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Use of the theory of consolidation in many instances is found to be less than
satisfactory due to the working conditions inherent in the usual theory. This
paper extends the theory by generalizing the conditions of derivation to
include variations in the rate of loading and variations in the coefficient of
permeability during the process of consolidation. Including the two additional
working conditions, the basic differential equation is derived in its most
general form. The resulting differential equation is non-linear, but an
exponential approximation is developed to linearize it, thereby permitting
solution of the consolidation boundary value problem.

The one-dimensional consolidation problem is treated in detail for a clay-
soil layer sandwiched between two sand layers. A general solution is
presented for constant permeability and an arbitrary loading rate. Specific
solutions are presented for the consolidation during a linear construction
period. With these solutions, working curves are presented for actual time
computations. In addition, the theory of variable permeability is developed
in detail in terms of specific solutions.

The consolidation of a doubly-drained layer of clay-soil under the influence
of two- and threc-dimensional loading is presented. These solutions are
developed in general, and for specific linear loading functions, considering
constant permeability. Extensions to problems of variable permeability are
indicated. The three-dimensional consolidation problem is also specifically
oriented to the radial drainage of a triaxial test specimen under a stress-
controlled loading.

Sand-drain problems for equal-strain conditions and radial flow only are
covered in detail. The exact solution to consolidation under constant load but
variable permeability is presented in terms of the well-known constant per-
meability solution, which considers a perfect drain without smear. Constant
permeability solutions are presented for the case of a linear construction
loading, in which the presence of a smear zone is included in the solution. The
exponentional linearizing approximation is developed for situations of
variable load and permeability for the case of sand drains without smear.
A set of working curves is presented for the design of sand-drain installations
using these theories.

FORMULATION OF THEORY

¢ THE MODERN history of soil me-
chanics is directly traceable to develop-
ment of the theory of consolidation by
Terzaghi (1). This theory for the first
time developed a procedure based on
mathematical rigor, enabling engineers to

predict the time rate of settlement of
structures constructed on fine-grained
soils. In addition, the Terzaghi theory
isolated those variables which influence
and control the rate of settlement.

The treatment of this subject by Ter-
zaghi and Frohlich (2) considered, among
other items, two conditions of imposed
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load in the one-dimensional case. The
first condition was that of “creep,”
wherein the entire foundation load is ap-
plied to the soil at a single instant in time.
The application of this condition is in
common practice today. The second con-
dition, considered by Terzaghi and Froh-
lich to be a variation on the creep theory,
was one in which the imposed loading
was increasing at a constant rate, corre-
sponding to a construction ecycle. It is
current American practice to use the
“creep” theory and to account for time-
dependent loading by a graphical proced-
ure developed by Taylor (3).

The Terzaghi theory for the time-de-
pendent loading is a one-dimensional
theory and the graphical procedure is
applicable only to vertical flow of water
through thick layers of fine-grained soil.
This theory, although adequate in its
present context, does not extend to such
modern developments as sand drains and
does not consider cases of mnonlinear
loading.

One of the fundamental assumptions of
the existing theory of consolidation is
that the capacity of the soil to transmit
water during consolidation is a constant.
The assumption that the coefficient of
permeability is a constant is generally
recognized as an over-simplification of the
physical processes involved. The errors
involved in this assumption are thought
to be smoothed by the use of average
values of permeability. Recent studies of
the mechanism of permeability by
Schmid (4), however, have reached a
stage where the effect of time-dependent
permeability can be included in the for-
mulation of the theoretical equations
governing consolidation and in some
cases can be included in the solution.

This study develops a general theory
for time variations of the imposed load-
ing, and permeability, and considers sev-
eral problems most likely to be encoun-
tered in practice, such as sand drains and
two- and three-dimensional loading, as
well as vertical consolidation.

SOIL CONSOLIDATION
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Notation

The symbols used throughout this pa-
per are defined in the Appendix for con-
venience of reference.

Framework of Conditions

The basic framework of conditions on
the soil mass and its properties for the
general case of variable loading consoli-
dation of fine-grained soils are as
follows:

1. The soil mass is completely satu-
rated with an incompressible fluid, and
consists of incompressible solids of small
particle size. The condition of compres-
sibility of soil solids has been treated by
Richart (5), and it was shown that this
condition leads to a nonlinear differential
equation whose numerical solution is so
close to the usual solution that this case,
as well as others leading to similar situ-
ations, will not be considered.

2. Darcy’s law of permeability is in-
stantaneously valid. Although it is
assumed that the permeability of the soil
will vary in time and space, a basic pos-
tulation in this theory is that at any in-
stant of time the flow of water will follow
Darcy’s law. This condition is formu-
lated as follows:

>
v="kVh (1)

>

The velocity, v, in this theory is con-
sidered to be a vector point function
which at any given point in the mass will
vary with time. As a result the coefficient
of permeability, k, is a scaler point funec-
tion and will vary from instant to instant.
This condition forms the basis for devel-
opment of a three-dimensional aniso-
tropie theory of consolidation.

3. The change in volume with imposed
pressure is linear and is small as com-
pared to the original volume. These pos-
tulations permit development of a linear
small-strain theory. Other postulations,
which may be closer to reality, would in-
troduce non-linear differential equations
and increase the tediousness of solution
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out of proportion to the increases in
accuracy.

Fundamental Equations

Consideration of the flow of fluid
through the fine-grained porous media is
based on the concept of the law of con-
servation of mass.

Given a fixed closed volume within the
porous mass with volume V and surface
S, as shown in Figure 1, the fluid will flow
into the mass through the surface at the
instantaneous rate:

>
g v-ndS 2)
8

The inerease in volume due to a head
of fluid being generated internally at
rate Q will be:

LQ v (3)

The total instantaneous mass flow
through the surface S will be:

‘K?ds + _{Q av (4)

By Gauss’s theorem, Eq. 4 can be
transformed to

>

[vv+ @av (5)
Substituting Darcy’s law in Eq. 5 gives
|V kR +Q1av (6)

v

The porous mass in question will un-
dergo an elementary volume change due

w

Surface(S)

Figure 1. Arbitrary closed volume within soil mass.
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to the flow of water along the given flow
path.

v _dv, , oV,
ot "t ot (@)
By the condition of incompressibility
of the soil solids the second term of Eq. 7
will vanish, thus
oV oV,
26 ot ®
The total volume change in the arbi-
trary volume V will then be

ov,
/ T, av (9)

By the law of conservation of mass, the
rate of mass flow must be equivalent to
the total volume change, and

/I:V' (kVh) +Q+a;/t”:|dV ~0 (10)

Inasmuch as V is an arbitrary volume,

V- (kVh) +Q+

The fluid in question is water and the
relation between the head and the excess
pore pressure is:

=0 (11)

(12)

The classical theory of consolidation,
as well as this theory, considers strains
due exclusively to volume changes; thus,
only normal stresses are considered. In
the theory of elasticity (6), the ratio be-
tween the mean stress and the dilitation
is defined as the “modulus of compres-
sion.” In this theory the ratio between the
change in volume and the mean stress, ®,
will be termed the “modulus of volume
change,” m.

u“—‘ywh

3V,
) (13)
in which
® = ogtoyto; (14)

A more complete discussion of this
topic has been made by Biot (?) and is
beyond the scope of this study.

The established concept of neutral and
effective stresses states that within a sat-
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urated soil mass the total applied stress
across any surface is made up of the neu-
tral stress, u, and the effective mean
stress, ®,

0 =0+u (15)

The physies of consolidation, as formu-
lated by Terzaghi (1), is based on the
principle that initially the total applied
stress is developed as neutral stress (ex-
cess hydrostatic pressure) and that as
flow develops, relieving the excess hydro-
static pressure, the applied stress becomes
effective. The change in the effective
stress, furthermore, follows the same law
as the volume change. Thus Eq. 15 can
be written in differential form during the
process of consolidation, as follows:

30 = du (16)
From Eq. 13 and 16,
Vy= —mdu (17)

The negative sign in Eq. 17 is simply
to denote that the volume is decreasing
with consolidation.

By substituting Eq. 17 in Eq. 11, the
differential equation of consolidation can
be written:

Ve (k Vi) +Qyo = mw,%

(18)

Eq. 18 is the differential equation for a
variable permeability and time-depend-
ent loading. Expansion of this equation
gives

Vie-Vut b VAt Q yio = 7y 2

ot

Under the conditions made to this
point, Eq. 19 does not sufficiently specify
the problem because there are two de-
pendent variables, k& and w.

It has recently been proposed by
Schmid (4) that the coefficient of per-
meability is related to the porosity by

k=B (n—ny) (20)

This relation is shown in Figure 2.

A considerable body of experimental
evidence supports this expression.
Schmid’s work dealt with the usual con-
cept of permeability as being constant
over the length of the flow path. The

average coefficient of permeability, k,

(19)
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Figure 2. Relationship between coefficient of perme-
ability and porosity.

and the point permeability, k, expressed
in this study are related in the following
way:

!
k=g Lk av (21)
Assuming the general validity of Eq.
20, as applied to a point function, it then
can be used to determine the relation be-
tween k& and w. Since the phenomenon
under investigation is one in which the
permeability changes from one finite
value to a lower finite value, Eq. 20 must
be slightly modified, as follows:

k= ko““" 3V, (22)

In Eq. 22 the k, term is the point
function for the permeability at the start
of the consolidation process.

