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Stress and Displacement Characteristics of a Two-
Layer Rigid Base Soil System: Influence Diagrams
and Practical Applications

DonaLp M. BUrRMISTER, Professor of Civil Engineering,
Columbia University

The complete problem of stresses and displacements in layer no. 1 of a two-layer
rigid base soil system is presented. This problem represents a closer approximation to
many actual conditions encountered in foundation practice. The characteristics of
the distribution of stresses throughout layer no. 1 are illustrated and discussed with
particular reference to the favorable and unfavorable aspects and their implications
in stress investigations. The realm of validity of this problem and its limitations in
foundation practice are considered. A complete series of influence diagrams for stresses
and displacements are presented. Practical applications in investigations of stresses
imposed by the foundation loads of structures are made to illustrate the practical use
and importance of this problem in soil mechanies and foundation engineering. A major
problem in stress investigations is to raise the conceptions and the standard of excel-
lence in practices regarding adequacy and reliability. This is a question essentially
of attitudes and conceptions, knowledge and training, and experience and good judg-
ment, rather than merely of acquiring facility in the use of stress influence diagrams.

® ADEQUATE and reliable investigations
of the magnitude and distribution of stresses
and displacements imposed in the supporting
soils by the foundation loads of structures
are fundamental and cssential aspects of foun-
dation studies. The basic problem is to make
estimates of stresses, which are in closest
possible agreement with the probable actual
stress condition imposed. Such estimates can
provide a clear understanding and correct
conceptions regarding stress and displacement
responses of soils for the proper evaluation of
all physical and economic conditions that con-
trol and are inherent in a situation.

In the design and construction of founda-
tions the engineer is dealing with real soils in
natural deposits, which, more often than not,
are layered in character. A strong surface layer
has a considerable reinforcing and load
spreading capacity on a weaker underlying
layer, which is a very favorable aspect in
foundation work. On the other hand, a weak
compressible surface layer underlaid by a
strong basc layer, which is the subject of this
present paper, causes a concentration and

increase in stress beneath the loaded founda-
tion throughout the depth of the upper com-
pressible layer, which is a relatively unfavor-
able aspect. The strong base layer, however,
definitely limits appreciable settlements to the
upper compressible layer—a very favorable
aspect.

Prior to about 1920, the Boussinesq Prob-
lem (1, 2, 3) was the only working hypothesis
available for two- and three-dimensional stress
investigations. Since 1930 theoretical advances
of great importance and practical valuc have
been made in the determination of stresses
in layered soil systems with a rigid basc layer.
Marguerre in 1931 (4), Biot in 1935 (5), and
Picketts in 1938 (6), contributed solutions by
different approaches for the simpler special
case of the two-layer rigid base problem for
stresses at the surface of the base layer only.
These problems gave the first clear indications
of the importance of layering on the magnitude
and distribution of stresses imposed by the
foundations of structures. These solutions,
however, were not in a form that would per-
mit a general solution of the two-layer rigid
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base problem. In 1943 and 1945 the writer
solved the three-dimensional general two- and
three-layered system problems (7, 8) in a form
permitting evaluations of all stresses and
displacements throughout the depths of all
layers, and for all relative strength conditions
of the layers.

In 1954 a complete series of mfluence dia-
grams of stresses and displacements in a two-
layer rigid base soil system (9) were numeri-
cally evaluated and were presented by the
writer in a report of a study sponsored by the
Corps of Engineers, U. S. Army, Office of the
Chief of Engineers. The study was carried out
in the Department of Civil Engineering and
in the Watson Scientific Computing Labora-
tory of Columbia University, during the years
July 1, 1949 to June 31, 1954, using I.B.M.
computing machines and desk calculators.
The numerical evaluation of influence coeffi-
cients for stresses and displacements and the
preparation of influence diagrams and tables
involved some 1500 man-days of work during
this period. The results of this study in the
form of influence diagrams are presented in
this paper.

This two-layer rigid base problem represents
a closer agreement with actual subsurface
soil conditions commonly encountered in
foundation practice. It discloses the character
and importance of layered system action and
responses, and extends the realm of validity
and usefulness of foundation stress investi-
gations to such thick layered soil deposits.
This problem, by means of a series of influence
diagrams, provides methods of practical
importance and value for investigating and
estimating the stress and settlement conditions
imposed by foundations of spread footings and
mat foundations located near the surface of
the ground.

BASIC ELASTICITY CONDITIONS

Although problems in the theory of clasticity
are based upon conditions of ideal materials
and upon ideal boundary and other conditions,
they have been found to be of practical use in
the range of imperfectly elastic and somewhat
non-homogeneous materials, such as soils.
Fach stress problem has its special inherent
conditions. These conditions determine its
individual character and impose definite
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limitations on its valid use, which have been
discussed in detail elsewhere (10).

The term “conditions’ is to be preferred to
the term ‘“assumptions” and should be con-
sistently used. Conditions refer to a carefully
set up framework or reference system, which
in the nature of things must be idealized to
some degree in order to obtain a solution to
the problem at all. Hence in each application
of the problem, this framework of conditions
must be compared and validated with respect
to actual natural conditions that prevail in
a situation with regard to the necessary degree
of agreement for valid use. Too often making
a number of assumptions which are then
promptly forgotten may lead to unrealistic
results. But the investigator making practical
applications should always be fully cognizant
of the limitations, realm of validity, and
applicability of each stress problem in its
applications to practical problems in founda-
tion engineering, and should adequately take
them into account (10).

The general conditions (1) inherent in and
common to all elasticity problems are sum-
marized below:

A. Boundary conditions—(1) The load
(point or distributed) is applied at the plain
surface of a semi-infinite soil deposit; (2) the
surface of the soil deposit is free of normal and
shearing stresses beyond the limits of the
loaded area; and (3) all stresses and displace-
ments become equal to zero at infinite depth.

B. Soil material, structure, and property
conditions—(1) The soils of the deposit or
layer are considered to be homogeneous with
depth and in horizontal extent with regard to
character of the soil material, degree of com-
pactness, and natural coherence of the strue-
ture of granular soils, natural consistency and
natural structure of clay soils, and strength
properties of the soils; (2) the soils are con-
sidered to possess the response characteristics
of elastic and isotropic materials with linear
stress-strain relations in accordance with the
infinitesimal strain theory of elasticity and
with complete strain recovery upon the
removal of stress.

C. Additional general conditions—(1) The
imposed stresses are moderate in relation to
the failure strength of the soils; (2) the princi-
ples of superposition of stresses and strains are
considered to be valid; and (3) uniformly
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distributed loadings obtained by applications
of the principles of superposition are used as
being more realistic of foundation loading
conditions in practice.
The special conditions inherent in the problem:
D. Two-layer rigid base soil system condi-
tions—(1) Complete continuity of vertical
and shearing stresses and of vertical and
horizontal displacements are considered to
exist across the interface between the upper
compressible layer and the immediately under-
lying, rigid base layer; (2) the shearing stresses
are considered to be fully active at this inter-
face, as called for by theory; and (3) the ratio
of the elastic moduli of the lower rigid base
laver 2 and the upper layer 1, E»/E, ,is con-
sidered to be equal to infinity, but for practical
purposes should exceed a value of 100 to assure
the necessary validity.

BASIC STRESS AND DISPLACEMENT EQUATIONS

The two-layer rigid base soil system with a
concentrated load, P, applied at the surface
of the ground is illustrated in Figure 1. The
solution of this elasticity problem with its
special boundary and interface conditions
requires two basic physical parameters, r/h
and z/h, which are the ratios of radial and
vertical distances to the thickness of the upper
compressible layer 1 of Equation 1(a), and
requires two basic strength parameters of
Equations 1(b), which involve ratios of the
elastic constants of the two layers, namely—
the modulus, E, and Poisson’s ratio, u. For
conditions of a rigid incompressible base layer,
as the limiting case of this present paper, the
general strength parameters reduce to the
form of Equations 1(c) involving only the
elastic constant, u of layer 1. The solution
of the two-layer rigid base system problem for
the three-dimensional case of a point load,
P, in cylindrical coordinates yiclds the stress
and displaccment Fquations 3 through 8.
Fach equation has a characteristic numerator
bracket, N, and the common characteristic
denominator bracket, D, of Equation 2.
Equations 2 through 8 reveal the fundamental
and systematic nature and dependence of the
physical and clastic relations existing between
the basic physical and elastic parameters
inherent in this layered system, which govern
its stress and displacement responses under
imposed foundation loads. For comparative
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Figure 1. Two-layer rigid base soil system.
Burmister problem.

purposes the terms in the numerator brackets
of Equations 3 through 8, which would yield
the solutions for the Boussinesq stresses and
displacements for a homogeneous soil deposit,
are enclosed in brackets. Since Equations 1(b)
become equal to zero for E; = E, in a homo-
geneous deposit, all terms involving the
strength ratios become equal to zero and the
denominator bracket reduces to unity for the
Boussinesq problem.

