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H i g h w a y problems have been analyzed i n a v a r i e t y of ways and each has 
y ie lded i m p o r t a n t p rac t i ca l and theoret ical results. U t i l i z a t i o n of l inear p r o 
g r a m m i n g techniques offers another w a y to solve h ighway problems and 
such a s ta tement is the purpose of the present paper. T h e p rob lem used as 
a vehicle f o r the analysis is the m i n i m i z a t i o n of j o i n t costs of t ranspor ta 
t i o n and investment i n a h ighway system. T ranspor t a t i on routes are defined 
as directed arcs l i n k i n g u rban centers. The res t ra in t set recognizes require
ments f o r t r anspor ta t ion capaci ty to and f r o m urban centers, the relat ionships 
between t raf f ic on any route and capaci ty on other routes, as we l l as budget
a r y l i m i t s on investment. T h e dua l p roblem is also examined. 

A special a t t empt is made to elaborate economic, geographic, and engineer
i n g impl ica t ions of the problem i n add i t ion to impl ica t ions of a general peda
gogical and theoret ical sort. One result of th is analysis fo l lows f r o m an ex
amina t i on of the efficiency prices of the dual . These prices c l a r i f y concepts of 
benefits to p roper ty owners and vehicle users. Also, t hey offer a guide to al ter
nate investment possibili t ies. 

Several ways to continue th is type of analysis are suggested, such as the 
inclusion of intersections and congestion costs i n the arrangement of routes. 
I n add i t ion , the f o r m u l a t i o n suggests pr ior i t ies f o r empi r ica l research. 

• A F O R E M O S T F E A T U R E of any and demand cannot be over-emphasized, 
complex t ranspor ta t ion system is the Here is a basic feature of the t ranspor t 
h igh level of spat ia l interdependence revolu t ion . U r b a n centers, regions, and 
among i ts component routes. M a n y em- nations tend to grow or decline as the i r 
p i r i c a l examples attest to th is f ac t , f o r comparat ive advantage v i a the t ranspor-
instance, the divers ion of t ra f f ic f r o m one t a t i on system waxes and wanes. T h i s 
route to another f o l l o w i n g changes i n the basic interdependence presents one of the 
capaci ty of routes. A more subtle b u t many problems w h i c h must be recognized 
more s ign i f ican t i l l u s t r a t i on of in terde- i n the analysis of t r anspor ta t ion net-
pendence occurs when route improve - works . 
ments change the compet i t ive positions I n any t ranspor ta t ion system, analysis 
of p roduc ing and consuming centers and, is the basis f o r development decisions and 
thus, t ra f f ic patterns. T h i s influence of consequent investment choices between 
the improvement of routes i n the t rans- alternate modes of t r anspor ta t ion and 
po r t a t i on ne twork on the strategic posi- al ternate routes, w i t h opportuni t ies 
t i o n of nodal points or areas of supply avai lable f o r investments v a r y i n g i n de-
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grcc. I n add i t ion to the interdependence 
] i rcvious ly noted, analysis fo r develop
ment decisions is com])licated because 
there is no product of t r anspor ta t ion 
priced on the marke t and there is l i t t l e 
l)lace to s ta r t w i t h the t r a d i t i o n a l anal 
ysis by es t imat ion of supply and demand 
curves. The strength of the previous 
statement varies, of course, between d i f 
ferent modes of t ranspor ta t ion . W i t h 
most of the h ighway ne twork there is no 
valued product on the marke t a t a l l ; 
whereas cer ta in other systems, where 
prices are associated w i t h the t ranspor ta 
t i o n service, operate under a s t ructure of 
prices wh ich is extremely d i f f i cu l t t o con
sider marke t -der ived . 

A t the present t ime the Federal gov
ernment has embarked upon a long-
range, high-cost p rogram of basic i m 
provements i n the interstate h ighway 
system. One feature of th is p rogram is the 
nearly complete absence of p r i c ing and 
related marke t guide-posts f o r the use of 
decision makers i n gu id ing this enor
mous development program. T h e present 
paper is mo t iva t ed b y th i s p roblem of 
improvements i n the interstate h ighway 
system, wh i l e t a k i n g cognizance of the 
spat ia l interdependence of routes and the 
problem of p r i c ing services of the h i g h 
w a y system. T h e s tudy uses l inear p ro 
gramming , a too l used i n a 1956 H i g h 
way Research B o a r d s tudy b y LaVal l ee 
(9). Methods other t h a n l inear p rogram
m i n g are avai lable f o r the analysis of 
ne twork problems. These were reviewed 
recently b y K a l a b a (5 ) . 

I t is presumed i n the p rob lem discussed 
here t h a t the choice has a l ready been 
made to invest i n the t r ans j io r t a t ion sys
tem i n general and i n the h ighway sys
tem i n par t icu la r . The specific p roblem, 
then, is to chose among al ternate invest
ments, t a k i n g in to account the f ac t t h a t 
investment w i l l affect p roduc ing and con
suming areas and thus w i l l change the 
f low s i tua t ion w i t h i n the ne twork . W h a t 
cr i ter ia can be used to select among a l 
ternate investment choices? H o w can i t 
be assured tha t the most efficient t rans
po r t a t i on possible is being purchased 
w i t h the budget adopted? H o w large a 

budget should be adopted? H o w is a j u s t 
and equitable t a x a t i o n po l i cy to be de
vised? These questions overlap i n scope, 
bu t they generally i d e n t i f y the p rob lem 
for discussion. 

T h e need f o r guidance i n previous s im
i l a r s i tuations has served as the m o t i v a 
t i o n fo r the f o r m u l a t i o n and ca re fu l 
statement of the characteristics of several 
t ranspor ta t ion problems. F o r example, 
Bevis (2) recent ly studied the cost-bene
fit aspects of expressways. However , 
m a n y of these previous statements have 
concerned on ly specific parts of the whole 
and have no t been general statements. 
One consequence of th is theoret ical f r a g 
menta t ion is the existence of a v a r i e t y o f 
theories, each of w h i c h has i ts advocates 
and opponents; a s i tua t ion w h i c h stems 
i n p a r t f r o m the r i g h t of the analys t t o 
cr i t ic ize, bu t w h i c h also arises f r o m d e f i 
ciencies i n basic theoret ica l outlooks as 
to the nature of t r anspor ta t ion problems. 

Tinbergen (14) has poin ted out t h a t 
problems of t r anspor ta t ion have been, i n 
general, per ipheral to the central consid
erations of economics. Thus , there is l i t t l e 
i n present economic theory t h a t con t r ib 
utes to the solut ion of the present p rob
lem. I n spite of th is , Nicholson (11) and 
Beckman ( i ) recent ly f o r m u l a t e d several 
h ighway questions i n economic terms. 
Other workers , such as F lood ( 5 ) , have 
poin ted out how cer ta in t r anspor t a t ion 
problems of an elementary type resist 
simple analysis. F lood notes, f o r example, 
t h a t the solut ion of the t r a v e l i n g sales
man problem ( t ha t is, the selection of a 
shortest route between a series of nodal 
points) is empi r i ca l ly extremely l a b o r i 
ous i n a l l b u t the most t r i v i a l cases. I t is 
not surpr is ing t h a t i n Crane's (3) recent 
review of t r anspor t a t ion research l i t t l e 
was noted i n reference to h ighway 
problems. 

