after 
quantitatively comparing the parameter esti­
mate with an appropriate measure of the re­
liability of the estimate. The rule should lead 
to an acceptance of the hypothesis if the data 
estimate is "close enough" to the hypothetical 
value of the parameter, and to a rejection of 
the hypothesis if the estimate is "too far" 
from the value given to the parameter b\- hy­
pothesis. The rules of statistical tests will 
define "close enough" and "too far" in terms 
of the risks that erroneous inferences will be 
drawn. I t is this last property that represents 
the major distinction between statistical and 
non-statistical inference. Finally, the conclu­
sions from statistical inference will have the 
same interpretation by all who understand the 
rule. 

Whether statistical inference is used or not, 
there is the risk that the hypothesis will be 
rejected even though it is true. For example, 
there is some likelihood that ^4: will be con-
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eluded to be different from zero when in fact 
Ai is zero. We shall call this risk a, where a is 
between zero and one and is called the signifi­
cance level of the test. We shall suppose that 
the a risk has been specified before the data 
are analyzed, and that this risk has been taken 
to be a conventional value such as .05 or .01. 

We shall not actually demonstrate the test 
for the hypothesis that Ai is zero, but if the 
appropriate rule were used for this test with 
a = .05, then the inference would be either 
that Ai is zero or that Ai is different from zero. 
In the latter case, the hypothesis would have 
been rejected by the rule, and the estimate Ai 
would be said to differ significantly from zero 
at the 5% level. For brevity, such a conclusion 
may be stated by saying that there is a signifi­
cant effect of the first aggregate on durability, 
but this statement is ambiguous unless the 
value of a and the hypothetical value of Ai are 
clearly implied. 

In particular, if 5.9% is declared to be sig­
nificant at the 5% level, the meaning to be 
conveyed by this statement is (1) a rule has 
been used to accept or reject the hypothesis 
that A, = 0, (2) the rule led to a rejection, and 
(3) there was a 5% risk that a rejection would 
occur even though Ai were trul.v zero. 

A common misconception concerning the 
outcome of a significance test is that a signifi­
cant effect is a large effect. I t can be that a 
statistically significant effect is of no practical 
importance. On the other hand, an observed 
effect may be large enough to be of practical 
importance and still not be declared to be sig­
nificant b}- the significance test. This latter 
situation usually arises when there is a rela­
tively large amount of error variation and/or 
a relatively small amount of data information 
on the effect. 

If an effect is not declared significant, then 
the hypothesis of zero effect cannot be re­
jected, and may therefore be said to be accept­
able or tenable. Such an outcome does not 
prove there to be a zero parameter effect, but 
presumably results in no different behavior on 
the part of the experimenter than if a zero 
effect has been proved to be the case. Another 
pitfall in the interpretation of the outcome of 
a significance test is to suppose that 1 — a is the 
probability of making a correct inference about 
the parameter being tested. In the example of 
this section, 5% is the risk that the effect of 
the first aggregate will be declared significant 

when the truth is that the parameter Ai is 
zero, and 1 — a = .95 is the degree of assurance 
that Ai will not be declared significant when 
in fact Ai is zero. Now if Ai is not zero, there is 
also the risk that the significance test will 
lead to an acceptance of the hypothesis that 
Ai is zero. Although the I'isk of this second type 
of erroneous conclusion can be calculated (7), 
we shall not do so in this paper. I t turns out 
that this risk of falsely accepting the tested 
hypothesis, i.e. failure to claim significance 
even though a non zero effect exists, depends 
upon the true (non-zero) value of A i , upon the 
degrees of freedom in the error term, and upon 
the significance level used in the test. For a 
fixed a, the risk of the second kind decreases 
as the true Ai value is farther and farther from 
the hypothetical value, and for a fixed non-zero 
AI, this risk decreases as a larger a is used. 
Suppose, for example, that A i is 1 % instead of 
zero. I t could be that there is a .30 risk of ac­
cepting the hypothesis that A i = 0 if a = .01, 
whereas this risk might be only .10 if a is 
taken to be .05. For a specified non zero Ai 
and a, the risk of the second kind can also be 
reduced by increasing the degrees of freedom 
for the measure of unreliability in the data 
estimate of A i . In the tests of hypotheses 
which are to follow in the next section, we shall 
use a 5% level of significance. 

I t may be that the experimenter wishes to 
estimate the value of a parameter, rather than 
to test some hypothesis on the parameter. For 
example, he may ask for the magnitude of A i 
instead of for the conclusion that the first 
aggregate either has or does not have any effect 
on durability. 

A non-statistical estimate of Ai might be, 
say, 5.9% ± 2 % , where the ± 2 % represents 
a more or less intuitive judgment upon the re­
liability of Ai = 5.9%. The corresponding 
statistical inference might turn out to be the 
claim that, with 95% confidence, Ai is some­
where in the interval 5.9 % ± 4%. In the statisti­
cal inference, the ± 4 % has been determined by 

. deciding that it is permissible to run a 5% risk 
that the interval to be given will not, in fact, 
contain the parameter being estimated. I t 
could be that there is a .75 risk that 5.9 ± 2 % 
does not contain A i . Oi' it might happen that 
the estimate 5.9 ± 2% is associated with 
99.99% confidence, whereas a 95% confidence 
interval would be, say, 5.9 ± .5%. To deter­
mine confidence interval estimates for param-
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eters, the experimenter must select the appro­
priate procedure from the body of statistical 
methodology and also specify the risk he is 
willing to assume in making an erroneous es­
timate of the parameter. 

And so these two techniques of statistical 
inference, testing hypotheses and interval es­
timation, lead to conclusions from the e.xperi-
mental data to the generalized experiment, 
even though only one experiment has been 
performed. The inferences are accompanied by 
stated risks which relate to the complete set. 
For if a significance level of .05 is used in test­
ing a hypothesis which is really true in the 
generahzed experiment, then it can be ex­
pected that in 5 times out of each 100 experi­
ments the tested hypothesis will be erroneously 
rejected. Or if a parameter were to be esti­
mated with 95% confidence from each experi­
ment in the generalized experiment then it 
would be expected that in 95 experiments out 
of each 100, the interval estimates would in 
truth contain the parameter being estimated. 

I f the experimental procedure does not con­
form with the experimental design and its 
mathematical model, or if the model is inap­
propriate for the measured variable, or if the 
assumptions on the terms in the model are 
invalid, then the actual risks for drawing er­
roneous conclusions may be considerably dif­
ferent than those which are implied by the 
statistical inferences. If, for example, ran­
domization is neglected, then it is practically 
impossible to know to what extent the risks 
are altered from their purported levels. I f 
some of the assumptions such as normality of 
the distribution of experimental errors, or 
homogeneity of error variation, are untenable, 
then it ma.v be that, sa.y, a 90% confidence 
interval estimate is really only an 80% con­
fidence interval. Although no blanket state­
ment is possible, much of the research in 
mathematical statistics has shown that the 
statistical analyst does not need to feel un­
comfortable in stating his risks of error unless 
the assumptions on the model are rather 
grossly invalid. 

Before deciding that he will have nothing 
to do with gambling as he draws conclusions 
from his experimental data, the experimenter 
must come to realize that any generalization 
represents a gamble, and that the attitude of 
the scientist must surely be to know of the 
odds with which he is betting. Through the 

use of statistical inference, the experimenter 
can give himself as long odds as he feels is 
necessary, but if no risks are permissible, then 
the experimenter must either draw no infer­
ences at all, or perform the same experiment 
ad infinitum. 

6.2 Significance Tests on Means 

The first inferences that are to be drawn 
from the analysis of variance concern the 
variances of the controlled factor parameters. 
These seven variances, V{A), 7(C), V(AC), 
V(T), V(AT), V{CT), and V{ACT) appear 
in the last columns of Tables 7 and 8. 

If, for example, we hypothesize that the 
aggregate effect parameters. A,, A2, A3, and 
Ai are all zero, then V(A} = Z* ^ftV« — 1 
is zero under this hypothesis. Conversely, if 
V(A) = 0, then the four parameters do not 
vary and must each be zero since, as was 
stated in section 4.2, Z^i Ah = 0. And so the 
hypothesis that ^ 1 = ^ 2 = ^ 3 = ^ 4 = 0 is 
equivalent to the hypothesis that V{A) = 0. 
I f this hypothesis is rejected by a significance 
test, the conclusion will be that at least one 
aggregate parameter mean is different from 
the others. On the other hand, an acceptance 
of this hypothesis will amount to the inference 
that there are no parameter differences among 
the four aggregates. We shall now discuss the 
appropriate statistical rules for testing the 
seven hypotheses of zero conti'olled factor 
parameter effects. 

I t must first be decided what a risk is allow­
able for the event that any of the tested hy­
potheses will be rejected even though it is true. 
We shall let a = .05 for each test, which is to 
say that we are willing to claim significant 
effects on the average of once in twenty tests 
even though the tested effects are truly zero. 

For each hypothesis, the statistical rule, or 
test, consists in forming the ratio of two mean 
squares from Table 8. The numerator of this 
ratio is the mean square found in the line 
whose effect corresponds to the hypothesis 
being tested, and the denominator is the mean 
square whose expected value is that of the 
numerator if the hypothesis is true. For ex­
ample, the expected mean square for aggre­
gates is (7s2 + o-„2 + cmts V{A) and that for 
mixes is as'' + ts (TA,2 . I f V(A) is zero then both 
mean squares have expectations o-̂ ' + ts OM^, 
and so the required test ratio is that of the 
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aggregates mean square to the mixes mean 
square. The mix mean square is said to be the 
error mean square for testing aggregate ef­
fects, or it is conventional to say that aggre­
gate effects are tested against mix effects. The 
ratio of these two mean squares is called an 
"F" ratio because it follows the Fisher vari­
ance ratio probability law if the tested hy­
pothesis is true. 