Two-layer Rigid Base Sotl System Stress and
Displacement Equations: Burmister Problem

Basic parameters of two-layer system. Fig-
ure 1.
Ratio, r /& of radial distances to thickness of
layer 1
Ratio, z/h of depths to thickness of layer 1.
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For conditions of a rigid incompressible base
layer:
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Two-layer denominator.
Common to all stress and displacement
equations
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+ MLe™*] (2a)
where o = mh is a parameter of the
functional relations involving Bessel

functions and integrations.
Denominator for rigid base system becomes:
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Contributions of Loaded Foundation Areas about Point 0.
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Figure 2. Components of stresses in the x, y, and z coordinate directions with directional and sign notations,
Normal stress (-) is compressive stress.
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INFLUENCE DIAGRAMS FOR STRESSES
AND DISPLACEMENTS

The numerical evaluations of these stress
and displacement Equations 9 through 12 for
loads uniformly distributed over circular areas
applied at the surface of the ground were
carried out by special computational methods
using I.B.M. computing machines and desk
calculators in the Watson Scientific Com-
puting Laboratory. The numerical solutions
of Equations 9 through 12 could not be ob-
tained by direct integration methods but were
obtained in three steps: first, by developing a
five-term equivalent equation for the recipro-
cal of the denominator, 1/D, of Equation 2
accurate to within 0.5 percent over the entire
working range of the basic computational
parameter, « from 0 to 10; second, by multi-
plying the terms of the numerator brackets
of Equations 3 through 8, respectively, by the
terms of the equivalent reciprocal denominator
equation; and third, by direct integrations of
the resulting equations, respectively, term by
term, involving the products of exponentials,
appropriate Bessel functions, and the basic
physical and elastic parameters. The stresses
and displacements for the three-dimensional
case in cylindrical coordinates with a surface
loading uniformly distributed over a circular
area were then computed at depth of z equal
to 0.2, 0.4h, 0.6h, 0.8, and 1.0~ in layer 1
for a suitable range of the basic parameter,
r/h.

Influence diagrams for stresses and dis-
placements in rectangular coordinates (z, y, x)
beneath the corner of a uniformly loaded rec-
tangular area were developed and prepared
by taking proper vector components, as
illustrated by the stress components and
sign conventions in Figure 2, and by using
special circular diagram methods (71). A
sufficient number of values of the basic
parameters of rectangular areas, namely—the
ratio of the width of the areca to the thickness
of layer 1, b/h, and area side ratio, b/a, were
computed at close intervals over the range
from 0.01 to 10 to permit accurate plotting
of cach influence curve for a constant value
of z/h. The overall accuracy of the influence
diagrams is well within the physical limits of
interpolations in the influence curves, that is,
better than 1 to 2 percent, except possibly in
the region of b/h greater than about 1.0,
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where the stress phenomena becomes con-

trolled by tensile stresses.

Where the applications of the principles of
superposition are simple, as in the case for
vertical stresses and settlements, influence
diagrams werc prepared for vertical stresses
and settlements beneath the corner of uni-
formly loaded rectangularareas. Eachinfluence
diagram gives a family of influence curves for
a constant value of the depth ratio, z/h, with
each curve drawn for a constant value of the
side ratio, b/a, for the basic argument, b/h, to
define the influence values, I. These influence
curves form a systematic and characteristic
pattern, which discloses the nature of the
stress and displacement phenomena in a two-
layer rigid base system and the governing and
sensitive influences of the basic parameters.
A key figure and the stress of settlement
equation is given in each case.

Where the applications of the principles of
superposition are not simple, as in the case
for horizontal and shearing stresses, circular
influence diagrams were prepared which
readily permit making graphic integrations
with respect to the argument, 8, for any shape
of loaded area, located anywhere within the
limits of the diagram, and for any distribution
of foundation loading. This situation arises
from the nature of the integrations with
respect to @ in cylindrical coordinates in
Equations 10 through 12, where vector
components have to be used to obtain stresses
in the (z, y, 2) directions in accordance with
the notations in Figure 2. Three ranges of
influence values for the ratio, r/k, are given for
each depth ratio, z/h, covering the range of
r/h from 0 to 0.6, 0 to 3, and 0 to 15, so that
the stress conditions for any size foundation
can be investigated in detail. Influence dia-
grams of stresses and displacement were
prepared as follows:

Influence Diagrams, Groups of Charts and

Tables.!

A. (1) Vertical stress, o, beneath the corner
of a uniformly loaded rectangular area
for Poisson’s ratio of 0.4 and at depths
of z equal to 0.2h, 0.4k, 0.6h, 0.8h
and 1.0h. Charts 1 to 5, I;

(2) Scttlement, w, at the corner of a uni-
formly loaded rectangular area for
Poisson’s ratio of 0.2 and 0.4 at the sur-

This material appears on pages 791-814.
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face of the ground, z = 0. Charts 6 to
7, L,

B. Stresses beneath the corner of a circular
influence diagram for any shape of loaded
area, located anywhere within the limits
of the diagram, and for any distribution of
foundation pressure. Stresses for Poisson’s
ratio of 0.4 and at depth of z equal to
0.2h, 0.4h, 0.6h, 0.8k, and 1.0A.

(1) Horizontal Stresses: o, and o,
Influence Coefficient—I;
Circular Influence Diagram, Chart 8
Tables of Influence Coeflicients,
Tables B-13
Influence Cocfhicients—I,
Circular Influence Diagram, Chart 9
Tables of Influence Coefficients,
Tables B-1,
(2) Shearing Stresses, 7., and 7,;
Influence Coefficients—1I;
Circular Influence Diagram, Chart

10
Tables of Influence Coeflicients,
Tables B-I;

(3) Shearing Stresses, 7., and 1,
Influence Cocfficients—Is

Circular Influence Diagram,
Chart 11

Circular Influence Diagram, 7.,
Chart 12

Tables of Influence Coefficients,
Tables B-Ig

Tzz

CHARACTERISTIC STRESS AND
DISPLACEMENT PATTERNS

A clear understanding of the fundamental
nature of the two-layer rigid base system
phenomena and correct conceptions regarding
the action and stress-deflection responses are
essential in making proper applications to
practical problems in foundation engineering.
This may be accomplished through a study
and interpretation of characteristic stress and
displacement patterns. It is, however, essential
to have a working hypothesis, such as the
present problem, which can establish the
nature and basic form of the physical and
elastic laws governing the phenomena. Im-
portant advances in science and engineering
have always come from theoretical develop-
ments, however imperfect the idealized form
may be for the full expression of the real
physical phenomena. These theoretical de-
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velopments present new ideas, bring a phe-
nomena into the realm of greater certainty,
and serve as a guide to stimulate experi-
mentation and investigations. It should be
realized that no theory or statement of a
physical law in any field of science is complete
in its present form, because it can not fully
and adequately explain, take into account,
or include present apparent “exception to the
rule,” which are outside of the realm of valid-
ity of the limiting boundary, interface, and
clasticity condition for which the problem was
developed.

The two-layer rigid base problem provides
a working hypothesis regarding the basic
functional form of the physical laws that
govern the stress-settlement action and
responses of this layered system, which are
mathematically and dimensionally correct
and complete, as a first requirement. This
working hypothesis, through KEquations 3
through 8, reveals not only the nature of the
dependence of stresses and displacements
upon the basic physical parameters and
clastic strength coefficients inherent in the
layered system, but also the fundamental and
systematic naturc of the functional relations
existing between these basic quantities, which
govern the stress and displacement responses
of the system under imposed loadings. The
layered system is very sensitive to small
changes in the basic physical and elastic
parameters, as evident in the influence dia-
grams,

The theory of elasticity is based upon and
has, as governing conditions, the response
characteristics of ideal materials possessing
homogencous, isotropic, and clastic properties,
and lincar stress-strain relations in accordance
with infinitesimal strain concepts. In contrast
to either unquestioning acceptance or to
skeptical rejection without foundation in
fact, the major problems now are these: first
of all, of thoroughly testing a working hypothe-
sis against observed phenomena, both in the
field and in carefully controlled experiments;
second, of comprehending and establishing
the nature and importance of the limitations
and the reasonable realm of validity; and
third and most important of all, of evaluating
and reliably establishing the regions in and the
degree to which real soils and real conditions
may be expected to agree with and/or to
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depart from the idealized conditions of the
working hypothesis, particularly with regard
to the stress-strain responses of layered sys-
tems. A working hypothesis can tell the
investigator better how and what to observe
significantly through the fundamental para-
metric relationships. Then experimental in-
vestigations in the laboratory or in the field,
now working to advantage, can be made to
vield experimental coefficients, which will
bring the idealized working hypothesis more
into line with actual observed phenomena.
Thus maximum usefulness and reliability of a
working hypothesis can be realized, and it
can be made to become a “powerful and
competent scientific tool” in analyzing and
interpreting layered system phenomena for
foundation design purposes.

Characteristic stress distribution and dis-
placement patterns are presented in order to
have a clear understanding of the fundamental
nature of two-layer rigid base system phenom-
ena and correct conceptions regarding the
mechanics of its action and stress-deflection
responses. The significant characteristics and
the favorable and unfavorable aspects are
discussed with regard to their influences on the
settlement responses of the supporting soils
of layer 1 under foundations loads.