I n l i g h t of the scanty theoret ical re
sources avai lable and the great e m p i r i 
cal d i f f icul t ies invo lved , the present paper 
m a y be considered somewhat ambi t ious . 
The goal of the analysis presented here is 
an exclusive scheme d i sp l ay ing the eco
nomic characteristics of t r anspor ta t ion 
w i t h special reference to h ighway net-
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works . M a n y of the statements i n the 
analysis are explora tory . T h e y rcj jrescnt 
an a t t emp t to set d o w n the s igni f icant 
interrelat ions i n a t r anspor ta t ion net
work . Other statements are explanatory. 
The la t te r especially occur when m i n i m i 
zat ion and m a x i m i z a t i o n techniques are 
discussed. S t i l l other statements arc i n 
tended to be suggestive. These suggestive 
statements relate to needed research and 
value or benefi t impl ica t ions of the 
analysis. 

C O N T E N T O F A G E N E R A L S T A T E M E N T 

The nature of the analysis of h ighway 
networks has been noted i n a gross way . 
W h a t should a more realist ic statement 
encompass? I f a general statement is i n 
deed intended to cover a l l of the ques
t ions of interest of a "choice among a l 
ternates" type , i t must incorporate some 
expl ic i t measure w h i c h m a y be e m p i r i 
ca l ly enumerated b y the researcher and 
used as a basis fo r actual decisions. I n 
the present discussion dol la r value is used 
as a measure of the value of al ternate 
actions. 

The second requirement of a general 
statement is t h a t i t include a l l of the per
t i nen t characterist ic features of the sys
t em wh ich i t is intended to represent. I t 
is essential to recognize the ne twork 
character of the h ighway system; i n this 
case a ne twork of routes connecting 
points between wh ich t raff ic m a y move. 
A route is here defined as a l i n k between 
points of o r ig in and dest inat ion of t raff ic . 
A de f i n i t i o n of nodal points fo l lows f r o m 
the de f in i t i on of routes, nodal points be
ing places of o r ig in and dest inat ion of 
goods or persons. L a t e r th is l a t t e r d e f i n i 
t i o n is broadened to include the a c t i v i t y 
of t r ans f e r r i ng goods a t route intersec
t ions. T h e analysis thus incorporates 
spa t ia l ly separated centers of p roduc t ion 
and consumption, and spat ial compet i 
t i o n f o r resources and markets over 
t r anspor ta t ion routes. 

T h e t w o items ju s t discussed seem 
essential to measuring the s u i t a b i l i t y of 
the alternates suggested b y the analysis 
and to d i sp lay ing the spat ia l character 
of the problem as we l l as the special p ro

duct ion and consumption characteristics 
of the s i tua t ion . A d d i t i o n a l considera
tions can be in t roduced in to the problem 
to b r ing the out l ine of the scheme in to 
clearer operat ional focus. These are as 
fo l lows : 

1. The supply and demand parameters 
w i t h i n w h i c h the economic system op
erates. 

2. Per t inen t costs of t r anspor ta t ion 
and t r anspor ta t ion fac i l i t i es . 

3. Points of p roduc t ion and routes of 
marke t i ng f o r a l l commodities or services 
which use t ranspor ta t ion . 

4. Geographic realities of the or ienta
t ion of routes and locations of nodal 
points. 

5. Changes w i t h t ime . 

I n the ensuing discussion these charac
teristics are in t roduced f o r m a l l y in to the 
analysis i n v a r y i n g degrees. 

F O R M U L A T I O N O F T H E M O D E L 

The discussion of characteristics w h i c h 
should be recognized i n a realist ic ana
l y t i c model of h ighway t r anspor ta t ion 
was to a large extent pragmat ic . These 
items are elements of the author 's i m 
pressions of r ea l i t y , bu t these i n t u i t i v e 
views are strengthened by statements of 
others and by considerable empi r i ca l ex
perience. Pragmat ic impressions are one 
resource avai lable fo r model construct ion. 
The second resource at hand is the too l of 
linear p rogramming . Here is an o p t i m i 
zat ion technique which has been f o u n d 
suitable f o r m a n y problems of the tyi )e 
s imi la r to t h a t presented here. 

I n the present section of the analysis 
the pragmat ic elements of the model * are 
brought together w i t h i n the f o r m a l ana
ly t i c s tructure. The f i r s t po r t i on dis
cusses the w a y variables are recognized; 
the second por t ion discusses the f o r m a l i 
zat ion of the p r i m a l l inear p rog ramming 
p rob lem; the t h i r d po r t i on discusses the 
f o r m a l i z a t i o n of the dua l or p r i c ing 
problem. 

* T h e model discussed here is one of several developed 
at the S S U C Workshop on L i n e a r E c o n o m i c Models, he ld 
at S t a n f o r d U n i v e r s i t y d u r i n g the summer of 19^7. 
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Identification of Variables 

Essential to the concept of a t ranspor
t a t i o n ne twork is movement along routes 
between nodal points . L e t be the 
amount shipped f r o m place i t o place j . 
X m a y be measured i n any uni t s ( f o r i n 
stance, tons per year or passengers per 
d a y ) . L e t i represent the o r ig ina t ing place 
w i t h the number of such places ranging 
f r o m 1 to 71. j w i l l represent the receiv
ing place, of wh ich there are also n ( j 
ranging f r o m 1 to n ) . A receiving place 
and o r ig ina t ing place m a y be the same 
geographical ly. Thus , places f o u n d i n the 
l is t of o r ig ina t ing nodes m a y also appear 
i n the l i s t of receiving nodes. I n the pres
ent model , t ra f f ic between such ident ica l 
nodes is not recognized as m o v i n g along 
a t r anspor t a t ion route ( t ha t is, a ; i i = 0 ) . 

Consider t w o u rban centers and the 
routes connecting them. C a l l one u rban 
center place 1 and the other u rban cen
ter place 2. Center 1 could produce and 
ship to 2 and th i s shipment w o u l d be 
measured i n uni ts Xi2- T h e same f igure 
indicates, of course, the receipts of place 
2 f r o m place 1. F o r instance, x^i w o u l d 
indicate both the receipts of 1 f r o m 2 and 
the ou t f low of p roduc t ion of place 2 w h i c h 
is directed to place 1. I t is to be noted 
t h a t there are t w o l inks between places 1 
and 2 — a l i n k f o r f lows i n one d i rec t ion 
and another l i n k f o r f lows i n the opposite 
d i rec t ion . Is this assertion a departure 
f r o m the real condit ions of the h ighway 
ne twork? I t seemingly is i n practice a 
departure, bu t i t is no t necessary t h a t 
capaci ty on road routes be the same i n 
both directions. P reva i l i ng practice of 
m a k i n g capaci ty i n both directions ap
p rox ima te ly equal may , i n fac t , be i n 
error. 

