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• T H E purpose of this paper is to present a 
method which wi l l relate the creep behavior 
of concrete in axial compression with its vis-
coelastic properties obtained by vibrating 
the concrete specimens at relatively small 
amplitudes. 

Since all available analyses of creep phe­
nomena are entirely empirical in nature, the 
formulas obtained can predict the creep of 
concrete only when all variables are the same 
as those for which the formulas were devel­
oped. This has been a major obstacle to the 
practical application of these formulas. 

To overcome these difficulties a more ra­
tional approach to the problem is needed. 
Such an approach is available i f the concept 
that concrete is a viscoelastic material is 
accepted. Reiner (1) originally utilized this 
concept, which has not, to date, been widely 
used. I n 1950, Fliigge (S) used the concept of 
viscoelasticity to explain the creep behavior 
of concrete; he obtained creep constants by 
assuming the concrete specimens to be com-
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Figure 1. Maxwell's and Kelvin's rheological models. 

plicated linear mechanical or rheological 
models. Fliigge found that for different types 
of concrete the creep constants were different. 

I f the concept that concrete is viscoelastic 
is correct, then a relationship should exist 
between the creep properties and the sonic 
properties, since fundamentally they are based 
on the same assumptions. This paper is a 
treatment of a semi-rational procedure to ob­
tain the correlations of sonic and creep prop­
erties. The correlations are supported wi th 
experimental results. 

THEOEY OF RHEOLOGICAL MODELS 

The theorj ' of rheological models in short 
can be described as the theory of representing 
viscoelastic materials by means of a simple 
combination of finite or minute elastic and 
viscious elements which are idealized in nature 
to describe the actual rheological behavior of 
viscoelastic solids under load or deformation. 

As eai'ly as 1868, in studying the dynamic 
theory of gases. Maxwell employed a simple 
rheological model. Figure la , built up bj- a 
series combination of idealized elastic and 
viscous elements to explain the relaxation of 
elastic stresses. Later, Kelvin emploj-ed a 
parallel combination of idealized elastic and 
viscous elements (Figure 16) to explain the 
damping occurring in solids due to mechani­
cal oscillations. Since then, many complicated 
models have been developed to describe the 
rheological behavior of various materials un­
der sustained loading or free and forced vibra­
tions at large or small amplitudes. The theory 
of rheological or mechanical models has two 
main uses: (a) to explain the creep and relaxa­
tion behaviors of liquids and solids under 
sustained loading; (b) to explain the phenome-
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non of resonance and hysteresis damping of 
vibrating liquids and solids. 

Considering Kelvin's solid when subjected 
to a constant load (assuming small accelera­
tion), the equation of motion is 

dx 
(1) 

The solution of this equation is 

(2) 

where: x = displacement 
p = sustained load, 
t = elapsed time, 
A; = spring constant, and 
c = dashpot constant. 

Equation 2 is the creep curve for the model 
when displacement is plotted against elapsed 
time. Therefore, in order to predict the creep 
behavior of a linear Kelvin solid, i t is neces­
sary only to determine the spring and dash-
pot constant of the model. These constants 
can be obtained by vibrating the model at 
different frequencies as wi l l be discussed in 
the following paragraphs. 

The differential equation governing the 
vibrating model, assuming the mass is con­
centrated at one end, can be obtained from 
the Newtonian equation of motion: 

M 
dx 

+ c — + kx = pi cos iiit (3) 

where: M = mass of the model, and 
P I cos o)t = the force acting on the model. 
This equation yields the solution of the dis­

placement of the model in two terms as fol ­
lows: 

+ 
Pi 

V ( « o ) 2 + {k - Mw^y 

ult — tan 
k — Mw 

The first term is identical to that for 
damped, free vibration and the second term 
is the steady-state solution. Considering only 

the second term. 

Pi/k 

ut — tan 
Cc COn 

1 - ^ 1 

(5) 

where: = -s/k/M, undamped natural fre­
quency of the model, and 

Cc = 2 \/kM, the critical damping 
constant 

This implies that the amplification factor, 
X/X,t.\ is 

X 

(6) 

l/('-£)"H<7fJ 
where: X = maximum displacement, and 

Zst = displacement due to static 
force pi . 

I f the amplification factor is plotted against 
the frequency ratio, w/ojn , then the famihar 
amplification curve results as shown in Fig­
ure 2. 

The amplification factor becomes a maxi­
mum when the exciting frequency is slightly-
less than that of the natural frequency of the 
model vibrating freely without a dashpot. 

X 

X 

(4) .9 

< 

Frequency Ratio " /<On 
Figure 2. Amplification curve of forced, damped vibra­

tion of one degree of freedom. 
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For very small damping, the frequency for 
maximum amphtude can be assumed to be 
approximately the same as the natural fre­
quency. The spring constant of the model can 
then be found from the following equation: 

k = Mccn^ = M-f<? (7) 
47r-

where/o is the freejuency corresponding to the 
maximum amphfication in cycles per unit 
time. 