Because the relationship between the
change in volume of voids and the excess
pore pressure is linear, it is logical to
extend Eq. 22 so that a relationship is
developed between the permeability, k,
and the excess pore pressure, «. This re-
lationship is shown in Figure 3, and for-
mulated as follows:

k=ua u+kf (23)
where k; is the coefficient of permeability
at the end of consolidation.

In terms of the initial values of excess
pore pressure and coefficient of perme-
ability, the relationship shown in Figure
3 can be postulated as follows:

k= kota(u—u, (24)
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k= au+k,

(0] Uo u

Figure 3. Relationsh!p between coeflicient of perme-
ability and excess pore pressure.

In Eqgs. 23 and 24, a is defined as the
“modulus of permeability variation,”
which in Eq. 23 must be considered as re-
lated to the imposed pressure. Although
it 1s beyond the scope of this study to
postulate this relation, the fact of its
existence, and the order of dependency,
confirms previous experimental work by
Taylor (8).

The modulus of permeability variation
can be related to the modulus of volume
change through Eqgs. 22 and 23, by use
of Eq. 17. Thus,

(25)

It is the opinion of this author, that »
and m are related by the level of imposed
pressure, the soil properties, and possibly
the state of structure of the soil. In the
absence of any theoretical and/or experi-
mental evidence relating these coeffi-
cients, they will be treated as separate
entities.

At this point, a differential equation
governing the general theory of consoli-
dation, with time-dependent loading and
varying permeability, can be established.
This differential equation can be written
in terms of the excess pore pressure, %, or
the permeability, k, as follows:

a Vur+Vu-VigtauViu+k, Viu
ou

+Q'Yw:m')’w'_t'

a=vm

(264a)
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L viy =L (V- Vi) + 2k Vi

1 ok
—:ka,—l—Qyw = (m }/w/a)a (26b)
Vo Vu—a(Vue Vu) +a(Vu)?
+au Vu+ (kotauy) Vu
o,
+Qy =My 5 (260)

The three forms of the governing differ-
ential equation are presented to show the
flexibility of representation of the phe-
nomena, and to set up comparisons for
later studies in which approximation
techniques will be used.

The differential equation (Eq. 26) is
complex in the fact that it is non-linear
and solutions to non-linear partial differ-
ential equations are not at all well estab-
lished. In fact, only a few particular
types of the foregoing equations have
been solved, and these solutions have
been in terms of complex, untabulated
functions. Because of the complexities
involved no attempt has been made in
this study to develop an exact solution
to Eq. 26. There are however, procedures
by which this differential equation may
be solved without resorting to analyti-
cally exact methods. The first, and most
obvious method is to solve a given prob-
lem numerically, by either analogue or
digital computer.

Digital computation techniques for the
linear diffusion equation are well defined
(9). They require that in order to achieve
a desired accuracy the time-space mesh
must be carefully controlled. Although
convergence theorems for mnon-linear
problems can be formulated, the actual
convergence in all probability will depend
on the magnitude of the constants. Until
more information is available concerning
the magnitudes of the parameters in-
volved, it was deemed inadvisable to
undertake an extensive computational
effort.

The use of analogue computers to solve
transient problems of the diffusion type
requires highly specialized equipment of
the ecircuit analogue type. This equip-
ment is not readily available, and even so
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would require extensive modification to
handle non-linear problems. The neces-
sity of extensive computational efforts is
abrogated in large part by the fact that
techniques are available to linearize the
differential equation (Eq. 26) and thus
an approximate analytical solution can
be obtained. The advantages of approxi-
mate techniques and solutions far out-
weigh the necessity for computations on
the exact equation.

Approzimation Procedures

The general formulation of the con-
solidation problem, in which the perme-
ability is postulated to be a linear func-
tion of the excess pore pressure, leads to
non-linear terms in the differential equa-
tion. To solve this equation, two different
approximation procedures are proposed.

The first procedure sets the condition
that the coefficient of permeability is in-
itially constant throughout the soil mass
and that, over a finite increment of time,
it is also constant. The space constancy
condition is akin to considering that the
concern 1s with the average permeability
over a finite time increment. For this
condition the differential equation is re-
duced as follows:

BVt @y = mye o

i=123... (27

Eq. 27 is valid over the ¢ th finite time
inerement and is solved by considering
that the solution for the (1—1)st incre-
ment is the initial condition to the 7th
increment.

The second procedure was developed
by Charney (10) for heat conduction
problems and is applicable here in all
details. This development extends this
approximation to cases of time-depend-
ent loading.

Basically, the problem can be reformu-
lated by Darey’s law and the continuity
condition in coupled form, as follows:

-5
vyl = k(u) [Vu]

> . ou

(28a)
(28b)
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Since u is a function of k, by a chain
rule differentiation:

du
Vu = %Vk (29)
and
ou  du ok
Bt~ dk ot (30)

Thus the Eqs. 28a¢ and 28b take the
form

> du
Yl = kd—k‘Vk (31(1)
> du ok

Then the governing differential equa-
tion becomes:

du _ du ok

In order to reduce this equation to a
linear form, the following conditions will
be formulated:

k Z—Z = Constant = p (33a)
du 1
B%ZZ (33b)

Eq. 33b is completely compatible with
the permeability-pore pressure relation-
ship postulated previously in Eq. 23.

It is obvious that Eqgs. 33a and 33b are
rigorously incompatible with each other,
inasmuch as Eq. 33a is an exponential
function and Eq. 33b is a linear function.
It 1s in the handling of these conditions
that the approximation is made. For
purposes of approximation, it will be
postulated that the exponential in a k —
u graph approximates the linear relation.
This condition is shown in Figure 4.

The solution to Eq. 33a over a range
of k and u is:

Ug— U
P = Ta(ke/k) (34)
Combining Eqs. 32, 33, and 34, the
general problem can be formulated in a
new linear differential equation on k, as
follows:
ok

szk‘*‘;{Q = A

T (35a)
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0 u Uo u

Figure 4. Exponential approximation for coefficient of
permeability-excess pore pressure relationship.

in which

B=-2f
M Yo

The B term has the same dimensions
as the coefficient of consolidation and 1is
defined as the “coefficient of consolidation
permeability.”

Several procedures are possible for the
solution to problems involving varying
permeability, using the approximation in
Eq. 35. The first suggested method is to
solve for k over the entire time range and
then to convert &k to u, either by the
linear approximation or by the exponen-
tial approximation. Another procedure,
which is somewhat more tedious, is to fit
the approximations over small finite time
intervals. Final adoption of a proper ap-
proximation procedure probably must
await experimental evidence as to the
goodness of fit between the linear and
exponential curves shown in Figure 4.

(35b)

ONE-DIMENSIONAL CONSOLIDATION

To illustrate the solution to the theory
of consolidation with varying perme-
ability and subject to time-dependent
loading, the classic case of a doubly-
drained layer of clay-soil will be con-
sidered (Fig. 5). In this problem the
clay layer is of finite thickness, and infi-
nite in width and breadth, making up a
thick plate. The loading on the surface is
infinite in extent, but can be time-de-
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pendent. In all cases the initial coeffi-
cient of permeability and the initially
imposed excess pore pressure will be pos-
tulated to be uniform throughout the
clay-soil.

Under these conditions the governing
differential equation reduces to

"y athy |0%u a O

*Uimyw 022 m y,,,“azz

a [Ou |? ou

M Yo az:l R = ot

in which R is the rate of change of im-

posed excess pore pressure, u/, and C, is

the coefficient of consolidation at the
start of the process of consolidation.

The difficulty in the solution to Eq. 36
lies in its non-linear terms. As stated
previously, no attempt was made to solve
these types of equations exactly. Solu-
tions using approximation techniques are
developed in subsequent sections.

The solution to the general problem
will be broken down into the solution of
several individual problems, as follows:

1. Constant permeability and genersl
time-dependent loading.

2. Constant permeability and linear
loading.

3. Constant permeability and con-
struction loading.

4. Constant permeability and har-
monic loading.

5. Variable permeability.

(36)

Constant Permeability, Ttme-Dependent
Loading

The general time-dependent loading
problem for a condition of one-dimen-

pit)

PA bl bbb bbb by i bbb
SAND
z2=0
CLAY-SOIL &
z=2H
SAND

Figure 5. Double-drained clay layer, one dimension.
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sional consolidation where the permea-
bility is held constant, reduces the dif-
ferential equation (Eq. 36) as follows:
o*u _ ou
C@ +R = En (37)
The conditions on the doubly-drained
layer enabling a solution are as follows:

1. The surfaces joining the sand and
the clay are free-draining and therefore
will be free of excess pore water pressure,
u, for all time ¢, or

u(0,t) = 0 (38q)
w(2H ) = 0 (38b)

2. The general initial condition will be
that the vertical stress imposed by the
load at the start of consolidation will be
some function of space within the clay
layer.

u(2,0) = o(2) 0=z=2H (39)

3. The rate of loading, R, will be inter-
preted as the rate of imposition of excess
pore pressure and will, in this general
case, be considered as a function of time,
t and space, 2.

There are several formal procedures
for solving this boundary value problem.
All these procedures have roots in the
classical Sturm-Liouville solutions to the
differential equations of physics. The
method chosen for use here was that of
integral transforms (11). This method
was chosen above other, possibly better
known procedures because it enabled the
handling of boundary value problems in
which foreing funetions, R, are present, in
a highly formalized manner. By this
method, once the transforms are set up,
the solution is directly obtainable.