N o w le t a t t en t ion be sh i f t ed f r o m a 
system t h a t contains on ly t w o u rban cen
ters, or nodes on the t r anspor ta t ion net
w o r k , to a t r anspor ta t ion ne twork w i t h 
m a n y centers. Considered geographical ly, 
the s h i f t is to a scatter of points on a 
plane each of wh ich connects w i t h a l l 
other poin ts b y a system of directed 
routes ( F i g . 1 ) . One w a y to u t i l i ze the 
de f i n i t i on j u s t given is to number each 
u rban center and then i d e n t i f y each d i -

Figure 1. A completely connected network. 

rected route. I n a system of n u rban 
centers there w o u l d be n{n—l) directed 
routes. 

H o w does this system d i f f e r f r o m the 
interstate h ighway system? I n r e a l i t y no t 
every place is connected w i t h every other 
place b y a direct l i n k . F r o m the s tand
p o i n t of the l ayou t of the ne twork , there 
are apparent ly t w o reasons f o r th is . One 
is the conf igura t ion of the area t h a t con
ta ins t he ne twork . F o r example, l and 
routes f r o m the northeastern U n i t e d 
States to Minneso ta are restrained f r o m 
direct connections b y the Great Lakes. 
T h e other feature is tha t , i n general, 
places are l i n k e d d i r ec t l y on ly t o a d j o i n 
i n g places and not to more d is tan t places. 
T h e or ig ina l ne twork ( F i g . 1) is charac
terized b y m a n y intersections of di rect 
routes wh ich go re la t ive ly long distances. 
The key difference between th is pa t t e rn 
and the actual reproduct ion of a real pa t 
t e rn (F ig . 2) is t h a t each intersection on 
the real ne twork is occupied b y an u rban 
center. 

Commodi t ies shipped between two 
places w h i c h are n o t d i r ec t ly l i n k e d are 
shipped v i a t ransfer points . F o r example. 

K n o x v i l l e i i - -

• < Chat tanooga 

Al lonto 

Figure 2. A segment of the interstate highway system. 
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commodities m i g h t be shipped f r o m place 
1 to place 4 when the directed route is 
v i a place 2 and place 3. I n the present 
scheme the movement Xn w o u l d no t be 
iden t i f i ed . T h e movement w o u l d appear 
as p a r t of the movement Xi2, p a r t of the 
movement X23, and p a r t of the movement 
2:34. Movements are d i rec t on ly between 
places wh ich are close geographical ly. 

T h i s labe l l ing of routes is a d i s t i n 
guishing feature of the present scheme. 
I t tends to dupl icate ac tual condit ions i n 
real t r anspor ta t ion networks and i t 
avoids the p rob lem of congestion a t i n 
tersections i n these networks . Aspects of 
this p roblem w i l l be discussed later . On 
the other hand, the effect of commodi ty 
f low on produc t ion and consumption in 
u rban centers m a y be somewhat obscured 
b y th is classif icat ion system. T h i s w i l l 
also be elaborated later . 

I n add i t ion to measures of movements, 
other variables m a y be at tached to the 
routes f r o m i to j . Each route has a ca
p a c i t y as w e l l as an actual movement . 
T h e capaci ty on the route f r o m i to j can 
be designated C i j . T h i s capaci ty w o u l d be 
measured i n the same uni ts as the uni ts 
o f X i i . 

I n add i t ion to capaci ty and amount of 
f low, an average cost of t r anspor ta t ion 
m a y be assigned to the directed route 
f r o m i to j . Th i s can be designated n j 
and is t aken to be independent of the 
f low, Xij. T h i s measure w o u l d be i n cost 
per u n i t moved f r o m i to j . Thus rijXij is 
the cost of t r anspor ta t ion at some par
t i c u l a r t i m e f o r the t o t a l movement be
tween i and j . L Z rijXij is, then, the t o t a l 

1 j _ 

cost of t r anspor ta t ion i n the ne twork . 
U r b a n centers cont r ibute t ra f f ic t o the 

system and receive t raf f ic f r o m the sys
tem. These amounts are related to the i r 
p roduct ive capaci ty and demand. T a k e 
the i * " place and cal l i ts t o t a l p roduc t ion 
Ai. The j * " place has some level of de
mand , By Ai and Bj are here defined as 
levels of p roduc t ion and demand at the 
onset of the analysis. 

Emphasis thus f a r has been on u rban 
centers and routes. There has been no 
a t t empt to state w h a t type of goods is 

being hauled along the route. T h e com
m o d i t y superscript tj> m a y be added to the 
no ta t ion to indicate the c o m m o d i t y 
hauled; f o r example, Xi * (where <̂  = 1 to 
m) is the amount of the c o m m o d i t y 
moved f r o m i to j . However , t o s i m p l i f y 
the no ta t ion th i s convention w i l l n o t be 
f o r m a l l y adopted here. I t should be noted 
tha t the 4,*^ commodi ty is i m p l i c i t and 
the discussion holds f o r t h a t commod i ty . 

T o summarize, the no ta t ion adopted is 
as f o l l o w s : 

Xij = A m o u n t shipped f r o m i to j ; a;ii = 0 ; 
i t o j is a directed arc between u r 
ban centers; i n general, Xijy^Xji; 

Cij = Capac i ty of the i t o j route ; 
r i j = Cost of t r anspor ta t ion f r o m i to j ; 
Ai = Or ig ina l p roduc t ion a t the i**" 

source; 
Bj = O r i g i n a l demand a t the j * " * p lace; 

and 
(f)^^ C o m m o d i t y i m p l i c i t . 

T h e m o t i v a t i n g and unde r ly ing as
sumpt ion of the whole analysis is t h a t 
investment i n the t ranspor ta t ion n e t w o r k 
is war ran ted and desired. I t is undecided 
wha t the level of investment w i l l be; t h a t 
is, how much w i l l be p u t in to the system. 
D e t e r m i n i n g th is amount requires con
siderations beyond those of the t ranspor
t a t i o n system itself . Questions per t inen t 
here are those of returns f r o m t ranspor
t a t i o n versus returns f r o m other great 
act ivi t ies , say education. A l t h o u g h the 
de te rmina t ion of the level of t ranspor ta 
t i on inves tment is beyond the present 
model, the present f o r m u l a t i o n con t r ib 
utes to the decision process b y o f fe r ing a 
measure of r e tu rn as expected f r o m v a r 
ious levels of inpu t . One other feature of 
the system as y e t undetermined is the 
al locat ion of the gross i n p u t in to the road 
system among alternates w i t h i n the sys
tem. Choices m a y be made to increase the 
capaci ty of any pa r t i cu la r route or any 
par t i cu la r m i x of routes and to increase 
each to some unique level. 

T h e p rob lem of charging f o r capaci ty 
increases is also unsolved. Th i s is basic to 
the choice among alternate investments 
and is also basic to problems of t a r i f f 
establishment and collection. I n some 
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cases development of the h ighway net
w o r k requires actual to l l s , bu t more o f t en 
one is concerned w i t h problems of t axa
t i o n po l icy . 