Vertical Stress Distribution, o

Certain  significant characteristics, and
favorable and relatively unfavorable aspects
of the well known Boussinesq vertical stress
distribution in a homogeneous deposit in
Figure 3 are to be noted first, because the
Boussinesq stress distribution patterns are to
be used as a basis for comparison. Stress
conditions are here considered favorable or
relatively unfavorable as they tend to decrease
or to increase, respectively, the settlement
contributions in the depth region being con-
sidered. The variation in the magnitude of
any vertical stress distribution curve in
Figure 3 is a function of the basic ratio, z/b,
where b in this case is the least half-width of
a rectangular area, and of the side ratio,
a/b, of rectangular areas. Considering first
square foundation with a/b = 1, the high
stresses within a depth region, 2/b of 0 to
about 1.0 represents a relatively unfavorable
stress condition in its influences on the settle-
ment contributions. The total settlement
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Figure 3. Homogeneous soil deposit. Boussinesq prob-
lem. Vertical stresses imposed in the supporting soils
by a surface load uniformly distributed over rec-
tangular areas. Fadum vertical stress influence
coefficients. Approximate settlement contribution, w
in percent down to value of z/b indicated.

Vertical Stress Ratio - 0;/p,

Depth - Width Ratio - z/b
w

OO 0.2 0.4 0.6 0.8 1.0
255
W
1 50% e 1.0
/"’7 o
2 2~ 0.6
P 136% 129% 122%
4
7 0.4
75% 1435
w/
7
4 Boussinesq Stresses —-—--
E
8/
sl _|
/0. Constant Valuea of Ratio, b/h
/150% Concentration in Percent of Boussinesq Stresses
!
el

© 1956 D. M. Burmister

Figure 4. Two-layer rigid base soil system. Burmister
problem. Vertical stresses imposed in layer 1 by a
surface load uniformly distributed over square areas
for constant values of the ratio, b/h. Burmister
vertical stress influence coefficients.

contribution in percent for Poisson’s ratio of
0.4 is noted in Figure 3 down to the depth
ratio indicated. The marked decrease in
stresses with depth below z/b of about 2.0
is a favorable aspect. About 75 percent of the
settlement is contributed within a depth region
z/b of 3.6. It is to be noted, however, that the
stress decrease with depth becomes smaller
and the stress conditions less favorable with
increase in size of foundation because of the
geometric relationships. For a given value
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of 2/b, but with increase in size of foundation,
the same stress is found at a corresponding
greater physical depth, 2 = (2/b)b. The shape
of the foundation area indicated by the side
ratio, a/b, but having the same width, b, also
has important influences on the stress condi-
tions in Figure 3, making the stress distri-
bution less favorable below z/b of 2.0, as the
length of the rectangular foundation increases.
These facts show that a valid comparison of
stress distributions can only be made on the
basis of the same size and shape of foundations.
Practical and useful Boussinesq vertical
stress influence coefficients beneath the corner
of uniformly loaded rectangular areas for
stress investigations have been presented by
Fadum (12, 13).

The magnitude and distribution of vertical
stresses throughout layer 1 of a two-layer
rigid base soil system for the three-dimensional
case with Poisson’s ratio of 0.4 are illustrated
in Figures 4, 5, and 6, using the Boussinesq
vertical stress distribution as the basis for
comparison. The stress conditions arc deter-
mined by the physical parameters, z/b and
b/h, by the layer strength ratio, E./E; equal
to infinity, or for practical purposes greater
than a value of 100, and by rectangle side
ratio, a/b. These figures were obtained from
the vertical stress influence coefficients, I of
Charts 1, 2, 3, 4, and 5 beneath the corner of
uniformly loaded rectangular areas. Pre-
ceding these Group A Charts are tabulations
of the influence values obtained from Charts
1 to 5 for the construction of Figures 4, 5, and
6, as illustrative examples of the influence
diagram method of stress analysis.

The vertical stress distributions beneath
the center of uniformly loaded square areas
for the two-layer rigid base system for different
values of the ratio, b/ (constant for each
curve), show in comparison with the Bous-
sinesq stress pattern for the same size of
square foundation area that a concentration
of stress exists bencath the loaded area
practically throughout the depth of layer 1.
The concentration of stress, as a percent of
the Boussinesq vertical stress at the same
depth, is greatest at the surface of the base
layer, decreasing somewhat with decrease in
layer thickness, h as noted in Figure 4. For
values of b/h greater than 0.6, or thinner
layers, the concentration of stress occurs
throughout the depth of layer 1, and even
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exceeds slightly the foundation loading, p.,
as shown in Figure 4. This represents a
relatively unfavorable stress condition with
increased settlement contributions in the
region of stress concentration. But a rigid base
layer, however, does restrict settlement
contributions to the more compressible layer
1, which is a very favorable condition. The
settlement contribution for the Boussinesq
stress pattern below the level of the rigid
base layer for the ratio, b/h equal to 0.2 is
noted for comparison, and indicates how favor-
able the two-layer rigid base system is in
reducing settlements as an overall favorable
aspect. Conditions become more favorable for
thinner layers. But the settlements contrib-
uted by layer 1 itself well be greater than
those contributed by the Boussinesq stress
pattern within the depth range of layer 1.

With increasing sizc of square foundation
area for a constant thickness of layer 1 in
Figure 5, the vertical stresses in the two-layer
rigid base system become more nearly uniform
throughout the depth of layer 1, but always
less favorable than the Boussinesq stress
pattern for the same size of square area and for
the same depth region. The concentration of
stress at the base laycr as a percent of the
Boussinesq stress, is noted for each value of
the ratio, b/h. It should be noted that in
Figures 4 and 5, the vertical stresses beneath
the center of the loaded areas excced the
applied foundation pressure, p, (average) for
values of b/h greater than about 0.6. This is
a part of the stress concentration phenomena
contributed by the two-layer rigid base system
where the stress phenomena become controlled
by tensile stresses in the region of b/h greater
than the peak of the influence curves in Charts
1 to 5, as evidenced by the decrease in stress
intensity following the peak influence. These
stress phenomena arise from the fact that the
total stresses integrated over any horizontal
plane must cqual the applied foundation
loading.

The influences of increasing length of
rectangular foundation area on the distri-
bution of vertical stresses are shown in Figure
6 for a constant ratio, b/k equal to 0.4 in this
case, that is, a constant least width, b, and a
constant layer thickness, &. The influences of
increasing length of foundation on the unfavor-
able character of the vertical stress distri-
bution are greatest for small values of b/h
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Figure 5. Two-layer rigid base soil system. Burmister
problem. Vertical stresses imposed in layer 1 by a
surface load uniformly distributed over square areas
for constant values of the ratio, b/h with h constant
and b increasing.
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Figure 6. Two-layer rigid base soll system. Burmister
problem. Vertical stresses imposed in layer 1 by a
surface load uniformly distributed over rectangular
areas for a ratio, b/h equal to 0.4.

with a certain limiting curve being defined for
infinite length, depending on the ratio, /A, as
the two-dimensional case of the two-layer
rigid base problem.

The vertical stress influence coeflicients
defining the magnitude and distribution of
vertical stresses in a two-layer rigid base
system beneath the corner of uniformly loaded
rectangular areas are given in the Group A
Charts 1 to 5 in terms of the basic layered
system parameters. Preceding these charts
are tabulations in Tables A-1, A-2, and A-3
(see p. 792) of the influence coefficients ob-
tained from Charts 1 to 5 at respective depths
in layer 1, which were used for the construc-
tion of Figures 4, 5, and 6 respectively, as
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illustrative examples of the influence chart
method of analysis.

The principles of superposition of influence
cocfficients and of stresses are used for a
foundation of any shape, distribution of
foundation pressure, and location of points
bencath which vertical stress distributions
arc required. Proper account ean and should
be taken of additive and subtractive areas,
as done in the illustrative example of Table
A-4. The work should be carefully planned
and organized in a systematic and logical
manner, in order to expedite the work and to
permit adequate checking, since a relatively
large number of steps and mathematical
operations may be involved. Free use should
be made of the small diagrams of plus and
minus areas, with dimensions and pressures,
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as shown in Table A-4, for each step in the
computations of wvertical stresses at each
elevation in layer 1.

Surface Settlements, W

The significant characteristics and the
very favorable aspects of the two-layer rigid
base soil system with regard to its action and
surface settlement responses are disclosed in
Figures 7 and 8 by comparison with the
Boussinesq scttlement relations. Since settle-
ments are also considerably influenced by
Poisson’s ratio, two figures are given, Figure 7
being for Poisson’s ratio of 0.2 and Figure 8
for 0.4. A decrease in Poisson’s ratio causes an
increase in surface settlements. In order to
have a basis for comparison with the Bous-
sinesq settlement coefficients, the two-layer
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Figure 7. Two-layer rigld base soil system. Burmister Problem. Surface settlements imposed on layer 1 at the
corner of a surface load uniformly distributed over rectangular areas for constant values of the ratio, b/h, and
for Poisson’s ratio of 0.2

Two-layer rigid base system
Iy = (I22/b)

pab ZIy

Surface settlement, w = fox
1

Boussinesq Problem

Iy = 2(1 — u3)C

Eq. 13a.
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rigid base settlement equation, w = (pshls)/E;
is modified to the form of Equation 13a, as
follows: w = pb(I:h/e)/Es .