By use, in this case, of the Fourier sine
transform, the following solution was
developed:

1 zw; 28 . N
u(z,t) —E":1 Ii‘o U‘(Z) smgﬁz dZ]
o0
.M i . j‘
sm—2Hz e +Hn:21 sm——2H z{ .

.ZHR( t) sinZ 2 dz |etng (40a)
] oA Sy i

0=t¢t=w

0=t=w

in which
niy?
4H*

Thus, by the evaluation of three rela-
tively simple integrals, the excess pore
pressure can be determined.

It may be of some interest to note that
this solution is in actuality the sum of
the usual constant load consolidation
problem and a time-dependent loading
problem where the initial condition does
not enter. Thus, many problems may be
developed by judicious combinations of
existing solutions.

M=_-¢C (400)

Constant Permeability, Linear Loading

The linear loading problem is graphi-
cally represented in Figure 6. It will be
presumed that the surface loading, p, is
imposed at a constant rate, R. Thus, for
a specified load and time the rate is

R = p,/ts (41)

Furthermore, a reasonable condition on
the physics of the problem will be that
the rate of imposition of pore pressure is
the same as the rate of imposition of
surface loading. Thus, Eq. 41 can also be
written:

R = uo/to (42)
in which w, is the imposed excess pore
pressure at tinie ¢,.

A solution to the consolidation problem
with lincar loading can be developed

pit)
Po
L
R= o to
o)
0 to t

Figure 6. Linear loading.
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directly by substitution in Eq. 40. Be-
cause there is no initial excess pore
pressure,

c=20 (43)

The solution for the excess pore pres-
sure at any point in the soil mass is:

nr
2H
z[l_e—(n21r2/4)T] (44)

The average excess pore pressure is de-
fined as:

Q0
16u 1 .
u(z,T):ﬁ,O—rg > ~asin
n=1,3,5

1 [
a(T)—z—H~ . u(z,T)dz (45)
from which
321,

’IZ(T): 2 7%[1—6_‘"2”2/4)7'] (46)

T 4
™
0 n—1,3,56

In Eqs. 44, 45, and 46 the time is es-
tablished in terms of the usual dimen-
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sionless time factor, T':

C

A computation was performed on Eq.
46 so that useful curves could be devel-
oped from the analytical results. Figure
7 is a graph of the dimensionless repre-
sentation of excess pore pressure, @/,
times the reference time factor, T,, versus
the time factor, 7. This is the basic
curve, and from it all other subsequent
computations can be made for the linear
case.

There are many instances where the
soil conditions are such that structural
designs and soil treatment are inadequate
measures for the control of settlement. In
these cases it is sometimes feasible to
preload the soil and, after a designated
period of time when the objectionable
portion of the settlement has ocecurred,
the preload is removed and the structure
built without serious settlement prob-

(47)

0.35
173
_ p=Rt /
o0l S diddbedbidy
. S /
e SAND
a
025| 2 —— I crar e @ -
Q T=Ct/H?
: SAND o/ Reeste
020| —
D
[%2]
102
w
& /
015 fo t] |
a
8 u'=lmposed Excess Pore Pressure
0.0 uo= Initial Excess Pore Pressure
‘3 i = Average Excess Pore Pressure
8 / C = Coefficient Of Consolidation
x R = Rate Of Loading
0.05 /
/
L
oO.OI 2 3 4 6 80l 2 3 4 6 810 2 3 4 6 8 10

TIME FAGTOR (T)

Figure 7. Linear loading consolidation.
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lems. Another procedure that has been
considered is to use the construction
period as a means of controlling settle-
ment. If the construction period 1is
thought of as a linear loading period end-
ing at time ¢,, the amount of excess pore
pressure, and thus the percentage of set-
tlement dissipated, at the end of a linear
construction period can be ecomputed.
Such a computation is presented in Fig-
ure 8. This curve is presented in terms
of the dimensionless end time factor, 7',
which is nothing more than the time
factor at the end of the period of load
build-up.
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An example taken from actual labora-
tory data considers a clay-soil layer 40
ft thick. The clay has a coefficient of con-
solidation of 1.5 sq em/min. For this
value, the duration of construction, ¢,
will be related to the end time factor, 7\,
ag follows:

to = 172 Ty Days

By entering Figure 8, a table of per-
centage of settlement dissipated can be
constructed in terms of the time of con-
struction. On the basis of Table 1, in this
example the soil engineer is now equipped
to analytically determine what the most

10 u'= Imposed Excess Pore Pressure
uo= Initial Excess Pore Pressure |~
p=Rt G = Average Excess Pore Pressure e
09 Adidediiiid C = Coefficient Of Consolidation
SAND R =Rate Of Looding )/
08 & cLay e
3
=]
~
|? SAND /
o7 =
y /|
x
?
06lv — 0
W /
a.
w To| —————,  T=Ct/H* /
05185 — R=0o/to 1.00
a /
2 3
04 8—— ™ ; / 13 1095
> 1
w =
2 /1
w
03 E / IO (To) IOO 090
g 0.10
02|28 o
L1 3 |005
13
0.1 ] 1
0]
0001 (To) 0.0l
0 L R R R
00l 2 3 4 6 80l 2 2 3 4 6 810

3 4 6 810
END TIME FAGCTOR (T.)

Figure 8. Excess pore pressure dissipated at end of linear loading period.
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TABLE 1

EXAMPLE OF SETTLEMENT DISSIPATED DURING
A LINEAR CONSTRUCTION PERIOD

(H=20 ft; C =15 sq cm/min)

% Dissipated End Time Time, to
Settlement Factor, T'o (days)

5 0.00435 0.75

10 0.018 3

20 0.071 12

30 0.16 28

40 0.28 49

50 0.45 78

60 0.68 117

70 1.03 177

80 1.65 284

90 3.26 559

95 6.70 1,153

desirable construction period would be
to maintain settlements within non-ob-
jectionable values. Extending this ex-
ample, suppose the nature of the struc-
ture was such that the post-construction
settlements had to be 30 percent of the
total magnitude. To accomplish this ob-
jective a construction period of 6 months
would be required. On this basis it would
now be possible to determine the relative
economics of preloading, artificially
lengthened construction, and other means
of controlling objectionable settlement.

Constant Permeability, Construction
Loading

Using the results of the preceding sec-
tions, the full excess pore pressure history
can be analyzed at any point in time and
for any length of construction.

A typical load-time diagram for a con-
struction loading is presented in Figure 9.
In this problem, the application of con-
struction loading is considered to be
linear from the start of construction to

pih)

Po

Figure 9. Construction loading.
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the end, at which time a load of p, is
imposed on the surface. The imposed
excess pore pressure, «' increases at the
same rate, R, as the surface loading and
culminates in a total excess pore pressure
of u,. Furthermore, the rate of imposi-
tion of pore pressure is constant through-
out the soil mass.

The solution for the excess pore pres-
sure during construction is identical to
the previously described linear loading
problem as formulated in Eqs. 44 and 46.
These equations must be considered to be
valid only when T = T.

For periods beyond the construction
period, the pore pressure is governed by
the usual Terzaghi differential equation.
The initial condition applied to this dif-
ferential equation is the pore pressure
at the end of construction. This solution,
which 1s valid for all times beyond the
end of construction, is:

16U, % _1~ .onw
Tor® 3 Si0 5y 2

[1 — e~(n21r2/4) To] 67(n27r2/4) (T-To)

u(z,T) = nm

n=1,3,5
(48)
_ ®
324, 1
= . —
n
TO’T n=1,3,5
[1 _ e~(n‘21r2/4)To] 6—(n27r'~’/4) (T-T'0)

w(T)

(49)

Sets of curves (Figs. 10a and 10b) for
determining the average excess pore pres-
sure during and after construction were
computed on the basis of Eqs. 46 and 49.

A specialized solution for time-depend-
ent loading, applicable only in the one-
dimensional case, was developed by
Terzaghi and Frohlich (2). Using their
solution, Wilson and Grace (12) have
presented a computation for the linear
construction loading. The results in
Figures 10a and 10b are essentially the
same computation, although performed
independently, and in a form that is con-
sidered to be more convenient. In addi-
tion, the computations presented in this
paper were made with modern electronic
computing equipment, and therefore have
a higher magnitude of accuracy. These
curves can be used to determine the theo-
retical consolidation curve. The actual
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Figure 10b. Consolidation subsequent to construction.

construction time can be estimated. By
laboratory tests the coefficient of consoli-
dation can be determined, and with a
knowledge of the soil profile the end time
factor, T, 1s computable. By entering
Figs. 10a and 10b, the proper consolida-
tion curve is then selected. Beyond this
point the analysis follows the usual prac-
tice for time-settlement predictions.

The determination of the coefficient of
consolidation and the laboratory test pro-
cedure that is necessary is not clearly
defined, and will not be until an exhaus-
tive experimental analysis has been con-
ducted with this theory as a base of
operation.

Experimental work by Taylor (8) for
time-dependent, loading has indicated
that the coefficient of consolidation is
dependent on the loading rate as well as
the final load level. In the absence of
more detailed experimental work, it is
tentatively suggested that laboratory
tests for actual field problems be con-
ducted at the stress levels and stress rates
expected in the field.