The physical characteristics of the 
t ranspor ta t ion system related to these l a t 
ter problems must be iden t i f i ed . I t should 
be recalled t h a t the t r anspor ta t ion sys
tem warrants investment and the deci
sion has been made to make investments. 
Inves tment w i l l cause capaci ty increases 
on routes. A n y route m a y have its capac
i t y increased and m a y be iden t i f i ed by 
an amount K^i, wh ich is the increment i n 
capaci ty along the route f r o m i t o j . T h i s 
w o u l d be measured i n the same uni ts 
used f o r measuring C i j . Each increment i n 
the capaci ty w o u l d have at tached to i t a 
cost P j j representing the cost to increase 
the capaci ty b y one u n i t along the route 
i to j . PijKij is the cost of increased ca
pac i ty along the route f r o m i to j . 

Formulation of the Problem 

The t ranspor ta t ion system is congested 
and i t is desired to expand capaci ty. O n l y 
on a most general level m i g h t one at
t e m p t to expand capaci ty to a level 
wh ich , considering al ternate investments 
i n the economy, w i l l maximize na t iona l 
product . Some suggested ways fo r th is 
m a x i m i z a t i o n m i g h t be determined f r o m 
avai lable i n p u t - o u t p u t i n f o r m a t i o n on 
the Amer i can economy; however, i n a 
large measure the de te rmina t ion of the 
o p t i m u m level of inves tment i n t rans
po r t a t ion is obscure. Dosages of t rans
po r t a t ion ini)uts m i g h t be d iv ided among 
m a n y places and among m a n y transpor
t a t i o n routes. Decisions of th is sort are 
obscured when one deals w i t h the t rans
po r t a t i on sector i n i n p u t - o u t p u t models 
aggregated fo r the whole economy. I sa rd 
(7) has noted the problems of using i n 
p u t - o u t p u t data on a less t h a n na t iona l 
scale. 

W h e n i t is k n o w n t h a t inputs w i l l be 
made to t ranspor ta t ion , the p rob lem m a y 
be f o r m u l a t e d at a lower level t h a n t h a t 
of the ])roblem j u s t noted: the level of 
alternates among t ranspor ta t ion systems 
and al ternate inputs among places w i t h i n 

any given t ranspor ta t ion system. T h i s 
p rob lem w i l l be f o r m u l a t e d here f o r the 
road system as a m i n i m i z a t i o n problem, 
namely to min imize 

zl = Z Z (Piii^ij + r i i X i i ) (1) 
1 j 

The goal iden t i f i ed is to min imize the 
j o i n t cost of new capaci ty and the cost of 
t r anspor ta t ion . The value of P i j K i j sum
med over a l l i and a l l j y ie lds the cost of 
a l l capaci ty addit ions to the system. The 
value of TijXij summed over a l l i and j 
gives the t o t a l cost of t r anspor ta t ion i n 
the system. The Kij's and the Xij's are the 
variables t h a t are to be chosen to achieve 
the m i n i m i z a t i o n (the choice variables). 
The object ive f u n c t i o n by i tself has l i t t l e 
meaning. I t is now necessary to i d e n t i f y 
the restraints under w h i c h m i n i m i z a t i o n 
values of K^^ and â ij are chosen. 

I t m a y be suggested t h a t the m i n i m a l 
va lue of this expression, t e rmed the ob
jec t ive f u n c t i o n , occurs when no capaci ty 
is added and on ly t r anspor ta t ion costs 
are incurred . As the p rob lem has been 
discussed, however, th is could not be t rue 
because i t has been assumed t h a t there is 
m o t i v a t i o n f o r investment i n new ca
p a c i t y ; t h a t is, i t is desired to b r i n g a l l 
capaci ty i n l ine w i t h actual movement 
requirements. Th i s requirement m a y be 
fo rmal i zed i n the system as one of the re
straints to wh ich the object ive f u n c t i o n 
is subject. Th i s res t ra in t i s : 

C i j + / V i j ; (2) 

E q . 2 states t h a t the o r ig ina l capaci ty 
of each route plus the added capaci ty is 
a t least as great as the t ra f f ic m o v i n g 
over the route. T h e statement holds f o r 
a l l routes. Th i s equat ion assures t h a t 
capaci ty w i l l be added u n t i l a t least a l l 
demands ( in terms of f lows) are met. 

M o r e is required to describe the be
hav io r of t ra f f ic i n a t r anspor ta t ion net
w o r k . I t is k n o w n t h a t the t ra f f ic on any 
route is a f u n c t i o n of the compet i t ive 
posi t ion of t h a t route versus other routes. 
I t is s imply noted t h a t when a route is 
improved , t raf f ic may be diver ted f r o m 
other routes to the improved route. Thus , 
the improvement of a route m a y affect 
flows on other routes. However , there are 
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more complexities to this problem than 
the simple diversion of traffic. Concurrent 
with improvements of transportation 
routes are changes in the competitive 
positions of urban centers. Some urban 
centers are now able to reach out over 
greater areas to market products or com
pete for raw materials; others have their 
zones of influence curtailed. The point is 
that the change of a route from two 
places, say k to q, may influence the 
traffic flow into and out of the i " ' place, 
and this change may be measured by 
summing over all outflows of the i " ' place, 
namely: 

••LZaik,iKu,i+Ai 
k n 

(3) 

This notes simply that the total outflow 
from the i " ' place, Z Xij, is less than or 

1 
equal to the original production at that 
place, Ai, plus that flow induced by the 
new capacity on the route from k to q 
(flow docs not exceed capacity). The 
values of aikq are coefficients to be deter
mined from empirical experience. 

A similar analysis of inflows to the i " ' 
place may be made by examining the 
inflows of products to the place. This re
straint may be written in a manner simi
lar to that for the outflow, namely: 

+ (4) 
1 k (I 

Here 6jqk is a measure of the influence on 
the j " ' place of new route capacity be
tween k and q, and is also to be deter
mined empirically. 

The equation to be minimized, the ob
jective function, is also subject to re
straints {Kij ^ 0 and .Tij ^ 0) to insure 
meaningful answers. 

Algebraic manipulations may be used 
to arrange the restraining equations so 
that the variables are restrained by 
known constants. Thus, the foregoing re
straint set may be rewritten as follows: 

(5) 
•Zxj i + Z Z a i , , , ; ^ , , ^ ( 6 ) 

I . r , j - Z Z 6 i , , X , , ^ B i (7) 
1 k <i 

To make the set of restraint equations 
as clear as practicable, they may be 
written in an extended form, as follows: 

^12 " l~iVi2 — — C i 2 

-Xni +Kni 

+i?n(f i - l ) — —Cn(n-l)J 

(Capacity) ( 5 ) 

Za:ij-|-ZZaik„i«Ckq^ • 
k q 

Za^aj-l-ZZa^kqifkq — 
k II 

-A, 

-A, 

- Z .T„j + Z Z a„kq-Kkq — -A„ 
i k q 

(Outflows) ( 6 ) 

Z a ; , i - Z Z 6 , k q - K k q ^ B i 1 

Z . r i2-ZZ62kqi^kq^B2 
i k q }- (Inflows) (7) 

Z . T i „ - Z Z 6 „ k q i ? k q ^ B „ 

I t is seen from the foregoing that the 
requirement that capacity be provided for 
all flows may require as many as n(n —1) 
restraint equations, and that recogniz
ing the effect of route changes on inflows 
and outflows of centers requires 2n re
straint equations. At first glance this may 
seem to be a system so large as to defy 
practical analysis. I t should be recalled, 
however, that the n{n — l) accounting of 
the first group of equations would not 
hold in practice. Every urban center is 
not directly connected with every other 
urban center. An approximation of the 
number of equations in the practical 
problem of the interstate highway system 
indicates 6n or 7n equations. 
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The minimum value of the objective 
function (subject to the restraints) may
be found by linear programming methods. 
Computational routines are available for 
several large computers and a problem of 
the size posed by the interstate highway 
network could be handled by existing 
methods. Theoretical, computational, and 
economic aspects of linear programming 
are reviewed by Dorfman (4). 

