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Analysis of Dynamic Behavior of Roads
Subject to Longitudinally
Moving Loads

WILLIAM E. THOMPSON, Cornell Aeronautical Laboratory, Buffalo, New York

The flexural motion of a long road pavement of unit width, viscously
damped and uniformly supported by an elastic subgrade; was found
for the case of a steady, normal, concentrated load moving longi-
tudinally at constant velocity. Deflections of the pavementwere writ-
ten in terms of the roots of the characteristic equation associated
with the equation of motion of the pavement. A detailed study of the
roots demonstrated that the solutions for the deflections fall into three
distinct regimes distinguished by the value of the discriminant of the
fourth order characteristic equation. In terms of the concepts of (1)
subgrade damping ratio, £ (ratio of subgrade damping coefficient to
subgrade critical damping), and (2) the velocity ratio, 6 (ratio of the
load velocity tothe propagation velocity of a transverse-displacement
wave along afreely vibrating, elastically supported plate of unit width
with zero damping), it is found that for light damping in the subgrade
(£ < 0.7), an increase in the velocity of the loadup to the vicinity of a
velocity ratio of unity produces an increase in the dynamic value of
the maximum pavement deflection. For heavy damping in the sub-
grade (£ = 0.7) and increasing load velocity, the maximum deflection
decreases from the corresponding static value. The latter result is
observed to be in accordance with measurements that have been ob-
tained by others.

«THE present work arises in an endeavor to devise theoretical techniques, amply
verified experimentally, for establishing the relative influence of dynamic and static
loading on the deflections and stresses induced by a vehicle in the pavement of a road
structure. It was shown by Fabian, Clark and Hutchinson (8) that the peak axle load-
ings of the pavement beneath a moving vehicle can be somewhat in excess of the static
axle loads that are exerted by a stationary vehicle because of the dynamic excitation of
suspension resonances by road surface irregularities, Further work by Clark (g)
demonstrated that the road structure is itself a dynamical system, forced by the ve-
hicle, and capable of magnification of pavement deflections and stresses through the
action of energy transfer between the potential energy stored in subgrade compression
and pavement bending, and the kinetic energy of a moving pavement mass. Thus, the
simple static analyses of pavement stress and deflection heretofore considered ade-
quate to describe the road response to vehicle loading forces are shown to be only
special cases of the more general dynamical analyses introduced in these studies.
Further, Clark (3) noted that, because of the distributed nature of the elements of a
road structure, a dynamic loading of the pavement results from the action of a moving
load, as well as time-varying load. Using the model of the road structure devised by
Clark, the present work continues the road dynamics study by imposing a concentrated,
steady, normal load moving along the road at constant velocity.

The mathematical model of the road-subgrade structure is oriented within the linear
theory of elasticity and with respect to beams and plates as structural elements. A
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longitudinally moving load produces transverse vibrations of a beam or plate. Note
that the motion of the freely-vibrating, simple (unsupported) beam was formulated by
Euler (7) and Bernoulli (2) in the following equation:

ElW.._.. + pAwt_t_ = 0 (lb/in.) (1)

in which the subscripts denote partial derivatives. Further, if this simple beam is
supported by an elastic subgrade possessing viscous damping, the equation of motion
for the transverse vibrations of the beam becomes

Elw___. + pAwt.t_ + c'wt_ + k'w = 0 (Ib/in.) 2)

In comparison, the free transverse vibrations of a free plate are described by

D(Weooo + 2Weooo + Wowoo) + phwo- = 0 (M) (3)
XBEX XXyy yyyy tt in.

in which D is the flexural rigidity of the plate and is analogous to EI for the beam.
Rayleigh (18) and Lamb (11) first studied plate dynamics m connection with seismic
wave phenomena and devised suitable forcing functions, q”, for the right hand side of
Eq. 3.