Thus, at 40 cycles, we have the test ratio 
F = (584.8/109.3) = 5.4 for testing the hy­
pothesis that V{A) = 0. 

Following the same procedure, i t can be 
seen from the last column of Table 8 that 
cement effects, C, and aggi'egate with cement 
interaction effects AC, are also tested against 
the mix mean square, M in AC. Thus, all 
formulation factor effects are tested against 
the mix-to-mix variation. In order to test the 
temperature effects, we note that the expected 
mean square for temperature is -|- « o-„7.2 + 
acms V{T). Under the hypothesis that there 
are no differential effects due to tempei-a-
ture, V(T) = 0, and this expectation becomes 
(Ts' + s (7,1,7.̂  which is the expected mean 
square for the MT effects. Hence the F 
ratio for testing temperature effects is F = 

of temperature with aggregates and with 
cements are also tested against the M X T 
mean square. The resulting F ratios foi- all of 
these tests are shown in the F ratio column of 
Table 8. 

The next step is to decide which F ratios 
should lead to a rejection of any tested hy­
pothesis. I t is intuitive that if the F ratios are 
in the neighboi'hood of unity then the hy­
pothesis is tenable and that a rejection should 
occur if the F ratios are "too large". The 
dividing line for this decision is in terms of the 
predetermined a risk. Figure A is that for a 
typical F pi'obability distribution. Values of F 
may I'ange from zero to infinite', and the total 
area under the curve is taken to be unity. The 
horizontal scale corresponds to all \-alues that 
F might have if the tested hypothesis is true, 
and any segment of this scale cuts out an area 
under the curve which corresponds to the 
probability that F will fall in this segment. 

Xow we are committed to a rejection of the 
tested hypothesis with probability a = .05 
even though the hypothesis is true. This means 
that we must designate some segment of the F 

Probobility Distribution of tt)8 F Rotio 

Figure A 

scale, which cuts out .05 of the total area, as a 
region for rejection of the hypothesis. There 
are many such segments that could be chosen, 
but as has been said, we shall prefer to reject 
the hypothesis of zero effects whenever F is 
excessively large. This means that the F values 
which lead to rejection should be those under 
the right hand tail of the F curve. The critical 
point. Fa, is the value of F which will be 
exceeded by chance only 100a % of the time 
when the hypothesis is true. I f the observed F 
falls in the rejection region, then the inference 
will be that the hypothesis is not true, and that 
there really are some non-zero parameter 
effects. 

The Fa values for a = .05 and a = .01 are 
given in Tables 9 and 10 respectively. The 
shape of the F curve, and consequently the 
value for Fa depends upon the degrees of free­
dom associated with the numerator and de­
nominator mean squares in the observed F 
ratio. For the hypotheses that V{A) = 0 the 
F ratio was 5.4. The numerator mean square 
had 3 degrees of freedom for aggregates 
(a — I) and the denominator mean square had 
8 degrees of freedom for mixes ac(m — 1). 
With a = .05, Table 9 shows that under these 
conditions, F.oi = 4.07. Since the observed 
F exceeds F.OB , we infer that the hypothesis 
is not true, or we may simply say that the ag­
gregate effects are significant at the 5% level. 
Table 8 shows the value of F.05 for each 
significance test. At 40 cycles, for example, all 
controlled factor effects were significant at the 
5% level except for the AC and ACT inter­
actions. The same significances prevailed at 
each of the other cycles for which analyses 
were made, although it must be remembered 
that effects may be of different magnitudes 
and still be significant at the same level. In 
the significance column an asterisk appears 
for each mean square which was significantly 
larger than its appropriate error mean square, 
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T A B L E 9 
U P P E R 5% P O I N T S (F.os) O F T H E F D I S T R I B U T I O N 

Degree of 
Freedom for 

Degrees of Freedom for Numerator M e a n Square 

ominator 
n Square 1 2 3 4 5 6 7 8 9 10 12 15 20 24 ,!0 40 60 120 X 

1 161 200 216 225 230 234 237 239 241 242 244 246 248 249 260 251 252 253 264 
2 18.5 19.0 19.2 19.2 19.3 19.3 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.5 19.6 19.5 19.5 19.5 19.6 
3 10.1 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.59 8.55 8.53 
4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91 5.86 5.80 5.77 5.75 5.72 5.69 5.66 6.63 
5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.62 4.56 4.63 4.50 4.46 4.43 4.40 4.37 

6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.00 3.94 3.87 3.84 3.81 3.77 3.74 3.70 3.67 
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.67 3.51 3.44 3.41 3.38 3.34 3.30 3.27 3.23 
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22 3.15 3.12 3.08 3.04 3.01 2.97 2.93 
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 2.94 2.90 2.86 2.83 2.79 2.75 2.71 

10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.91 2.85 2.77 2.74 2.70 2.66 2.62 2.58 2.54 

11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.79 2.72 2.65 2.61 2.57 2.63 2.49 2.45 2.40 
12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.69 2.62 2.54 2.51 2.47 2.43 2.38 2.34 2.30 
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71 2.67 2.60 2.53 2.46 2.42 2. .38 2.34 2.30 2.26 2.21 
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.53 2.46 2.39 2.35 2.31 2.27 2.22 2.18 2.13 
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.69 2.54 2.48 2.40 2.33 2.29 2.26 2.20 2.16 2.11 2.07 

16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.42 2.36 2.28 2.24 2.19 2.16 2.11 2.06 2.01 
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.38 2.31 2.23 2.19 2.15 2.10 2.06 2.01 1.96 
18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.34 2.27 2.19 2.15 2.11 2.06 2.02 1.97 1.92 
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 1.93 1.88 
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84 

21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.32 2.26 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81 
22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.36 2.23 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78 
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32 2.27 2.20 2.13 2.05 2.01 1.96 1.91 1.86 1.81 1.76 
24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30 2.25 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73 
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28 2.24 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71 

30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62 
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1.58 1.51 
60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2.10 2.04 1.99 1.92 1.81 1.75 1.76 1.86 1.59 1.53 1.47 1.39 

120 3.92 3.07 2.68 2.45 2.29 2.18 2.09 2.02 1.96 1.91 1.83 1.75 1.66 1.61 1.65 1.60 1.43 1.35 1.25 
« 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.62 1.46 1.39 1.32 1.22 1.00 

* . \ d a p t e d f r o m tables computed b y Merrington a n d T h o m p s o n a n d appear ing in Biometrika, vo l . 33, 1943 w i t h the per­
miss ion of tlie editor. 

while the letters NS stand for non-significant 
effects. 

For each of the four cycles analyzed, the 
aggregates means are shown in Fig. 2, cement 
means in Fig. 3, and temperature means in 
Fig. 4. Whenever a set of more than two means 
produces a significant F ratio in the analysis 
of variance, it does not necessarily follow that 
each mean in the set is significantlj' different 
from every other mean in the set. This point 
will be discussed in a later section. 

And so by impartial and predetermined rules 
we have drawn statistical inferences about the 
controlled factor effects as they would occur 
in the generalized experiment. There is a 
know n risk, .05, that a true hypothesis w ill be 
erroneously rejected, and a calculable risk 
that a false hyjiothesis will be erroneousl\- ac­
cepted. This latter risk has been minimized 
by choosing an acceptance region for the F 
ratio wherein an observed F is not so likely to 
fall if the tested hypothesis is really false. 
From the sketch of the F distribution it can be 
seen that the risk of the second type of error 

will be increased if a smaller a level is used 
(e.g., a = .01) for then the acceptance region 
will be larger. 

Now that it has been decided which effects 
are significant, some interpretations are in 
order. Interpretations of significant main ef­
fects, i.e. aggregates, cements, and tempera­
tures, must be withheld until the interaction 
effects are discussed. For example, the inter­
action of aggregates with cements was not 
found to be significant. Although a mathe­
matical interpretation of two factor interac­
tions was given in section 4, it is simpler to 
say that if two factors do not interact, then the 
difference in Y between any two levels of one 
factor is constant across all levels of the 
second factor. Since we have inferred the 
absence of aggregate-cement interaction, then 
we conclude that differences in durability 
caused by the two cements are the same for 
an\- aggregate, or that the difference in dura­
bility caused by two aggregates is the same 
for both cements. Graphically this means that 
parallel broken lines will result from a plot of 
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T A B L E 10 
U P P E R 1% P O I N T S (F.oi) O F T H E F D I S T R I B U T I O N 

Degrees of 
Freedom for 
Denominator 
M e a n Square 

8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
1!) 
20 

21 
22 
23 
24 
25 

30 
40 
60 

120 

Degrees of Freedom for Numerator M e a n Square 

1 2 3 5 5 6 7 8 9 10 12 15 20 

4,052 5,000 5,403 5,625 5,764 5,859 5,928 5,982 6,023 6,056 6,106 6,167 6,209 
98.5 99.0 99.2 99.2 99.3 99.3 99.4 99.4 99.4 99.4 99.4 99.4 99.4 
34.1 30.8 29.5 28.7 28.2 27.9 27.7 27.5 27.3 27.2 27.1 26.9 27.6 
21.2 18.0 16.7 16.0 15.5 16.2 15.0 14.8 14.7 14.5 14.4 14.2 14.0 
16.3 13.3 12.1 11.4 11.0 10.7 10.5 10.3 10.2 10.1 9.89 9.72 9.55 

13.7 10.9 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 
12.2 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.31 6.16 
11.3 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 6.52 5.36 
10.6 8.02 6.99 6.42 6.06 5.80 6.51 5.47 6.35 5.26 6.11 4.96 4.81 
10.0 7.66 6.55 5.99 5.64 5.39 6.20 5.06 4.94 4.86 4.71 4.56 4.41 