This interesting phenomenon has been 
utilized extensively in material testing to ob­
tain the modulus of elasticity of a material 
without actually obtaining a stress-strain 
diagram from the specimen. 

Consider now the first term in Equation 4, 
which is the solution for damped free vibra­
tion. I f the displacement is plotted against 
time, the solution is represented by an oscillat­
ing diminishing curve with a frequency of 

4M^ 
(8) 

which is called the damped natural frequency. 
Such a curve is shown in Figure 3. 

One interesting characteristic of the curve 
is that the natural logarithm of the ratio of 
the amplitude of any cycle of vibration to the 
amplitude of the immediately following cycle 
is constant. This constant is called the log­
arithmic decrement and can be found easily 
f rom its definition. 

5 = log = log e {cT/qM) = (9) 

where: 5 = the logarithmic decrement, 
X„ = amphtude for n th cycle. 

The logarithmic decrement can be expressed 
in terms of the critical damping constant, 
Cc, directly as shown in the following equation: 

27r 
Cc 

qM 
2ir 

(for c « Cc) 

(10) 

The logarithmic decrement is thus primarily 
related to the damping coefficient of the dash-
pot of Kelvin's solid. Furthermore, i t can be 
shown that if the damping is small the log­
arithmic decrement can be approximated 
from the amplitude-frequency curve of the 
model under forced damped vibration, that is: 

(11) 

fo 

fi and / 2 

Figure 3. Decay curve of free, damped vibration of one 
degree of freedom. 

the frequency of maximum ampli­
tude in cycles per unit time, and 

frequencies on either side of 
resonance at which the ampli­
tude of vibration is 0.707 of the 
maximum. 

Thomson (S) determined the logarithmic de­
crement by using this equation. 

I t is therefore possible to obtain the elastic 
and viscous constants for an idealized Kelvin 
solid by subjecting i t to forced vibration and 
obtaining the required frequencies. From these 
constants, i t is not difficult to determine creep 
characteristics of the model. This is actually 
the foundation upon which many sonic in ­
vestigations have been based. However, con­
crete can never be represented by a model as 
simple as that of the Kelvin type. Although 
concrete has a rather complicated viscoelastic 
representation, its behavior in most cases can 
generally be determined by subjecting i t to 
forced vibi-ations and obtaining the elastic 
and viscous constants. The object of this pa­
per is to determine the rheological coefficients 
of a model which can be considered as repre­
sentative of concrete (these coefficients may be 
constant or varying, linear or non-Hnear) 
and then to utilize these coefficients to solve 
the differential equation of motion for the 
model under sustained loading. 

A Kelvin solid with linear coefficients can-
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not describe the creep behavior of concrete 
adequately because the creep curve thus ob­
tained has a limiting strain. This is due to the 
independence of the spring constant of the 
model with respect to the deformation of the 
model. I f a model of Kelvin's type has a spring 
which softens as the strain increases, the l imit­
ing deformation of the spring becomes larger 
as the model deflects more. This is essentially 
identical to the characteristics of the creep 
curves for actual concrete specimens. Softening 
springs can be of many types. They may be 
time-softening, strain-softening, or both time-
and strain-softening. Later analyses wil l show 
that the strain-softening type wil l be correct 
for concrete and that the spring stiffness can be 
assumed to be inversely proportional to the 
creep strain. I t wi l l also be shown that the 
dashpot coefficient is a power function of time 
and is entirely independent of the creep strain. 

SONIC PROPERTIES OF CONCRETE CYLINDERS 

I n obtaining the elastic and \-iscous coeffi­
cients for actual concrete specimens by v i ­
brating the specimens at relatively small 
amplitudes, the elastic and viscous constants 
can be assumed to be linear and equal to the 
init ial values of the viscous and elastic co­
efficients of the non-linear model. 

The dynamic modulus of elasticity of a 
cylinder is obtained by assuming the cylinder 
to be completely elastic. Timoshenko (4) used 
this assumption in developing the following 
equation. 

Earl a*v _ E \ 3% 

+ K'Gi dt* 
^ = 0 

(12) 

where: p = the density of the specimen, 
r, = the radius of gyration of the cross-

section of the cylinder with 
respect to the centroidal z-axis 
which is perpendicular to the 
plane of vibration, 

V = the displacement in the y-direc-
t ion, which is perpendicular to 
the longitudinal axis and z-axis. 

X = the coordinate in the longitudinal 
direction, 

i = the time, 
Gd = the dynamic; modulus of rigidity, 

Ed = the dynamic modulus of elasticity, 
and 

K' = & constant introduced by Timo­
shenko to account for the ef­
fect of shear on the slope of the 
elastic line. 