The values of Kij selected for the mini
mum value of the objective function and 
their associated values of Pij would indi
cate the total budget needed to align ca
pacity of the road network with traffic 
(values of Xa). The transportation 
costs in the developed system are also 
indicated by the objective function 
(LLriiXii). 

i j 
Suppose the total available budget is 

less than that indicated by the minimum 
value of the objective function. How 
should capacity improvements be allo
cated in this case? Would the order of 
selection of capacity improvements af
fect the realization of the allocation indi
cated by the objective function? I t should 
be clear that the objective function ex
amined does not contain answers to all 
aspects of the allocation problems. Ques
tions such as those propounded are not 
answered by the present formulation. 
They are the proper subject of further 
research. 

The Dual or Pricing Problem 

The solution of the foregoing problem 
in highway transportation implicitly 
places values on the various inputs and 
outputs involved in the system. These 
values are found in a dual problem to the 
problem just discussed (the primal). Be
fore identifying these values i t will be 
useful to examine general relationships 
between primal and dual problems. 

The relation between the minimization 
problem just discussed and the linear 
programming dual may be conveniently 
illustrated using general matrix and 
vector notation. The problem previously 
discussed was to find a set of values for 
the elements of a column vector V which 

would minimize the product, A = R'V, 
min 

where i2 is a column vector of known co
efficients. This minimization is subject to 
BV^ X, where S is a matrix of known 
coefficients and Z is a column vector of 
known constants. 

The dual problem is to find the values 
of the elements of a column vector U 
which will maximize the sum 

max 
X'U 

subject to the restraint set 

Formal results from the algebra of 
linear inequalities indicate that if a 
finite solution exists for the primal prob
lem, then a finite, and identical, solution 
exists for the dual; that is, for A and e 
finite, e = A. ma't 

max min 
Relationships between dual and primal 

problems important in the present analy
sis may now be listed, as follows: 

1. The dual of a minimization problem 
is a maximization problem, and vice 
versa. 

2. The dual problem has one restrain
ing inequality for each variable in the 
primal problem and one variable for each 
restraining inequality in the primal 
problem. 

3. The inequalities in the dual re
straint set have the opposite direction 
to those in the primal restraint set. 

4. The coefficients of the primal ob
jective function appear as restraining 
constants in the dual restraint set, and 
the restraining constants of the primal 
problem are the coefficients of the dual 
objective function. 

To obtain the dual statement of the 
highway network problem it is necessary 
to define a dual vector U. Once the pri
mal problem is solved empirically, the 
solution of the dual problem and values 
for the elements of the vector may be 
found by simple mathematical manipula
tion. Following the definition of dual-
primal relationships just elaborated, 
the dual vector may contain up to 
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n{n—l)+2n elements. Let this vector 
be: 

U (Wl2,Ul3, . 

— Wia — V 1 + W2 •• 
— Uis-V^ + Ws • 

(9) 

problem. Economic, geographic, and en
gineering considerations control the in-

•2n, ; U„i,Un2, . 

Multiplication of U against the column 
of restraining constants of the array of 
restraint equations of the primal problem 
yields the objective function of the dual 
problem: 
maximize e = — Z Z MijCy — Z ViAi 

+ Zw)jBj (8) 
j 

The restraint equations for this prob
lem are found in a similar manner and 
may be arrayed as the restraint equations 
of the primal problem were arrayed: 

M12 + Z a u 2 V i - Z 6i,2U 'i ^ P i 2 
i i 

(10) 
I 

Wn(n-1)+Z aun-DĴ i — Z bi(„-i)„U'i 
1 i 

Pnm-l) 

The restraint equations for this prob
lem are greater in number than those for 
the primal problem; there are a possible 
n(n—l)-|-n(n—1) restraints in the dual 
problem. However, i t should be recalled 
that in practical problems many of the 
possible equations will not appear. The 
restraining constants are the transporta
tion costs on each route (rij) and the cost 
of new capacity on each route ipa). 

Formal mathematical considerations 
controlled the writing out of the dual 

terpretation of the dual. The specific 
problem here is that of finding a meaning 
for the vector U. 

By scanning the equation to be maxi
mized (Eq. 8) and the restraint equa
tions (Eqs. 9 and 10), i t is seen that the 
values of Wij are associated with the orig
inal capacity and specific routes. The Vi's 
are associated with movements from 
urban centers and production considera
tions (the Ai, and the a i j , ) . The WJ'B are 
associated with consumption or import 
considerations. Elements of the vector U 
are in monetary terms, as is seen by in
specting any one of the equations. 

The interpretation of the vector by the 
authors is that each Wjj represents the toll 
charge for a particular route or a price 
of the capacity of the route. Each iMj 
represents a price or a toll which may be 
imposed for use of the route to ensure 
that the entire network system is used 
optimally; that is to minimize cost of 
transportation in the system. Each Vi is 
the f.o.b. price of a unit of production at 
place i , and each Wj refers to delivered 
unit price at j . The meaning of these 
prices is clarified by reference to the re
straint equations and the objective 
function. 

Restraint Eqs. 9 are constrained by 
transportation costs, so that for any route 
the spread between the delivered unit 
price and the f.o.b. unit price of goods 
plus the road toll must be equal to unit 
transportation cost (equalities hold for 
variables that enter the objective func
tion) . This is noting that in the optimum 
solution (that solution with a maximum 
value of the objective function) marginal 
benefit (left side of the equation) equals 
costs (right-hand side of the equation). 
Restraint Eqs. 10 indicate that the value 
of the computed change in production 
minus the imputed value of increased de
liveries (which may be thought of as a 
site benefit) plus the value of capacity 
(vij) must not exceed the price of install-
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ing capacity, p^. The equations have a 
cost-benefit meaning similar to that of 
Eqs. 9. 

Referring to the dual objective func
tion, it is seen that the difference between 
production and transportation plus jiro-
duction cost is maximized. Reference 
here is to the original production. I t is in
teresting to compare this with the primal 
objective function. The allocation that 
minimizes the joint cost of new capacity 
and transportation costs also has a max
imizing result in terms of the original lay
out of the network of producing and 
consuming centers and routes. 

What does this ready availability of 
the dual mean in the present problem? 
The answer seems to be roughly as fol
lows: I f a selection is made among pos
sible budgets that might be allocated to 
the road system and a level of allocation 
is selected, as well as those places of allo
cation indicated by the primal problem, 
the dual may be examined for measures 
of the values of this allocation. Elements 
of the dual vector establish the value of 
the capacity increase, Ua, at the road 
and at the places served by the roads. In 
the latter case a value is placed on 
changes in production and consumption 
levels. At the practical level these dual 
values might be of great value in the es
tablishment and implementation of taxa
tion policy and in like problems where 
prices are needed. 