If one should choose to characterize the motion of a long ribbon of road pavement
by the plate model (i.e., Eq. 3), a further simplification is possible. Assume that the
displacement of the plate is constant in the lateral (F-axis) direction, that is, con-
stant across the width of the road, and varies only in the longitudinal (Sf axis) and trans-
verse (z-axis) directions., This assumption may be expressed as ( ) = ( )- =

= 0. Applying these conditions to Eq. 3 and incorporating the damping and elastic
reaction effects, one obtains

“ " _ lb/m.
Dw.__.. + phwn + cwt_ + k'w = 0( TS ) (4)

which is the mathematical model of the road adopted by Clark (3). (It is important to
note that the assumption of uniform deflection in the y-direction is equivalent to zero
deformation of the plate cross-section in the y z-plane, Hence, strain is confined to
the x z-plane and is zero in the y z-plane. Such a problem is then one of "plane strain, "
a familiar approach in the two-dimensional theory of elasticity. )

In the derivation of the above forms of the equation of motion of the road pavement,
the effects of rotatory inertia and shear deformation are neglected. Timoshenko (21,
22) and Mindlin (15) incorporate these effects into simple beam and simple plate theory,
respectively, and subsequently show that inclusion of at least shear deformation is re-
quired if physically satisfactory results are to be obtained at high vibrational frequencies
or short wave lengths. Neither of these effects has been included either in the work
previously reported or in the present investigation, although Crandall (5) finds that
their inclusion gives rise to several conditions of critical velocity of the moving load
as compared with the single critical condition (at which displacement instability occurs)
predicted by the simple plate theory employed in this study.

When Egs. 2 and 4 are compared, they are identical except for constants, and it
clearly becomes possible to apply techniques for solving the equation of motion of the
beam to the solution of the road-vibration problem. Both Kenney (10) and Mathews (14)
report parts of the solution of the beam problem in connection with the vibrations in-
duced by a load moving along a rail. Mathews utilizes Fourier transforms in treating
Eq. 2, but his results are incomplete for present purposes. On the other hand, Kenney



effects a transformation of Eq. 2 and then adopts the elementary method of undeter-
mined coefficients in the solution of the resulting equation. However, many typo-
graphical errors make his work unreliable. Hopefully, then, it is intended that the
present work will both clarify and complete the solution of the problem of beam (or
road) vibrations where the structure is subjected to a concentrated vertical load moving
longitudinally at constant velocity.

It should be noted that an important simplification of Eq. 4 can be made by trans-
forming the independent variables from a set (x, z, t) fixed with respect to the road
to a set (x, z) fixed with respect to the moving load by means of the following rela-
tions which are illustrated in the sketch.

SKETCH

X = % - Ut (5a)

zZ = % (5b)

and upon substitution in Eq. 4, one obtains

2 o v
Dw + phU L c wa + k*w =0 (6a)

Thus, in the moving coordinate system the displacement of the plate is independent of
time after all the transient vibrations have disappeared and the motion of the plate is
said to be "steady.'" Eqs. 5a and 5b define a Galilean transformation which has been
used to advantage in a number of recent studies by Cole and Huth (4), Eringen and
Samuels (6) and Mann-Nachbar (13) in addition to the work of Kenney (10).

Since the vertical displacement is now a function of x only, Eq. 6a may be rewritten
in terms of ordinary derivatives

4 2 32 4 "
g ,2enl dw 5B UEY . & vw.d (6b)

The main effort in this investigation has been devoted to (a) solving Eq. 6b for the
deflection w, and (b) obtaining numerical solutions for the deflection of the road pave-
ment in a general, nondimensional form,



For convenience, an alphabetical list of terms used, with their definitions, is
given in the Appendix.

FORMULATION OF ROAD DEFLECTIONS

Characteristic Equation

Further study of Eq. 6b will be greatly helped by introducing the following defined
quantities:

1
1. B = (k" /4D)*, wave number (reciprocal of the wave length) for the case of
a single, concentrated static load on an elastically supported plate;

i
2. c¢"¢r = 2(k"ph)°, critical value of the subgrade damping coefficient;

3. Uer - |(4k"D)/(ph) |, propagation velocity of a transverse displacement
wave along a freely vibrating, elastically supported plate of unit width with zero
damping;

