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• T H I S REPORT discusses wave prop
agation in stratified sandy clays excited 
by sinusoidal force vectors of constant 
amplitudes. By adapting imj^act methods 
to this type of excitation certain soil 
characteristics may be determined. To 
check the results, reflection, refraction, 
and dispersion effects, as well as decay 
coefficients and strata depths, were com
puted. Their analysis yielded results 
which coincided reasonably well with 
values obtained from field experiments. 

P R E V I O U S I N V E S T I G A T I O N S 

Impact Force Excitation 

The classical theories developed by 
Rayleigh [1), Lamb {2), and Love (3) 
form the backbone of a well-established 
science in seismology. They show the co
existence of numerous types of propagat
ing waves in the soil—such as longitu
dinal, shear, Rayleigh, Love, and hydro-
dynamic waves — each having different 
propagation velocities as well as trajec
tories H-25). 

Sinusoidal Force Excitation 

The recent development of mechanical 
oscillators , {16} generating sinusoidal 
force vectors permitted the application 
of discrete parameters such as magnitude, 
direction, frequency, and action line of 
the disturbing source. Hence, the uncer
tainty inherent in blasting methods with 
respect to these four parameters, as well 
as the resultant transients, could be 
eliminated. 

P R E S E N T I N V E S T I G A T I O N 

From the foregoing limited citations of 
the pertinent literature i t may be con

cluded that any theoretical as well as 
experimental approach to the problems 
in soil dynamics is rather complex and 
certain simplifying assumptions cannot 
be avoided. 

The purpose of the present study is as 
follows: 

L To compare some of the previous 
investigations. 

2. To determine what simplifying as
sumptions are permissable. 

3. To check whether the experimental 
results coincide with an analysis based 
on these assumptions. 

One of the controversial suppositions is 
that two waves— one surface and one 
reflected or refracted body wave — may 
become predominant, which could be 
shown for restricted source detector dis
tances. This rather provocative assump
tion of two waves of unknown charac
teristics facilitates the mathematical 
treatment substantially and should be 
considered as a temporary short cut only. 

For an easily available check the fac
tor of strata depth was selected. This 
depth could be determined analytically 
and verified by borings. 

I t must be emphasized that most of 
these studies are restricted to one specific 
case of stratified, non-compacted sandy 
clays. 

Further investigations are required to 
determine whether similar results are 
obtainable under different conditions. 

T E C H N I Q U E 

Impact (blast) methods for geophysi
cal prospecting — subsurface reconnais
sance — to explore strata depth or oil 
sources are well known. The main differ
ence between this approach and the 

618 



B E R N H A R D : S O I L W A V E P R O P A G A T I O N 619 

method described in the report is the 
manner of introducing propagating 
waves into the soil. 

Excitation of propagating waves by 
earthquakes or blasts is replaced by ad
justable sinusoidal force vectors of 
known magnitude, direction, and fre
quency. As far as could be established 
the earliest papers dealing with this 
method were published by the DEGEBO 
(^0) and the author in 1936 (14)• The 
use of sinusoidal force vectors with con
stant amplitudes instead of amplitudes 
increasing with the square of the fre
quency seems to be the first application 
of this particular type of excitation. 

Instrumentation 

The technique employed to induce si
nusoidal propagating waves into the soil 
and to measure their effect by seismo
graphs and pressure cells has been de
scribed elsewhere (15). A few relevant 
details inherent to this method might be 
mentioned. 

The instrumentation comprised a me
chanical three-mass oscillator (16) to 
excite sinusoidal force vectors of constant 
amplitude, seismometers to pick up the 
transmitted propagating waves on the 
soil surface, and pressure cells below the 
soil surface. 

A sinusoidal vertical force vector rang
ing from about 500 lb to about 1,500 lb 
generated enough energy above the noise 
level (ground unrest) to be detectable at 
larger distances. The vertical components 
of the trajectory could be recorded up to 
200 f t horizontally from the disturbance 
on the surface and pressure changes up to 
60 f t horizontally below the surface. 

The phase velocity is determined by 
the ratio of distance over time as traced 
simultaneously from the output of two 
transducers. The location of these two 
pick-ups yields the distance. The phase 
angle between two corresponding maxima 
of their records indicates the time. How
ever, this phase velocity does not neces
sarily represent a true velocity, because 
reflection, refraction, and dispersion ef
fects may be included. 

Waves when excited by mechanical os
cillators arc of sinusoidal characteristics. 
They have the advantage of producing 
stationary patterns, which can be re
corded continuously as soon as the ex
citer-soil system has reached a stable 
dynamic equilibrium (steady state). 

The output of two adjacent transducers 
may be fed into a phase meter, a two-gun 
cathode-ray oscillograph, or via an elec
tronic switch into a single-ray oscillo
graph. By synchronizing the wave fre
quency with the time signal (X-axis) of 
an oscillograph, two standing waves w i l l 
appear on the screen (Fig. 1). The dis
tance between corresponding maxima or 
minima, calibrated in feet per second, in 
dicates the phase velocity directly. No 
time-consuming recording and additional 
calculations are necessary, as is usually 
the case when applying blast excitation. 

The disadvantage of these continuous 
sinusoidal waves is that no characteristic 
wave fronts wi l l be patterned. Hence, 
measurements at rather short distances 
between adjacent detectors are required 
to interpret correctly phase differences 
between two observation points. I n other 
words, phase angles larger than 360° 
must be avoided. 

Furthermore, wave type identification 
by means of first wave front arrivals is 
not possible. 

Soils 

The field available for investigation 
consisted mainly of four rather homoge
neous strata (15). Figure 2 represents ap
proximate depth profiles, including soil 
types, as obtained from three bore holes. 

Layers A and B comprise a dry mix
ture of medium and coarse sandy clay. 
The upper bed, A, is a recent fill, the 
lower bed, B , an older stratum (11). 
Layer C, having the same composition, 
however, is located below the water table. 
Stratum D consists of hard clay. Layer E 
forms a lens of soft clay. 