EVALUATION 

The discussion thus far has brought 
together features of transportation net
works (asserted pragmatically) with a 
formal analytic scheme (linear program
ming) . The purpose was to describe fea
tures of transportation networks, espe
cially from the point of view of expansion 
of networks. The evaluation of how good 
the resulting description is may be made 
in two ways. First, the model may be 
subjected to empirical testing. Second, 
the model may be evaluated on a con
ceptual-logical level. The latter alternate 
is adopted in the ensuing discussion. 
However, areas where preliminary empir
ical testing should be used to evaluate the 

structure of the model are pointed out. 
The evaluation of the study utilizes 

three questions, as follows: 
1. How well docs the linear program

ming formulation fit the type of problem 
under study? 

2. How well does the asserted list of 
significant characteristics of the trans
portation network incor])orate actual sig
nificant variables? 

3. How well are the asserted signifi
cant characteristics of transportation 
systems brought into the analysis model? 

Applicability of Linear Programming 

Evidence available from other studies 
indicates that linear programming is well 
suited to the general type of problem 
here under consideration. This statement 
is supported by empirical evidence in that 
many practical problems, such as those 
discussed by Dorfman U) , have been 
solved using linear programming meth
ods. The general problem of achieving 
optimal output under a set of restraints 
and of placing prices on inputs is one to 
which linear programming applies di
rectly. The problem of investment in the 
transportation system would seem ex
actly to fit this problem type. Moreover, 
as pointed out by Orr [13), linear pro
gramming links problems of a transpor
tation type to problems of spatial price 
equilibrium and also to the broad field of 
location theory. Beckman {1) and Garri
son [6] have also stressed the logical 
links between transportation problems 
and location theory (theory which deals 
with determination of rents, uses of sites, 
and the movements of goods). However, 
except for these several examples, and to 
a limited extent that of Troxel {15), 
there previously has been little or no 
efi'ort to bring the resource of location 
theory to bear on problems of a transpor
tation type. 

The kind of programming used here is 
"linear" programming. Do the linearity 
assumptions of linear programming re
strict the suitability of the tool? Techni
cally, the linearity assumptions restrict 
the problem statement to objective func-
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tions and restraint equations which are 
linear in form. This is a disadvantage, 
but the disadvantage is offset by the ad
vantage that techniques are available for 
the efficient computation of problems of a 
linear nature, whereas the computation 
of nonlinear problems presents formid
able difficulties. At the present stage in 
model construction it seems urgent to 
maintain the computational simplicity of 
the linearity assumptions to facilitate the 
checking of the model with data. 
Whether or not in the long run the linear
ity assumptions are unduly restraining 
can only be determined by empirical 
experience. 

Significant Characteristics of Transpor
tation Networks 

The question might properly be raised 
as to whether the discussion has included 
all the important features of transporta
tion networks. This is a question not cur
rently susceptible to specific answer. In a 
broad way, of course, what is taken to be 
a significant feature of the network de
pends on the purpose for which the net
work is analyzed. At the level of the ac
tual analysis what is significant can be 
determined only by empirical evaluation 
of the facts. With one exception, the 
problem of the validity of the identifica
tion of important variables in the trans
portation system is set aside until ex
perience can be obtained with actual 
problems. 

I t will be recalled that in the present 
study the convention was adopted that 
direct routes pass between nearest neigh
bors only. Where urban centers intervene 
between locations, direct routes are not 
recognized, routings are via intervening 
urban centers. This convention was 
adopted to facilitate the analysis of con
gestion. Insofar as the between-cities por
tion of the interstate highway system is 
concerned, this would not seem to be un
realistic formulation. 

Consider, however, the transportation 
network within a city. Connect all origins 
and destinations with directed arcs. 
Many intersections — up to n{n — l)—• 

may occur in the route grid and dealing 
with these intersections is a major prob
lem of the analysis. This is the manner in 
which researchers like Mayer (10) have 
approached urban problems. These inter
sections are congestion points to which i t 
would be essential to attach costs and to 
incorporate systems of restraints. How
ever, i t is not immediately clear how 
these costs could be introduced into the 
formal analysis. 

Failure of the proposed model to rec
ognize congestion costs at route intersec
tions restricts its application to rural por
tions of the interstate highway system. 
Urban portions of the interstate highway 
system, as well as other urban transpor
tation routes (for example, subways) pre
sent evaluation problems. How should 
the theoretical scheme be modified to in
corporate such important features of ur
ban transportation systems? 

The restraint system of the present 
model might be enlarged to include the 
cost-scale features of urban carriers. For 
example, i t could be noted that walking 
will accommodate a trip by a single in
dividual for a short distance, whereas, 
subways would accommodate many indi
viduals traveling long distances. The 
objective function (Eq. 1) would then 
include the minimization of walking, 
undesirable length trips via the subway, 
and other pertinent features of the 
system. 

I t is noted, however, that these addi
tions to the system have not achieved the 
desired objective. Congestion costs re
sulting from actual arrangement of routes 
have not been recognized. Some work has 
been done on this problem, but no sug
gestions currently can be made toward 
tlie solution of the problem. 

Discussion has been restricted to con
gestion costs at intersections. Congestion 
may occur on routes other than at inter
sections and such congestion is implicit 
in the present model. Note that one set 
of restraints in the primal formulation 
requires that capacity be enlarged to ac
commodate flows. The act of choosing 
new capacity indicates that flows are con
gested (flows exceed capacity). At the 
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end of the allocation period there will be 
no congestion because restraint Eq. 2 will 
be satisfied. 

In the model, transportation costs (nj) 
are assumed to be constant. Observations 
in the preceding paragraph indicate that 
transportation costs could not be con
stant, they would decrease as capacity is 
addeci to meet flow requirements. Proper 
treatment of transportation costs as a 
function of congestion along routes re
quires analysis beyond that of the present 
paper. Beckman (1) has made an im
portant start on this topic. 

NEED FOR EMPIRICAL RESEARCH 

Lack of explicit empirical references 
limits to generalities the discussion of the 
suitability of the research model to actual 
problems. Empirical research is needed to 
clarify theoretical aspects of the model 
about which decisive statements can not 
now be made. Also, empirical research is 
needed to implement the model. I t was 
assumed through the discussion that in
formation on imputed imports and ex
ports at urban centers following increases 
in route capacities were known, and that 
the transportation system was describ-
able in terms of flows, capacity costs, and 
the like. 

At the empirical level many of these 
bits of information are simply not avail
able. Insofar as the model represents a 
valid underlying theoretical orientation 
for studies and is the goal of empirical 
studies (supplying data for the model), 
i t wouM be worthwhile to undertake 
large-scale empirical investigations tai
lored to the model. 

Verifying the Structure of the Model 

Empirical research needed to verify the 
structure of the model should follow six 
lines of investigation, as follows: 

1. Patterns of routes. In the establish
ment of the model it was asserted that 
the model approximated the interstate 
highway system. I t is not known to what 
extent this assertion is true. One thing 
that is needed is more route information 

in terms of actual intercity traffic flows. 
Reference here is to flow information 
similar to, but more extensive than, that 
developed by Ullman (16) for railroad 
routes. 