4, 8 = U/Ugyp, the velocity ratio; £ = ¢”/c”qp, the damping ratio.
In terms of the definitions, the coefficients in Eq. 6b become
(chU?*)/D = 46* §°
(c"U)/D = 8L 6 8°
k// /D - 484

and on substitution in Eq. 6b

4 2
SXY + 462[32%2’ . BCOBB(;—: + 4f'w =0 (7)

In a fashion similar to Kenney (10), the elementary method of undetermined coeffi-
cients will be used to find the several particular solutions of this ordinary, fourth-
order, homogeneous differential equation,

Assuming the solution to be of the form w = Ce™* derivatives of w may be cal-
culated and substituted in Eq. 7 leading to the auxiliary or characteristic equation

m* + 46°8m® - 8t6p’m + 48 = 0 (8)

The four roots (my, m,, m,, my) of Eq. 8 can be designated formally by stating that

m - m) m - m) (m - mg) (m - my) = 0

where the next section is devoted to establishing the nature of the roots, mj, for all
physically acceptable values of £ and 6.
The substitution m = mp in Eq. 8 achieves a further simplification:

B (m* + 46°m® - 86Cm + 4) = 0 (9a)

or

o+ 46°@m® - 86Cm + 4 = 0 (9b)
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where it is seen that 8 plays the role of a scale factor and has been removed from the
problem of specifying the roots rhj.

From the definition of 6 and {, for all possible physical cases of the road-vehicle
system:

6 =20, ¢ =20 (10a)
If6 = 0, regardless of the value of , Eq. 7 becomes the deflection equation for
the road under static loading. If 8 > 0 and £ = 0, the case of undamped vibrations

of the road due to a moving load is obtained.' However, the present investigation will
be limited to

6 >0, ¢ >0 (10D)
which correspond to a moving load and subgrade damping, in accordance with the as-
sumed road-vehicle system. In view of Eq. 10b, the coefficients of Eq. 9 can be
abbreviated as

46° = a > 0, 86 = b > 0 (10c)

and the characteristic equation can finally be recorded as

Regimes of Pavement Motion

In developing the solution of Eq. 7 in the form, w = Ce™X | two steps must be
taken. The first step sufficies to establish the nature of the roots mj of the character-
istic equation; the second serves to determine the constants of integration from the
boundary conditions, The results of the study of the roots of the characteristic equa-
tion are presented first, followed by a presentation of the values of the constants of
integration, together with the completed equations for the pavement deflections.?

The nature of the roots mj, for all physically acceptable values of { and 6 may be
deduced by the systematic application of four algebraic theorems. The first of these,
Routh's criterion, was used to ascertain the location of the roots in the complex vari-
able plane.® The results are summarized in the following conclusions:

1. The real parts of two of the roots of Eq. 11 are positive and appear in the RHP,

2. There are no roots located in radial symmetry about the origin; in particular,
there are no imaginary roots of Eq. 11,

3. Since Eg. 11 has precisely four roots, two of which have positive real parts
and none of which is imaginary, the remaining two roots can have only negative
real parts.

It is clear that the roots in both half-planes may be either real and/or complex-
conjugate pairs and that further information is necessary to more clearly define the
roots. For this purpose the discriminant of Eq. 11 was calculated from which there

*Phe undamped motion has been studied by both Kenney (10) and Mathews (14).

®Details of the ‘processes for finding the roots and cvgihating the constants are given
in Appendices A and B of the report by Thompson (20).

®The roots fii of Eq. 11 may be real, imaginary and/or complex. As such they may be
plotted in a plane with the real parts of the roots taken along the abscissa and the
imaginary parts along the ordinate. A customery way of designating the location of the
roots is then to describe roots with positive real parts as appearing in the right
half of the plane (RHP), etc.
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follows information which not only helps to specify the roots but also establishes that
there are three distinct solutions of the equation of motion of the assumed road model
as a function of 6 and €.