9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.40 4.25 4.10 
9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39 4.30 4.16 4.01 3.86 
9.07 
8.86 

6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.10 4.19 3.96 3.82 3.66 9.07 
8.86 6.51 5.56 5.04 4.70 4.46 4.28 4.14 4.03 3.94 3.80 3.66 3.51 
8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 3.67 3.52 3.37 

8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.66 3.41 3.26 
8.40 6.11 5.19 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.46 3.31 3.16 
8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 3.51 3.37 3.23 3.08 
8.19 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3.43 3.30 3.15 3.00 
8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 3.37 3.23 3.09 2.94 

8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40 3.31 3.17 3.03 2.88 
7.95 
7.88 

5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 3.12 2.98 2.83 7.95 
7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 3.07 2.93 2.78 
7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 3.17 3.03 2.89 2.74 
7.77 5.57 4.68 4.18 3.86 3.63 3.46 3.32 3.22 3.13 2.99 2.86 2.70 

7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.84 2.70 2.55 
7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.66 2.62 2.37 
7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 2.50 2.35 2.20 
6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.57 2.34 2.19 2.03 
6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 2.18 2.04 1.88 

13.9 

6.28 
3 

4.33 

4.02 
3.78 
3.59 
3.43 
3.29 

3.18 
3.08 
3.00 
2.92 
2.86 

2.80 
2.75 
2.70 
2.66 
2.62 

2.47 
2.29 
2.12 
1.95 
1.79 

6,261 
5 

26.5 
13.8 
9.38 

23 
5.99 
6.20 
4.66 
4.26 

94 
3.70 
3.51 
3.35 
3.21 

3.10 
3.00 
2.92 
2.84 
2.78 

2.72 
2.67 
2.62 
2.58 
2.53 

2.39 
2.20 
2.03 
1.86 
1.70 

6,287 
99.5 
26.4 
13.7 
9.29 

14 
5.91 
5.12 
4.57 
4.17 

3.86 
3.62 
3.43 
3.27 
3.13 

3.02 
2.92 
2.84 
2.76 
2.69 

2.64 
2.68 
2.54 
2.49 
2.45 

2.30 
2.11 
1.94 
1.76 
1.59 

6,313 
99.5 
26.3 
13.7 
9.20 

5.82 
5.03 
4.48 
4.08 

3.78 
3.54 
3.34 
3.18 
3.05 

2.93 
2.83 
2.75 
2.67 
2.61 

2.55 
2.50 
2.45 
2.40 
2.36 

2.22 
2.02 
1.84 
1.66 
1.47 

6,339 
5 

26.2 
13.6 
9.11 

6.97 
5.74 
4.95 
4.40 
4.00 

3.69 
3.46 
3.25 
3.09 
2.96 

2.84 
2.75 
2.66* 
2.58 
,2.52 

2.46 
2.40 
2.35 
2.31 
2.27 

2.11 
1.92 
1.73 
1.53 
1.32 

6,336 
99.5 
26.1 
13.5 
9. (12 

6.88 
5.65 
4.86 
4.31 
3.91 

3.60 
3.36 
3.17 
3.00 
2.87 

75 
2.65 
2.57 
2.49 
2.42 

2.36 
2.31 
2.26 
2.21 
2.17 

2.01 
1.80 
1.60 
1.38 
1.00 

' Adapt i - . l f rom table.^ c o m p u t e d b y .Merrington a n d Tl iomp.son a n d a])pearing in Biomeliika, V o l . 33. 1943 w i t l i t l i c per-
mi.ssioii o; tiie editor. 
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the AC means averaged across temperatures. 
This phenomenon is illustrated in Figure 5. 
The lines are not precisely parallel, but de­
partures from parallelism are inferred to arise 

U 95 

o 
§ 90 
O 
c 
> . 

O 85 
« 
>.80 
O 
O 

o 
>o 

70 
40 8 0 120 160 

Cycles of F r e e z e - T h a w 
Figure 3 

from error variation lather than from any real 
variation. I t must be remembered that the AC 
eiTects have been averaged across temjiera-
tures, and so the question must be raised as to 
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whether the absence of AC interaction prevails 
at each temperature le\-el. Our inference is 
that it does, for the ACT interaction was not 
significant. I f the ACT effects had been sig­
nificant, the interpretation would be that the 
extent of AC interaction is not the same for 
each level of temperature. 

The interaction of aggregates with tem­
perature was significant as was the interaction 
of cements with temperatures. In the absence 
of ACT interaction we infer that the AT 
interaction is of the same magnitude for both 
cements, and that the CT interaction was 
about the same for all four aggregates. The A T 
and CT interactions result in the non-parallel 
graphs of Figures 6 and 7. Of course the scale 
used in constructing the graphs can be made 
to reduce or emphasize the non-parallelism, 
and it is also rather clear from the graphs as 
well as from the F ratios that the AT inter­
actions are more pronounced than are the CT 
interactions. For these reasons it would seem 
to be all the more necessary to have predeter­
mined rules for reaching decisions on the inter­
action effects. 

The significance of main effects cannot be 
logically interpreted until hypotheses have 
been tested on the interactions of the main 
effects factors. Since the aggregates have been 

judged to interact with the temperatures, the 
fact that the aggregate main effects are signifi­
cant does not carry much meaning since the 
aggregate effects have been averaged across 
temperatures. I t may be that the four aggre­
gate effects are significantly different at one 
temperature but not at some other tempera­
ture. I t may also turn out, if there is an AT 
interaction, that the aggregates differ signifi­
cantly at each temperature, but that the 
aggregate effects across temperatures are not 
significantly different. This situation would 
arise if the graphs of Figure 6 crossed each 
other in a suitable pattern. And so the experi­
menter may have only incidental interest in 
the significance achieved by the main effects 
if he has found significant interaction effects, 
for then he must study the effects of one factor 
at each level of the other factor. I t is perhaps 
for this reason that the complete factorial 
design has great utility. I f the procedure of 
"holding every factor at one level save for one 
factor which is allowed to vary" is followed, 
then the experimenter is not able to study in­
teractions at all. He cannot place any im­
portant interpretation on the results for the 
one factor which was varied unless, by some 
fortuitous circumstance, his varied factor does 
not interact with any of the one level factors. 

Thus far in this section we have only been 
concerned with significance tests on the con­
trolled factor effects. We may also test hy­
potheses on the error variances, a u'^ and CT.WT^. 

From the last column of Table 8, it is seen 
that, under the hypothesis that o-j,̂  is zero, 
the mix mean square has the same expectation 
as the specimens mean square. At 40 cycles, 
the appropriate F ratio for testing the hj--
pothesis of no mix effects isF = 109.3/21.2 = 
5.1. From Table 8 the degrees of freedom 
are 8 for the numerator and 96 for the denomi­
nator. From Table 9, with 8 degrees of freedom 
for the numerator and 96 degrees of freedom 
for the denominator, a value of 2.05 or larger, 
for F is cause for rejection of the hypothesis 
that <TM^ = 0. The conclusion is that the 
uncontrolled variables do bring in variation be­
tween mixes above and beyond the variability 
to be expected within a single mix. The impli­
cation is that the mixes must be replicated if 
an appropriate error term is to be available 
for testing the formulation factor effects. If the 
mix mean square had not been significant, a 
single mix would suffice for each aggregate ce­
ment combination, and the last line in the 
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UJ90 

A xT Means 
Figure 6. Graphical illustration of significant aggregate X temperature interaction effects. 

analysis of variance table would provide the 
error term for testing the fornmlation factors. 

To test the hypothesis that <TMT' is zero, we 
must form the F ratio of the MT mean square 

to the specimens mean square. This ratio is 
not significant at 40 cycles, but is significant 
at 80, 120 and 160 cycles. From the expected 
mean squares column of Table 8 it follows that 
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if aMT' is zero then all effects involving tem­
peratures may be tested against the specimens 
mean square. One might follow this procedure 
at 40 cycles, but a more cautious approach 
would be to use the MT mean s<juare as the 
error line for any of these tests at all cycles. 

If no replication of mixes had been incor­
porated into the design, the expected mean 
squares would still be those given in Table 8. 
In such an event it would not be possible to 
test for the controlled factor effects without 
making some further assumptions. For ex­
ample, the experimenter might know befoi'e 
running the experiment that he could assume 
V(AC) to be zero, as turned out to be the 
inference from Table 8. Then with only one 
mix of each aggregate cement combination it 
is still possible to test for the aggregate and 
for the cement effects. For under the hypothe­
sis that V(A) = 0 and with the assumption 
that V{AC) = 0, then the expectations of the 
aggregate mean square and the AC interaction 
mean square are both ag'' + st aM^, and even 
though (7.,/2 is unestimable, the F ratio is still 
appropriate for the test. I t is exactly these 
kinds of assumptions that are necessary- if 
fractional replications are to be used in order 
to reduce the scope of the experiment. 

One of the major assumptions underlying 
the statistical tests is that the random effects 
have homogeneous variances. 

Any set of independent observed mean 
squares ma\̂  be tested for homogeneity by a 
test such as Bartlett's test (8). The mix to mix 
mean squai'e is really the avei'age of eight mix 
mean squares, one for each aggregate cement 
combination. The MT mean square also arises 
from eight separate mean squares, while the 
specimen mean square is the a\'erage of the 48 
mean squares for specimens in the various 
ACMT combinations. Before performing the 
analysis of variance, tests of homogeneity 
should be performed upon each of these 
sources of error \-ariation. I f there ai-e sig­
nificant departures from homogeneitj- an in­
vestigation into the cause is called for. I f 
nothing is done to correct for existing het­
erogeneity of vai'iance, the significance levels 
of the F tests will be somewhat different than 
their purported levels, depending upon the de­
gree of heterogeneity. For example, an F ratio 
which has apparent significance at the 5% 
level ma\- actually be significant at only the 
10% level. The magnitude of this disturbance 
lias been the subject of mathematical in\'es-
tigation (9). 