Constant Permeability, Harmonic
Loading

The physical nature of the consolida-
tion process is one that has direct analogy
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V' = uo + u,Sin ot

Figure 11. Slow harmonic loading.

with the theories of rheology. Attempts
have been made to analyze the problem
of consolidation in terms of a visco-elas-
tic mechanical model (138). On this basis
the theory of consolidation must be re-
stricted to load conditions where the
time-rate of loading is slow. The theory
will not treat impact problems or transi-
ent load problems of high frequency,
except as steady-state loading. There is,
however, an intermediate class of prob-
lems in which harmonic loads are im-
posed on the soil mass with a low fre-
quency. These problems are easily
handled by the theory presented.

As a practical example, consider the
case of an industrial plant with service
by heavily loaded railroad cars. The
loading is imposed for a finite time period
and then removed for a finite time period.
In many instances, such loading can be
represented as a slow harmonic loading,
as shown in Figure 11. The loading
function is:

w (t) = Ue+u, sin ot (50)
The rate of loading is, therefore:
R(t) = w0 cos ol (51)

in which u, is the amplitude of imposed
harmonic excess pore pressure, and o is
the frequency of loading.

The solution to this particular prob-

lem uses the full Eq. 40 with
a(2) = u, (62)

The general solution in the one-dimen-

sional case is:
E — Sin ___n ze (n27w2/4)7
n

n=1,3,56

w(z,tT) = 4“"
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+ (16C H?*zou,) 2
n=1,3,5

nm
€08 wt 8in — 2z — e~ WTHT
/3,. oH

64H*u, , smn—z
+— o sin wt E an

n=1,3,3
(53)

o0
n?

n=1,3,5

+32(\'H ulo)COSwt E ﬁ
=1,3,57"

ulm sin ot E:

n= 1‘3")

_160 I{Z 77'(0?21 E Ee*(ﬂgwﬂlmT

n=1,3,5

w(t,T) =

128

+

(54)
B = C?nizt 4 160°H* (55)
Eqgs. 53, 54, and 55 are in an unreduced
form, and as such may be considered to
be overly complex with regard to the so-
lution of an actual problem. Another ap-
proach to this problem is to look upon the
harmonic load problem as a loading in
terms of a step function, as indicated in
Figure 12. The solution to the situation
of step loading need not use the time-de-
pendent loading solutions, but ecan be
treated as a succession of steady loads
and incomplete consolidation. The gen-
eral class and solution to these problems
is covered in the sections on varying
permeability.

Variable Permeability

The first approximation technique that
was developed was the incremental time
approximation. In this it was assumed
that the permeability of the stratum re-
mained constant over a finite time incre-
ment, but that the permeability varied
from one time increment to the next. Be-
cause the modulus of volume change is
set to remain constant, the variations in
the coefficient of permeability are directly
proportional to the variations in the co-
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Figure 12. Step loading.

efficient of consolidation. Thus, the basice
time variation is as shown in Figure 13.

Essentially, the solution for the con-
stant loading case using this constant
incremental approximation is solved for
each increment, using the excess pore
pressure at the end of the previous time
increment as the initial condition. Thus,
for the ith time increment,

agu;,; _ au.,;

Yo 5 (56a)

u(0,t) =0 0=t=w (56b)

w, (2H ) =0 0=t= o (56¢)

u(2,0) = uq(2,t;)  0=2=<2H (564d)
in which

t=t—t (56¢)

Thus the solution for the ith range of
time (t) is valid only in this increment
and has as its initial condition the excess
pore pressure at the end of the (:—1)st
increment.

The actual solution to this problem for

C G,

a finite number of time increments can
be developed by successive solutions to
the boundary value problem in Eq. 56.
This solution is:

o
u(z,17') = Ao Z %Sin Enfwf z T
(57a)
8iio Zm? 1 —(n2w2/4) T’ 57b
Ll (o70)

n=1,3,0

n=1,3.5

w(T) =

T/ = '1%2' [C1t1+02(t2“t1) +C3(t3_t2)
+oo A Cu(t—tn)]  (57c)

The usage of this approximation in
computation is similar to the usual curve
fitting procedures developed by Casa-
grande (14). The only difference comes
about in the fact that the laboratory
curve is fitted in increments, whereas
previous procedures had the curves fitted
once for the entire load range. The test
procedure is the usual one with time
compression readings being taken at pre-

GCs

0 f t

|  Cm
tm

h t

Figure 13. Segmental time approximation for coefficient of consolidation.
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determined finite increments. At the end
of a given increment of time the labora-
tory and theoretical curve can be fitted
on the basis of the theoretical values of
% from Eq. 57b and the time factor, 7",
from Eq. 57¢c. When the fit is carried out
from t = 0 on, successive values of the
bracketed term in Eq. 57¢ can be deter-
mined. For the first time increment, t,,
the value of C, is determined. For the
second time increment, the value C,
can be determined, inasmuch as C, is
known. This procedure can be carried on
successively until all time increments are
completed and thus all the individual
coefficients of consolidation are known.

This approximation procedure is quite
versatile in that the degree of accuracy
used is a matter of decision on the part
of the investigator. If a highly accurate
fit is desired a large number of time seg-
ments can be used. If, on the other hand,
a lower degree of precision is required the
number of curve fits can be arbitrarily
reduced.

The second approximation developed
for the consideration of variable perme-
ability was one in which the permeabil-
ity-pore pressure relation, originally
postulated to be linear, was approximated
in an exponential fashion, as shown in
Figure 4.

The solution to this problem can be
handled in several ways. The first and
possibly the crudest of this type of ap-
proximation is to consider that the ap-
proximation is valid over the entire con-
solidation range. In establishing this con-
dition, one can obtain a specific solution
for the pore pressure variations over the
entire range of time, and also an expres-
sion for the error of approximation.

For the first solution the case of time-
independent loading is considered. This
problem is governed by the following dif-
ferential equation:

otk _ ok
222 ot
The boundary value problem is defined

by the pore pressure boundary and initial
conditions expressed in terms of the co-

(58)
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efficient of permeability:

k(0,t) = ky 0=t=w (59a)
k(2H,t) = k; 0=t=w (59b)
k(20)=auo+ky 0=2z=2H (59¢)

The solution to the boundary value
problem is (15):

k(z,t) =k,

o0
dau, E : l i T nmant B
+ - DY
(60)

n=1,3,5
Converting the solution, Eq. 60, back
to excess pore pressure terminology,

oo
4u, 1 .

~&in n 2 e (WTHSH2) B t

2H

u(z,t) =

-n. 7=1,3,6
(61)

Eq. 61 is identical to the usual solution
for the consolidation of fine-grained soils,
with a single change in notation. In this
solution the coefficient of consolidation,
C, is replaced by the coefficient of consol-
idation permeability, B.

It can readily be determined that this
approximation, for all cases of time-de-
pendent and time-independent loading, is
identical in form to the constant perme-
ability solution with a single exception.
This exception is in the explicit definition
of the time factor, T, considering this
approximation technique. The time fac-
tor, T, is replaced by a new time factor,
V, which considers the permeability vari-
ations. This new time factor, defined as
the “time factor for variable permeabil-
ity,” is

B
V= 17E t

Thus, by replacing T and T, with V
and V, in Eqs. 44, 53, and 54, the con-
dition of variable permeability can be in-
troduced in a simple manner.

The expression for the coeflicient of
consolidation permeability, B, can be de-
termined from the definition of the con-
stants « in Eq. 23 and p in Eq. 34. Fitting
the approximation in Figure 4 at the end
points k, and k;, which correspond to the
initial and final excess pore pressures, u,

(62)
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and 0, respectively, the value of B be-
comes

=tk (63a)
. . MY w
in which
_ 1Ko

It may be of interest to note that if k,
approaches k¢ the value of B approaches
the usual coeflicient of consolidation, C;
that is,

limit B = A —C
ko—> kr Myw

Examination of Eq. 63 gives a clearer
picture of the true nature of the coeffi-
cient of consolidation. Many investiga-
tors in using this coefficient have used the
average value of the permeability and
have claimed a good measure of success
for this method in determining the settle-
ment. Others have disputed this use of
averages, and have expressed the opinion
that the theory of consolidation is some-
what limited in validity. This limitation
has been particularly stated for soils with
highly flocculent structures where the
differences in the permeability before and
after loading are large. It is not mere
coincidence that the values of B in Eq. 63,
and of C in the usual theory, diverge as
the difference between k, and k; become
greater.

A measure of the difference between the
usual concept of mean permeability over
the consolidation period and the approxi-
mate linear theory can be represented by
the ratio of the differences between the
constants C and B as a measure of the
differences in the range of the coefficients
of permeability.

If it is assumed that

(64)

., _ C-B
E = B (65a)
then
—wtl
E = 2(,¢—1)1n p—1 (65b)
in which
p = ko/ky (65¢)

In a plot of E against u (Fig. 14), it
should be noted that if the initial and
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final permeabilities differ by a factor of
10 the difference between the two meth-
ods of evaluation will be on the order of
41 percent. A difference of 135 percent
occurs when the permeabilities differ by
a factor of 100.