In terms of its coefficients, the discriminant of Eq. 11 becomes

A = ﬁ [(16,384 - 2,048a% + 64a%) + (576a - 4a®)b® - 27b“] (12)

and upon converting a and b to the parameters 6 and ¢
A = 16[4 (1 - %6 - (8 - 368 + 27¢Y6* + 4] (13)

According to the properties of the discriminant [given, for example, by Routh (19,
paragraph 285)], the nature of the roots changes with the value of A, an important
boundary being A = 0. A plot of the locus of { and 6 making A = 0 is shown in Figure
1, together with information identifying the regions of the figure where A > 0 and

A< 0. In terms of Athen, further conclusions regarding the nature of the roots can
be stated:

4, For A > 0, Eq. 11 has two pairs of complex-conjugate roots.
For A = 0, Eq. 11 has two equal real roots and one complex-conjugate pair.
For A < 0, Eq. 11 has two unequal real roots and one complex-conjugate pair.

The three separate solutions of Eq. 7 then follow from adopting, in turn, each of the
three sets of roots associated with A Z 0,

Despite the conclusions which have been obtained so far regarding the roots of Eq.
11, an ambiguity exists in placing the roots in the correct half-plane. This may be
removed by ascertaining the location of the real roots for each case A 2 0, using

£
S :
REGION A i
n 2 - eeis ssserasress s s Rt .
)
E LocUS EOF A=0 |
. ) - i
ég 1 e "Zf::“,“n".wui.".".“"“.“"uuu5
g f———— —.REGION B & | ocys oF maxiMum
¢ POSITIVE VALUE OF A
3 \/ i
. |REGION C \
Ly POINT OF A=0i
| |
o A
0 1 2 3 4
¥, VELOCITY RATIO (8= U/Ugg)
Figure 1. Portrait of A (A, {) = 0. A is the discriminant of the gquartic character-
istic equation associated with the +transformed equation of motion of the road. For
A = 0, there are two real, equal and one complex conjugate pair of roots. For A < O,

aA/ag < 0 (Region A), there are two resl, unequal and one complex conjugate pair of
roots. TFor A > O, 3A/3C < O (Region B) and for A > 0, a4/dC »0) (Region C), there are
two complex, conjugate pairs of roots.



Sturm's theorem. Although the theorem is commonly used to locate roots of poly-
nomials between specified values of the independent variable, here it will be used only
to check for the location of real roots in the left half-plane (-« <m < - ¢) and the right
half-plane (+ € € m < + »), A series of polynomials, called Sturm's functions, which
begin with the original f (m), i.e., Eq. 11, is evaluated at the extremes of each of the
given intervals. Interpreting the numbers of sign changes (the function passes through
m = 0) which occur in the intervals, one draws the following conclusion relating to the
position of the real roots:

5. For A> 0, there are no real roots in either half-plane.
For A =0, there is one, real, double root in the right half-plane.
For A< 0, there are two, real, unequal roots in the right half-plane.

From the conclusions 1-5, it is now possible to summarize the form of the roots of
Eq. 8. Here one reverts to the roots mj which are given by mj = m; iB, inasmuch as
conclusions regarding mj will not be affected by multiplying by the constant B. Asa
function of the sign of A, finally, for

A>0: mi: = Al + iBl, mg = ‘Ag + le (14a)
me = A, - iB;, my = -A; - iB
A=0: m; = -As + iBs, ma = Ag (14p)
mp = -Aa - iBa, mg = Ag
(14c)

A<0: m; = Ag, mg = -As + iBs
ms = A7, my = -A5 - iBs

Without requiring any information on the road-vehicle system beyond that already
introduced, expressions for the real and imaginary parts of the roots may be deter-
mined in terms of the parameters 6, {, and 8. Depending upon a further theorem
from the theory of equations (which relates the coefficients of Eq. 8 to sums of the
products of the roots) for this calculation, it is found that the constants defined by Eq.
14 are yielded by the following equations, grouped as a function of A .