Heterogeneous variances sometimes arise 
because of transcribing errors, computational 
errors, or changes in the measuring device. 
If the magnitude of an eri-or mean square is a 
function of the mean value of the measured 
variable, heterogeneity of variance can be e.x-
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jjected whenever the measured variable 
changes markedly in value. Measures of dura­
bility of concrete appear to have this charac­
teristic, and the data of the illustrative ex-
lieriment do not have a desirable degree of 
homogeneity'. I t would seem that those aggi'e-
gates which have intermediate durability 
\-alues are likely to lead to larger erroi' mean 
stjuares than those which lia\-e durabilities 
which are either relatively high or low. I t may 
be that a different sc-ale of measurement for 
durability would lead to more homogeneity. 
An alternative measure is to analyze the ex­
perimental data in segments for which the 
ei'ror variation is homogeneous. 

The sensitivity of the significance tests de-
Kci'ibed in this section can be described in 
terms of the relative ease or difficulty- witii 
wiiich differential effects which are non zero 
in the generalized experiment will be detected 
as such by the test. Since F ratios are used as 
the test criteria, it is apparent that for a fixed 
parameter variance, say r (A) , the observed 
F ratio will be larger if the denominator mean 
square, for mixes in this case, is relatively 
small. From an inspection of the F values in 
Tables 9 and 10 it can be seen that any- ob­
served F ratio will achieve significance for iai'ge 
denominator degrees of freedom whereas it 
may not for smaller denominator degrees of 
freedom. But these degrees of freedom are es­
sentially proiiortional to the number of rei)li-
cations that were in the experimental design. 
And so, as is intuitively clear, the significance 
tests will be made inoi'e sensitive to the exist­
ence of parameter differences in the controlled 
factoi's either as the extent of uncontrolled 
variation is reduced, or as the number of rejjli-
cations is increased. 

After making the analysis of variance antf 
significance tests for a particular experiment, 
the estimates of error variation serve as ex­
cellent guides for the design of future experi­
ments which will be subject to the same uncon­
trolled variiibles. The analysis may suggest 
that a change in the mathematical model is 
in order, or that more (or fewer) replications 
are necessary for the experiment to ha\-e a re-
(luired degree of sensitivity to non-zero param­
eter effects. Each statistical analysis, thei'e-
fore. should serve to provide conclusions 
relative to the experiment that has been per­
formed, but perhaps just as important, should 
serve to gi\-e very specific information on how 

to design subsequent exjjeriments. Although 
this i^i-inciple is generally observed whether or 
not a statistical analysis is made, the sys­
tematic statistical approach can eliminate 
much of the guess work as the experinientei' 
seai'clies for better and more economical ex­
perimental designs. 

Just as any design engineer turns to a new 
model as soon as his last one has been put into 
production, the experimentei- who uses statis­
tical principles of design and analysis should 
strive to find a better mathematical model 
from experiment to experiment as he studies 
the physical phenomena in his field. E\-en a 
small change in the mathematical model, or 
pei'haps in the assumptions underlying the 
model, will ordinarily result in a different 
analx'sis of variance and in modified signifi­
cance tests. Foi' these reasons, we ha\-e made 
no assertion that the model used in the illus-
trati\-e expei'iment is an optimum one. As was 
stated in the introduction, our main moti\'a-
tion has been to discuss and explain just one 
model, in .some great detail. 

6.3 Contrasts of Means 

I f none of the F ratios from the analysis of 
variance had been significant, the conclusion 
would have to be either that all of the effects 
parameters ai-e zero, or that they are too small 
to assert themselves over and above the varia­
tion arising from the uncontrolled variables. 
But whenever any effect is shown to be signifi­
cant by an F test, then the parameters which 
represent such an effect are concluded to be 
different from one another in some way. In 
this case the experimentei- will ordinarily try 
to determine which parameters are different 
and by how much. We shall do this by estab­
lishing 95% confidence intervals for any com­
parison of the parameters, using a method 
which was presented by D. B. Duncan (/O).' 

For any set of A;_parametei- means, jx\ . H2, 
• • • fik , let Fi , Yn, • • • ,Yk be the corre­
sponding observed means. Let n be the immber 
of data observations that enter into the deter­
mination of each mean, F. Now a contrast of 
parameter means is any linear combination of 

1 S ta t i s t i ca l methods for contras t ing m e a n s after an a n a l y ­
s is of var iance are in a n evo lu t ionary state. T h e procedures 
d iscussed here h a v e been adapted f r o m a papier, " S i m u l t a n e ­
ous Con f id ence I n t e r v a l s D e r i v e d f r o m Mult ip le R a n g e a n d 
Mult ip le F T e s t s , " b y D . B . D u n c a n a n d R . G . B o n n e r . T h i s 
paper was presented to the . \ m e r i c a n Sta t i s t i ca l .Association 
at Montrea l , C a n a d a in September , 1954, a n d is somewhat 
different f rom Reference 10. 
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these means D = E<=i ^ 'M; , where the coeffi-
cients,Xi,are any numbers such that Ei=î i = 
0. Since Fi is the observed estimate of the 
parameter, , the estimate of the parameter 
contrast is the observed contrast, D = 

EUx.F,. 
For example, we inferred from Table 8 that 

the differential effects of aggregates. Ay, A2, 
A3 and Ai were not all zero since the F ratio 
for aggregates was significant. If the differen­
tial effects are not all zero, then the parameter 
means for the aggregates must be somewhat 
different from one another. The observed ag­
gregates means are found, in Table 6, to be 
93.1, 86.1, 84.0 and 85.5 at 40 cycles, each 
based on n = 36 specimens. Suppose we wish 
to compare the first mean with the average of 
the second and fourth means. This contrast 
may be written, I) = in — (1x2 + yn)/2, so 
that A = 4, X i X2 = -Vi, X3 = 0, X4 

— Yi, and E<=i = 0- The estimate of this 
contrast is 5 = 93.1 - (86.1 + 85.5)/2 = 7.3. 
Although the true contrast was estimated to 
be 7.3 in this experiment, D will vary from one 
experiment to another because of uncontrolled 
variation. The variance of all D values in the 
generalized experiment will be called ab'' and 
at, is said to be the standard error of the esti­
mated contrast. The mathematical formula 
for (Tc^ is derived in much the same way as 
were the expected mean squares of Table 8, 
and turns out to be c/)* = (cr^/n) Ei=i ^ '^ i 

where cr̂  is estimated from one or more of the 
error mean squares in the anal3-sis of variance 
table. The estimate of will be called i'', and 
the nature of o-̂  depends upon which observed 
means enter into the contrast, B. Substituting 

for cr-, the estimated standard error of the 
contrast becomes 

and this standard error will have degrees of 
freedom df, depending upon which mean 
squares enter into a'. In general, ff- will be 
the mean square in the analysis of variance 
which was used to test for the significance of 
the differences among the means which enter 
into the contrast, D, but there are exceptions 
to this rule. 

For the above example, a' is the mix mean 
square, from Table 8, which was used to test 

for the significance of the aggregates effects. 
This mean square was 109.3 at 40 cycles, based 
on 8 degrees of freedom, and so 

= 109.3/36 {{If + {-MY 

+ m + i-VzY] = 4.55, 

and ab = "s/4.55 = 2.14. So far, we have de­
termined that the contrast in question has the 
estimated value of 7.3 with an estimated 
standard error of 2.14. 

We now wish to give a confidence interval 
estimate for the true contrast, D. The sta­
tistical procedure is to claim with 100(1 - a) % 
confidence that D lies between the two num-
bei-s 

D 
V2 

D ± r_n< 
V2 Xi' 

where r f ( a ) is a probability factor to be found 
in Table 11 for a = .05, or in Table 12 for a = 
.01. rF(a) is found in these tables at the inter­
section of k, the number of means from which 
the contrast is made, and df, the degrees of 
fi'eedom for a'. In our example k = 4 and df = 
8, and if we let a = .05, Table 11 gives 
rF(. .05) = 3.800. Hence the required confidence 

3.800 
interval has the hmits 7.3 ± -^y^ (2.14) = 
7.3 ± 5.7, and we may claim with 95% con­
fidence that the true contrast has a value 
somewhere between 1.6 and 13.0. Since the con­
fidence interval does not contain zero, we may 
say that the observed contrast is significantly 
different from zero at the 5% level, or simjih-
say that the contrast is significant. 