A few experiments were made on soil 
of similar composition as stratum A, with 
no detectable stratification to a depth 
of about 40 f t . 
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Figure 1. Seismometer records due to sinusoidal force excitation; stationary image on cathodc-ray oscillo

graph screen; double pattern produced by electronic switch, vp 450 ft per Bcc. 
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Figure 2. Depth profile obtained from borings. 



B E E N H A R D : S O I L W A V E P R O P A G A T I O N 621 

Discussion 

The advantages and disadvantages of 
sinusoidal force excitation when com
pared with blast methods are as follows: 

Advantages: 

1. Magnitude, direction, action line, 
and frequency of the sinusoidal force 
vector can be adjusted to and reproduced, 
as well as kept constant, for any desired 
values within the capacity range of the 
exciter. 

2. Phase velocities may be read off 
directly from a stationary pattern. 

Disadvantages: 

1. The distance between two pick-up 
units must be smaller than the distance 
corresponding to one exciter period. 

2. A mechanical oscillator, including 
drive and power supply, is heavier and 
more expensive than complete powder 
charge equipment. 

Improvement of the instrumentation 
(in particular increased sensitivity of the 
transducer and recorder units) is planned 
for future tests. 

Investigations on soils of different 
composition, stratification, water con
tents, etc., are essential. 

V E L O C I T Y O F P R O P A G A T I N G W A V E S 

The main purpose of this part of the 
investigation is a study on wave velocities 
due to impact and sinusoidal force exci
tation as obtained from seismograph and 
pressure-cell records. I n the following 
discussion nine graphs have been selected 
as typical examples. 

Components of Trajectory 

Figure 3 is a record of three unidirec
tional seismographs all at a distance of 
50 f t f rom the oscillator. Seismograph 1 
indicates the transverse vertical ( T V ) , 
seismograph 2 the transverse horizontal 
( T H ) , and seismograph 3 the longitu-

V 
F= 1500 lb 
n= 4 0 cps 

50 ft 

® 

I 

Figure 3. Seismograph records of components of trajectory due to sinusoidal force excitation, di = SO ft. 
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dinal horizontal ( L H ) component of the 
trajectory. Only the T V component is 
large enough to yield reliable results; the 
magnitudes of the T H and L H compo
nents are too small and partially masked 
by the noise level (ground unrest). 

AVhen comparing individual images of 
this as well as the following oscillographs, 
the difference in amplitudes due to the 
varying sensitivity of the transducers 
and amplifier units must be considered. 
I n Figure 3 the T H and L H components 
required a much larger amplification 
than the T V component, as can be seen 
from the maximum displacements 
marked on the diagram. No orbits in 
space could be plotted from these records. 

Hence, all further conclusions are 
based primarily on the T V components 
of the trajectory. 

Velocity Determination 

Impact Force Excitation. The first ser
ies of experiments was made on soil with 
no significant stratification to minimize 
reflection or refraction effects. Impacts 
could be produced by hammering a 
wooden stick into the ground. The lower 
end of this stick penetrated about 1 f t 
below the surface. 

I f Figure 4a represents the location of 
the disturbing force and of the detectors, 
and Figure 4b represents the correspond
ing displacement-time records, C and S, 
mark the arrivals of the first compression 
and shear wave fronts with the velocities 
Vc and Vs-

Then 

At — ta— tc 

di2 d..:i 

d d 

or 

and, finally, 
d. 

d 
M+d/Va 

do_ 

(1) 

(2) 

(3) 

d. 
Ats + d^/Vc (4) 

requiring the evaluation of only one wave 
train. 

Figures 5 and 6 are seismograph rec
ords. Figures 7 and 8 are pressure cell 
records, due to impact excitation on non-
stratified soil. The arrival of two wave 
fronts — first of the compression wave, 
C, and second of the shear wave, S — is 
visible. The arrival of the shear wave is 
not as clearly recognizable as would be 
the case with blast excitation. 

An evaluation according to Eqs. 1 and 
4 yielded ?;c~l,100 f t per sec and f j ~ 4 5 0 
f t per sec. 

Sinusoidal Force Excitation. The sec
ond series of experiments was made on 
stratified sandy clay (Fig. 2) similar in 
composition to the soil used for impact 
tests as previously described. 

I f Figure 9a represents the location of 
the oscillator and the three detectors (1 , 
2, 3) , and Figure 9b represents the re
corded time-displacement diagrams, fi2 
and (as are the time lags between the 
maxima of two adjacent transducers at 
the distances di-, and d^s, respectively. 
The assumption is made that di2 and dzs 
are smaller than the wave length, A. 
Thus, the apparent phase velocity be
comes 

Vp = - ^ ^ - j r - (5) 
tia (-2,3 

requiring the recording of two wave 
trains. 

Figures 10 and 11 are seismograph 
records. Figures 12 and 13 are pres
sure cell records, due to sinusoidal ex
citation on stratified soil. The sinus
oidal pattern and the time lag between 
the records (maxima or minima) of two 
adjacent detectors is clearly visible. The 
evaluation according to Eq. 5 yielded the 
apparent phase velocities. For a source-
detector distance ranging from 50 to 69 
f t , the apparent phase velocity was 350 
f t per sec at 20, 30, and 40 cps. A l l previ
ously discussed velocity measurements 
are summarized in Table 1. 

Discussion 

1. The similarity of corresponding rec
ords of the TV-trajectory components, 
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Figure 4. Phase velocity determination due to impact excitation. 
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Figure 5. Seismograph records due to impact force excitation, d\ — 25 ft: v,- 1,100 ft/sec, r* ^ 460 ft/sec. 
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Figure 6. Seismograph records due to impact force excitation, d\ = 40 ft: vc ^ 1,100 ft/see, vt ~ 440 ft/sec. 
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citation, dl = 30 f t : i)c ~ 1,100 ft/sec, ii. ~ 4S0 excitation, di = 33 ft: i)c ~ 1,100 ft/sec, i» ~ 460 

f t /»ee . ft/sec. 