In a discussion of errors, the absolute
error between the linear postulation and
the exponential approximation should
be determined. This error, ¢, can be
computed by determining the difference
between the linear relation and the ex-
ponential approximation for the relation-
ship between permeability and excess
pore pressure. The maximum error as a
fraction of the initial excess pore pressure
is

fmex 1—1[ n-H_q 1 :] 66
g 7 : #—1+#—1 1] (60
If the error defined by Eq. 66 is intol-
erable, the precision of the approximation
can be increased by segmentally fitting
the linear curve with exponentials, as
shown in Figure 15.
The solution for the constant load
problem follows the segmentally constant
permeability solution identically and is:

I — 4:uO .w _1_ . nw —(n2w2/4) V'’

w(z,V') = —”:1 / sin gprz e
(67a)
8, A 1
- AN 0 = p—(nPw 4T
a(yy= 3 ":21 gfsnge (67b)
, 1

V' = ﬁ[B1t1+Bz(t2—t1)

+Bs(ts—t2)+. . . .
+Bm(t—tm)] (676)

Bi= [ (kia—k) /In(kin/k)] (67d)
myw

In this approximate theory the basic
solution is for the point coefficient of
permeability, in terms of the terminal
coefficients of permeability, k, and k;.
For the theory to be consistent the ter-
minal coefficients must be point values,
and thus will differ at different points in
the soil mass. In integrating the point
values of the excess pore pressure to get
the average values, these point functions
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Figure 14. Error between coefficient of consolidation and coefficient of consolidation permeability.

of terminal permeability were ecarried
without change. This could only have
been done if these terminal values were
constant throughout the soil mass. Thus,
in the foregoing theory a condition that
always must be kept in mind is that the
soil has an initial and final coefficient of
permeability which is constant through-

out, the mass. The same condition must
be applied to the terminal points in any
segment.

TWO-DIMENSIONAL LOADING

The one-dimensional consolidation
problem fits a real situation only where
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Figure 15. Segmental exponential approximation for
coefficient of permeability-excess pore pressure relation.

the compression, and thus the drainage,
is in one direction. This in reality requ1res
that the fine-grained soil be infinite in
extent in two of the three Cartesian co-
ordinate directions and, furthermore, the
load be infinite in extent. Although there
are many situations where blanket load-
ing is applied in the field, the vast major-
ity of cases comprises those in which the
layer of fine-grained soil is loaded over a
finite region.

The first problem of a load over a
finite area that is considered is that of a
strip load, the general problem considered
being a doubly-drained clay layer, as
shown in Figure 16.

The solutions to problems of variable
permeability in two and three dimensions
are essentially solved by the same meth-
ods as in one dimension. For this reason,
the formal solutions presented in this
section are only for constant perme-
ability.

[+] Q

e i iyt

SAND

—X

CLAY-SOIL y

2H

SAND

Figure 16. Double drainage clay layer, two dimensions.
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The variable load, constant permeabil-
ity consolidation problem is defined by
the following diffusion equation, in which
the soil is considered to be bi-dimension-
ally anisotropiC'

o*u

ka B +lcy ay

Eq. 68 can be converted to isotropic
conditions by making the usual scale
transformation, in which the horizontal
permeability is considered to be greater
than the vertical permeability. Thus,

+Q/w = (68)

ou
Myw 5y

z=zxVk,/k, (69a)

82u o%*u ou
Cy |: ]+R En (69b)
Cy=ky/myy (69c)

The boundary conditions for this prob-
lem are as follows:

1. The boundary surfaces between the
sand and the clay are free draining and
therefore free of excess pore pressure:

w(2,0t)=0 0=t=w

0=|z|=A4 (70a)
w(2,2H,t) = 0=t

0=1]z/ =4 (70b)

2. The motivation for consolidation is
the imposed stress. The loading over a
finite region of the boundary will dis-
sipate to some small stress at a finite
distance from the loaded area. In general
terms and in terms of the transformed
section, it is presumed that the imposed
stresses are sufficiently reduced at a dis-
tance z = A. Considering the symmetry
of the system, the lateral boundary con-
ditions are thus:

ou . e
oy 0yt) =0 0=t=w

0=y=2H (71la)
u(A,y,t)=10 0=t=w
0=y=2H (71b)

3. The initial conditions will be some
function of space:

u(zy0) = f(z,y) O0=y=2H

0=|z|=4 (72)
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4. As considered in the prior problems,
the rate of loading, R, is interpreted as
the rate of imposition of excess pore
pressure. In general the loading rate is a
function of space and time.

By attacking the problem in terms of
successive Fourier sine and cosine trans-
forms, a general solution can be obtained,

as follows:
u(z,y,t) = szlfosm—
n—1 m=—
@m+D=x ct
C bLFA C Vy
2
EIDIE
2m+1) = r o tiem
s—zA z X AeC dr (73a)
in which
Fo—i ‘ fzy) ~1n2Hy
(2m+1)7r .
008 o 1= zdydz (73b)
‘A]ZHR( )
A= ) si
o b 2,y SH2HZ/
2m+1)=
COS 2 dy dz (73c)
and
2m+1)2x2  nin?
&= 44* 4H* (73d)

As before, the solutions to specific
problems now can be evaluated by the
cvaluation of the integrals in Eq. 73.

The solutions will be broken down into
two types of problems, those solved being
as follows:

1. Constant imposed load.
2. Linear imposed loading.

The stress distribution in the clay layer
is a subject of some interest. Although
the vertical distribution of stress can be
considered to be constant, the lateral dis-
tribution must dissipate to 0 at the dis-
tance A from the origin of eoordinates.
This lateral distribution can be postu-
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lated by the theory of elasticity. As a
first approximation to this theory, two
limiting cases are considered:

f1(z,y) = uo[1—2/A] (74a)
f2(2,y) = uo[1—(2/A)?] (74b)

These distributions are shown in Figure
17.

Constant Load

The constant load, two-dimensional
consolidation problem can be solved by
evaluating the integral and Eq. 73b and
using the first term of the series of Eq.
73a. In the evaluation of the integral, us-
ing the proper loading function, two time
factors are required: T, is the factor for
vertical consolidation, whereas T, is the
time factor for horizontal drainage, such
that

Cy

T, = g5 ¢ (75a)
Cy
T, =t (75b)

The major interest is the time of verti-
cal drainage. In order to carry a single
time factor, T, and T, are related by a
parameter, expressing the ratio of the
time factors:

T, H*

¢ = =7 (76)
T, A?
fly,2)
Uo
2t
b =ufi- &)
fly,2) = Ua[l"%] —
% A z
Figure 17. Initial pore pressure distribution, two

dimensjons,
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The solution for the excess pore pres-
sure in the clay soil for the case of the
linear load function f,(y,2) is

u(z,y, - 32u0 2 2 n(2m+1)2

n=1,3,6 m—=
2m+1D=r —¢T
sin 2Hy so oy et (77a)
] 9561, ~ G
(1) == :EE om i
’ (77b)
in which
2_2 ; 22
‘= n*z?  (2m+1)%r s (T70)

4 4

When the load function is a simple
quadratic form, such as f,(y,z), the solu-
tions become:

128u0
u(z,y,Ty) = nzlzrzn(zm+1)3
b M —{T
sin H Y oS 54 zedTy  (78a)
w(Ty)
768u0 2
n=1,3,5 ¢=1,3,5 n q
(78b)
2‘_n_2 2 1 27722‘
¢ = n4 +( mz ) ¢ (78c)

Lanear Loading

The problems of linear loading were
chosen as the exact analogues of the con-
stant load problem. For a linear loading
the rate, B, must be constant in time but
is not necessarily constant in space. The
conditions of constant load that were
solved previously are the desired condi-
tions at the end of the loading period.
Thus, the loading conditions are space-
dependent. Two rate functions were con-
sidered. The rate for a linear imposed
excess pore pressure condition is:

R.(2t) = fo[l—( /AY]  (79a)

-
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The second rate function selected was
that for a quadratic loading function:

[1—(/A 1 (79b)

The solution for the linear rate of load-

ing, R, is:
2 2 qn 2m-+~1)2

n=1,3,5 m=0

2m+1)=
24 °

[1 e—(1r2q/4)7' ]

R.(z,t) =

12811,0

u(z,y,T

s1nn— coS
om Y°

(80a)

_ 1028u0 -1
a(T) HZ;MZ% qn?(2m+1)2
[1—e /T, (80b)
in which
qg=n*+(2m+1)%2¢ (80¢)
and
T, =S, (80d)

The solution for the quadratic loading
function, R., is:

5121/,0
u(zy,T) "21;52 qn(2m+1
sin - Y cos Lmt1)r z
2H 24
[1 —e-cravs 1 e
aT,) = 3072u0 2 Z/
n=1,3,5p—1,3,5 wn?p*
[1—e-mwoT,]  (81b)
in which
q=n*+(2m+1)% (81c)
w = n*+p%p (81d)

The solution to the construction load-
ing problem can be ascertained by the
proper combination of the constant load
and the linear loading problems. The
combination in the two-dimensional case
has an exact analogue with the one-di-
mensional case.

Problems of variable permeability can
also be solved by using the methods out-
lined for one-dimensional consolidation.
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In order to keep the formulation within
bounds of reasonable mathematical com-
plexity, it becomes necessary to make
some postulation on the horizontal and
vertical components of the permeability.
If the solution is constructed for the per-
meability  transformation previously
cited, the final solution is in terms of
the vertical permeability. In order that
the mathematical solution have a coun-
terpart in reality, it is necessary to keep
in mind that the variation in horizontal
permeability obeys the same law as the
change in vertical permeability. That is,
the scale transformation is always con-
stant.