The Boussinesq settlement coefficient, 1>z is
considerably influenced by the rectangle side
ratio, a/b, the greatest increase occurring at
small values of the side ratio, but increasing
continuously within the limits of the figure.
On the other hand the scttlement coefficient
in a two-layer rigid base system is governed
by the width of footing-thickness of layer
ratio, b/h, decreasing markedly as the thick-
ness of layer 1 decreases. This phenomena fol-
lows the vertical stress pattern of Figure 4,
where 1t is evident that only layer 1 contrib-
utes to surface settlements in the two-layer
rigid base system, whereas the entire homo-
geneous deposit contributes settlements in the
pereentages noted for the Boussinesq stress
distribution. The rigid base does, however,
restrict settlement contributions to layer 1,
but the stress concentration inherent in the
rigid base system increases the settlements
above those contributed by the Boussinesq
stress distribution down to the same depth.

These overall extremely favorable settle-
ment aspects of the two-layer rigid base system
in Figures 7 and 8, particularly for the thinner
thickness of layer 1, are composite of influences
of the stress conditions in Figures 4, 5, and 6.
It is to be noted that the settlement coefficient
for the two-layer rigid base system becomes
constant on each b/h curve for side ratios
greater than a certain value in both Figures
7 and 8, and becomes independent of the size
of the foundation. At this stage the settlement
phenomena reduces to normal consolidation,
for which the cocfficient becomes equal to
(1 — 2w 4+ w)/(1 —p), or 0.90 for Poisson’s
ratio of 0.2 and 0.47 for Poisson’s ratio of 0.4.
To substantiate this fact, in Table A-5 the
influence cocfficients used in the construction
of Figures 7 and 8 are given as an illustrative
example. Values of I, of 0.226 and 0.119 at
large values of b/h with h small or b large arc
one-fourth of the above consolidation coeffi-
cients, where the diagrams are constructed for
settlements at the corner of a rectangular area.

The surface settlement coefficients of
Figures 7 and 8 at the corner of loaded rec-
tangular areas may be used as influence values
to determine the distribution of surface
settlement for any point in a foundation area
by principles of superposition. A comparison
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Figure 8. Two-layer rigid base soil system. Burmister
problem. Surface settlements imposed on layer 1 at
the corner of a surface load uniformly distributed
over rectangular areas for constant values of the
ratio, b/h, and for Poisson’s ratio of 0.4.

Boussinesq Problem

Iy = 2(1 — u3)C

Two-layer rigid base system
I’ = (I2 h/b)

pa b2l

Surface settlement, w = * Eq. 13a.

By

of settlement estimates with actual observed
settlements may be made to have very impor-
tant and practical uses in establishing the
rcalm of validity of the two-layer rigid base
soil system and in establishing more accurate
values of the elastic constants of soils, namely
—the modulus, E, and Poisson’s ratio, u, for
cases where a rigid base layer definitely exists
and where the thickness of layer 1 is relatively
shallow.

Horizontal and Shearing Stresses

Influence coefficients for horizontal and
shearing stresses are given in the Group B
influcnee tables and charts. The influence
coefficients for vertical, horizontal, and
shearing stresses permit the investigation and
study of the complete stress conditions
imposed in a two-layer rigid base soil system
by foundation loadings. Where the applica-
tions of the principles of superposition are not
simple, as is the case for horizontal and
shearing stresses, circular influence diagram
methods were prepared, which permit making
graphic integrations with respect to the
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argument—8§. This situation arises from the
nature of the integrations with respect to 6
where two influence coefficients are involved
in the stress equations with different 6-
funetions. Illustrative examples of the circular
influence diagram method of stress investiga-
tion are given for the horizontal and shearing
stresses in Table B-1, preceding the Group B
influence tables and charts (see p. 802).

In the past, only the vertical stress condi-
tions have been considered to have significance
in stress investigation. In some cases shearing
stress may become critical. It is becoming
recognized, however, that the horizontal
stresses may play a very important role in the
actual stress conditions and particularly in the
settlement phenomena. The reason for making
stress investigations is to provide the necessary
data for making settlement estimates. Fur-
thermore, it is common practice to use the
consolidation test far beyond its realm of
validity of horizontal strains and displace-
ments equal to zero. It may be that one
important cause of disagreement between
settlement estimates and the actual observed
settlements is the result of ignoring the in-
fluences of the horizontal stresses upon settle-
ment phenomena. Applications of consolida-
tion within its strict realm of validity may be
limited to certain stress regions only. Every-
where else the stress conditions are dominated
by a triaxial state of stress considerably
different from consolidation. It is evident in
Figures 7 and 8 for certain ranges of the basic
parameter, h/b and a/b for the two-layer rigid
base system that consolidation may be valid,
but the stress conditions should be checked to
establish this realm of validity in a given case.

The stress conditions which actually exist
in different stress regions in a soil mass sup-
porting a foundation load, particularly the
horizontal stresses and the accompanying
natural lateral restraint conditions contributed
by the surrounding soil mass through the
Poisson’s ratio effects, may have equally
important, and possibly greater influences in
governing strains and displacements than
does the E-value. This important and signifi-
cant fact may be indicated approximately by
the following form of Hooke’s law:

&E = ol — plo: + o) /a.]

As the horizontal stresses, o, and o, , increase
with respeect to the vertical stress, o, the
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strains become smaller without any increase
in the value of E.

In addition, and unlike the case in the com-
mon structural materials, the stressing and
straining of soils never starts from the un-
stressed and unstrained state, but always
starts from a natural state of prestress cqual
at least to the present weight of overburden.
It is well recognized that prestressed concrete
is greatly improved in its deflection responses
by the imposed state of prestress. Similarly in
natural soil deposits, the normal state of pre-
stress under the weight of overburden greatly
improves the settlement responses of the
soils. A state of overconsolidation and hence a
higher state of prestress in a soil deposit im-
proves the settlement responses still more, as
indicated in the following form of Hooke's law
using total stresses:

&E = (0 + pJ)l — ploz + oy + 2pn)/
(o: + pv)]

The influences of these actual stress conditions
upon settlement responses should be ade-
quately and reliably investigated so that full
advantage of their favorable aspects can be
taken. If conditions are relatively unfavorable,
certainly they should be adequately taken
into account in stress and settlement investi-
gations.

CRITICAL DEPTH CONCEPTIONS

In order to provide a basis for judgments,
it is necessary to define certain tentative
critical depth limits (70) for evaluating the
validity and applicability of the two-layer
rigid base problem in comparison with the
Boussinesq problem. It has been found by
experience in making stress and settlement
investigation that only within certain rather
critical depth limits are the imposed founda-
tion stresses sufficiently significant to cause
large enough strains, which would contribute
appreciable surface scttlements of structures.
The critical depth is a variable and an approxi-
mate relation, which should be revised in the
light of increase in knowledge and experience.
It is dependent in each situation on the
interrelation, relative dominance, and favor-
able and unfavorable aspects of the following
conditions: (1) the size and shape of the
foundation area and the average foundation
pressure; (2) the basic stress distribution
pattern; (3) the magnitude and distribution
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of the overburden stresses and excavation
stresses with depth, depending on the unit
weights of the soils above and below ground
water; and (4) the character, relative com-
pressibility, and stratification of the soils of
the deposit and depth to rock.

The critical depth is not only useful for
forming judgments regarding the validity
of the Boussinesq and two-layer rigid base
problems of stress investigations in a situation,
but also for estimating the approximate
minimum required depth of borings for spread
foundations to establish whether the Bous-
sinesq, the two-layer rigid base, or some other
stress problem is valid and applicable in a
situation. As a first approximation before
subsurface soil conditions have been disclosed
by the first boring, estimates of the minimum
depth may be based on a tentative range of
values in the above four conditions. As actual
subsurface soil conditions are disclosed during
the progress of drilling borings over a site,
adjustments can be made accordingly in the
estimated critical depth. If at this depth the
bottom of a boring is still within a compressible
clay layer, one boring at least should penetrate
the layer to fully establish the character of
the soils with depth. Thus adequate depths of
explorations can be more consistently assured,
and also savings can be realized, if conditions
are definitely found to be more favorable than
first anticipated.

In accordance with these conceptions the
critical depth is defined as a first approxima-
tion and basis for judgment, as follows: (1)
for individual spread footings, where influences
of prestress under the weight of overburden
are of relatively minor importance, this depth
is taken equal to that where the imposed
stresscs decrease to values less than one-tenth
of the applied footing pressure, but not
greater than 0.2 tons per square foot; and
(2) for the entire foundation of a structure,
where influence valucs of prestress become of
dominating importance, the critical depth is
taken as that at which the imposed vertical
stresses decreasc to a value equal to the fol-
lowing tentative percentages of the over-
burden stress, namely—20 percent for rel-
atively incompressible granular soils and 10
per cent for relatively more compressible
clay soils; and (3) the excavation stress due
to the unloading of a soil deposit by the weight
of excavation may be deducted from the
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Figure 9. Critical depth concepts. Evaluation of tenta-
tive critical depths for stresses imposed in a two-
layer rigid base soil system by foundation loads for
preliminary soll investigations and for validation of
the problem, using the Boussinesq problem as a
basis for comparison. Burmister concepts. Critical
depth is that at which the foundation stresses be-
come less than 20 percent of overburden stresses for
granular soils and 10 percent of overburden stresses
for clay solils.
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vertical stress distribution in making the
estimates for critical depth, but not to exceed
one-half of the vertical stress, due to the
approximate character of this relation.