B E R N H A R D : S O I L W A V E P R O P A G A T I O N 625 

E x c i t e r 

De tec tors 

( I ) ( 2 ) ( 3 ) 

O s c i l l a t o r - * * i r r — r * - * - S e i s m o q r o p t i s 
• - ^ ^ 1 ^ / / / / / " > / / / / / / ' / / / / ' - ' 

'12-

P r e s s u r e C e l l s 

( a . ) E X P E R I M E N T A L S E T - U P 

( I ) 

( 2 ) 

( 3 ) 

(b.) R E C O R D S 
Figure 9. Phase velocity determination due to sinusoidal foree excitation. 
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Figure 10. Seismograph records due to sinusoidal force Figure 11. Seismograph records due to sinusoidal force 
excitation, di = 20 ft: i>p ^ 900 ft/sec. excitation, di — 60 ft: rp ^ 450 ft/sec. 
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f'iOOO It) { n= 2 0 c p S 

- 5 0 3 ' 4 - 3 ' ' I - 3 ' -
T 

Figure 12. Pressure cell records due to sinusoidal 
force excitation, di = 5 0 ft: vp ^ 300 ft/sec. 

regardless of the various types of trans
mitters used, seems to indicate that the 
instrumentation operated satisfactorily. 
This reproducibility of all details is par
ticularly striking for the transient phe
nomena recorded from impact excitation. 

2. The velocities obtained from surface 
and subsurface measurements induced 
by impact excitation on non-stratified 
sandy clays averaged 450 f t per sec for 
the shear waves and 1,100 f t per sec for 
the compression waves. These two veloc-

F = 1 5 0 0 lb J n = 3 0 c p s 

O <D ® <3) @ 
r f f ti 

• • • O 

6 0 3 ' ' 4 » 3 ' ' h 3 ' * 

T 

Figure 13. Pressure cell records due to sinusoidal ex
citation, (fi = 50 ft: '•̂  300 ft/sec. 

i ty values are used for the computations 
under "Type of Propagating Waves." 

3. The apparent phase velocities 
gained from surface and subsurface 
measurements induced by sinusoidal 
force excitation on stratified sandy clays 
were in the range of 300 to 900 f t per sec. 
Velocities of similar magnitude are intro
duced in the computations under the sec
tions dealing with propagation, reflection 
and refraction, and dispersion of propa
gating waves. 

T A B L E 1 

SUMMARY OF PKOPAGATIXG V E L O C I T I E S M E A S U R E D OX NON-STRATIFIED AND S T R A T I F I E D SOIL 

Distance Between (ft) Vel. (ft/sec) 

Measure Excit. Instr. 1 Instr. 2 Instr. 3 Comp. Shear 
ment and and and and Wave, Wave, From 

Location Instr. Instr. 1 Instr. 2 Instr. 3 Instr. 4 Vc f J Fig. 

(«) I M P A C T E X C I T A T I O N , N O N - S T R A T I F I E D SOIL 

Surface Seis. 25 25 25 — 1,100 460 6 
40 3.3 — — 1,100 440 6 

Subsurface Press. SO 5 — — 1,100 450 7 
,33 3.3 — — 1,100 460 8 

(Average) 1,100 450 

(ft) SINUSOIDAL E X C I T A T I O N , STRATIKIBD S O I L 

Surface Seis. 20 10 20 1 i»00 2 10 
60 1.75 — — 40 1 450 2 11 

Subsurface Press. 60 3 3 3 201 300 2 12 
60 3 3 3 30 1 300 2 13 

1 Exciter frequency, in cycles per second. 
^ Apparent phase velocity, Vi>, in feet per second. 
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4. I t must be kept in mind that these 
velocities cannot be determined with 
greater accuracy than ± 2 percent and 
that the longitudinal- and transverse-
horizontal components of the trajectories 
could not be recorded satisfactorily with 
the available instrumentation. 

T Y P E O F P R O P A G A T I N G W A V E S 

The purpose of the following discussion 
is to show that some soils, in particular 
sandy clays, can be classified as visco-
elastic solids and approach a medium of 
equivoluminal characteristic (11). 

Velocities 

Four types of waves, two body and two 
surface waves, are of primary signifi
cance (Table 2 ) . 

Velocity Ratios 

The ratio of the compression velocity 
to the shear-wave velocity yields 

m 
•1 

(6) 

where m > 1.41 and o- = Poisson's ratio. 

Poisson's Ratio 

Poisson's ratio may be obtained from 
Eq. 6 as 

a = (7 ) 
m- — l 

where 0 < o - < 0 . 5 {a = 0.25 corresponds to 
a perfectly elastic medium and o-=0.4 

corresponds to an almost equivoluminal 
medium). 

Comparison of Vo and Vg with Vp 

As shown in Table 1, surface measure
ments on non-stratified sandy clays un
der impact excitation at source-detector 
distances from 25 to 75 f t yielded average 
values of i ; c ~ l , 1 0 0 f t per sec and f s ~ 4 5 0 

f t per sec. 
Surface measurements on stratified 

sandy clays under sinusoidal excitation 
at source-detector distances of about 60 
f t showed values of f p ~ 4 5 0 f t per sec. 

This seems to indicate that under spe
cial conditions and starting at a critical 
distance do from the exciter, a limited 
range exists where the velocity of the 
shear wave is equal to the apparent phase 
velocity {10, 12). This effect is discussed 
further in the sections dealing with syn
thesis, reflection, and refraction of prop
agating waves. 

I f the velocity ratio (see Table 1) is 
assumed to be 

Vc^ 

V, 

Vo 

V„ 

1,100 

450 
2.45, 

and i t is further assumed that by sub
stituting this value for ?w in Eq. 7 a 
Poisson's ratio, a', can be obtained: 

, _ % ( 2 . 4 5 ) ^ - 1 . 

2 . 4 5 - 1 
0.4. 

This high value leads to the conclusion 
that loose sands to a certain extent may 
act similarly to an equivoluminal me
dium (5). 