I t should be observed from the formula for 
the confidence interval that there are three 
ways for obtaining shorter confidence inter­
vals. One is to design the experiment so that 
0-2, the mix mean squai-e, will be smaller, per­
haps by controlling additional factors. A 
second way is to obtain more than n = 36 
observations on each aggregate, or to design 
a larger experiment. A third way is to use a 
smaller value for rp^a), which amounts to re­
quiring less confidence in the interval estimate 
since („) will be smaller if a larger a risk is 
assumed. Now the r f i a ) values in Tables 11 
and 12 are large enough "safety" factors to 
insure 100(1 — a)% confidence for any of the 
many possible contrasts that can be made from 
the k means through different choices of the 
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T A B L E 11* 
S I G N I F I C A N T R A N G E S F O R A 5% L E V E L M U L T I P L E C O . M P A R I S O N S T E S T f , if<.os) 

2 .1 4 6 7 8 9 10 11 13 1.S 17 19 21 51 101 

3 4 600 4 711 4 889 6 032 6 146 5 24 5 33 5 40 6.47 6 53 5 64 5 73 5 80 5 87 5 93 6 43 6.72 
4 3 926 4 198 4 412 4 590 4 742 4 87 4 99 5 10 5.19 5 28 6 43 5 56 5 68 5 78 5 87 6 67 7.19 
6 3 636 3 921 4 163 4 348 4 617 4 67 4 80 4 92 6.03 5 13 5 31 6 47 5 61 5 74 6 86 6 85 7.56 

6 3 461 3 751 3 991 4 196 4 374 4 53 4 68 4 81 4.93 5 04 5 24 5 41 5 57 5 71 5 84 6 99 
11 

7.85 
3 
3 

345 3 
3 

637 3 880 4 090 4 274 4 44 4 69 4 73 4.85 4 97 6 18 5 37 5 54 5 69 6 83 7 
99 
11 8.09 

8 
3 
3 261 

3 
3 ,564 3 800 4 013 4 201 4 37 4 52 4 67 4.80 4 92 6 14 6 34 5 61 5 68 5 82 7 21 8.30 

9 3 199 3 
3 

492 3 739 3 955 4 145 4 32 4 48 4 62 4.76 4 88 6 11 6 31 6 60 6 67 5 82 7 30 8.48 
10 3 151 

3 
3 444 3 691 3 908 4 101 4 28 4 44 4 58 4.72 4 85 6 08 6 30 6 48 5 66 5 82 " 37 8.63 

11 
12 

3 113 3 
3 

406 3 653 3 871 4 065 4 24 4 40 4 55 4.69 4 82 6 06 5 28 6 48 5 65 5 82 7 43 8.77 11 
12 3 082 

3 
3 373 3 621 3 840 4 036 4 21 4 38 4 53 4.67 4 80 5 05 5 27 6 47 5 65 5 82 7 49 8.89 

13 3 055 3 346 3 695 3 814 4 O i l 4 19 4 36 4 51 4.66 4 79 6 03 6 26 5 46 5 65 5 82 7 54 9.00 
14 3 033 3 

3 
324 3 672 3 792 3 989 4 17 4 34 4 49 4.64 4 77 6 02 5 25 6 45 5 64 5 82 7 58 9.10 

15 3 014 
3 
3 304 3 553 3 773 3 971 4 16 4 32 4 48 4.62 4 76 6 01 5 24 5 46 5 64 5 82 7 62 9.20 

16 2 998 3 
3 

288 3 636 3 757 3 955 4 14 4 30 4 46 4.61 4 76 5 00 5 23 6 44 5 64 5 82 7 66 9.28 
17 2 984 

3 
3 273 3 622 3 742 3 941 4 12 4 29 4 45 4.60 5 74 4 99 5 23 5 44 6 64 6 82 7 70 9.36 

18 2 971 3 260 3 508 3 729 3 929 4 11 4 28 4 44 4.59 4 73 4 99 5 22 5 44 6 64 5 82 7 73 9.43 

19 2 960 3 248 3 
3 

497 3 718 3 918 4 10 4 27 4 43 4.58 4 72 4 98 6 22 5 44 6 64 5 82 7 76 9.50 
20 2 960 3 238 

3 
3 487 3 707 3 908 4 09 4 26 4 42 4.57 4 71 4 97 5 21 6 43 5 64 5 83 7 78 9.56 

22 2 933 3 220 3 469 3 690 3 890 4 08 4 25 4 41 4.56 4 70 4 96 5 21 6 43 5 63 5 83 7 83 9.68 

24 
26 

2 910 3 206 3 454 3 676 3 876 4 06 4 23 4 39 4.55 4 69 4 96 5 20 5 42 5 63 5 83 7 87 9.78 24 
26 2 908 3 193 3 

3 
441 3 663 3 864 4 05 4 22 4 38 4.64 4 68 4 95 5 19 5 42 5 63 6 83 7 91 9.87 

2S 2 896 
888 

3 
3 

1S3 
3 
3 431 3 652 3 864 4 04 4 21 4 38 4.53 4 67 4 94 5 19 5 42 5 63 5 83 7 94 9.95 

30 2 
896 
888 

3 
3 174 3 422 3 643 3 845 4 03 4 20 4 37 4.52 4 67 4 94 6 19 5 42 5 63 5 83 7 97 10.02 

40 2 868 3 143 3 .390 3 611 3 814 4 00 4 18 4 34 4.50 4 64 4 92 5 17 5 41 5 63 5 84 8 08 10.30 

60 2 828 3 112 3 358 3 580 3 783 3 97 4 15 4 31 4.47 4 62 4 90 5 16 5 40 5 63 5 84 8 21 10.64 
10(1 2 804 3 (186 3 333 3 565 3 768 3 95 4 12 4 29 4.46 4 60 4 89 6 15 5 40 6 63 

63 
5 86 8 33 10.97 

00 2 772 3 (161 3 297 3 518 3 722 3 91 4 09 4 26 4.42 4 57 4 86 5 13 5 39 5 
63 
63 6 86 8 64 11.66 

F o r i / = 1 or d / = 2 use r p = 17.969 or 6.085 re spec t ive ly for a l l va lues of k. 
"See T a b l e 12 for acknowledgment . 

t . U s i n g specia l protection levels based on degrees of f reedom. 

coefficients X,. I t may be that the experi­
menter only wishes to compare the observed 
means in pairs, or two at a time. In such a 
case, the true contrast is of the form D = 
Hi — f j i j , so that X,- = 1, Xy = — 1, and the 
other k — 2 X's are all zero. The estimate 
of D is then /> = F,- — Y,-, or simply the 
difference between the two observed means. 

Since there are relatively few possible con­
trasts of this sort, the values of Tables 11 
and 12 give more protection against erroneous 
confidence intervals than is necessary. The r(a) 
values in Tables 13, for a = .05, and 14, for 
a = .01, have been developed for confidence 
intervals for contrasts of just two means at a 
time. In this case Z-'̂ '" = (1)^ + (-1)^ = 2, 
and the formula for the desired confidence 
inter\-als becomes 

In what follows, all contrasts will be for just 
two means at a time. 

For the four aggregates means, there are six 
possible contrasts taking two means at a time. 
As in the above example, a' is the mix mean 
square of 109.3, at 40 cycles, based on 8 de­
grees of freedom. For a = .05, Table 13 gives 
?-(.05) = 3.47 for A; = 4 and df = 8. Hence the 
95% confidence interval for the difference be­
tween any two of the aggregates parameter 
means is given by 

D ± 3.47 = D ± 6.0, 

v 2 (2) V2 V n 

= (F.- - F,) ± ria) ^ ^ . 

and the only significant contrasts are those 
involving two means whose difference exceeds 
6.0. Only the differences between the first 
aggregate and each of the other three are sig­
nificant, and the confidence intervals for the 
significant contrasts are roughly between 1 % 
and 15% of original dynamic E. The confi­
dence intervals for contrasts among the 
second, third, and fourth aggregates overlap 
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T A B L E 12* 
S I G N I F I C A N T R A N G E S F O R A 1% L E V E L M U L T I P L E C O M P A R I S O N S T E S T f , rfi.o, 

2 ,1 4 5 6 8 9 10 11 13 15 17 19 21 51 101 

3 8 260 8 701 9 044 9 326 9 564 9 9 96 10.13 10.27 10 41 10.66 10 86 11 04 11 21 11.36 12.70 13.69 
4 6 511 6 979 7 359 7 679 7 967 8 20 8 42 8.62 8.81 8 98 9.29 9 56 9 80 10 02 10.22 12.07 13.55 
5 5 702 6 157 6 535 6 868 7 144 7 40 ' 63 7.84 8.04 8 22 8.56 8 85 9 11 9 36 9.58 11.71 13.49 

6 5 242 5 682 6 060 6 370 6 655 6 91 7 15 7.36 7.56 7 75 8.09 8 40 8 67 8 93 9.16 11.47 13.47 
7 4 948 6 373 5 733 6 048 6 329 6 58 6 82 7.04 7.24 7 43 7.77 8 09 8 37 8 63 8.88 11.30 13.46 
8 4 746 6 158 5 509 5 819 6 097 6 35 6 68 6.80 7.00 7 19 7.54 7 86 8 15 8 42 8.66 1.18 13.45 
9 4 696 4 998 5 344 5 649 5 923 6 17 6 41 6.62 6.82 7 02 7.36 7 68 7 98 8 25 8.50 11.08 13.45 

10 4 482 4 876 5 216 5 517 5 788 6 04 6 27 6.48 6.68 6 87 7.23 7 55 7 84 8 11 8.37 11.00 13.45 

11 4 393 4 780 6 114 6 411 5 680 6 93 6 16 6.37 6.57 6 76 7.11 7 43 7 73 8 00 8.26 10.93 13.46 
12 4 320 4 702 5 032 6 326 5 592 5 84 6 06 6.23 6.48 6 67 7.02 7 34 7 64 91 8.17 10.88 13.46 
13 4 260 4 637 4 963 5 254 6 519 5 76 6 99 6.20 6.40 6 69 6.94 7 26 7 56 7 84 8.09 10.83 13.47 
14 4 210 4 582 4 906 6 194 6 457 5 70 6 92 6.14 6.33 6 62 6.87 7 19 7 49 7 77 8.03 10.79 13.48 
15 4 168 4 536 4 856 5 143 6 404 5 64 5 87 6.08 6.28 6 46 6.82 7 14 7 43 7 71 7.97 10.75 13.48 