These critical depth relations are illustrated
for the Boussinesq and two-layer rigid base
problems in Figure 9 in order to disclose their
significance and implications. The influences
of variations of unit weights, ground water
elevation, and average foundation pressure
on the critical depth are illustrated, and indi-
catc what should be considered conservative
in the evaluation. If a rigid base layer occurs
within the critical depth for the Boussinesq
stress distribution for the same size and shape
of foundation and foundation pressure, then
the two-layer rigid base problem is valid and
applicable, provided that the situation satisfies
the other conditions. If on the other hand a
base layer does oceur just below the critical
depth, but was not disclosed due to the fact
that borings were stopped at this critical
depth, then it is evident that the stress
concentration effects might be significant, as
indicated in Figure 9. One boring at least in a
foundation area should be driven to greater
depths, for example 25 feet, more definitely
to disclose the presence or absence of such a
base layer.
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RATING BASIS FOR JUDGMENTS

The value of thorough and competent
investigations is to learn and to understand
more completely the real nature of a situation,
to evaluate the conditions that control, and
to estimate reliably and adequately the
“probable.” The validity of the theorctical
conditions should not be taken for granted,
nor should skill and facility in the use of
influence diagram methods of stress analysis
be considered synonymous with adequacy,
competence, and good judgment in stress
investigations.

No stress investigation should be considered
complete and adequate without an appraisal
and evaluation in each situation regarding:
(1) the kind and degree to which and the
regions in which the actual conditions agree
with and depart from the theoretical condi-
tions of a stress distribution problem; (2) the
probable kind and degree of departures of the
probable actual stresses and settlements from
the estimated values caused thereby; and
(3) the significant characteristics, and the
favorable and unfavorable aspects of the
stress distribution in each situation.

The degree of agreement of the probable
actual stresses in a particular situation with
the stress distribution pattern used can be
evaluated most effectively on a rating basis
(10). The rating concept in contrast to broad
generalizations is a powerful tool in soil
mechanics where exact numerical evaluations
of many soil phenomena can not be made in
the present state of knowledge. An appraisal
and reasonable evaluation of all known facts
and conditions inherent in a situation leads to
a considered judgment of the rating, which
should ecliminate to an increasing degree
elements of uncertainty and guessing as
knowledge and experience grow. The Bous-
sinesq stress distribution pattern for a homo-
geneous soil deposit is used as the comparative
basis for the rating. The rating may be made
on a percentage basis between the limits of
the two-layer rigid base stress distribution, as
the 100 percent upper limit or substantially
complete agreement, and of the Boussinesq
stress distribution for the same size and shape
of foundation, as the zero percent lower limit
or substantially no agreement. When the
general two-layer system has been evaluated
numerically for strength ratios of E./E; of
5, 10, 20, 50, and 100, a strength ratio basis for
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a rating would be more satisfactory and
effective.

The degree of agreement of the theoretical
conditions of a stress distribution pattern,
with respect to the actual surface and sub-
surface soil conditions, can be judged on the
basis of proper interpretations and evaluations
of records of borings made under competent
supervision. First of all, the soils of layer 1
down to the base layer should be reasonably
homogeneous in character—(a) no thin
layering of soils as in the Westergaard problem
(14); and (b) no thick layering of soils of
different compressibilities as for the general
two- and three-layer system (10). Adequate
and reliable boring records with regard to the
stratification of a deposit and accurate and
complete identifications (15, 16) of good
quality soil samples taken at intervals of
5 feet in depth by the common 2-inch—13¢-
inch split barrel sampler, can provide the
basic information required for judging whether
a reasonably homogeneous soil condition
exists throughout the depth of layer 1, and
whether the two-layer rigid base system is
valid and applicable in this respect. Second,
the strength of the base layer relative to that
of the overlying layer 1, expressed by the
layer strength ratio, E./E; should meet
certain minimum requrements, namely—a
tentative value greater than about 100, in
order that the two-layer rigid base system
be valid and applicable. Proper interpretations
and evaluations (17) of reliable and adequate
field determinations and records of the driving
resistances of the sampler in blows per 6 inches
and of the casing in blows per foot, labo-
ratory triaxial and consolidation tests, and
field loading tests can provide the basic infor-
mation required for judging the validity and
applicability of the two-layer rigid base soil
system in this respect to the situation.

The degree of agreement may be judged and
expressed on a rating basis considering the
percentage ratings—0 to 25 percent as not
usually sufficiently significant; 25 to 50 percent
as moderately significant and to be taken into
account; 50 to 75 percent as having increas-
ingly good and important significance; and
75 to 100 percent as approaching complete
agreement with the two-layer rigid base
system. The approximate tentative spread
between the moduli, E; and E; of the two
layers for 75 to 100 percent rating agreement
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should not be less than the following: (1) the
spread of compactness or relative density
(17) of granular soils should not be less than a
range of Loose + to Medium Compact + for
layer 1 to a corresponding range, respectively,
of Compact to Very Compact for layer 2;
or (2) the spread of relative consistency (17)
expressed on a shearing strength basis for
clay soils should not be less than a range of
Firm 4+ to Medium Hard 4 for layer 1 to a
corresponding range, respectively, of Hard to
Very Hard for layer 2. The change in character
and compactness or consistency from layer 1
to layer 2 should be relatively sharp. If the
ratio of the moduli is less than 100, as indicated
by a smaller spread in compactness or consist-
ency, or if there is a more gradual increase in
driving resistance of the sampler with depth,
an evaluation of the degree of agrcement may
be made on a percentage rating basis between
the limits of the Boussinesq and the two-layer
rigid base system vertical stress distributions.
In this case, the base layer 2 would contribute
appreciable surface settlements, but less
than for the Boussinesq stress condition be-
cause of lower compressibility, which may be
taken into account approximately on a rating
basis.

Where cxactness is unattainable, due to the
nature of soil phenomena, a range of stress
conditions corresponding to the limits,
respectively, of the percentage rating—25 to
50, 50 to 75, or 75 to 100 percent should be
evaluated in stress investigations in order to
properly bracket by two answers the possi-
bilities inherent in the actual situation. A
single or average evaluation should not be
considered sufficiently rcliable, adequate, or
realistic. A modified vertical stress distribution
may then be used accordingly with a reason-
able justification. This may be accomplished
by computing the stress distributions for both
the Boussinesq and the two-layer rigid base
problems at a sufficient number of key points
of a foundation loading to establish the im-
posed pattern of stress conditions, and by
interpolating between these two limiting
theoretical stress distributions in accordance
with the percentage rating adopted. The
modified stress distributions thus obtained
would serve as reasonably reliable, though
approximate bases, for the probable actual
stress conditions in the investigations.

The advances in stress distribution problems
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have now reached a point where the concep-
tions and practices regarding adequacy in
stress investigations should correspondingly
be revised upward in order to make the ad-
vances fully effective. The favorable aspects
of a probable stress distribution or settlement
pattern should not be disregarded, if a rating
made on a proper basis exceeds about 25 per-
cent. Just being conservative can not now be
justified if it penalizes the favorable aspects
in a probable actual stress distribution or
settlement pattern. But the taking into ac-
count of the favorable aspects should not go
beyond a justifiable rating. Certainly any
unfavorable aspects must be adequately taken
into account, but not to an excessive degree
beyond a justifiable rating.

A complete statement of this appraisal and
evaluation with reasons therefor, as an essen-
tial and integral part of every stress and
settlement investigation, should be carefully,
systematically and conscientiously prepared
for each situation and should be filed with the
investigation. This would serve to clarify one’s
thinking, and to assure oneself of a proper and
adequate basis for judgments and decisions,
which can be reviewed, checked and revised
against actual observed responses and per-
formances of foundations of structures.
Furthermore such appraisals would serve to
build up a reliable and authoritative body of
knowledge and experience for future use.

Up to the present, the Boussinesq Problems
have been the only method of stress analysis
for which sufficient influence coefficients have
been available for practical use. As the only
available stress analysis tool, it has been used
far beyond its reasonable realm of validity
and applicablility. Under such circumstances,
there was some justification for such rough
approximations in order to obtain some con-
ception of and information on the nature of
imposed foundation stresses. The secrious
aspects, however, in many of the present con-
ceptions and practices are the result of the
acceptance and general use of rough approxi-
mation, broad generalizations and other
expediencies as a matter of course with the
attitude that this approach is permissible in a
material such as soil. These habits of thought
and action have tended to give rise to the
idea that adequacy of stress analysis, and
excellence and competence of judgment are
merely matters of skill and facility in the use
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of stress influence coefficient methods. Little
or no attempt was made to estimate the kind
and degree of departures from the probable
actual stress and settlement conditions caused
by the use of these rough approximations.
With the knowledge available since about
1935 from the Marguerre, Biot, and Picketts’
solutions of stresses at a rigid base layer
regarding the stress concentration effects, the
minimum requirements for “adequacy,” where
the Boussinesq approximations were used in
such a situation, should have been the recogni-
tion of the fact that stresses were underesti-
mated, at least in the vicinity of the base
layer and hence settlement were also under-
estimated by cutting off the settlement
contributions below the base layer. Some
recognition of these facts could have been
made by increasing the scttlement estimates
somewhat.