A>0: A° + 26°8%A" + B (8*-1)A% - 6°C%8° = 0 (15a)
A = A, (15b)
B = B2 [26% + A2/ - (2628)/A1] (15¢)
B = £ [26° + AP/F + (28LB)/AL] (154d)
A=0: A + 20°8%A; - 26C8° = 0 (16a)
Ay = As (16b)
Bs® = 28 [26® + AS/F) (16c)
A<0: A% + 26°F°A + B (8 -1) A% - O2C%B% = 0O (17a)
Ao = As + [(20€8)/As - 268 - AF ]° (17b)
Ay = As - [(OLB)/As - 26°F - A2 )2 (17¢)
Bs = [(26C8°)/As + 26°8° + A2 ]2 (17d)

In practice it will be necessary to solve the implicit expressions for A;, A; and As
before the calculation can proceed. It is clear from Eq. 14 as well that only real
positive values of the A's are physically acceptable. Hence, Eqs. 15a, 16a and 17a
were checked with Descartes' rule of signs by which it was found that each of these
expressions possesses only one, real, positive root. These roots are adopted for
the A's and all the others are considered superfluous.
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Deflections Due to Longitudinally Moving Load

The solution of the equation of motion of the road-subgrade model, Eq. 7, for each
of the three situations, A Z 0, may now be completed. Information in the form of
boundary conditions at large distances from the load and compatibility conditions under
the load will be needed to evaluate the constants of integration in the general solution
in order to obtain particular results for each case.

1. When A >0

The general solution of Eq. 7 in terms of the roots m; may be written
immediately as

m X MeX m maX
w = D;e™% | Ee™X , F, ™ L g™

(18a)

On substituting the expressions [or the roots, Eqs. 14a and 15b, into Eq. 18, and

utilizing the relationships
ell31x = cos Bix + isin B;x (19a)

_'B
e X Los B:X - isin B;x, etc. (19b)

it is found that

w = e_Alx [Cl sin B,x + C cos Bzx] i eAlx [Cs sin B;x + C4 cos le]
(18b)

where C;, C;, Cz; and Cq are to be found from the boundary conditions.

At X = + », both the deflection of the road surface w and the slope of the
surface, dw/dx are zero. Inasmuch as A, is always positive and real, for nega-
tive x, C; = C, = 0; and for pcsitive x, C; = C4 = 0, in order to meet the deflec-
tion and slope conditions. The solution may then be written in two parts,

w = e_Alx [(‘,1 sin Byx + C, cos Rgx} for x >0 (20a)

Ax ;
w = et [Cs sin By;x + C, cos le] forx <0 (20p)

The remaining conditions for finding the C's are given by the compatibility of the
deflection, slope and bending moment of the pavement under the load and by the
formulation of the discontinuity in the shear load. Algebraic details involved in
satisfying the houndary conditions, thereby determining the C's, are given hy
Thompson (20) and only the results are presented here.

-P'A,
Co = G- - 2 2 2 2 2
D[Af (4AZ + B2 + 3BS) + B2 = Bi) (4"’:11 -Br + Bg)
(21a)
C, = [(Bf = B + 4A12)/(4A1B2)] Cs (21b)

C: = | (B - B? - 4A12)/(4A1B1)]Cz (21c)



The final expressions for the deflection of the pavement can now be found by
substituting Eq. 21 into Eq. 20 with the result

W _gp lje—Alx ’ZAle cos B,X + (4A + B/ - B’ sin Byx for x >0
Wo B, ]_ 16A2 B + (4A2 - B2 + B#?)?
hA].X ["— 2 N (223)
wo_ -833 e 4‘ 4A; B, cos ByX - (4A° + B;z - ]312) sin BIXJ ¢ £
Wo "B, || 16AZ B2 + (A2 + B - BpP)? or x
(22b)

which is in the form given by Mathews (E). The nondimensional form of the de-
flection, perhaps more accurately called the ""dynamic-deflection amplification, "
is obtained by normalizing the deflection under dynamic conditions by the deflection
under a static load, given by Clark (g, Eq. 8b) as

wo = (P'B)/(2k")

The ratio w/wo is then an indication of the magnitude of the deflection under dynam-
ic conditions relative to that under static conditions. The negative sign in Eq. 22
will occur in all the deflection formulas calculated in this investigation and arises
from the fact that deflections under the load are deflections in the negative z-direc-
tion when viewed in the right-hand coordinate system shown in the previous sketch.