Elastic, Shear, and Bulk Moduli 
Considering this quasi-equivoluminal 

characteristic, the determination of the 
moduli loses some of its physical signifi-

T A B L E 2 

T Y P E S OF W.WES 

No. 
Wave 

Trajectory No. 
Direction 

of Velocity 

Trajectory 

Designation Symbol 
Direction 

of Velocity Components Designation Symbol 

1 Compression C — Vc y Longitudinal L H 

2 Shear S Vi z / 1 X Transverse TH and TV 

.t Love Q »- VII Transverse TH 

4 Rayleigh K »- VK Long, and trans. L H and TV 
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cance. However, a formal calculation 
might be of interest. 

Elastic Modulus, E: 

( l + a ) ( l - 2 < T ) 
E = y,^c • 

l - ( 
(8) 

for f = 100 lb per cu f t , = 0.00015 
Ib-sec^-in.-*, a = 0.4, = 1,100 f t per 
sec, and E = 12,200 lb per sq in. 

Shear Modulus, G: 

G = 
E 

2(1 + . ) 
Substituting the previously determined 
values yields G = 4,350 lb per sq in. 

Bulk Modulus, B : 

B = 
E 

3 ( 1 - 2 . ) (10) 
Substituting the previously determined 
values yields B = 20,300 lb per sq in. 

These values for E, G, and B do not 
deviate substantially from values ob
tained under static loads [11] by the t r i -
axial shear method. 

Elastic Constants ( y i and y a ) : 

The elastic constant due to resistance 
in change of volume (Lame's constant) 
is: 

• ^ ( l + . ) ( l - 2 < r ) 

and for cr = 0.4, 

(11a) 

y i = l.iSE ( l i b ) 
The elastic constant due to resistance 

in change of shape (coefficient of rigidity) 
is: 

or, for <T — 0.4, 
y , = O.ZblE (126) 

The rather small value for yz seems to 
indicate that this particular soil ap
proaches the behavior of a visco-elastic 
solid (7). Because of the existence of 

shear waves, the designation as a fluid 
cannot be sustained [17). 

I n Figure 14 Poisson's ratio, a, is plot
ted versus velocity ratios, m, and Lame's 
constants, y i and y^. 

Discussion 

From these observations i t may be 
justified to draw the following conclusion 
which, pending further investigations, 
must be restricted to non-compacted, 
stratified sandy clay: 

1. Certain soil characteristics, such as 
Lame's constants, Poisson's ratio, 
Young's modulus, shear modulus, and 
bulk modulus, as well as propagating 
velocities of compression and shear 
waves, could be determined. 

2. Within a limited distance from the 
exciter, shear wave velocities are equal 
to apparent phase velocities. 

3. A Poisson's ratio in the neighbor
hood of 0.4 leads to the assumption that 
this particular soil acted in some respect 
as an equivoluminal medium. 

4. An elastic constant due to resistance 
in change of shape of approximately 0.36 
classifies this soil as a visco-elastic solid. 

5. A discrimination between shear 
waves, Rayleigh waves, and Q-waves, 
was not possible. 

6. I n this connection i t should be men
tioned that a number of records could 
not be interpreted, which might be due 
to some of the previously mentioned 
anomalies. 

S Y N T H E S I S O F P R O P A G A T I N G W A V E S 

The purpose of this part of the study is 
to investigate whether on a stratified soil 
consisting of two beds with horizontal 
boundaries a synthesis of two decaying 
sinusoidal waves yields experimentally 
obtained distance-displacement and dis
tance-time graphs. 

The assumption is made that only two 
Avaves must be considered: one wave 
traveling along the surface and one wave 
refracted from the lower stratum. 

Griggs {12) investigated a soil com
posed of two homogeneous, isotropic 
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strata. He considered three types of 
waves: a compression (C) wave, a shear 
(S) wave, and a Rayleigh (R) wave 
radiating f rom the oscillator in a sinus
oidal pattern. The C- and S-waves 
travel through the upper bed and are re
flected from the surface of the subjacent 
bed, the R-wave propagates along the 
surface. 

Significant results are as follows: 

1. A critical distance, dc, exists be
tween source and detector. 

2. For distances smaller than dc the 
compression wave, predominates; for dis
tances larger than d^ the shear wave pre
dominates (Fig. 15). 

3. The value of 4 is 12.7 f t for an 11-ft 
deep upper stratum, and 34 f t for a 30-ft 

deep upper stratum. Similar values for d̂ . 
were obtained by other methods (see 
"Reflection and Refraction of Propa
gating Waves"). 

4. A graph (Fig. 16) indicating the 
distance vs vertical displacement on the 
surface of a 30-ft deep upper stratum 
coincides reasonably well wi th experi
mental results and shows characteristic 
interference maxima. 

General Equation 

The equation for the vertical displace
ment amplitude of body waves can be 
written in the form: 

= ^ e-i'^W (13) 
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Figure 15. Displacement amplitude factors of shear and compression waves (after Griggs). 
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in which 

Xa = vertical displacement amplitude 
at a; 

Xi = vertical displacement amplitude 
a t b ; 

da = source detector distance at a; 
di = source detector distance at b; and 
fi = decay coefficient. 

The phase angle between force and 
displacement amplitude has been elimi
nated by the experimental set-up as de
scribed in a previous report {15). 

But 

in which 
n (14) 

A = wave length, in feet; 
V = velocity, in feet per second; and 
n = frequency, in cycles per second. 

Experimental Data 

I n Figure 17 a set of experimentally 
obtained field data are plotted for a si
nusoidal force vector of 500 lb with a fre-

+ 4 

X"* I 

1 0 
a> 1 
o 
t - i 

^-2 

HI = 0.002 
= 0.02 

Upper Stratum 
Lower Stratum 

(a) HARMONIC COMPONENTS 

J 1 1 1 1 1 

Theoretical 

o Experimental 

(b) SYNTHETIC CURVE 

600 lb, 30 
OscilKotorj^^Seis mpgra 

0 = 3 7 Ad = 28 

V, =840 f»/sec — Theoretical 

o Experimental 

ft/sec 

(c) VELOCITY GRADIENTS 

J 1 1 1 I I 1 -10 20 30 40 50 60 70 80 90 100 110 
Distance, d, ft 

Figure 17. Determination of decay coefficient. 
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quency of n = 30 cps. Figure 17c repre
sents the correlation between the distance 
from exciter to detector and the elapsed 
time for the propagation wave to travel 
the distance. Figure 17b shows this dis
tance versus the vertical displacement 
amplitude measured by a seismometer 
on the soil surface. Both curves are re
sults from experiments on strata A and B 
(Fig. 2 ) . 