THREE-DIMENSIONAL LOADING

The two-dimensional solution was de-
veloped specifically for a strip loading.
Extension of the strip loading to a finite
rectangular loading is a simple extension
of the mathematics. The solutions for this
type of loading are in terms of a triple
series. It is questionable whether the
computational effort involved is worth-
while, especially as other procedures may
arrive at closely similar results with less
effort.

By considering a cireular imposed load,
the consolidation problem maintains
axial symmetry and, mathematically, re-
duces to two coordinate directions in a
cylindrical coordinate system (o, 2), as
shown in Figure 18.

As in the two-dimensional case, the
essential difference between this three-
dimensional situation and the one-di-
mensional case is the factors involving
radial pressure distribution. The prob-

[o] o]

|Iilllll0.|p(f)

SAND

| i

CLAY-SOIL

2H

SAND

Figure 18. Double-drainage clay layer, circular loading.
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lems of variable permeability follow as
direct analogues of the one-dimensional
consolidation problem considering time-
dependent permeability. For this reason,
only situations of constant permeablhty
are considered here.

The differential equation which gov-
erns the change of excess pore pressure is:

Tk I:l ou au
zaz aplz

ou

T = My, (82)

Eq. 82 is for a bi-dimensionally anis-

tropic material. To reduce it to an iso-

tropic form, the usual scale transforma-
tion is made:

r=p Vk,/k, (83a)
, [ 2% 1 au o*u ou
Colzztrar T ] TR=7 (830

C‘U — kz/?ﬂ'}’w (830)

The boundary conditions that enable
a solution to this differential equation
are similar to the two-dimensional prob-
lem, as follows:

1. The top and bottom surfaces, being
free draining, are always frec of excess
pore pressure, or

w(r,0,t) =0 0=t=w

0=r=A4A (84a)
w(r2H,t) =0 0=<t=w

0=r=4 (84b)

2. For a surface loading of finite ra-
dius, the imposed pressure dissipates
fairly rapidly in the radial direction.
Thus, at some radius, A, this imposed
eXCess pore pressure is zero, or

u(A;z,t)=0 0=t=ow
0=z=2[ (85)

This boundary condition is in terms
of a perfectly general boundary radius,
A. In consolidating a triaxial specimen,
the radial boundary condition as indi-
cated in Eq. 85 is applicable. Thus, the
solution to this problem has quite broad
applications.

3. The initial conditions imposed on



606

the problem are those of the initially im-
posed excess pore pressure:

u(rz0)=g(re) 0=z=2H

0=r=A4 (86)

Two types of initial conditions are con-
sidered. In all cases it is assumed that the
vertical distribution of initial pore pres-
sure is a constant. In the first case it also
is assumed that the lateral distribution of
initial excess pore pressure is constant;
that is,

g.(r,2) = u, (87a)

The second type of lateral initial pore
pressure distribution is that of a dissi-
pating pressure that follows a quadratic
law:

g:(r,2) = uo[1—(r/A)%] (87b)

4. The rate of loading, R, is a function
of the time rate of imposing pore pressure
at a point.

The general solution to this boundary
value problem can be constructed for the
general conditions previously outlined.
This solution is:

w(rz,t) qH 2 2
L " i BT e it
[7:(m ]2 Jo(mir/A) sin o z e
E 2 Jo( mir/A)
=1 n=1 J1(7n)
nm -0 fot-1
nszLQe Vdr (88a)
in which
4201
=" " rotra
o Jo
.. na r
sin 5772 Jo('”hZ) dzdr (88b)
A 2H
Q= i ] r R(rzt)
0o Jo
nT r
Y Jo(le> dzdr (88¢c)
and
Jo(mi) =0 (88d)
¢ = (mif/A)*+ (n=/2H)*  (88e)
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Two classes of problems, both dealing
with situations of constant permeability,
are solved as follows:

1. Constant load.
2. Constant rate of loading.

Constant Load

The first constant load problem solved
was for the case of a uniform initial ex-
cess pore pressure throughout the soil.
This case has little validity in reality for
a foundation. The constant load initial
condition has use in that it establishes a
basis for analyzing certain types of lab-
oratory tests. There is at present some
interest in the consolidation of soils under
deviatoric stress conditions. In this test a
triaxial specimmen after pre-consolidation
is loaded uniaxially or under a uniformly
increasing uniaxial pressure. The former
case is that of a constant initial excess
pore pressure, 4.

In cases of constant initial conditions,
the solution is separable in terms of the
radial and vertical components of con-
solidation (16). Thus, the solution can
be written in the form:

u(rz,t) = g (2,t)u (r,t)  (89)

The solution for u, is that of the one-
dimensional consolidation for an initial
excess pore pressure of unity.

The solution for the radial component
is:

N,.(T,Tr) - 2 — m
Jo [ mL-Yemeer, (90a)
0 tA
in which
C,

T - o (90b)
and

Jo(m;) =0 (90¢)

Measurements, in the laboratory and
elsewhere, are most convenient in the
vertical sense. Thus if

y=T1,/T,= (H/A)* (91)
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Then the complete solution can be de-
termined:

;E 15 “%ze”""’”v% (92a)

n=1,3,5

N o (mar/A)
—1 My (mz) ¢

u(rze,Ty) = Ll ;

320, = 1
i (T'n) = ?}l(); 2 C"niglPTv s
w m;
=1
S
; 2 _26—(n91r?/4)Tv$ (92b)
n=1,3,5 n
in which
Jo(m;) =0 (92¢)

The second constant load problem con-
sidered was for the initial condition ex-
pressed by Eq. 87b. This condition is an
approximation of the stress conditions
imposed on the layered soil mass. The
solution to this problem is:

3214(,
u(rz,T') 121/”212 nrmJ ()
o Y qin BT e,
Jo ("""A) sin 5 prz e (93a)
- 25bu(.
=B 3 S 1
{=1n=1,8,5
(93b)
Jo(mi) =0 (93¢)
¢ = (n*x*/4) +m*y (93d)

Constant Rate of Loading

The first problem in constant rate of
loading that was attacked was that of a
constant rate throughout the consolidat-
ing soil mass, or

(94)

In terms of a triaxial test this condi-
tion is that of a uniform rate of applying
the deviatoric stress.

The solution to this problem requires
substitution of a constant, R, in the sec-
ond sum of Eq. 88a and thus the evalua-
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tion of the integral in Eq. 88¢. The final
solution becomes:

u(r,z, T,)= 32u0 2 E nn11CJ1(m1)

i=1 n=1,3,5

Jo (m,;%) sin —z [1—e-%9T.]  (95a)

(T, _17270871:02 E nmf{

=1 1=1,3,5
[1—e 7] (95b)

¢ = n2x*+4ym;® (95¢)
Jo(m) =0 (95d)

The problem of a uniformly increasing
stress is handled in a manner that is con-
ventional in this paper. The loading rate
is defined as

R= %[1—(T/A)2]

The solution to this problem is:
w(r,z,Ty)

el o0
_,128’“0 4—1__ B
= Toﬂ- E 12' n"LiﬂC']l(mi)J"< M A)

=

(96)

sin ﬁ T 21— (97q)
. 1824u0
(RS = DIPIEE
[1— 6-((/4)13,] (97h)
{ = nr*+4my (97¢)
Jo(mi) =0 (97d)

An extension of the foregoing solutions
to problems of construction loading, and
variable permeability can be treated in
a manner analogous to the one- and two-
dimensional cases. In performing these
extensions the same factors that were in-
herent in the two-dimensional case must
be considered here.

SAND DRAINS

The analysis of consolidation of soil by
sand drains can be approached from two
analytical points of view. The first ap-
proach, called the “free-strain’” case (17),
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considers the flow of water to the drain,
and thus the resulting surface displace-
ment, to be non-uniform. Essentially the
free-strain case corresponds to a situation
of uniform surface loading. This condi-
tion forms one possible limit in terms of
the behavior of the drained area. The
other extreme is the equal strain case,
wherein the settlement is uniform
throughout. In actual practice the load
redistribution of the sand blanket due to
arching, with increasing consolidation
and therefore settlement, will establish
a strain pattern in the soil that is prob-
ably somewhere between equal- and free-
strain. The work of Baron (17) and
Richart (5) indicates that the differences
between these two solutions is slight.

Mathematically, the equal-strain case
leads to solutions in closed form which
are much more readily computed than
the free-strain solutions. In addition, the
equal-strain case permits the develop-
ment of non-linearities in the solution in
a direct manner. For these reasons, the
only case of sand drains developed spe-
cifically in this paper is that of equal
strain,

The derivation of the differential equa-
tion of equal-strain sand drain theory
follows the reasoning in the early por-
tions of this paper. The equal-strain con-
dition comes about by considering that
the instanteous volume change of every
element of the soil mass is equal in
quantity to every other element. Thus,
Eq. 18 becomes:

V- (V) 4+ Qyw = myy

gu
ot

(98)
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Eq. 98 is amenable to exact solution
because the right-hand side is a function
of time only. The major difficulties that
arise in exact solutions of complex prob-
lems are algebraic.

To illustrate the general methods of
solution and to develop specific solutions
of interest, certain specifie problems are
solved, as follows:

1. Constant load and variable perme-
ability.

2. Variable load and constant perme-
ability.

3. Variable load and variable perme-
ability.

Two of these problems are solved for
conditions in which no smear zone is pres-
ent. The third is solved for the general
case of a smear zone of finite thickness.
In all cases the drain well is considered
to be without well resistance, and only
radial drainage is considered.