These habits of acceptance and general
use of rough approximation in conceptions and
practices have resulted in attempts to fit each
new advance into the general existing frame-
work, whereas actually each new advance
always makes certain aspects of the old scheme
of things obsolete. This attitude tends to
bring the advance down to the lower level of
existing conceptions and practices and to
perpetuate them beyond their usefulness. On
the contrary each new advance should in the
nature of things broaden the horizons, and
should cause a re-cvaluation of all related
aspects in a field with a general revision up-
ward of these aspects in order to take full
advantage of each new advance and to make
the most effective use of it. It should be
recognized that advances do not do away with
the essential nced for judgment in the intelli-
gent, competent and adequate use of an
advance. Fach advance should remove certain
ignorance factors and rough approximations
from conceptions and practices and should
bring natural phenomena more into the
realm of certainty. The most important
forward step in soil mechanics and foundation
engineering is ‘“to treat real soils under essen-
tially real conditions.”

CONCLUSION

1. The value of thorough and competent
stress and settlement is to understand more
completely the real nature of a situation, to
evaluate fully the conditions that econtrol,
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and to estimate reliably and adequately the
probable.

2. The two-layer rigid base problem is in
close agreement with actual -conditions
encountered in foundation practice within its
realm of validity and applicability.

3. An essential and integral part of each
stress and settlement investigation is to
appraise and to establish the wvalidity and
applicability of a stress problem and to take
adequately into account the favorable and
unfavorable aspects.

4. A major aspect of an appraisal of condi-
tions is an adequate evaluation of subsurface
conditions and of soil test data. These related
aspects in soil mechanics should be consist-
ently improved and advanced in order to
provide adequate and reliable information on
the strength characteristics of soils, which will
permit making full and effective use of ad-
vances in stress and settlement investigations.

5. The evaluation of the validity and
applicability of the two-layer rigid base
problem and of the probable actual stress and
settlement conditions can be made most
effectively and significantly on a rating basis
between the limits of the Boussinesq and the
two-layer rigid base system problem.

6. On the basis of reliable ratings, a range
of stress and settlement conditions can be
evaluated, which can be made to properly
bracket the possibilities inherent in a particu-
lar situation.
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APPENDIX A

TWO-LAYER RIGID BASE SOIL SYSTEM INFLU- sson’s ratio of 0.4 and at depths of z =
ENCE DIAGRAMS AND TABLES OF 0.2h., 0.4h, 0.6A, 0.8%, and 1.0A.

STRESSES AND DISPLACEMENTS Charts 1 to 5, I,

Group A—Influence Charts 1 to 7

Vertical Stress, o, : Beneath the corner of a
uniformly loaded rectangular area for Poi- Surface Settlement, w: At the corner of a

g, = — E (pol:) Equation 14
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uniformly loaded rectangular area for Pois- w = > (hlpa/E) = D (bpa/E)(I:h/b)

son’s ratios of 0.2 and 0.4 at the surface of Equation 13a
the ground, z = 0. Charts 6 and 7, I, Illustrative Examples: Vertical Siresses:
TABLE A-1

VERTICAL STRESS INFLUENCE COEFFICIENTS FOR, CONSTRUCTION OF FIGURE 4 BENEATH THE
CENTER OF SQUARE AREAS FOR CONSTANT VALUES OF b/k WITH THE THICKNESSES, k OF
AYER 1 VARYING. 2/b = (z/h)(h/b). L—TWO LAYER. I3—BOUSSINESQ

0.2 0.4 0.6 0.8 1.0 Boussinesq
b/h, z/h

2/b 40 z/b 4 2/b 41 3/b 411 z/b 41 z/b 4B
0.2 1.0 0.706 0.5 0.940 0.33 0.996 0.25 1.012 0.20 1.016 1.0 0.700
0.4 2.0 0.344 1.0 0.744 0.67 0.924 0.50 1.008 0.40 1.032 2.0 0.340
0.6 3.0 0.200 1.5 0.540 1.00 0.816 0.75 0.994 0.60 1.004 3.0 0.172
0.8 4.0 0.140 2.0 0.432 1.33 0.708 1.00 0.872 0.80 0.948 4.0 0.108
1.0 5.0 0.108 2.5 0.344 1.6 0.585 0.125 0.700 1.00 0.860 5.0 0.072

Note: Influence coefficients from Charts 1, 2, 3, 4, and 5 for appropriate values of b/k and a/b.

TABLE A-2

VERTICAL STRESS INFLUENCE COEFFICIENTS FOR CONSTRUCTION OF FIGURE 5 BENEATH
THE CENTER OF SQUARE AREAS FOR CONSTANT VALUES OF b/ WITH THE THICKNESS
OF LAYER 1 CONSTANT AND WITH b VARYING. z/k = (2/b)(b/k)

Boussinesq
b/h, o/h 0.2, 41 0.4, 4I1 0.6, 41, 0.8, 4 1.0, 45

3/ 4lpg
0.2 0.706 0.940 0.996 1.012 1.016 1.0 0.700
0.4 0.344 0.744 0.924 1.008 1.032 2.0 0.340
0.6 0.200 0.540 0.816 0.994 1.004 3.0 0.172
0.8 0.140 0.432 0.708 0.872 0.948 4.0 0.108
1.0 0.108 0.344 0.585 0.760 0.860 5.0 0.072

TABLE A-3

VERTICAL STRESS INFLUENCE COEFFICIENTS FOR CONSTRUCTION OF FIGURE 6 BENEATH
THE CENTER OF RECTANGULAR AREAS FOR CONSTANT VALUES OF THE SIDE RATIO,
a/b AND FOR A CONSTANT VALUE OF b/h EQUALS TO 0.4. 2/b = (2/b)(h/b)

1 2 4
a/b, z/k z/b —_—

41 41 4l 4l 41 4Ip
0.2 0.5 0.940 0.925 0.972 0.956 0.974 0.960
0.4 1.0 0.744 0.694 0.860 0.796 0.860 0.816
0.6 1.5 0.520 0.484 0.720 0.608 0.740 0.668
0.8 2.0 0.432 0.336 0.612 0.480 0.648 0.536
1.0 2.5 0.340 0.240 0.500 0.372 0.560 0.440
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TABLE A-4
INVESTIGATION OF DISTRIBUTION OF VERTICAL STRESSES IMPOSED IN A
TWO-LAYER RIGID BASE SOIL SYSTEM BY FOUNDATION LOADS
[LLUSTRATIVE EXAMPLE- VERTICAL STRESSES, g, eeneatH A FounpaTion.
Fit. 0~ TOUNDATION PLAN. FI6, b MAGHITUDE AND. DISTRIBUTION 0% STRESSES.
l —-—p q.z Edee ¢
. A & c o E F G as B0 e ¢3 03 o
] I ! , "o o5 | os s
= 2
Poer = 08 1sf. 0 o1k
3 >
2.0' tAh
A | 7 ] ' ot
200 20" 20 20 20 20 0. 61 :
5 Notes- Stress birection und Sign =
Netations-~ fg. 2 0.8 %
n-~ Number of Looded Areos of
some Dimensions and Pressure, p_v"—x.oh P T s

Rigid Base Layer.
Stress, gy = Zt(n- Baree® L) Cq. 14, ; Y

1; Influence Values from Chards of a7, Areas= + and — , Principle of Superposition

Paver™ = Columnloads + Foundation Area for each different foundakion Loadh-\g_
ComputaTioN TABLE ofF VeRTICAL STRESSES, @, | h= 40/,
]
LN z  Chort by b, [DELx on ok B = {0z )
A3 2' ¥ & Ta 6.2h | |4940= 1.0 40/10= 2) to24a-4 <« o8 = 0797
. o4h 2 + 0235 = 10,153
20! B 4» os4nh 3 + 0.210 0.672
40" 4ot 0.8 4 + 0186 0.5%4
1.oh 5 +0.158 0.537
b
B3 40 T o.2h } |206/40= 0.5 29% = + 0.144
° E' 2 , 60/40 = 1.5  60/20 =3 4 0.248/0492+2< 0.8= (0,785
BRI 42 san 2 4 0,214
20 6or +0.234/0.448 0.1117
o6h 3 +0.115
+ 0.218/0.385 0.615
oeh 4 + 0.14§
4+ 0.18%06-334 0,534
Leh 8 + 017 .
+ 0, 1¢4/0.28} 0.450
b
c3 ! T o.2h | | 8o/40= 2 80/20=4| + 6248 x 2x 0.8 =(0.397
m,- g 0.4h 2 / 4+ 0.233 0.372
w0 [F 40’ 4 3 + 0.210 0.3%6
80! o.8h 4 +o0.188 0.300
toh 5 + 0.165 0.2496
b3 o2\ |iog40= 2.5 100/20= 5 + 0.250
20/40 a 0.5 16/20 = = 0.2494/6.00b * 2 0.5 H 0,0036
oah 2 + p.a33
-0,21476.014 0.0304
o.6h 3 + o.zo_o/
. - 0.175/0.033 v.0577
o.eh 4 + ©.187
— 0.145/0.041 0.0673
toh 5 + 6.1¢5
- 6. 111/0.0458 0.077
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Illustrative Examples: Surface Settlements:

TABLE A-5
SETTLEMENT INFLUENCE COEFFICIENTS FOR CONSTRUCTION OF FIGURE 7 AND 8
USING INFLUENCE CHARTS 6 AND 7, BENEATH THE CORNER OF
RECTANGULAR AREAS OF SIDE RATIO, a/b

Two-layer Rigid Base System
Boussinesq 2C(1 — u?)
Poisson’s Ratio
Poisson’s Ratio
a/b b/h h/b n =02 » =04
B =02 n =04
I, Ioh/d I, Iok/b
0.5 4 0.25 0.226 0.057 0.110 0.030 0.364 0.318
2 0.5 0.226 0.113 0.151 0.075
1 1 0.198 0.198 0.151 0.151
0.5 2 0.136 0.272 0.111 0.222
0.25 4 0.080 0.320 0.067 0.268
8 0.042 0.336 0.037 0.296
16 0.023 0.368 0.019 0.306
32 0.011 0.352 0.0095 0.205
1 4 0.25 0.226 0.056 0.121 0.030 0.538 0.470
2 0.5 0.226 0.112 0.134 0.067
1 1 0.225 0.225 0.160 0.160
2 0.175 0.350 0.141 0.282
4 0.110 0.440 0.092 0.368
8 0.060 0.480 0.052 0.416
16 0.0316 0.504 0.027 0.432
32 0.016 0.513 0.014 0.448
2 4 0.25 0.226 0.056 0.119 0.030 0.720 0.630
2 0.5 0.226 0.113 0.129 0.064
1 1 0.226 0.226 0.151 0.151
2 0.196 0.392 0.151 0.302
4 0.136 0.544 0.111 0.444
8 0.079 0.632 0.067 0.536
16 0.042 0.672 0.036 0.575
32 0.021 0.672 0.019 0.610
3 4 0.25 0.226 0.056 0.119 0.030 0.848 0.744
2 0.5 0.226 0.113 0.128 0.064
1 1 0.226 0.226 0.147 0.147
2 0.198 0.396 0.148 0.296
4 0.145 0.580 0.119 0.476
8 0.089 0.712 0.074 0.592
16 0.048 0.768 0.041 0.656
32 0.025 0.800 0.021 0.672
5 4 0.25 0.226 0.056 0.119 0.030 1.000 0.872
2 0.5 0.226 0.113 0.128 0.064
1 1 0.226 0.226 0.146 0.146
2 0.199 0.398 0.145 0.290
4 0.180 0.600 0.118 0.472
8 0.096 0.768 0.081 0.648
16 0.055 0.880 0.047 0.752
32 0.029 0.930 0.025 0.800
10 4 0.150 0.600 0.115 0.460 1.225 1.070
8 0.101 0.808 0.081 0.648
16 0.060 0.960 0.051 0.815
32 0.033 1.055 0.028 0.898
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CHART 2
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CHART 3
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CHART 4
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CHART §
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APPENDIX B

Group B—Influence Charts and Tables

Stresses beneath the corner of a circular
influence diagram for any shape of loaded
area, located anywhere within the limits of
the diagram, and for any distribution of
foundation pressure. Stresses for Poisson’s
ratio of 0.4 and at depths of z = 0.2h, 0.4A,
0.6h, 0.8h, 1.0h.

Horizontal Stresses, o, and o,

Influence Coefficients—I;
Tables of Influence Coefficients, Tables
B-1,
Circular Influence Diagram, Chart 8
Influence Coeflicients—I,
Tables of Influence Coefficients, Tables
B-I;
Circular Influence Diagram, Chart 9
Shearing Stresses, 7., and 7,.
Influence Coefficients—I;
Tables of Influence Coefficients, Tables
B-I;
Circular Influence Diagram, Chart 10
Shearing Stresses, 7. and 1.
Influence Coeflicients—I
Tables of Influence Coefficients, Tables
B-I;
Circular Influence Diagram, 7,, , Chart 11
Circular Influence Diagram, 7., , Chart 12
Where the applications of the principles
of superposition are not simple, as is the case
for horizontal and shearing stresses, circular
influence diagram methods permit making
graphic integrations with respect to the argu-
ment, 8, for any shape of loaded area, located
anywhere within the limits of the diagram,
and for any distribution of foundation load-
ing. This situation arises from the nature of
the integrations with respect to 6 in cylindri-
cal coordinates in Iquations 9 through 12,
where vector components have to be used to
obtain stresses in the (z, y, 2) directions in
accordance with the notations in Figure 2,
and where two influcnce coefficients are in-
volved in the stress equations with different
f-functions.

Notations—

Stress direction and signs—Figure 2.

n = Number of different loaded areas of
the same dimensions and average pres-
sure, P, -

Pe = Sum of column loads divided by the
foundation area for each different founda-
tion loading used in the application of the
principles of superposition.
I = Influence coefficient for each numbered
ring given in the appropriate Tables of
Influence Coefficients, B-I for the Ring
Numbers shown in Charts 8 through 12.
Three influence scales are given for each
chart to cover a range of conditions of
foundation sizes from r/A = 0 to 0.6, 0
to 3.0, and 0 to 15.0.
R = Ring intercept reading interpolated
with respect to a foundation plan for graphic
integrations, which takes into account the
f-functions of Equations 9 through 12
and carrying the same subscript as the
influence coefficient, I. The interpolation
methods are shown in the illustrative ex-
amples.
z = The influence coefficients for each depth
of 0.2h, 0.4k, 0.6k, 0.8, and 1.0~ are ob-
tained from the appropriate Table B-I
for corresponding ring numbers for compu-
tation tables as given in the illustrative
examples.

Horizontal Stresses. Equations 10a and 10b.

Oz = _Z npa(I:iRa) + npa(I4R4) (15)
Chart 8 Chart 9

gy = —Z npa(IaRs) - npa(I4R4) (16)

Note: n is additive from Figure 2.
Shearing Stresses. Equations 11 and 12.

Tzy = Tyzr = _Z npa(ISRS) (17)
Chart 10

Tex = Tzz = —Z npa(IGRﬁa) (18)

Chart 11 (Sin #-function)

Tey = Tyz = _Z npa(TsRe) (19)

Chart 12 (1-Cos #)-function

Note: For Shearing Stresses » may be plus
or minus in accordance with the direction and
sign notations of Figure 2.

Table B-1. Illustrative Examples Determi-
nation of horizontal and shearing stresses at
a point beneath a loaded foundation in a two-
layer rigid base soil system.

Steps in the analysis of imposed foundation
stress conditions.
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1) Selection of r/h—Scale and foundation
scale for use with Charts 8 through 12,
Depth to Rigid Base layer, h = 40'.

Maximum r/h = 100/40 = 2.5.
Use influence scale—3 r/h = 15 inches.
15" is length of circular chart.
Then 1.0 inches = 0.2 r/A.
Column Bay Scale—20/40 = 0.5 r/h.
Note: Circular influence Charts 8 through
12 can be drawn to any enlarged scale

desired.
t A ® c D E o 6
20' 20" 20" 20" 20!
2 T T .
Pavcr_z 0.8 tsf. 20
3
20'
4
5 Magximum length - 1o’
Figure a. Foundation plan.
2) Foundation Plan: Draw foundation

plan carefully on tracing paper to this scale—
3 r/h 15 inches or 1.0 inches = 0.2 r/h.
This plan is to be used for determinations of
all the stresses of Equations 15 through 19.
Show all areas of different uniformly dis-
tributed pressures if the average pressures
vary significantly over the foundation area
due to heavier contributory column loads.
3) Select the points or columns where it

803

is desired to investigate the imposed founda-
tion stresses beneath the foundation, or where
the stresses may be critical for some reason.
Otherwise use a symmetrical plan of points,
which greatly shortens the computational
work involved in the stress investigations.

4) Location and Definition of Foundation
Areas—TFigure b. Lay out to the above scales
the foundation areas contributory to each
point, beneath which stresses are to be de-
termined with appropriate and complete
notations, as noted in Figure b, in order to
facilitate and to expedite the work.

5) Stress Analyses: Locate each point 0
of the foundation areas of Figure b over the
corner of the circular influence chart ap-
propriate for the stress under investigation.
Determine the influence values—np,(IR)
for cach set of areas about the point having
the same dimensions and pressure loading.
For example, Point C-3 equal to Point E-3,
is illustrated as follows. Area 2 is folded over
on to Area 1 to facilitate the work, as shown.
Repeat the analysis for each depth, z, and
for each stress, using the appropriate influence
chart and table of influence coefficients. For
the horizontal stresses the area effects are
additive in accordance with the Figure 2 no-
tations. But for the shearing stresses, the plus
and minus areas must be carefully worked out
and noted with respect to the stress direc-
tions, as noted in Figures d and c. The work
should be carefully and logically organized
and systematically carried out, in order to
provide adequate facilities for checking the
work and to expedite it.