Figure 17c yields an average phase ve
locity of Vi = 420 f t per sec in the upper 
stratum and V2 = 840 f t per sec in the 
lower stratum. 

14, in the upper stratum 

14 f t , and in the lower stra-

28 f t . 

From Eq. 
_ 420 

30 
840 

t u m : A , = — 
The two velocity gradients intersect at 

the distance, d = 37 f t (Fig. 17c). A t this 
distance the two vertical displacement 
amplitudes, z, of both waves form a max
imum and are equal in magnitude and 
phase (Fig. 17a). For d < 3 7 f t , the ve
locity Vi governs the distance-time rela
tionship; for d > 3 7 f t , the velocity V2 
governs. 

I n Figure 17a are plotted two decaying 
sinusoidal curves representing the dis
tance-displacement correlation of the 
harmonic components in the upper and 
lower strata. As a starting point for both 
waves, one-half of the experimentally 
obtained value for the vertical displace
ment amplitude, x, is selected from Fig
ure 17b at d = 37 f t . 

For the upper stratum (sandy clay, 
recent fill) a decay coefficient of fiu 
= 0.02, for the lower bed (consolidated 
sandy clay) /x/ = 0.002, was assumed ar
bitrarily. Coefficients of similar magni
tude have been reported by Heinrich [9). 

Discussion 

1. A synthesis of two fundamental har
monics, one traveling with the velocity of 
the upper stratum, the other of the lower 
stratum, coincides satisfactorily with ex
perimentally obtained displacement-time 
and distance-time curves. Only in the 
vicinity of the exciter (coupling range: 

d < 2 0 f t ) and at greater distances (d>90 
f t ) do larger deviations occur. 

2. The gradient of the displacement-
time curve represents up to the breaking 
point the velocity in the upper and be
yond this point the velocity in the lower 
bed. This is discussed in more detail in 
the succeeding section. 

3. The assumption seems justified that 
under certain conditions two waves pre
dominate and that the magnitude of the 
selected decay coefficients for each stra
tum are approximately correct. 

R E F L E C T I O N A N D R E F R A C T I O N O F 

P R O P A G A T I N G W A V E S 

The purpose here is to check certain 
wave characteristics by comparing field 
borings with strata depth determinations 
from experimentally obtained distance-
time, distance-displacement, and fre
quency-displacement graphs. The graphs 
are the results of surface measurements 
with seismographs and subsurface meas
urements with pressure cells. 

I n the following development some 
equations had to be expressed in the gen
eral form: 

hi,2,s = f{v^,V2,V3,d,n] (15) 

where h^, hi, and represent the indi
vidual stratum depths; Vi, V2 and Vs the 
apparent phase velocities; d the distance 
between source and detectors; and n the 
excited frequency. 

Two methods of computing strata 
depths are discussed. The first is based on 
sinusoidal force excitation and follows a 
pattern suggested by the DEGEBO (W). 
The second procedure is well known from 
"refraction shooting" (blast excitation). 

Assumptions 
The assumptions made are as follows: 
1. The soil within each stratum is 

homogeneous and isotropic and spring 
and damping factors are linear. 

2. The reflection and refraction phe
nomena follow the laws of geometrical 
optics. 

3. The interfaces acting as reflecting or 
refracting planes (Table 3) are consid-
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TA1!I,E 3 
K E F L E C T I N C ! ANT)/OR HUFRACTING P L A N E S (see Figure 2) 

Reflecting and/or 
Refracting Plane 

^nation Composition Cliaracter Between Top of 
A 8aiid}' clay Dry recent A and B B 

fill 
B Sandy clay Dry B and C 0 

consolidated Water 

Sandy clay 
Table 

C Sandy clay Wet C and D D 
consolidated 

D Clay Hard _ _ 
E Clay Soft C and E E 

Remarks 

Low density 

Water taWe height assumed to 
be constant 

Moisture contente assumed 
to be constant 

High density 
Lens 

ered to be horizontal. These planes do not 
necessarily represent a change in physical 
composition of the subjacent strata. 

4. A l l experiments and computations 
were restricted to exciter-detector dis
tances larger than the critical distance, 
dc; that is, to the range where shear wave 
and reflection and refraction effects pre
dominate. 

Surface Measurements 
Three typical cases are evaluated by 

surface measurements (see Fig. 2). These 
are: 

Case I. — Two strata, the lower stra
tum of higher density than the upper 
stratum, or Vi<i^2, corresponding to lay
ers A and B. 

Cose / / . — Three strata, each succes
sive stratum with higher density than the 

upper stratum, or Vi<V2<V3, correspond
ing to layers A, B / C , and D . 

Case III. — Three strata, the inter
mediate soft stratum sandwiched between 
two hard strata, or U i > i ' 2 < f 3 , corre
sponding to layers A / B , E, and C. 