The formulation of the mathematical
problem in Eq. 98 has been developed in
dimensionless terms. In order to solve the
exact problem the drain pattern must be
considered. The original development of
sand drain theory assumed that the
drains were placed in an equilateral tri-
angular pattern, as shown in Figure 19.
This pattern, resulting in a circular zone
of influence for each well, is the one used
in this study.

The boundary details of a single well
are shown in Figure 20 for cases of smear
and no smear.

The theory of sand drains with smear
considers the smear zone as one of com-

o] (o]

Zone of Influence
~ of Sand Drain

Sand Dragin
O/_

o]

Figure 19. Sand drain pattern.
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n=d/a

s =ba
(a) Peripheral smear

n=d/a

(b) No smear

Figure 20. Sand drain details.

pletely remolded material that will be
effectively incompressible. Thus, the pore
pressure is determined by a set of simul-
taneous partial differential equations. In
the smear zone:

Vo (k"Vu') + Q=0 a=r=0b (99)

Outside the smear zone the consolida-
tion is governed by Eq. 98.

This is a problem of radial flow in
which there is complete radial symmetry.
Thus »” and u are space functions of the
radius only, and the problem is solved in
polar coordinates.

The general boundary conditions which
consider the existence of a smear zone
are as follows:

1. The well has no resistance to drain-
age, or
uw (a)=10 (100)
2. The well influence boundary is a
surface through which no flow takes
place, or
ou o
a(d,t) =0 (101)
3. The interface between the smeared
and unsmeared zones must have the same

609

excess pore pressure and the same flow
rates, or

w” (b) = u(b,t) (102a)
Lou' . du
k7S (b) = ho(bt)  (102b)

4. The initial condition depends on the
type of rate function used. For constant
load problems

%(0) = @, (103)

5. The rate of loading is always a
function of time only. For the problems
solved here this is merely a convenience,
but for exact problems this condition be-
comes a necessity in order to develop a
solution.

Constant Load, Variable Permeability

The problem of constant load and vari-
able permeability solved in this paper is
for a case of no smear.

The only additional working condi-
tion applied to the situation is that the
coeflicient, of permeability is a function
of time only. In other words, although
the permeability may vary time-wise
during the process of consolidation, it is
constant space-wise. This condition is
completely compatible with the basis of
establishing equal-strain conditions. Be-
cause the volume changes of all elements
are equal at a given instant in time, it can
follow that the coefficient of permeability
at a given instant of time is uniform
throughout the mass.

This condition can be formulated as
follows:

k(t) = aii(t) +k; (104)

The coefficient, «, will have the same
numerical value as before, inasmuch as
it depends only on the initial and final
permeability states, which remain un-
changed. Thus, the boundary value prob-
lem becomes:

o 1du]_ oa
D[ it ?5]“ = (105a)
D = k/myw (105b)
u(a,t)=10 0=t=w (105¢)
%(d,t) =0  0=t=x  (105d)
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%(0) = 1w, a<r=d (105¢)

D is a function of time only and can be
expressed in terms of two coefficients of
consolidation, representing the final per-
meability and the gross difference in per-
meabilities. That is,

D = Ca(W/io) +C;  (106a)
Co= (ko—k,) /myw  (106b)
Cf = ’Cf/’lﬂyw (1060)

The total solution to this problem
takes a simple form:

aokf
+ ko (i /T — 1)

UT) = (107a)

in which
Uy = Uge |BF T, (107b)

T, = (C,/4d)t  (107c)
and
F(n) = m -2l qor)

Thus, considering a linear variation in
the average permeability, the change in
excess pore pressure 18 modified by the
extremities in the permeability. By know-
ing the permeabilities before and after
consolidation, the theoretical excess pore
pressure can be corrected to account for
the variation in the permeability.

This problem can be extended in two
areas. The first and logical extension is to
include problems of smear. To satisfy the
interface conditions of Eq. 102 the varia-
tions in the permeability along the inter-
face must be considered. This presents
no serious analytical problem but adds
somewhat to the algebraic complexity of
the solution; the procedure is not believed
to be warranted at this time. However,
when the proposed theory has been ex-
perimentally verified and additional in-
formation is forthcoming on the nature
and extent of peripheral smear in sand
drains, it would be a contribution to de-
velop this more general theory.

The other extension is in terms of time-
dependent loading. When a time-depend-
ent loading term is included the result-
ing expression becomes needlessly com-
plex, in light of the approximate methods
which can be employed to equal ad-
vantage.
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Variable Loading, Constant Permeability

The boundary value problem for a
linear loading rate starting from zero
load and constant permeability, can be
formulated in terms of the general
boundary value problem for a condition
which includes peripheral smear:

w1
Oy l:a iz 93:' +R

or: r or
_ou =
2% b=r=d (108a)
#[ 0" 10ou”
C |:8r2 +r or :|+R
=0 a=r=0b (108b)
u” (a) =0 0=t=w (108c)
u” (b) = u(b,t) 0=t=% (108d)
ke 2 )
= ?(b ) 0=t=w (108¢)
% =0 0=t=w (108f)
u(O):O b=r=4d (108g)
R = ao/to aéTéd (108h)

The solution to this boundary value
problem in terms of the average excess
pore water pressure is:

(T = 8—T F(n,5) — E008 *’)]
[1'—8 [S/F(nk)]’lh] (1090,)
in which
F(n, 9)— ln[ :I—Z+4n~
ln( y  (109b)
G (ns) = {s*[1-2 ln(s) ] —1}/2n* (109¢)
Ty = (Ch/4d?)t, (109d)
Tb = (C}z/4d2)t (1096)
x= C"/Cy (109f)
0= k,/k" (109¢g)

If the peripheral smear zone does not
exist, Eqs. 109 reduce to a simpler form:
TZ(T};) — uOF (n)

Rl LS -—[B/F(n)]Th}

(110a)
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Post-construction consolidation can be
constructed from Eqs. 109 and 110 in the
same manner as was done in the one-di-
mensional case. In the general case,
where a peripheral smear zone exists, the
post-construction consolidation is:

W)= 2oL P(ng) - @1

{1_0 [R/Fm s»]'r }e [8/F (n,a) | [T,-T,]

uo

(111)

The terminology in Eq. 111 is the same
as in Eqs. 109b through 109g.

The post-construetion consolidation for
no smear is:

(1) = F o g

8T,

—[S/F(m ]TO}

e—[S/F(n)] [T,-T,1

(112)

in which the terms were previously de-
fined as in Eq. 110.

The basic component of both Eq. 110a
and Eq. 112 is the exponent term. With a
detailed knowledge of this term, specific
solutions for either or both conditions
can easily be constructed. To this end, the
exponent is plotted versus the time fac-
tor, T} in Figure 21. The time factor in
this case is a dummy factor, in that it
may take on one of three meanings, these
being Ty, Ty, or (T —T,).

Variable Load, Variable Permeability

The problem of variable load and vari-
able permeability was treated in combi-
nation by using the exponentional ap-
proximation presented previously in Eq.
32.

In adapting this basic relationship to
equal-strain conditions that are favor-
able to solution, two additional working
conditions are necessary, over and above
the previously stated conditions.

The first condition is that the relation-
ship between the average coefficient of
permeability and the average excess pore
pressure is the same as the relationship
for point permeabilities as given in Kq.
104.

The constant k; is identical in each
case. This relationship is completely rea-
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sonable, because the basic condition gov-
erning the variation in permeability is
formulated on porosity only.

Furthermore, k; is considered to be in-
dependent of time and space. In this
theory of equal strains the initial pore
pressure is not uniform, but only the
average initial pore pressure. However,
since the final pore pressure is zero, there
is no restriction on the final permeabil-
ity. To make the theory and working
conditions completely compatible, the o
term must be redefined in terms of aver-
ages, as follows:

a = (ko—ky) /to (113)

The second additional working condi-
tion concerns the loading rate, R. To
achieve the simplest form of solution, R
is restricted to functions of time only. In
reality this is a trivial restriction inas-
much as most, if not all, real problems
concern an imposed loading due to the
build-up of the fill on the surface. This
type of loading can be considered as in-
dependent of space coordinates.

Using the working conditions specified,
the boundary value problem for a linear
build-up of fill, starting from a zero load,
for a sand-drain system without smear
is:

ok 10k ok

ozt a7:|+aR =5 (1140)
k(at) =k 0=t=w (114b)
%A? (dt) = 0=t=w (1l4c)
k(0) =k, a=r=d (114d)
R = i,/t, a=r=4d (114e)

The solution to this boundary value
problem in terms of permeability is:
a dZF(n) 120
2Bht0
{1 _ e—['_’Bh/dﬂth]t}

(115)

in which F(n) is defined as in Eq. 110b.
In terms of the average excess pore
pressure the solution is:

(V) = qu(n) YP W1 e [s/mmwh} (116a)
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Figure 21. Exponents for equal-strain sand-drain problems, no smear, radial flow.
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in which
Vo= (Br/4d?) ¢, (1165)
Vi = (Bn/4d®)t (116¢)
B; = (Eo—kf) /Myw ln(iCO/kf) (1164d)

and F{n) is defined as in Eq. 110b.

Specific solutions can be developed
from the curves presented in Figure 21,

As in a previous case, the effects of pe-
ripheral smear were not considered. As
before, the lack of consideration was not
on the basis of lack of interest, but rather
was due to the non-linear complexities
inherent in the theory, which require
solutions of such algebraic complexity as
may preclude any practical usage.