The problem of indirect routing is also 
in need of continued study. I t was noted 
that flows were counted only between ad
joining cities. In each case some of the 
traffic between intervening cities would 
not terminate or originate in the cities 
identified. To what extent is this true? 
The authors are of the opinion that 
through traffic is a relatively small pro
portion of all highway traffic, but realize 
that this assertion is of limited validity 
and will vary from route to route. Em
pirical research would clarify this situa
tion. A recent paper by Orden (12) indi
cates a promising means of attacking this 
problem; namely, a method for the ex
plicit recognition of transhipment prob
lems. 

2. Clarification of demand and supply 
functions for urban centers. In the pres
ent study the demand for imports at 
nodal places is assumed to be a linear 
function of capacity of routes elsewhere 
in the system; a similar assumption is 
made for the output of traffic from urban 
centers. One question to be answered 
here on the empirical level is whether or 
not linearity assumptions hold. Another 
question relates to the problem discussed 
under the previous item. Any route ca
pacity change is controlled by Eq. 2; it 
is a function of the movement over that 
route, which as already noted, is com
posed of both through or indirectly 
routed traffic, and traffic originating and 
terminating on the single route. Some 
empirical work would clarify how de
mand and supply in individual centers 
and their functions are related to these 
aspects of traffic. 

3. The general linearity of the model. 
The question of the linearity of the 
model is a point earlier noted; being 
dealt with here is the linear program
ming case of more general mathematical 
programming. I t is not clear at this junc
ture how the linearity assumptions of the 
model distort actual occurrences. Some 
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empirical research on the subject would 
certainly clarify this question. 

4. Functional relationships between 
prices of capacity increments and ca
pacity increments. One essential feature 
of the model is that the capacity of 
routes is increased and some costs are 
incurred. I t would seem reasonable that 
in an actual situation high threshold 
costs of increasing capacity would 
obtain. I t is imagined that the present 
highway system has already had ca
pacity increments in all places where a 
reasonable cost level exists. Additional 
increments require such drastic action 
as the addition of new lanes to routes, 
creating limited access facilities, and the 
like. 

I t would be interesting to know what 
part threshold costs play in the price of 
increased capacity. 

5. Clarification of multiple-commodity 
and passenger-fersws-commodity move
ments through empirical references. I n 
the model the appearance of multiple 
commodities was implicit. I t was possible 
to avoid cumbersome notation by carry
ing the discussion without direct ref
erence to commodities. On a practical 
level i t is not immediately clear how the 
discussion might be broken down into 
commodity types. Exploratory empirical 
research is needed to identify the com
modity classes which i t would be im
portant to recognize, and to resolve such 
commodity classifications as might be 
adopted with industry classifications, 
where input and output data are avail
able. 

Another point is that roads are also 
used for passenger t ra f f ic—the move
ment of persons. The framework of 
measurement here is somewhat differ
ent f rom that of the commodity case 
and some exploratory empirical research 
would be needed to merge the two. 

6. Recognition of effects over time at 
the empirical level. I t is presumed that 
propensity to travel is changing over time 
due to pervasive social effects, apart f rom 
the present model. The reference here is 
to passenger transportation. I t might be 
noted that increased use of advertising 

media for marketing, and the like, is 
probably increasing the capacity to con
sume goods from great distances, com
pletely independent of usual cost con
siderations. Some of these effects need 
to be identified in order that capacity 
increases may be realistically pro
grammed over spans of time. 

To summarize, i t is seen that changes 
in the system occur internal to the model 
and that effects occur external to the 
model. I t is necessary to know both 
classes of effects i f the model is to rep
resent the real situation. 

Operation of the Model 

Three lines of research work can be 
suggested to prepare for calculations 
using the model as follows: 

1. The Oiki's and the bjki ' s must be 
determined. For each commodity and 
each route one needs to know how ca
pacity changes resulting in traffic flows 
affect the propensity of urban places to 
consume and supply. Powerful methods 
are currently available for the estimation 
of supply and demand equations, but use 
of these methods has been somewhat d i f 
ferent than that required to supply the 
data for the present model. Considera
tions of the type identified here need to 
be entered into estimations of demand 
and supply and made available to the 
present problem. 

2. The rij's should be determined. I t is 
presumed that costs of transportation are 
known. This is true, of course, of tariff 
structures for cartage by commercial car
riers, but even here data are not readily 
available in the form needed for the 
present study. Cartage by non-commer
cial carriers (company-owned vehicles) 
and transportation by private individ
uals present problems. Research is 
needed to produce the needed informa
tion. 

3. The pij's need to be determined. I t 
was noted earlier capacity prices are 
needed at the level of the empirical oper
ation of the model. These wi l l have to be 
determined. I t is presumed that informa
tion is already available in the construe-
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tion experience of highway operating 
units. The problem is to make this infor
mation available. 
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DISCUSSION 
W I L L I A M S. P E T E R S , Montana State 
University.— The presuppositions upon 
which this paper is based are val id; 
namely, that many highway studies, es
pecially in the cost-benefit area, are 
fragmentary in character. Not that this 
is undesirable necessarily, but the theo
retical formulation of the problem of 
which they are a part is often treated in 
a perfunctory manner. Even when this is 
spelled out, different investigators w i l l 
proceed, as is clearly their right, f rom 
different theoretical backgrounds. The 
net result is that i t becomes difficult, i f 
not impossible, for yet another investi
gator to use these heterogeneous studies 

as a basis for formulating or testing 
broader types of theoretical statements. 
Therefore, the present effort is entirely in 
order. There is a need for this kind of 
work. 

I n addition, this paper is a substantial 
contribution to the theoretical back
ground necessary for a sound over-view 
of the problem of allocating highway in 
vestment. I t deserves study, comment, 
refinements, and extension by others in 
the field. The theoretical formulation 
presented is both a "model" which states 
the interrelationship between basic loca
tion and transportation variables and a 
"model" which can be used more or less 
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directly in cost-benefit approaches to the 
highway taxation problem. The approach 
employed can be extended in both direc
tions— backward toward ultimate de
terminants of traffic generation, and for
ward toward the highway planning stage 
and assessment of costs to (iirect benefici
aries. I t would be desirable for both the 
authors and others to attempt this. The 
more specific commentary to come may 
amplify these points and wi l l , i t is hoped, 
begin the process of comment, refine
ment, and extension which the authors' 
efforts merit. 

In the section titled "Content of a 
General Statement" the authors state 
their own list of the requirements of a 
model. This same framework has been 
used for organizing the writer's com
ments, as follows: 

1. The supply and demand parameters 
within which the economic system op
erates. These are, apparently, the A's 
and -B's (outflows from sources and in
flows to destinations) which must be 
determined empirically for use in the 
model. Restraint Eqs. 3 and 4 recognize 
that these flows are affected by invest
ments on routes of which these sources 
and destinations are not a part, and this 
is a valuable part of the statement of 
inter-relationships. But what determines 
the level of the outflows and inflows? 
Obviously i t is some combination of the 
location of population and resources plus 
the configuration of the transport sys
tem. Studies pushed in this direction 
(backwards) aimed at parameters which 
(ietermine the A's and B's are needed, 
i t would seem to f u l f i l l the stated re
quirement. Indeed, if such parameters 
are developed, and they involve fore-
castable economic variables, the present 
analysis can be used in the sense of f u 
ture as well as jiresent planning. 