Sinusoidal Force Excitation 

Figures 17c, 18a, 19a, and 20a repre
sent experimentally obtained time-dis
tance graphs. Figures 18b, 19b, and 20b 
show the arbitrarily selected ray paths 
for the three strata. A, B / C , and E. Fig
ure 21 gives the corresponding frequency-
displacement curves; Figures 17b and 22 
give the corresponding distance-displace
ment curves. Numerical evaluation of 
these graphs for strata A, B / C , and E is 
summarized in Table 4. 

vz = 8 4 0 ft/sec 

0 ( 5 0 0 lb 

d = 37 

Seismograph 

4 2 0 f t / sec 

tc = 4 . 5 / (a) DISTANCEl VS. T IME 

[ 

20 30 I 4 0 
Distance, d, f 

dc= 12.6 

Stratum A 

Stratum B 
-S inuso ida l (b) PATH OF RAYS 

I mpact 
Figure 18. Pistance-time graph and ray paths for ^iurface measurements, r l < i>2. 
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V3 = 1100 ff/sec 

V2 = 575 ft/sec 

i[ =385 
ft/sec 

(o) DISTANCIE 
60 80 

0 Experimental Values 
X Breaking Points 

Oscillator 

,500 I b U s c p s Seismograph 
• /\i In 11 n 1,11 > 

U d 
VS TIME 
100 120 140 160 

I I I I I I I L 
_dc = 33_ 

.20.5 

Distance, d, ft 
J L 

lunini 
11' A 

Impact ^ 2 'ji^Sinusoidal' 20' B / C 

•//I I / / / I 
"!> (b) RAY PATH D 

Figure 19. Distance-time graph and ray paths for surface measurements, ul < < r;!. 

30 

.r" 25 

E 20 
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X Breaking Points 

V3 = 800 ft/sec 

0 

51-

. 10 

S 15 

20 

V2 = 300 f t / s e c / 

V| = 800 tt/sec 

d=l40 

12' 

3 X 10-2 sec 
J L 
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(a) DISTANCE-TI ME 

mooraph 

140 l$0 
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160 170 180 

- 7 ^ 

v]-) y/ / ' Water Level-7 
- ' i N W / / / / , ^ - — 

Strata A / B 

Ci^ vs-f ^Sinusoidal 

V) Stratum E (Cloy Lens) 

(b) RAY PATH 

Figure 20. Distance-time graph and ray paths for surface measurements, r i > t J 2 < i ) 3 . 



1.0 

0 .9 

0 .8 

.E 0 . 7 
• 
o 

. 0 . 6 

I 0 . 5 

0 . 4 

0 . 3 

0.2 

0.1 

Oscillator 
1000 lb 

Seismograph 

/ / 

/ 
\ 
\ 

O O d = 35' 

X d=90" 

tx—i*kd= 140' 

I I - L . - L . J L. J L 
12 16 32 36 20 24 28 

Frequeny, n, cps 

Figure 21. Frequency-displacement graph for surface measurements; determination of order number, r. 
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Figure 22. Distance-displacement graphs for surface measurements; determination of distance. Ad, between 
interference maxima. 
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D 

c a. 
o 

Impact Force Excitation 

An attempt has been made to compare 
the computation for sinusoidal excitation 
with impact excitation. The main pur-
l)ose is to determine whether the different 
ray paths, arbitrarily selected for each 
method, change the results significantly. 
Hence, the phase velocities obtained 
from distance-time graphs due to sinusoi
dal excitation are substituted in the equa
tion for impact excitation. 

I t must be kept in mind that this situa
tion was made only for the sake of com
parison and does not imply that the two 
types of excitation yield the same veloci
ties at all times. 

Because the case of a soft bed over a 
hard bed (that is, ViKVi) is the most im
portant one, the equation for h is repre
sented in the form of a nomograph in Fig
ure 23. The determination of the depth 
h for stratum A is indicated by Lines I , 
I I , and I I I . Figures 18b, 19b, and 20b 
show the selected ray paths for strata A, 
B/C , D , and E. The evaluation for strata 
A, B /C , and E is summarized in Table 5. 

Subsurface Measurements 

Only the computation for stratum A 
(Case I , V i < f 2 ) is carried through, using 
again the two previously applied methods 
consecutively. The sensitivity of the pres
sure cells was too small and the disturb
ing forces were not strong enough to re
main detectable at distances greater than 
60 f t . 

Figure 24a is an experimentally ob
tained distance-time curve; Figure 24b 
shows the selected ray paths. Figure 25 
represents the corresponding frequency-
pressure and Figure 26 the distance-pres
sure graph. An evaluation of these graphs 
for stratum A is summarized in Table 6. 

A rather low velocity, Vi = 190 f t per 
sec, observed in the upper crust f rom sub
surface measurements is characteristic 
for loose sands [10). However, no ex
planation can be advanced as to why this 
velocity is lower than the corresponding 
velocity (420 f t per sec) gained from 
surface measurements. 



V2, ff/sec v i , f t / s e c 

r- 000 T 200 

t - 9 0 0 

H Z50 
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J - 600 

J 400 - 500 
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-i 600 
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-\700 
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Figure 23. Nomograph for determining strata depth, h. 

T A B L E 5 

E V A I . U A T I O N O F S U H F A C E M K A S U R E . M E N T S : I M P A C T F O R C E M E T H O D 

Experimental Values Calculated Values 

Stratum^ 
VI 

(ft/sec) 
V2 

(ft/sec) 
V3 d 

(ft/sec) (ft) 
tc i dc 

(sec) (deg) (ft) 
h 

(ft) (ft) 

Keiractmg 
Strata, 

Top of 

(a) C A S E I—Two STRATA—•vi<^v2 

A 4203 840" — 37" 0.045 30 12.6 10.7 11 B 

( t ) C A S E I I — T H R E E S T R A T . A — v i < v 2 < v s 

B / C 385< 675« 1100-1 9o< 
20.6 —31..5, 

- 41 33 21.3 20' B and 

(c) C A S E I I P — T H R E E S T R A T A — r i > r ' 2 < t ' 3 

E 8005 300=̂  800= 1405.8 — 22 — 3" 3 B and W 

^ See Fig. 2. 2 Average of maximum and minimum. * From Fig. 18. * From Fig 19. ^ pj-Q^j pi~ go 
« d ' = 9 ft, 1 = 1 2 (t. ^' • 
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Figure 24. Distance-time graph and ray paths for subsurface measurements, vi < V 2 . 
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Figure 25. Frequency-pressure graph for subsurface 
measurements; determination of order number, r. 
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^ d 
- Osc i l l a tor Pressure C e l 

Ad = 2 0 

2 0 3 0 4 0 
Distonce, d, ft 

Figure 26. Distance-pressure graph for subsurface measurements; determination of distance, Arf, between 
interference maxima, r l < V2. 