Although the first form of the solution given by Eq. 22 is very convenient for
numerical work because A;, B;, B: are useful abbreviations, the solution may be
expressed directly in terms of the parameters 8, £, B8 of the problem by utilizing
Eq. 15 and the further abbreviations A:/8 = nor A; = 81.

] | = X
_P'B | il

ne , | -6¢/n - )
2k" [0 + 6% + F(6C/m)P

n2e* + M + 28L/n)%

sin 26% + 7 + ZSC/n)%ﬁx + cos (26% + W + ZSC/n)%ﬁxJ forx >0
(23a)

P'B neP 1%
2k” 1"+ @*n° + Let/nf

|'> -68/n + 1)
nE2e® + ¥ - 20C/n)z

1 1
sin 26 + 7 - 28¢/m28x + cos (26% + M - 29C/n)28x:| forx <0

(23p)

which are in a form given by Kenney (10). Note that the above equations may be
nondimensionalized by dividing by wo.

2, WhenA = 0

The general solution of Eq. 7 may be written again as

m;x mpX

+ Eye + Fpe™¥ | xGe™X (24)

where the multiple root mz is accommodated. Upon substituting the roots, Egs.
14b and 16b, and simplifying
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w = e Aak Ej;, sin Bax + Cg4 cos Bg;{-] p eAsx ’C-; + Cg :ﬂ (25)

Again the C;, C4, Cq, and Cq are evaluated in two steps from the boundary con-
ditions using the same process as for the condition A> 0. The results of the work
show that

RS . 2 2 . (26a)
D Baz (4A42 + B32) i Bs (4A34 + Bsg )}

Cs = [(4A8 - B?)/(4AsBy) | Co _—

Cs = - B4A32 + By)/ (4A,) _| Ce (260)

The deflection of the pavement is then found by using the separated form of Eq.
25 valid in front of and behind the load, and by further substituting Eq. 26 thus ob-
taining expressions in terms of Az and Bs,

‘Asx = 2 2 il
B -8p° l:eBa :| |:1A3 B CO(E;E:EX'JB(;:ﬁs By') sin B3X

forx >0 (27a)

W _oa3 | Asx| |4As - (4As° + Bsd)x
Wo 9P Le J f (4A:2 + Bg?)2 forx =0 (27b)

which have the form of the results of Mathews (14).

In terms of the physical parameters 8, {, and B, Eq. 27 may be converted to
equations of Kenney's form, Adopting Eq. 16 and making the abbreviations As /8 =
nor As = N8, Eq. 27 becomes

, P Pl W _AGP-26Y)
2k |on* + 12776% + 46%| |(46® + 297)%

1 4

sin (46% + 27°)°8x + 87 cos (46% + an)ﬁﬁx] forx =0 (28a)

P'B gl 8%

. 8n-2(677 + 467 x] forx<0 (28b
2Kk" 9n4+12n292+4e‘jl‘~n (877 + 4678 or X (28b)

These results may also be easily nondimensionalized by dividing by wo.

3. When A<O

In the development of the final part of the solution of Eq. 7, one begins again
with
1X MoX

X meX

w = Dge™ + Fse™ (29)

Since for this case, the roots m; cannot be simplified, they are substituted directly
from Eq. 14c. After collecting terms,

+ Eze + Gse
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A -
w = Cge + Cis eA7x + e AgX E}u sin Bsx + Cj, cos BSJJ (30)
Finally the development of the constants Cy, Cy, Ci; and Cy; from the boundary

conditions yields the results,
Gy = P’/{D I_(A5 + A + BE | (0 - A} (31a)
Cwo = 'PI/{D[(As + A+ 552] (As - Av)} (31b)
C11 = __l l:Bsz - (A5 + AG) (As + Aq)] - (310)
D B5 I_(A5 + As)z + Bszj’ BAS + A72)+ B52J
By (o= B Ayt B B : (31d)
D [(as + A + B [(As + A + B|

Mathew's form of the deflection equations is now found by using the separated
form of Eq. 30, and substituting Eq. 31.