16 4 131 4 496 4 814 5 098 5 368 5 60 5 82 6.03 6.23 6 42 6.76 7 08 - 38 - 66 7.92 10.72 13.49 
17 4 098 4 461 4 777 5 060 5 317 5 56 5 78 5.99 6.18 6 37 6.72 7 04 7 34 7 62 7.88 0.70 13.49 
18 4 070 4 431 4 744 5 025 6 282 5 52 5 74 5.96 6.14 6 33 6.68 7 00 7 30 7 58 7.84 10.67 13.50 
19 4 046 4 404 4 716 4 996 6 250 5 49 6 71 6.92 6.11 6 30 6.64 6 96 7 26 7 54 7.80 10.65 13.50 
20 4 023 4 379 4 689 4 968 5 222 4 46 5 68 6.88 6.08 6 27 6.61 6 93 7 23 7 51 7.77 10.63 13.61 

22 3 987 4 338 4 646 4 922 5 174 5 41 5 63 5.83 6.03 6 21 6.56 6 88 7 18 7 46 7.72 10.59 13.52 
24 3 966 4 304 4 609 4 883 5 134 5 37 6 58 5.79 6.98 6 17 6.51 6 83 7 13 7 41 7.67 10.56 13.63 
26 3 930 4 276 4 579 4 851 6 100 5 33 5 56 5.76 6.94 6 13 6.47 6 79 7 09 7 37 7.63 10.54 13.54 
28 3 907 4 252 4 553 4 824 6 072 5 30 5 62 5.72 5.91 6 10 6.44 6 76 7 06 7 34 7.60 10.52 13.55 
30 3 889 4 231 4 631 4 800 5 048 6 28 5 49 5.69 5.89 6 07 6.41 6 73 7 03 7 31 7.57 10.50 13.65 

40 3 824 4 160 4 464 4 719 4 962 5 19 5 40 5.60 5.79 5 97 6.31 6 63 6 92 ; 20 7.47 10.43 13.58 
60 3 762 4 091 4 379 4 640 4 879 6 10 6 31 6.51 5.70 6 88 6.21 6 53 6 82 7 10 7.36 10.36 13.62 

100 3 712 4 036 4 320 4 577 4 813 5 03 5 24 5.44 5.62 5 80 6.13 6 44 6 74 7 01 7.28 10.30 13.66 
00 3 643 3 958 4 236 4 486 4 716 4 93 5 13 6.32 5.51 5 68 6.01 6 32 6 61 6 88 7.14 10.20 13.75 

F o r df = 1 or rf/ = 2 use rji- = 90.024 or 14.036 respec t ive ly for a l l values of *. 
• P e r m i s s i o n granted b y the E d i t o r , Virsinia Journal of Science to reproduce T a b l e s 11 a n d 12 f r o m paper b y D . B . D u n ­

can , " A Signi f icance T e s t for Di f ferences B e t w e e n R a n k T r e a t m e n t s in a n A n a l y s i s of V a r i a n c e . " 2, 171-189, 1951. 
t U s i n g specia l protect ion levels based on degrees of f reedom. 

zero and cannot be called significant at the 5% 
level. 

Since the method of confidence intervals for 
contrasts is relatively simple, and since it 
picks out the significant differences in observed 
means and estimates the magnitude of the 
corresponding parameter differences, it might 
be wondered why one should bother with an 
analysis of variance at all. Contrasts can be 
made without performing the entire analysis 
of variance, but the analysis of variance sys­
tematically produces the mean squares which 
are necessary for the estimates, â . Further­
more, the F tests from the analysis of variance 
point out which effects need to be investi­
gated for significant contrasts, and which 
effects are not significant to begin with and 
therefore warrant no further investigation. 

There were just two cement means, aver­
aged across temperatures, and the difference 
between them has already been declared sig­
nificant by the F test shown in Table 8. The 
magnitude of this difference can now be esti­
mated to be, with 95% confidence, 

(90.1 - 84.2) ± 3.26 109.3 
72 

= 5.9 ± 4.0, 

or somewhere between 1.9 and 9.9. The value 
3.26 is found in Table 13 with k = 2 and df = 
8, the degrees of freedom for the mix mean 
square, = 109.3. Each cement mean was 
based on » = 72 specimens. 

In making contrasts of the overall tempera­
ture means, at 40 cycles, k = 3, and the ap­
propriate mean square for is the MT mean 
square of Table 8, and so = 25A based on 16 
degrees of freedom. Each temperature mean 
was based on n =48 specimens, and r(.05) = 
3.15 from Table 13. 95% confidence inter­
vals for differences between two temperatures 
means then become 

D ± 3.15 254 
48 

= /) ± 2.3. 

In Table 6, the three means in question are 
found to be 90.3, 90.7 and 80.6, and the sig­
nificant contrasts are those which exceed 2.3, 
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T A B L K 13* 
S K i N l F I C A N T R A N G E S F O R A 5% L E V E L NEWt M U L T I P L E R A N G E T E S T , r.n, 

2 3 4 5 6 7 8 10 12 14 16 18 20 50 100 

1 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 18.0 If .0 18.0 
2 6 09 6.09 6 09 6.09 6 09 6.09 6 09 6 09 6.09 6.09 6.09 6 09 6.09 6.09 6 09 6.09 

4 50 4.50 4 50 4.50 4 50 4.50 4 50 4 50 4.50 4.50 4.50 4 50 4.60 4.50 4.50 4.50 
4 3 93 4.01 4 02 4.02 4 02 4.02 4 02 4 02 4.02 4.02 4.02 4 02 4.02 4.02 4.02 4.02 

5 3 64 3.74 3 79 3.83 3 83 3.83 3 83 3 83 3.83 3.83 3.83 3 83 3.83 3.83 3 83 3.83 
3 46 3.58 3 64 3.68 3 68 3.68 3 68 3 68 3.68 3.68 3.68 3 68 3.68 3.68 3 68 3.68 
3 35 3.47 3 54 3.58 3 60 3.61 3 61 3 61 3.61 3.61 3.61 3 61 3.61 3.61 3 61 3.61 

g 3 26 3.39 3 47 3.52 3 55 3.56 3 56 3 56 3.56 3.56 3.56 3 56 3.56 3.56 3.56 3.56 
9 3 20 3.34 3 41 3.47 3 50 3.52 3 52 3 58 3.58 3.58 3.58 3 58 3.58 3.58 3 58 3.68 

U) 3 15 3.30 3 37 3.43 3 46 3.47 3 47 3 47 3.47 3.47 3.47 3 47 3.47 3.48 3 48 3.48 
11 
12 

3 11 3.27 3 35 3.39 3 43 3.44 3 45 3 46 3.46 3.46 3.46 3 46 3.47 3.48 3 48 3.48 11 
12 3 08 3.23 3 .33 3.36 3 40 3.42 3 44 3 44 3.46 3.46 3.46 3 46 3.47 3.48 3 48 3.48 
13 3 06 3.21 3 30 3..35 3 38 3.41 3 42 3 44 3.45 3.45 3.46 3 46 3.47 3.47 3 47 3.47 
14 3 03 3.18 3 27 3.33 3 37 3.39 3 41 3 42 3.44 3.45 3.46 3 46 3.47 3.47 3 47 3.47 

15 3 
3 

01 3.16 3 25 3.31 3 36 3.38 3 40 3 42 3.43 3.44 3.45 3 46 3.47 3.47 3 47 3.47 
Hi 

3 
3 00 3.15 3 23 3.30 3 34 3.37 3 39 3 41 3.43 3.44 3.45 3 46 3.47 3.47 3 47 3.47 

17 2 98 3.13 3 22 3.28 3 33 3.36 3 38 3 40 3.42 3.44 3.45 3 46 3.47 3.47 3 47 3.47 
18 2 97 

96 
3.12 3 21 3.27 3 32 3.35 3 37 3 39 3.41 3.43 3.45 3 46 3.47 3.47 3 47 3.47 

19 2 
97 
96 3.11 3 19 3.26 3 31 3.35 3 37 3 39 3.41 3.43 3.44 3 46 3.47 3.47 3 47 3.47 

20 2 95 3.10 3 18 3.25 3 30 3.34 3 36 3 38 3.40 3.43 3.44 3 46 3.46 3.47 3 47 3.47 
22 2 93 3.08 3 17 3.24 3 29 3.32 3 36 3 37 3.39 3.42 3.44 3 46 3.46 3.47 3 47 3.47 
24 2 92 3.07 3 15 3.22 3 28 3.31 3 34 3 37 3.38 3.41 3.44 3 45 3.46 3.47 3 47 3.47 
2(t 2 91 

90 
3.06 3 14 3.21 3 27 3.30 3 34 3 36 3.38 3.41 3.43 3 45 3.46 3.47 3 47 3.47 

28 2 
91 
90 3.04 3 13 3.20 3 26 3.30 3 33 3 35 3.37 3.40 3.43 3 45 3.46 3.47 3 47 3.47 

30 2 89 3.04 3 12 3.20 3 25 3.29 3 32 3 35 3.37 3.40 3.43 3 44 3.46 3.47 3 47 3.47 
40 2 86 3.01 3 

3 
10 3.17 3 22 3.27 3 30 3 33 3.35 3..39 3.42 3 44 3.46 3.47 3 47 3.47 

60 2 83 2.98 
3 
3 08 3.14 3 20 3.24 3 28 3 31 3.33 3.37 3.40 3 43 3.45 3.47 3 48 

53 
3.48 

100 2 80 2.95 3 05 3.12 3 18 3.22 3 26 3.29 3.32 3.36 3.40 3 42 3.45 3.47 3 
48 
53 3.63 

00 2 77 2.92 3 02 3.09 3 15 3.19 3 23 3.26 3.29 3.34 3.38 3 41 3.44 3.47 3 61 3.67 

• See Table 14 for acknowledgment. 
t Using special protection levels based on degrees of freedom. 

or between either of the first two tempera­
tures and the third. The confidence intervals 
for the true differences extend f rom 7.4% of 
original dynamic E to 12.4%. 