The same arguments concerning the
factor By apply for this case as for the
one-dimensional case.

The situation of post-construction eon-
solidation is formulated directly from
Eqgs. 116, as follows:

a(vy) = L

{1 —e18/F0o0] Yo} e [BFm[V,-V ]

(117)

The usage here is identical to the prev-
iously described usage.

CONCLUSIONS

This paper is a reasonably complete
development of an extension to the
theory of consolidation on two primary
bases, as follows:

1. The permeability of the soil is con-
sidered to vary continuously with
changes in the excess pore pressure.

2. The rate of loading is carried as an
added factor in the theoretical problem.

It must be remembered that the condi-
tions of permeability were all based on a
postulated relationship between the co-
cfficient of permeability and the excess
pore pressure. Although there is every
reason to believe that the proposed rela-
tionship is a correct one, the absolute
validity of this relation will require ex-
perimental verification.

On the basis of the theory as herein
presented, certain conclusions can be
drawn, as follows:

1. The excess pore pressure dissipated
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during construction e¢an be of invaluable
aid in controlling post-construction set-
tlements. Post-construction settlements
can be materially reduced by artificially
lengthening the construction period.

2. The coefficient of consolidation is, in
actuality, dependent on the terminal per-
meabilities. This dependency is logarith-
mic; as a result, the use of mean perme-
abilities becomes seriously in error as the
differences in terminal permeabilities in-
crease.

3. The permeability is a function of
the excess pore pressure. Thus, the coeffi-
cient of consolidation has an implied de-
pendency on the initial excess pore pres-
sure, and thus the magnitude of the load.

4. Consolidation of soils that are ani-
sotropic with respect to permeability can
be handled by a scale transformation.

5. Effects of variable permeability can
be considered by simple curve fitting pro-
cedures where a laboratory curve is fitted
segmentally to the theoretical curve.

It is hoped that future experimental
work in the theory of consolidation will
open the door to experimental proof of
the foregoing theories. In particular, it is
hoped that the approximations presented
will be investigated in terms of their
goodness of fit.
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— NOTATION

duplication occurs the distincetion is
either obvious in terms of usage or widely
separated by topiec.

A = Effective half-width of con-
solidating mass intwo-dimen-
sional consolidation;

A = Effective radius of consolidat-
ing mass in axially symmetri-
cal three-dimensional consoli-
dation;

a = Half-width of loaded area in
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two-dimensional consolida-
tion;

Radius of loaded area in axi-
ally symmetric three-dimen-
sional consolidation;

Radius of drain well;
Coefficient of consolidation

permeability;

= Coefficient of consolidation

permeability for radial flow
of sand drains in equal-strain
case, using exponential ap-
proximation;

Coefficient of econsolidation
permeability during 7th time
increment of one-dimensional
consolidation;

Coeflicient of consolidation
permeability during mth time
increment of one-dimensional
consolidation;

Outer radius of smear zone in
sand drain theory;

Coefficient of consolidation
for one-dimensional consoli-
dation;

= Coefficient of consolidation

based on final permeability,
sand drain theory;
Coeflicient, of consolidation
in radial direction for sand
drain theory, undisturbed
zone;

= Coefficient of consolidation

in radial direction for sand
drain theory, smear zone;
Coeffictent of consolidation
during ith time increment of
one-dimensional  consolida-
tion;

Coefficient of consolidation
during mth time increment of
one-dimensional  consolida-
tion;

Coefficient of consolidation
for vertical flow for axially
syminetric three-dimensional
flow and sand drains;
Coefficient of consolidation
in vertical direction for two-
dimensional consolidation;
Coefficient of consolidation
for permeability difference,
sand drain theory;
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Coefficient of consolidation
based on initial permeability
in one-dimensional consoli-
dation;

Coeflicient of consolidation
based on linear variations of
the volumetric average per-
meability, sand drain theory;
Radius of zone of influence of
sand drain;

Error in the use of C as re-
ferred to B;

Base of natural logarithms;
Fourier coefficient defined by
Eq. 73b;

Sand drain dimension factor
defined by Eq. 10956;

Sand drain dimension factor
defined by Eq. 107d;

Initial excess pore pressure
for two-dimensional consoli-
dation;

Sand drain dimension factor
defined by Eq. 109c;

Initial excess pore pressure
for axially symmetric three-
dimensional consolidation;
Half-thickness of one-dimen-
sional consolidating layer;
Fourier-Bessel coefficient de-
fined by Eq. 88b;

Head of water at a given
point in space of the consoli-
dating mass and at a given
instant of time;
Index;

Bessel function
and zero order;
Bessel function
and first order;
Coeflicient of permeability as
a point funetion of space and
time;

Volumetric average coefficient
of permeability as a function
of time;

of first kind

of first kind

= Coefficient of permeability at

the end of the consolidation
process;

Coeflicient. of permeability
during the ith time incre-
ment;

Radial coefficient of perme-
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ability in axially symmetric
three-dimensional consolida-
tion and in undisturbed por-
tion of sand drains when per-
meability is a constant;
Radial permeability in smear
zone for a sand drain;
Horizontal coefficient of per-
meability in two-dimensional
consolidation when perme-
ability is constant;

Vertical coefficient of perme-
ability in two-dimensional
consolidation when perme-
ability is constant;

Vertical coefficient of perme-
ability in axially symmetric
three-dimensional consolida-
tion when permeability is a
constant;

Coeflicient of permeability as
a space point funetion at zero
time;

Substitution factor;

Modulus of volume change;
Summation index;

Root of Eq. 884;

Summation index;

Ratio of radius of influence
to well radius for sand drains;
Porosity;

Reference porosity;

Unit normal vector;
Summation index;

Surface loading funetion;
Reference surface load;
Internal rate of head genera-
tion;

Substitution factor defined by
Eq. 80c;

Rate of imposition of excess
pore pressure;

Radial coordinate direction;
Surface element of arbitrary
surface;

Spacing of drain wells;

Ratio of outer smear radius
to well radius for sand drains;
Time factor for one-dimen-
sional consolidation with con-
stant permeability;

Time factor for one-dimen-
sional consolidation using

Uz

i

constant permeability time
increments;

Time factor for radial sand-
drain flow considering final

permeability ;
Time factor for radial drain-
age in axially symmetric

three-dimensional consolida-
tion and constant permeabil-
ity;

Time factor for vertical
drainage in multi-dimensional
consolidation and constant
permeability;

Time factor for horizontal
drainage in two-dimensional
consolidation and constant
permeability;

End time factor; Time factor
at end of loading period or at
a particular reference time-
constant permeability;

Time;

Time scaled to start at &;;
Time at the 7th time incre-
ment;

Time at end of loading period,
or a reference time;

Excess pore water pressure;
Volumetric mean excess pore
water pressure;

Imposed excess pore water
pressure;

Excess pore water pressure in
smear zone of a sand-drain
system;

Excess pore water pressure
during the 2th time incre-
ment;

Excess pore water pressure
in radial direction of axially
symmetric three-dimensional
consolidation;

Excess pore water pressure
in vertical direction of axially
symmetric three-dimensional
consolidation;

Initial excess pore water pres-
sure for constant loading;
Imposed excess pore water
pressure at time to;
Volumetric average value of
Uo;
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u; = Reference excess pore pres-
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sure for harmonic loading;
Volumetric mean excess pore
pressure for equal-strain,
sand drains considering only
the final permeability k;;
Volume of unit element;
Time factor for one-dimen-
sional consolidation and ex-
ponential approximation for
varying permeability;

Time factor for radial flow to
sand drains, using exponential
approximation for varying
permeability;

Volume of solids;

Volume of voids;

End time factor for exponen-
tial approximation for vary-
ing permeability;

Velocity vector point funec-
tion;

Substitution factor defined by
Eq. 81d;

Horizontal rectangular co-
ordinate direction;

Vertical rectangular coordi-
nate direction;

Coordinate direction;
Modulus of permeability var-
iation;

Proportionality between av-
erage permeability and po-
rosity;

Substitution factor defined by
Eq. 55;

Unit weight of water;

Total differential operator;
Error in exponential approxi-
mation;

emax = Maximum e;
¢ = Substitution factor;

7=
(2-:.
@ =
6=
A=

p=
y =

Oy Oy, Oy =

V=

= Exponential
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Natural logarithm of p;
Total mean stress;

Effective mean stress;

Ratio of k, to k,”;

Fourier coefficient defined by
Eq. 73¢;

Ratio of k, to ky;
Proportionality between
change of volume of voids
and change in coefficient of
permeability ;

approximation
constant;

Radial coordinate direction
for axially symmetric three-
dimensional consolidation;
Initial excess pore pressure
for one-dimensional consoli-
dation;

Normal stresses at a point in
the soil mass, across surface
whose orientation is defined
by subseript coordinate;

= Variable of integration when

limits are time;

Ratio of vertical to horizontal
time factors for two-dimen-
sional eonsolidation;

Ratio of the coefficients of
consolidation, smear zone to
unsmeared zone, for sand
drain theory;

Ratio of radial time factor to
vertical time factor for ax-
ially symmetric three-dimen-
sional consolidation;
Substitution factor defined by
Eq. 88c¢;

Frequency of excess pore
water pressure application for
harmonic loading; and
Gradient operator.