The solution for the first mode of flexural 
vibration has been given by Pickett {6) as: 

Ed = C - f i - W (13) 

where: Ed = the dynamic modulus of elas­
tici ty, 

/o = the natural frequency of the 
cyHnder in cycles per unit 
time when vibrating in its 
first mode of fle.xural vibra­
tion, 

TF = the total weight of the speci­
men, and 

C = a constant depending on the 
dimensions of the cylinder, 
the mode of vibration and 
Poisson's ratio. I t is equal 
to 0.001168 for 6 by 12-inch 
cylinders when /o is in cycles 
per minute and W is in pounds. 

This equation is almost identical to the 
theoretical equation for forced damped vibra­
tion of a linear Kelvin soUd wi th the exception 
of the constant, C, owing to the difference of 
loading conditions and specimen sizes. The 
frequency at resonance obtained in sonic test­
ing is determined by the criterion of maximum 
amplitude which, in fact, implies that the 
cylinder after all is not purely elastic. I f the 
specimen were perfectly elastic, the amplitude 
at resonance under forced vibration becomes 
larger with time. 

The damping in the system is found by as­
suming that the characteristics of the ampli­
fication curve. Figure 2, of the first mode of 
flexural vibration are approximately the same 
as those for linear forced vibration of a small 
particle with small damping. Equation 11 for 
the logarithmic decrement, 5, is therefore 
still applicable. 

CREEP CURVE OF A NON-LINEAR K E L V I N 
SOLID W I T H STR.AIN-SOFTENING SPRING 

AND TIME-THICKENING DASHPOT 

I t was found that the actual creep curve of a 
concrete cylinder could not be represented by 
the curve f rom a Kelvin solid with linear co-
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•efficients. Between small time intervals, how­
ever, the specimen can still be assumed to be 
finear. The variation of spring and dashpot-
constants for the specimen can therefore be 
found by taking points on the actual creep 
curves and solving for the constants between 
points, i.e., using the method of finite differ­
ences to solve the non-linear differential equa­
tion in intervals. I t was found that for every 
actual cyHnder tested, the spring constant 
was essentially strain-softening, and the dash-
pot constant was a power function of time. 
The constants can be expressed in the follow­
ing way: 

7 i 

and 

7 = 

(14) 

where: 7 i = spring constant when t^ is unity, 
tc = creep strain, 
7/1 = dashpot constant when tc is 

unity, 
tc = creep time, and 

n , = constant. 
The differential equation governing the 

motion of such a non-linear model for small 
acceleration can be obtained by applying the 
Newtonian equation of motion to the model 
as follows: 

ate 
(15) 

where cr is the sustained compressive stress. 
The solution of this equation for constant 

sustained stress is 

(16) 

where: 

and is the creep strain when tc is unity, and 

n,, = I - w, 

Eciuation 16 indicates that the creep strain 
of a concrete cylinder under sustained axial 
compression is a power function of time. The 
creep curves should therefore be straight lines 
when time against strain is plotted on log-log 

paper. This was verified for all the cylinders 
tested, both for relatively short and for long 
durations of sustained loading. Furthermore, 
the coefficients of the creep functions can be 
obtained from the intersection of the creep 
curve and the strain axis when tc is uni ty; the 
powers of the creep functions can be obtained 
f rom the slope of the creep curves plotted 
logarithmically. 

S P E C I M E N S AND T E S T P R O C E D U R E S 

The specimens tested were standard 6 by 
12-inch cylinders, moist cured for seven days 
and then stored in a controlled environment 
at 76 F and 50 percent relative humidity. The 
specimens were aged in this environment f rom 
21 to 351 days before being tested. 

The aggiegates used were from the Wabash 
River near Covington, Indiana. These ag­
gregates are part of a glacial outwash, proba­
bly f rom the Wisconsin glaciation. The sand 
had an average fineness modulus of 3.0. The 
coarse aggregate was well graded and had a 
maximum size of 1 inch. The absorption of the 
aggregates was about one percent by weight 
of the surface dry aggregates. Both of these 
aggregates pass the usual specification tests. 
Type I Portland cement was used. Different 
mixes were used and the strength at the time 
of test varied from 1100 to 5880 psi. The slump 
varied f rom 1 to 6J^ inches. 

The cylinders were placed in spring-loaded 
devices in pairs. Companion control cylinders 
were stored with the creep specimens, but not 
loaded. These control cylinders were used to 
correct the creep data for "shrinkage." Creep 
strain was measured over the center 6 inches 
of the cylinder. 

Sonic tests were made immediatelj- before 
the specimens were loaded for the creep tests. 
The sonic apparatus has been described in a 
previous paper {6). 