I t was observed in Section 6.2 that a study 
of differences between overall means is not 
very informative if the factor in question is 
known to interact with other factors in the 
experiment. Since the F I'atios gave significant 
interactions of temperatures with botii ce­
ments and aggregates, the most interesting 
contrasts should be among the aggregates 
means at each temperature, or vice versa, and 
between the cement means at each tempei'a-
ture, or vice ver.sa. 

There are twelve aggregate-temperature 
combination means at each cycle, and we shall 
let = 12 for contrasts which involve these 
means. This is being somewhat conservative 
for we shall not want to make all 66 possible 
contrasts of these means taken tw o at a time, 
and so r{a) for k = 12 is larger than is ac­
tually needed for the 27 possible contrasts of 
aggregate means for each temperature and 

temperature means for each aggregate. The 
appropriate value for S- in these contrasts 
depends upon whether the contrasts ai'e be­
tween aggregate means for a given tempera­
ture or l)etween temperature means for a 
given aggregate. A discussion of this phe­
nomenon ma}' be found in reference (11). 

For contrasts of temperature means at each 
aggregate level, S- is the MT mean square of 
Table 8, a' = 25.4, on 16 degrees of freedom. 
l"]ach of these means is based on n = 12 speci­
mens, antl so 95% confidence intervals for 
these contrasts are given by 

whei'e r(.05) = 3.44 from Table 13 wi th k = 
12, dj = 16. 

I n order to determine whether the aggregate 
means are significantly different at a single 
temperature, an approximation must be made 
for (T̂ . A mathematical analysis similar to that 
found in reference (11) wi l l show" that the vari-
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aiice of such contrasts must be estimated hy 
using 

(T- = [MS(M) + i MS(MT) - MS{S)]/t 

where MS{M), MS{MT), and MS(.S') are tlie 
three eri'or mean squares of Table 8, MS{M) = 
109.3, MS{MT) = 25.4, MS(S) = 21.2. 
Numerically, a' = [(109.3) + 3(25.4) -
(21.2)]/3 = 54.8. Now when estimated 
\'ariances in\-olve combinations of mean 
scjuares from the analysis of variance table, 
the pi'oper degi'ees of freedom must also be 
a])pro.\imated. Instead of going into such ap­
proximations here, we shall use a conservative 
\'alue foi' df, namely, the smallest of the de-
gi-ees of freedom for any of the mean squares 
involved. I n the case at hand, this was the mix 
mean square, based on 8 degrees of freedom. 
From Table 13, r(.05) = 3.56 for = 12 and 
d/ = 8. So the (approximate) 95% confidence 
limits for contrasts of aggregates means at a 
given temperature are 

D ± 3.56 D ± 7.6. 

Further discussion of the confidence intervals 
for differences among aggregate-temperature 
means wi l l be given in Section 7. 

There are k = Q cement-temperature means, 
averaged across aggregates. Confidence inter­
vals for contrasts of these means are deter­
mined in exactly the same w&y as they wei'e 
for the contrasts of the aggregate-temperature 
means, with the exceptions that ft = 6 and 
n = 24 specimens for each such mean. 

To compare two temperature means in a 
given cement, the 95% confidence limits are 
given by 

D ± 3.34 2bA 
24 

= /J ± 3.4. 

Approximate 95% confidence limits for the 
contrast of the two cement means at a given 
temperature become 

D ± 3.55 54^ 
24 

= £» ± 5.3. 

I n the next section these confidence limits 
wi l l be used in a specific discussion of the 
cement-temperature interaction. 

The analysis of variance did not show any 
significant ACT interaction. This result im­
plies that, for example, the cement-tempera­
ture interaction effects exist in essentially the 
same degree for each of the aggregates, and 
that the aggregate-temperature interaction 
effects are practicalh' the .same for both ce­
ments. Tims there is no justification for 
examining the aggregate-cement-temperature 
means foi' contrasts of the type which ha\-e 
been made in the preceding paragrajAs. 

Although many other contrasts can be made 
among the various means in Table 6, we ha\-e 
restricted our discussion to those contrasts 
which can account for the significant F ratios 
found in the analysis of variance. I t is possible 
to perform the analysis of vai'iance in such a 
way that man.\- of the interesting contrasts 
can be studied b\- F tests in the anah'sis of 
variance table. AVe have preferred to present 
the methods of this section because they can 
have quite widespread application in situa­
tions where the experimenter wishes to esti­
mate the true contrast of any set of parameter 
means. 

We should like to point out that contrasts 
which are not significant at some predeter­
mined a level wil l be significant if a smaller 
confidence coefficient is used. The experi­
menter might choose to use whatever reason­
able confidence coefficient becomes necessary 
in order to claim "significance" for those con­
trasts which did not quite achieve the required 
value. 

Such a procedure is equivalent to making 
the data show whatever is desired and gives 
rise to the statement that "anything can be 
inferred through the use of statistical methods 
with a given set of data". Statistical inferences 
are based on rules which should be decided 
upon in the design stage of the expei-iment, 
and not be changed at the end of the analysis. 
On the other hand, a statistical analysis of 
experimental data wi l l ordinarily suggest 
better mathematical models for the phe­
nomena being studied, and should pro\-ide the 
experimenter with new hypotheses to be 
tested. I n addition, the analysis can be e.x-
pected to reveal the amount of data which wi l l 
be necessary to give the next experiment a 
desirable degree of sensitivity to the effects of 
the controlled factors upon the experimental 
material. 
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T A B L E 15 
R E S U L T S O F A N A L Y S I S O F V A R I A N C E A T 40, SO, 120 A N D 160 C Y C L E S 

Cycles of Freez ng and Tiiawing 

Source of 
Variation 

Def;rees of 
Freedom df 40 80 120 16 

MS F MS F .1/5 F .1/5 

A 
C 
AC 
M in AC 

3 
1 
3 
8 

584.8 
1251.4 

29.8 
109.3 

5.4 
11.4 

.3 
5.1 

1287.8 
2517.6 

61.2 
134.0 

9.6 
18.8 

.5 
3.7 

1774.7 
3393.9 
120.5 
124.8 

14.2 
27.2 

1.0 
2.9 

1587.5 
5893.2 

190.1 
138.6 

r 
AT 
CT 
ACT 
(M in ACyr 

2 
6 
2 
6 

16 

1578.3 
288.3 
155.8 
14.9 
25.4 

02.2 
11.4 
6.1 

.6 
1.2 

4008.2 
659.1 
408.8 

6.7 
76.8 

52.2 
8.6 
5.3 

.1 
2.1 

8149.5 
924.8 
623.2 
57.5 
97.9 

83.4 
9.5 
6.4 

.6 
2.3 

8910.0 
821.7 
601.8 
35.8 

137.1 
Spec 96, 92, 86, 84 21.2 36.4 43.0 52.4 

11.5 
42.5 

1.4 
2.6 

65.0 
6.0 
4.4 

.3 
2.6 

Significance 

F.,.s 

40 SO 120 IfiO 

4.07 
5.32 * * * • 
4.07 NS NS NS NS 
2.05 * * • 

3.63 • » • > 

2.74 • • * * 
3.63 • * * 
2.74 NS NS NS NS 
1.75 NS • * * 

7. P R A C T I C A L I N F E R K N C F S F R O M C O N T R A S T S 

O F M F A N S 

The inferences relating to the experiment 
must now be evaluated. I n order to utilize all 
the information at hand in a proper manner 
the e.xperimenter must know something of 
statistical concepts. Of prime importance to 
the e.xperimenter is the column in the analysis 
of variance table showing the results of signifi­
cance tests, a table displaying means (such as 
Table 6), and a brief discussion which points 
out those means that were determined to be 
significantly different f rom others in a set. To 
jiresent such a discussion we must first show 
the results of the analysis of variance at 40, 80, 
120 and 160 cycles and then show the results 
of contrasts of means for those effects which 
proved to be significant. The procedures ha\-e 
been discussed in previous sections for the 
data at 40 cycles, thus i t is onh' necessary to 
show the results in this section. 

Table 15 shows the results of the analyses 
of variance for the data at 40, 80, 120 and'lGO 
cycles of freezing and thawing. The signifi­
cance columns, using an a risk of .05, show that 
essentially the same effects are significant at 
each cycle time. I f i t can be shown that the 
same contrasts of means are significant at 
each cycle-time, i t may then be concluded that 
essentially all the significant differences to be 
obtained from this ex])criment were detected 
in the 40 cycle data. 

7.1 Contrasts Among Means for Main Effects 

The main effects A, C and T are significant 
at each evcle-time as shown in Table 15. This 
fact implies that at least two of the levels of 

the main effects, .4, C and T, are really differ­
ent at each cycle-time. This situation is shown 
graphically in Figures 2, 3 and 4 where per 
cent of 0 cycle dynamic E is plotted as the 
ordinate and cycle-times are plotted as the 
abscissa. For example, i t is undoubtedly true 
that aggregate A\ is superior to aggregates A-i, 
A 3 and Af at 40 cycles. Also i t is quite likel,y 
that at 160 cycles, .4i is superior to A'l which is 
in turn superior to A^ and A.4. Similar discus­
sions could be made concerning the cement 
(Fig. 3) and temperature (Fig. 4) means at 
each cycle-time. However, since the interac­
tion effects of aggregate with temperature, 
AT, and cement with temperature, CT, are 
significant i t is more important to study the 
results at each le\'el of temperature as though 
three independent experiments had been con­
ducted simultaneously. 