2. Pertinent costs of transportation 
and transportation facilities. These are 
involved in the objective function which 
minimizes the joint or sum of the costs 
of present transportation plus the cost 
of new capacity (subject to the require
ments of the restraint equations). The 
joint nature of this objective function is 

confusing, although i t is not apparent if 
more is involved than a "quibble" over 
the way these costs are defined. The two 
costs seem to be of a different charac
ter — existing transportation is a current 
cost, whereas capacity costs are an in
vestment. Would i t make sense to mini
mize annual investment charges in rela
tion to some measure of transportation 
output of the system? I n other words, to 
drop (explicitly at least) current users' 
costs and to seek to minimize investment 
in relation to transportation output, or 
to maximize output for some fixed in
vestment? There are some variants of 
the model presented in which the rele
vant costs may be not the rates of car
riers for different commodities but the 
operating costs of carriers in different 
vehicle classes. More is given on this 
point later. 

3. Points of production and routes of 
marketing for all commodities or services 
which use transportation. The "nodal 
points" concept yields the spatially sepa
rated centers of production and con
sumption — or termini of a segmented 
network. But to recognize routes of 
marketing, as the writer understands 
the term, would require the recognition 
of through routes, not the segmenting 
of flows by directly connected "nodal 
points." There are good reasons for the 
flow segmentation used and it does make 
possible certain kinds of applications 
which would otherwise seem extremely 
difficult. However, the present formula
tion does not permit of a solution calling 
for new investment to l ink directly two 
locations not previously joined. I t would 
seem that if "marketing routes" were 
identified in terms of their originating 
and terminating points, as well as the 
connecting segments, this possibility 
would exist. Without this, the solution 
always wi l l be in terms of increasing the 
capacity of the existing network; not to 
create entirely new capacity where i t 
may be justified by the origin-destina
tion pattern of physical distribution in 
the economy. 

4. Geographic realities of the orienta
tion of routes and locations of nodal 
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points. Insofar as this refers to the direc
tional aspect of routes introducted by the 
authors, the writer was inclined at first 
to agree with this "departure." Some 
complications may ensue, however, for 
this leads to a possible solution in which 
capacity is to be increased from i to j 
but not f rom j to i . Is this possible? Is 
i t practical in view of construction prac
tices? I f the effect is inevitably to in
crease capacity f rom j to i also, how can 
the investment be wholly charged to 
route i j? To the extent that capacity 
increases are in fact joint costs of move
ment in both directions, the route from 
i to j is one "commodity" with that from 
j to i , despite the fact that the move
ments in either direction are not equal
ized. This seems a "messy" problem: 
possibly the movement to be taken into 
account as far as the need for capacity 
is concerned is that in the direction of 
greatest movement. The model essen
tial ly does just this, but the reverse 
movement may enter into the benefit of 
increased capacity. 

5. Changes with time. The linear pro
gramming formulation is technically a 
static equilibrium model. Change over 
time is introduced by appropriately 
changed values of the knowns in the 
equations. The model does not explain 
how these changes come about, nor does 
i t consider the process whereby a new 
equilibrium is reached. Tru ly dynamic 
models are hard to come by: the present 
static model would have more dynamic 
overtones were the writer's previous sug
gestion to press back toward ultimate 
determinants of traffic generation taken 
up. 

This general review has anticipated 
some of the comments concerning the 
formulation of the model. Additionally, 
the following are offered for considera
t ion: 

1 . Definition of route capacity. This 
is of course critical to any application 
of the model. Apparently i t is some fixed 
number which must for some routes in 
the system be less than current move
ment. Problems in devising an opera

tional definition of capacity are antici
pated. As a concept, capacity seems to 
)e a flexible term, a function of the 
transportation and congestion costs which 
could be tolerated on any given route. 
I t would require quite a reshaping of the 
analysis to replace the capacity term 
with some measure of route potential, the 
problem being to allocate additional in 
vestment among routes in some optimum 
fashion to bring actual movement pat
terns more in line with potentials. And 
such a move might not improve the mat
ter any. 

2. Inflows and outflows {restraint Eqs. 
3 and 4) • The incorporation of the influ
ences of highway investment in given 
routes on flows along other routes is cer
tainly a theoretical and practical neces
sity. The writer is somewhat pessimistic 
about the possibility of empirical studies 
providing the critical coefficients (the a's 
and the b's). There is need for a supple
mentary theory or model which w i l l 
allow these to be estimated from other 
more readily accessible variables. Histor
ical examples may provide partial tests 
of such models, but the required coeffi
cients are of such a net character that 
analysts may have to be satisfied with a 
model for estimating them that simply 
meets certain logical tests. 

3. Addition of the commodity dimen
sion. The authors mention that some 
study is necessary to determine the kinds 
of commodity classifications most appro
priate to the analysis. However, the 
model may be susceptible to a wholly 
different view of "commodities." The x's 
in this application would represent trans
port demand over routes by vehicle types 
and the r's the operating costs of vehicle 
types over various route segments. The 
problem would be to determine annual 
investment charges to routes so as to 
minimize total operating plus investment 
charges. This extension would move the 
analysis a step closer to the highway 
taxation problem. Demands by vehicle 
type are derived f rom underlying com
modity flows, but traffic data by kind of 
vehicle and operating cost data by vehi
cle type for various conditions of terrain. 
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traffic density, and highway types would 
seem to be more readily available. The 
concept of segmented routes seems to fit 
r's defined as operating costs better than 
r's viewed as carriers' rates, for in the lat
ter case there w i l l be a problem in break
ing up through rates by route segments. 
The dual solution, which has great signifi
cance to taxation problems, would seem 
in this modification to yield charges re
quired to recover investment expendi
tures via user taxes. 

4. Sub-optimization. As the authors 
point out, the present model represents 
sub-optimization with respect to invest
ments in the entire transportation sys
tem. A model cannot be expected to solve 
all problems, but investment in other 
means of transport wi l l affect highway 
flows. Where these are known and sub
stantial, some effort might be made to 
modify the x's (route flows) directly. 

The method of segmenting the trans
portation network seems to facilitate re
gional and sub-regional applications of 

the technique. I t would be possible to 
use the model to allocate a predetermined 
total investment budget among inter
regional links, or a total regional budget 
among intra-regional routes. Or the 
model could be applied to previously rec
ognized sub-systems, such as federal 
interstate, federal aid primary, federal 
aid secondary and so forth. Thus, i t is 
flexible enough to operate in a situation 
in which some budget decisions are pol i t i 
cally but not economically optimal, 
whereas in others economic optimization 
can realistically be sought. 

The authors did a fine job of pointing 
out the implications and limitations of 
their own work. The writer was im
pressed and intrigued, for instance, by 
their elucidation of the economic and 
fiscal implications of the dual solution. 
This is a powerful device for obtaining 
insights not otherwise easily come by. I t 
wi l l be interesting to see how these work 
out in various modifications and exten
sions of the basic formulation. 