[
PoinT -3, PoiNT A3
7z 7 1
: .
T o, Necs Lo A Ny <
5_3__-______i___--___ﬂj A %bsi 4 TS
Areas all equal, n= 4 Area | = Area 4. n=
A '\ :
PoinT C-3 PoinT E-3 = PoinT C-3
15 =" [ ruthehiebabbe REVERSED.
] { :’ 2
]
e — - >
[ [N _ { !
30 ahevs 3 v 05
Area | = Area 4. n=2, Area 2 = Area 3 n= 2

Figure b, Foundation areas and notations,
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6) Stress Computations and Estimates:
Select the appropriate circular influence chart
from the Group B charts for the stress under
consideration.

Locate the point 0 of each foundation area
of Figure b drawn on tracing paper to the
same scale as that of the circular influence
chart, as indicated under Step (2) and deter-
mine the ring intercept readings, R at the
center of each ring (light line arc) for each
set of areas having the same dimensions and
pressure loading.

This set of R-readings from the circular
influence chart for the stress under considera-
tion will serve for all depths, z = 0.2h, 0.4%,
0.6h, 0.8h, and 1.0h. Take the influence values,
I from the appropriate Table B-I and tabu-

Figure c. Computations for horizontal stresses, 0 and
oy at point C-3.

Chart 8 for ring reading—Ras

o® Interpolate R tor each Ring.
o
S A NETE T ) 085

l.

4

1.0 7 1.5

L2 3 45 67 &8 9101012131415 10
I, for % ale © fo 3.0 — RGN

8-Scale 8. . dor 'Ry
at
Area 2: Ring 6 R = (.178 — .072) = .106
Ring 7 R = (.078 — .052) = .026
Area 1: Ring 16 R = (.051 — .041) = .010

TABLE B-I: FOR INFLUENCE VALUE
Computation of STk

Areas 1-4 Areas 2-3
Ring
I3 R 13R;s Rs IR
1 0.0024 0.25 0.0006 0.25 0.0006
2 0.0722 0.25 0.0181 0.25 0.0181
3 0.1104 0.25 0.0276 0.25 0.0276
4 0.0881 0.25 0.0221 0.25 0.0221
5 0.0648 0.25 0.0162 0.25 0.0162
6 0.0434 | 0.176 | 0.0077 0.106 [ 0.0048
7 0.0278 | 0.138 | 0.0039 0.026 | 0.0008
8 0.0173 0.113 | 0.0020
9 0.0105 | 0.098 | 0.0011
10 0.0070 0.085 0.0006
11 0.0044 | 0.076 | 0.0003
12 0.0039 0.069 | 0.0003
13 0.0039 0.062 | 0.0003
14 0.0042 | 0.058 | 0.0002
15 0.0048 | 0.055 | 0.0002
16 0.0057 0.010 0.0000
SIsRs 0.1012 0.0902

S0ILS, GEOLOGY AND FOUNDATIONS

late in suitable form for the stress computa-
tion, as indicated below, involving computa-
tions—ana(l R).

The work should be organized in table form
to compute the products (IR) or p.(IR) for
all depths for the single set of R-readings
obtained for the stress under consideration.
Repeat for other stresses, as desired.

Chart ¢ for ring reading—R«

T

o g8

il AN s W
2 L

[

0.

°o — 0.5 %y Y, |.5rh
L2 34 5 6 7 8 9 10 1l 4213 14 1510¢

I, for tfyScale 0 B 3.0 —» Ring Mo.
6-Scale  Sin 28, Jor R

A

TABLE B-I, FOR INFLUENCE VALUES
Computation of ZI4R4

Areas 1-4 Areas 2-3
Ring
1 R IR Ru4Ry
1 0.0012 0 0
2 0.0074 0 0
3 0.0098 0 0
4 0.0082 0 0
5 0.0062 0 0
6 0.0045 0.72 0.0032 0
7 0.0035 0.96 0.0033 0
8 0.0027 0.98 0.0026
9 0.0022 0.93 0.0020
10 0.0019 0.90 0.0017
11 0.0017 0.84 0.0014
12 0.0015 0.78 0.0012
13 0.0014 0.73 0.0010
14 0.0013 0.69 0.0009
15 0.0012 0.65 0.0008
16 0.0011 0.14 0.0001
LR 0.0182 0

Horizontal Stresses: Equations 15 and 16.
Stresses at point C-3.

0o = =3 [2 X 08 X (0.1012 + 0.0902
+0.0182 + 0)] = —0.335 tsf.
—37[2 X 08 X (0.1012 + 00902

Oy

— 0.0182 — 0)] = —0.277 tsf.
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Figure d. Computations for shearing stresses, 7, and
Tyz at point C-3.

Chart 10 for ring reading—R35

‘-?T v? Q‘P °’t °,‘l
(A LA SN SN

OO 0‘5%\ Lor/h [ %
V23 456 76‘1|°““~‘3.‘4';“
i for v/, Scale 0 T 3.0 — Ring No.

8-Scale (1~ Cos28)/p. for Ry,

TABLE B-I; FOR INFLUENCE VALUES
Computation of TIRs

Areas 1-4 Areas 2-3
Ring
Is Rs IsRs Rs IsRs
1 0.0024 1.0 0.0024 1.0 0.0024
2 0.0148 1.0 0.0148 1.0 0.0148
3 0.0195 1.0 0.0195 1.0 0.0195
4 0.0165 1.0 0.0165 1.0 0.0165
5 0.0124 1.0 0.0124 1.0 0.0124
6 0.0091 0.82 0.0075 0.62 0.0057
7 0.0069 0.60 0.0041 0.19 0.0013
8 0.0054 0.45 0.0024
9 0.0043 0.36 0.0016
10 0.0038 0.28 0.0010
11 0.0034 0.23 0.0008
12 0.0030 0.19 0.0006
13 0.0028 0.17 0.0005
14 0.0026 0.14 0.0004
15 0.0024 0.12 0.0003
16 0.0022 0.11 0.0002
0.0850 0.0726

Sign notation for shearing stresses
1 4 2 3
«— — — L
T2y = ryr = —0.83 [+ 0.0856 — 0.0856 + 0.0726 — 0.0726] = 0
Figure e. Computations for shearing stresses, 7,; and

Tsy at point C-3.

Chart 11 for ring reading—Rsq

! .

° o
RN
7

1,

: \

O r
3 6.5 7, 374 L5y
U2 03 4 5 6 T 8 9 10 VIR s a6
rRing Mo.
1, tor o4 Seale 0 1o 3.0 —

8- Scole  Sin ©. for R,
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TABLE B-Is FOR INFLUENCE VALUES
Computation of TIeReq

Areas 1-4 Areas 2-3
Ring
Is Rs, IReq Rsa I6Rsa
1 +0.0142 1.0 +0.0142 1.0 0.0142
2 0.0418 1.0 0.0418 1.0 0.0418
3 0.0351 1.0 0.0351 1.0 0.0351
4 0.0208 1.0 0.0208 1.0 0.0208
5 0.0119 1.0 0.0119 1.0 0.0119
6 0.0065 | 0.91 0.0059 | 0.50 0.0032
7 0.0029 | 0.78 0.0023 | 0.16 0.0005
8 +-0.0009 0.67 +0.0006
9 —0.0004 | 0.59 —0.0002
10 —0.0012 | 0.53 —0.0006
11 0.0015 | 0.48 0.0007
12 0.0017 | 0.44 0.0008
13 0.0016 0.41 0.0007
14 0.0015 | 0.38 0.0006
15 0.0013 | 0.35 0.0004
16 —0.0010 | 0.32 —0.0001
SleReq 0.1285 0.1275
Chart 12 for ring reading—Re
9 ;? o\'. v?
[ Ly loir /
25 A
\
/’/
% 535V “57h ERs
3 5 ¢ 1 8 1o b i3 14 15 16
v 4 ? Ring Woe
I, for /- Scale 0O to 3.0 —
8-3cale L-Cos &) tor Repe
TABLE B-Is FOR INFLUENCE VALUES
Computation of TIsRe
Areas 1-4 Areas 2-3
Ring
Is Rey TRy Ry IsRep
1 +0.0142 1.0 +0.0142 1.0 0.0142
2 0.0418 1.0 0.0418 1.0 0.0418
3 0.0351 1.0 0.0351 1.0 0.0351
4 0.0208 1.0 0.0208 1.0 0.0208
] 0.0119 1.0 0.0119 1.0 0.0119
6 0.0065 0.58 0.0039 0.49 0.0032
7 0.0029 0.35 0.0010 [ 0.14 0.0004
8 +0.0009 | 0.24 | 4+0.0002
9 —0.0004 | 0.19 —0.0001
10 —0.0012 | 0.15 —0.0002
11 0.0015 | 0.13 0.0002
12 0.0017 | 0.10 0.0002
13 0.0016 | 0.08 0.0001
14 0.0015 | 0.07 0.0001
15 0.0013 | 0.06 0.0001
16 —0.0010 | 0.02 —0.0000
TR 0.1279 0.1274
Sign notation for shearing stresses
1 4 2 3

Tez = Tzz

Tey = Tys

«— «— = aty
= —0.8 3 [4 0.1285 4 0.1285 — 0.1275 — 0.1275)

1

4

= —0.0018
2 3

«— — <« =
= —0.83 {4 01279 — 0.1279 4 0.1274 — 0.1274) = ¢
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