C O R R E L A T I O N B E T W E E N SONIC P R O P E R T I E S O F 
C O N C R E T E AND C R E E P CONSTANTS 

A close examination shows that the coeffi­
cient and the power that appear in Equation 
16 are functions of the elastic properties, the 
viscous properties of the concrete, and the sus­
tained stress in the concrete. The elastic and 
viscous properties of the cylinder can be as­
sumed to be determined completely by the 
dynamic modulus of elasticity, the logarithmic 
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decrement, and the ultimate strength of the 
concrete. This means that both the coefficient 
and the power that appear in Equation 16 can 
be considered to be functions of the dynamic 
modulus, the logarithmic decrement, the sus­
tained compressive stress, and the ultimate 
strength of the concrete. 

By dimensional analysis, the following can 
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Figure 4. Dependence of eci on the percentage of 
sustained stress. 
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Figure 7. Dependence of 1 — ne^ on the percentage 
of sustained stress. 
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Figure 8. Dependence of 1 — n«g on the modulus-
strength rat io . 

Figure 5. Dependence of tc\ on the value of modulus-
strength rat io . 
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Figure 6. Dependence of *ci on the logarithmic decre- Figure 9. Dependence of 1 — nt^ on the logarithmic 
ment. decrement. 
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Figure 10. Theoretical creep curve and experimental Figure 11. Theoretical creep curve and experimental 
creep data for short time tests. creep data for long time creep tests. 

T A B L E 1 
P R O P E R T I E S O F C Y L I N D E R S T E S T E D I N C R E E P 

Specimen No. Slump Age at 
Test Strength Dynamic 

Modulus 

Loga­
rithmic 
Decre­
ment, 5 

Creep 
Stress 'lit' .c, 10-< 

in./in. 1 - «ej 

incites days psi. psi X 10> psi. 
A3cl 3K> 53 5070 5.11 0.0268 4030 0.797 1008 1.303 0.645 
A3c2 31/2 58 5320 4.68 0.0207 3610 0.679 880 0.S74 0.669 
A3o3 69 5880 5.07 0.0277 4070 0.693 863 1.585 0.697 
Cla5 58 1100 2.99. 0.0330 965 0.868 2720 1.000 0.742 
F3a5 1 56 4900 5.00 0.0277 1240 0.253 1020 0.106 0.791 
F3a6 1 61 5500 5.09 0.0253 1060 0.193 925 0.078 0.776 

(17) 

be obtained: 

e., = F{<T/f,', EiljJ, S) 

We. = G ( a / f / , E i / f / , S) 

where f / is the ultimate compressive strength 
of the concrete cylinder. 

These functions can also be expressed by 
multiples of functions of each individual 
dimensionless products (7) as follows: 

= fi<^/fc')-9{Ea/fr')-h{S) 

=f'(<r/fc')-g'(E,/fc')-h'{8) 
(18) 

To obtain functions that appear in Equation 
18, a total of 42 cylinders were sonic-tested 
and then creep-loaded. The results were then 
statistically analyzed. A method which com­
bines step-by-step approximations and pro­
cedures of grossing errors was used. The re­
sulting functions are shown graphically in 
Figures 4 through 9. Using the data in these 
figures, the sonic jjroperties and the ultimate 
strength of a concrete cyUnder, i t is possible 
to predict the creep curve of that cylinder for 
a given sustained stress. 

Theoretical cree]) curves obtained in this 

way were plotted on the log-log plots where 
actual creep data of the cylinders were also 
plotted. They were in very close agreement 
with the actual creep data. Some typical 
curves are shown in Figures 10 and 11. The 
data for the specimens for which results are 
shown in these figures are given in Table 1. 

Similar excellent results have been obtained 
on cylinders which were made by others in 
which the mix, slump, etc. were unknown to 
the authors. These specimens were, howe\-er, 
also made from Type I portland cement and 
the same natural occurring aggregates as those 
for which results are presented. 

SUMMARY 

I t may be seen from Figures 4 tlirough 9 that 
the creep strain of concrete is not proportional 
to the percentage of sustained stress. How­
ever, for a sustained stress less than 50 ])er 
cent of the strength of the cylinder, the value 
of fc, is approximatelj' proportional to the 
percentage of stress and the value of We, is 
approximately constant. This indicates that 
for low percentages of sustained stress, the 
law of proportionality is approximately true. 
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The close agreement between the analysis 
presented and the experimental results indi­
cates that a correlation exists between the 
sonic and creep properties of concrete. The 
ranges of variables covered in these tests are 
limited, however, and the analysis presented 
here should not be generally applied to other 
specimens, methods of curing, or other con­
cretes. Further research is needed to deter­
mine the general applicability of this proce­
dure. 
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