7.2 Contrasts of AT and CT Means, Tempera­
ture Fixed 

The results of contrasts of A T and CT means 
are shown in Table l ( i w-here the contrasts 
ha\-e been made across aggregates, or across 
cements, at a fixed thawing temperature. 
Thawing the 3 x 4 x 16-in. beams at 35 deg. F. 
(Ti) resulted in less durability for beams con­
taining aggregate A2 than for those containing 
aggregate Ai. The durabili ty of beams con­
taining aggregates A3 or Ai is neither better 
than that for beams containing aggregate 
A'l, or worse than that for beams containing 
aggregate Ai. 

A t the second thawing temperature, 55 
deg. F., the contrasts between aggregates .41 
and A2 barely achieved significance at for t \ ' 
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T A B L E 16* 
R E S U L T S O F C O N T R A S T S O F AT A N D CT M E A N S TWO A T A T I M E ( T E M P E R A T U R E F I X E D ) 

Tliaw-
water 

Tempera­
ture, 

Dcg. F . 

\ o . of 
Cyeles 

Std. Error 
M AT 
Contr. 

Diff. Re(|Vl. 
to be Sifin. 

(r M = 
.)..= (,) 

Per Cent of Zero Cycle Dynamic 
E for Specimens Made with 

("oarse .Aggregate Std. F>ror 
of CT 
Contr. 

Diff. Req'd 
to be Sign, 

(r.oi = 
,5.55) 

Tliaw-
water 

Tempera­
ture, 

Dcg. F . 
Ai Ai A, AA 

T, 4(1 2.14 7.6 96.6<-^83.9 90.5 90.1 1.51 6.4 
(35° F.) 

811 2.96 10.5 96.5'^-*82.7 86.3 87.8 2.09 7.4 

1211 3.23 11.5 95.7<~~>79.9 83.6 84.6 2.28 8.1 

160 3.72 13.2 95.4'^^79.2 84.2 85.4 2.63 9.3 

7'! 40 2.14 7.6 95 .4^87 .4 88.7 91.1 1.61 6.4 
(,55° F.) 

SO 2.96 10.5 94.6 87.2 88.1 87.2 2.09 7.4 

120 3.23 11.5 94.1 86.3 82.9 84.6 2.28 8.1 

160 3.72 13.2 94.3 83.7 81.8 82.6 2.63 9.3 

T, 40 2.14 7.6 ,S7.2 86.9 72.8 75.2 1.51 5.4 
(100° F.) 

80 2.96 10.5 
, / lAi \ 

82.8 85.6 63.2 60.4 2.09 7.4 

1211 3.23 11.5 70.6 82.3 52.6 49.2 2.28 8.1 

160 3.72 13.2 
/ / \ \ 

69.3 76.9 63.8 48.1 2.63 9.3 

Per Cent of (I 
Cycle Dynamic 
Z for Specimens 

Made witli 
Cement 

Ci Cs 

88.8 91.S 

86.6 90.1 

83.7 S7.8 

83.0 88.9 

IBTI 

86.9 92.7 

8373 m)A 

79.8'*^90.7 

75.6<-^85.5 

()6.6'<-">80.4 

65.2<—>72.6 

52.2<-^72.1 

• The AT and CT means are taken from Table 6 and rearranged in order to show contrasting means. 
Note: Significantly different means are indicated thus X ' ^ ^ X . (Jroups of means in which no differences 

cated thus X X X X . 

occur are indi-

cycles. Wi th an a risk of .05 the difference liad 
to be at least 7.6 per cent to be declared sig­
nificant and i t was only 0.4 ])er cent greater 
than that, or 8.0 per cent. This particular 
contrast was not significant at the later cj-cle 
times. 

The greatest differences in durability oc-
cun-ed when the specimens were thawed at 100 
(leg. F. Specimens w^hich contained aggregates 
A\ and Ai were more durable than those con­
taining aggregates A3 and A^. Furthermore, 
this was the only freeze-thaw cycle in which 
differences between the cements were con­
sistently declared to be real. Field observations 
of the durability of concrete made with these 
aggregates and cements correspond closely 
with the results obtained f rom this last freeze-
thaw cycle. A n obvious conclusion is that this 
is the most efficient of the three cycles for 
evaluating the relative quality of gra\'els 
similar to those tested for use in portland 
cement concrete. 

7.3 Contrasts of AT and CT Means Across 
Temperatures 

Table 17 shows the results of contrasts 
between temperature means for each aggregate 
and for each cement. These contrasts show 
that the results obtained when the thaw-water 
temperature was 100 deg. F. (T3) were signifi­
cantly different f rom those obtained with 
either 35 (TO or 55 (Ts) deg. F. thaw-water 
wdth the exception of aggregate A2. The 
durability of specimens made with aggregate 
^2 was essentially the same for each of the 
three freeze-thaw cycles. These results are 
shown graphically in Fig. 6. 

Contrasting the temperature means for each 
aggregate and for each cement tells us nothing 
about which of the thaw-water temperatures 
best reflected the durability of concrete in 
service. However, such contrasts did point out 
the fact that aggregate At was in some way 
different f rom aggregates Ai, A3 and At. 
Thus i t is important to contrast interaction 
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T A B L E 17 

\ o . of 
Cycles 

Thaw 
Temp. 

Std. Error 
o[ AT 
C'ontr. 

DifF. Req'd. 
to be Sign. 

3.44) 

Per Cent of Zero Cycle Dynamic 
E for Specimens Made with 

Coarse Aggregate Std. Error 
of c r 
Contr. 

Diff. Req'd. 
to be Sign. 

(<-.0o = 
3.34) 

Per Cent of On 
Dynamic E for 

Specimens made 
with Cement 

A, Ai As A, 

Diff. Req'd. 
to be Sign. 

(<-.0o = 
3.34) 

C i C-i 

40 Ti 

r j 

1.46 5.1 96.6 

95.4 

83.9 

87.4 

90.5 

88.7 

90.1 

91.1 

1.03 3.4 88.8 

88.3 

91.8 

93.1 
T, 87.2 86.9 72.8 75.2 75.6 85.5 

80 Ti 

T2 
2.53 8.7 96.5 

94.6 

82.7 

87.2 

86.3 

88.1 

87.8 

87.2 

1.79 6.0 86.6 

85.9 

90.1 

T, 82.8 85.6 63.2 6.4 65.6 80.4 
120 Ti 2.86 !).!) 95.7 79.9 83.6 84.6 2.02 6.8 83.7 87.8 

94.1 86.3 82.9 84.6 83.3 90.4 
T, 7 .6 82.3 52.6 49.2 55.2 72.6 

160 Ti 3.38 11.6 95.4 79.2 84.2 85.4 2.39 8.0 83.0 88.9 
94.3 83.7 81.8 82.6 79.8 90.7 
69.3 76.9 53.8 48.1 52.2 72.1 

Xote: Significantly different mean.s are indicated tiius; . 

means across each factor in the interaction. 
When interactions involving three or more 
factors are significant, contrasts may sti l l lie 
made among the means although the inter­
pretation becomes more difficult. 

8. F U T U R E I N V E S T I G A T I O N S 

The F tests from the anah'sis of variance 
and the contrasts of means show significance 
with a remarkable consistency at each cycle 
time. A n important implication to the experi­
menter is that the number of c3-cles needed 
for the detection of true differences is perhaps 
no more than forty. Subsequent experiments 
wil l indicate whether or not this cii'cumstance 
is generally true of concrete durability data. 

The statistical treatment of the data f rom 
this experiment is now finished. I t is left to 
the experimenter to explain why there were 
differential effects among the levels of the 
factors and their interactions. For this experi­
ment lithological classification of aggregate 
])articles; heavy-media separation of aggregate 
jjarticles into specific gi'avity groups; quick-
chemical analysis for alkali-reactivity of the 
finely-crushed gravels; determination of the 
alkah content of the cements; and mortar bar 
expansion tests of aggregate-cement combina­

tions have been determined for the purpose of 
explaining the differences that occurred among 
the results. This information has been supple­
mented by field obser\-ations. 

Each of these supplemental experiments is 
subject to statistical analysis and is based on a 
particular mathematical model. The discus­
sion of the results of these experiments is 
beyond the scope of this paper and thus is 
omitted. They were mentioned here to show 
how the authors attempted to explain why 
certain differences occurred in the freezing and 
thawing tests. 

I f future freezing and thawing experiments 
were to be i-un on similar concretes, a great 
deal of useful information has been obtained 
from this experiment. For instance i t appears 
that with as few as for ty cycles all the im­
portant differences wi l l be present in the data. 
Further, i t is clear that thawing the specimens 
at 100 F. better reflects the differences in field 
durability of concrete made with the aggre­
gates and cements used in this study and the 
other two thawing temperatures may be dis­
carded. Thus, we have defined a new- experi­
ment which wi l l yield essentially the same 
information with only a fraction of the effort. 
The new experiment would involve duplicate 
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mixes of three beams each for each aggregate-
cement combination. These beams would be 
subjected to for ty cycles of freezing and thaw­
ing at the rate of two cycles ])er day. The thaw 
water would be maintained at 100 deg. F. and 
the freezer set for —18 deg. F., as in the pre-
\'ious experiment. The mathematical model 
for such an experiment would be 

Yhiji = ,i + Ah + Ci + {AOui + MMj + SMU 

if a completely randomized design is again 
used. Since the thaw temjjerature has been 
fixed at one level there is no longer a term in 
the model for i t or for interactions with i t . 
Since there are two mixes of each aggregate-
cement combination, there wi l l always be the 
opi)ortunity to test for significant aggregate-
cement interaction although the results from 
this experiment indicate that i t does not exist. 
This type of experiment would have great 
u t i l i ty for anyone using gra\-els and cements 
from the same sources for a long period of 
time. I t could be repeated from time to time to 
check on the uniformit>- of the durability of 
concrete being produced. 
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