Comparison 0/ Sinusoidal Force and Im
pact Method for ViKv^ 

The equation for the stratum depth, h, 
following the sinusoidal force method can 
be reduced to 

, Vi d , 
h = — — 7 for r 

2 nAd 
0 (16) 

that is, for the distance d where both 
waves arrive simultaneously. 

Substituting 

A d 
1 1 VlV; 

nl/ih — l/v. nv2 — v_ 

I'l d _ d V, _ d v ./vi — l 

(17) 

2 V1V2 2 ViV-, 2 V2/V1 

V2-V, 

But i f 

V2 

V2 
— = p 

2h 
d • 

P-

(18) 

(19) 

(20) 

An equation yielding the strata depth, 
h, according to the impact method, can be 
written in the form 

or 

h 

2h 
d • 

l V 2 / V l ~ l 

^V2/V^ + l 

^ p + l 

(21) 

(22) 

2h 
I n Figure 27 the ratio -j- is plotted 

versus the ratio, p, using Eqs. 20 and 22. 
From the resultant curves i t follows that 
for both methods the maximum deviation 
occurs at p~1.50 and the shape of the 
ray path for values p ^ 1.50 seems to be 
of minor importance. Particularly, the 
assumed U-shaped path, as used for the 
sinusoidal force method, does not alter 
the outcome significantly as long as the 
velocity ratios remain within the range 
investigated so far. A gradual increase in 
soil density with depth would modify all 
indirect ray pencils into smooth curves, 
causing the sharp breaks at the inter
faces to disappear (5). 
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1. The arbitrarily selected shape of the 
ray pencils surmised in the theoretical 
considerations does not appear to be too 
critical for the studies involved, partic
ularly for rather shallow layers. 

2. The type of waves excited in both 
methods seems, at least for certain inves
tigations, to be of secondary importance. 

3. The supposition of one type of sur
face wave which is modified by another 
type of reflected or refracted body wave 
is permissible in restricted cases. 

4. The rather objectionable assump
tion of two waves of unknown character
istics simplifies the mathematical treat
ment substantially; however, i t should be 
considered as a temporary expedient 
only. 

5. No significant qualitative contrac
tion has been found to date between the 
foregoing assumptions and the experi
mental observations (Table 7). 

D I S P E R S I O N O F P R O P A G A T I N G W A V E S 

The purpose here is to determine 
whether experimentally obtained fre
quency versus, velocity graphs follow the 
pattern of dispersion curves plotted ac
cording to Love's theory (3, 10, 18), 
which is based on the propagation of Q 
(Quer) waves due to sinusoidal exci
tation. 

General Equations 

The Q-wave equation which contains 
the strata depth, h, and the velocity in 
the upper stratum Vi, and the velocity in 

COMPARISON AND R E S U L T S FROM BORINGS AND 
MICROSEISMIC METHODS 

Stratum 

Type of 
Measure

ments 

Stratum Ttiickness, h (ft) 

Stratum 

Type of 
Measure

ments 
Bor
ings 

Sin. 
Force 

Excita
tion 

Impact 
Excita

tion 
Love's 
Tlieory 

A Surface n 11.7 10.7 11.5 
Subsurface 10 10.8 11 — 

B / 0 Surface 20 17.8 21..3 — 
E Surface 3 2.0 3.8 — 
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0.2 -

0.1 -

Impact Force Method: 
Case I 
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r = 0 

2 3 
Velocity Ratio, p=V2 /v | 

Figure 27. Comparison of sinusoidal and impact force excitation. 

the lower stratum V2, can be written in 
the form: 

or 

where 

and 

tan ( w i / t ) 
U2V2 

2T 

V ' 

(236) 

(24a) 

1 - — , (24b) 

The terms for U i and comprise the ex
citer frequency n, and a velocity v, as a 
variable in magnitude between the limits 
Vx and V2. The dimension of UT_ and 
must be l / < , the reciprocal of the length. 

For the special case where uji = ^ , i t 

follows from Eq. 23a that 

h 

Let u = V 2 V i , which surmises that the 
lower stratum is denser than the upper 
stratum, and h, = A/4. I n other words, 
the maximum displacement may occur at 
the surface of the upper layer and a nodal 
plane at the boundary between both 
layers. 

V 
Substituting A = - in Eq. 256 yields 

7r 

V = (26) 

and V approaches inf ini ty for the critical 
frequency 

(27) 

Eq. 27 can be obtained also, starting 
with the well-known equation of a com-
pressional wave in a deformable medium 
(slender rod) : 

21^ t* 

2 = 2 A 
and 

V 4 -

A/4 

(28) 

V 1!.-

(25a) 

(25b) 

where = critical frequency when the 
induced waves in both directions com
bine to form standing waves; ( — 2 ~ 

distance between two adjacent nodal 
planes; v = integers (1,2,3—); E = 



642 S O I L S , G E O L O G Y A N D F O U N D A T I O N S 

Young's modulus; and ^ * = mass den
sity. 

Let a stratum of the depth h vibrate 
with maximum pressure at the surface 
and having a nodal plane at the interface. 
Then t = 2h, v = 1 for fundamental, 

and ^ , = v„ or n, = ^ V,, which is 

identical with Eq. 27. Eqs. 25b, 26, and 
27 do not contain v.,, which means that in 
this special case the lower stratum does 
not transmit any energy. Under certain 
conditions a standing wave w i l l be intro
duced in the upper stratum and might 
explain the so-called "resonance" phe
nomena {15). 

The formation of standing waves pre
supposes a nodal plane, but neither an 
abrupt nor even physical change in soil 
composition at a certain depth is re
quired. For example, any variation in 
density or water content might facilitate 
the development of such a nodal plane. 
Hence, the often observed "natural" fre
quency {11, 19, 20) for any particular 

vibrating oscillator-soil mass combina
tion does not contradict the assumption 
of standing waves. 

I t is realized that Eq. 27 represents an 
approximate solution only, because mass, 
contact area and exciter force of the os
cillator should be parameters of this 
equation. 

Experimental Data 

Two dispersion curves for stratum A 
(Fig. 2) are evaluated according to Eqs. 
23a and 26. 

Q waves have HT-components only, as 
previously shown. However, Ramspeck 
and Schulze {10) have shown that Eqs. 
23o and 26 can be applied in modified 
form for waves with VT-components also. 
Hence, the following data are based on 
numerical values from experimentally 
obtained VT-components; that is, Vi = 
420 f t per sec for stratum A and fa = 
840 f t per sec for stratum B (Fig. 18a). 

The theoretical results have been plot
ted in Figure 28 and combined with ex-
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8 5 0 h 

Z 650 

5 0 0 h 
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\\\ i 
\ ' Osci Motor 
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-1-
10 15 2 0 2 5 3 0 3 5 4 0 

Frequency, n, cps 

Figure 28. Dispersion curves according to Love*B theory. 
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perimental values. The shape of the ex
perimental curves follows, in general, Eq. 
23a. However, the absolute values from 
Eqs. 23a and 26 differ substantially, ex
cept in the frequency range from 30 to 
40 cps. 

Eq. 27 yields, for = v^ = 1,100 f t 

per sec and h = 11 f t , nc = = 
4 X i. X 

cps. 
A velocity of 1,100 f t per sec has been 

assumed arbitrarily. This velocity, pre
dominating directly below the oscillator, 
corresponds to a compression wave for 
source detector distances d<dc (Table 
l a ) . The critical frequency, n^, coincides 
with independently determined natural 
frequencies. They were obtained experi
mentally f rom tai l wave records due to 
impact excitation and from sinusoidal 
force excitation at 90° phase angle be
tween exciter force and excited displace
ment amplitudes of the oscillator {15). 

The following reasons might be ad
vanced in connection with the shift of 
the theoretical curves to lower frequen
cies for n < 3 0 cps (Fig. 28): 

1. The disturbing force is not a point 
source neither is the oscillator massless 
or supported by a perfectly rigid plate as 
surmised in the foregoing considerations. 

2. For standing waves the assumption 
must be made that the ray pencils are 
grouped around an essentially vertical 
direction. I n this case Love's equations, 
which are derived primarily for horizon
tal ly propagating waves with T H com
ponents, may have to be modified. 

Discussion 

I n Table 7 are collected all results re
ferring to strata depth determination 
from the sections on reflection, refraction, 
and dispersion of propagating waves. The 
height of each stratum obtained from 
borings is compared with the thickness 
derived from the previous calculations. 

I t must be kept in mind that borings 
represent limited spot checks only, 
whereas microseismic methods integrate 
over comparatively large distances 
(areas). As previously mentioned, the 

apparent phase velocities cannot be 
measured with an accuracy of more than 
± 2 percent. Nevertheless, the resultant 
deviations of h seem small enough to 
jus t i fy further studies under different 
conditions. 

C O N C L U S I O N S 

On homogeneous, stratified soils dis
tance-time graphs can be evaluated from 
the arrivel of wave fronts due to impact 
force excitation. The graphs are com
posed, in general, of almost straight lines 
with breaking points at certain distances 
from the disturbing source. The slopes of 
these lines indicate phase velocities. 
Close to the disturbing source phase ve
locities of the upper stratum, and further 
away the apparent phase velocities of 
lower strata, are presented by their gra
dients. 

Distance-time graphs due to sinusoidal 
force excitation have similar forms. How
ever, the question arises as to how these 
graphs can be interpreted even though no 
wave fronts are patterned. 

For sinusoidal force excitation there 
has been developed by the Geophysical 
Institute at Gottingen in cooperation 
with the Technical University at Berlin 
(and the author's participation in the 
init ial experiments) a method which di f 
fers f rom impact excitation procedures. 
Their most significant conclusion is that 
waves of shear characteristic are pre
dominant. 

A study of Griggs on propagation 
waves due to sinusoidal force excitation 
through stratified soil showed that at 
short distances from the disturbing force 
a reflected compression wave — at larger 
distances a reflected shear wave — be
comes preponderant. This seems to in
dicate that under certain conditions only 
these wave types need be considered. 

A synthesis of one surface wave and 
one refracted body wave, both with 
wave lengths corresponding to the ap
plied exciter frequency and the measured 
phase velocities, yielded theoretical dis
placement-distance graphs similar to ex
perimentally obtained values. 

The apparent phase velocities due to 
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sinusoidal excitation were substituted in 
equations from impact excitation. The 
evaluated strata depths, using both meth
ods, resulted in almost the same values 
which could be verified by borings (Table 
7). 

A theoretical dispersion curve com
puted according to Love's general theory 
is similar in shape to experimentally ob
tained curves (Fig. 28). 

Keeping in mind that they must be re
stricted at present to the stratified sandy 
clay investigated, the foregoing results 
can be summarized as follows: 

1. Impact excitation methods can be 
adapted to sinusoidal force excitation. 
Sinusoidal force vectors of constant am
plitude independent of the exciter fre
quency facilitate the evaluation. 

2. Certain dynamic soil characteristics 
could be determined by this method. 

3. Special care must be taken to dis
criminate between reflection, refraction, 
and dispersion effects. 

4. These phenomena might occur in 
case of layers with different densities and 
moisture contents, which do not neces
sarily indicate a change in physical com
position of the individual soil strata. 

5. To investigate upper layers, sinus
oidal force excitation requires, in general, 
shorter wave lengths (that is, higher ex
citer frequencies) whereas for deeper 
strata longer wave lengths (or lower ex
citer frequencies) must be applied. 

6. Further investigation is required to 
determine the predominant type of waves 
when using sinusoidal excitation. 

7. A number of experimental results 
have been found for which no explana
tion can be advanced thus far. The equi-
voluminal and visco-elastic behavior of 
the sandy clay might be the reason for 
some of the discrepancies. 

8. Substantially more tests are re
quired to determine the accuracy and the 
limitations of the methods being inves
tigated. Of special interest would be 
studies to determine whether some of the 
dynamic soil characteristics can be cor
related to the amount of consolidation, 
or the compaction, or the bearing capac
i ty of any particular type of soil. 
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