¥ g )
Wo Bs
{ Bs (2A; + Ag + A,) cos Bsx - [BS - (A; + Ag) (As + A)] sin B;,x} —
|__(A5 + Aa)2 & Bszj l:(As + A7)2 + Bszj (323.)
w 3 P B
. P 2 2 & 2 g
¥ _[(As + Ag) + Bs:[ (Ag - Ar) BAs + Ay + Bs] (A - A7)
forx<0 (32b)

As a last calculation, it is valuable to obtain the deflections in terms of the
parameters 8, £, B for the present case, A< 0. Eq. 17 facilitates the conversion

and, after introducing the abbreviation As/8 = h or As = 1B, one obtains
“(8 C/ﬂ - nz) X

_Plﬁ r ne"ﬂﬁx _‘
2k’ b“ v 0% 4 :%(9?1/71)_2] In 26¢/n + 26 + M)2

W =

1
sin 26¢/7m + 26% + 'nz)%ﬁx + cos (26¢/n + 26% 4 nz)eﬁxl forx>0 (33a)

~288/n - 26° - P)¥px
?)Z - n@et/n - 26% - nzﬂ

g
ni@et/n + nf)(28L/n - 26* -
e(ZBC/n-zez -nz)%ﬁx }

nl0t/n+ ) @ot/n - 26% - ) + n@6C/n -26° - 1)
for x < 0 (33b)
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The exponential quantities may be expressed in terms of hyperbolic functions, and
on so doing Eq. 33b takes on an appearance quite similar to Eq. 23b. In terms of
obvious abbreviations, the second bracket in Eq. 33b may be written as

" e 2b _

. sinh u + cosh u
a-b a+bh a? = B b

After working out the new functions of the parameters 6, £, 8, an alternative form
of Eq. 33b becomes

>

w =28 { ne P } { -0/ + )
2k’ Unt + &1 + L(6C/M) n@et/n - 26 - 7R

sinh (Zec/n-zez-nz)%ﬁx + cosh (26¢ /n -26° —nz)%ﬁx} forx<0 (33¢)

Eq. 33 may be nondimensionalized as before,

Referring to Figure 1, an immediate conclusion regarding the solutions of the
fourth-order road system characterized by Eq. 7 is evident. On recalling that the
solution of a second-order dynamic system is described as underdamped, critically
damped, or overdamped depending upon whether £ § 1, it is now seen that at small
velocities of the moving load (small 8), a single solution is valid for the damping ratio
 £1. Thus, for the fourth-order road system, the concept of critical damping can no
longer be associated with £ = 1, inasmuch as the nature of the solutions is separated by
the condition A = 0. The relation of £ to the A = 0 condition is expressed in Eq. 13 and
clearly is no simple relationship. However, the series of equations which have just
been presented can be utilized to examine the role of the discriminant A as it bears on
the form of the solutions o the assumed fourih-order road system.

An important feature of the road vibrations that occur because of a moving load is
that the deflections are not symmetrical about the load. While the wavy profile of the
pavement does propagate along the road with the same velocity as the load, the waves
ahead of the load (x > 0) have a shorter wave length and smaller amplitude, in general,
than the waves behind the load (x < 0). Referring to Eqs. 22a, 27a, and 32a for the
deflections in front of the load in the three instances, A Z 0, respectively, all three of
the results are similar (i.e., damped, superposed sine and cosine wave forms). It is
concluded that regardless of A, the road motion in front of the load exhibits a typically
""underdamped'' behavior. Behind the load, Eqs. 22b, 27b, and 32b describe the de-
flections, For A >0, Eq. 22b has a superposed sine and cosine waveform multiplied
by an exponential decay, which in a second-order system would be characteristic of
damping less than critical. For A< 0, both Eqs. 27b and 32b show an exponential de-
cay of the deflection with distance behind the load without the presence of an oscillatory
wave form. This latter result could be arbitrarily described as a wave~-form typical
of overdamped, second-order systems.

In each set of the three solutions, nondimensional forms of the deflections are given
as w/Wo. The resulting amplification factors are presumably calculated at specific
dimensional distances from the load. Inspection of Eqs. 23, 28, and 33 shows, however,
that x and B8 always appear as a product and, in fact, 8x becomes a most suitable non-
dimensional distance. Therefore, by intcrpreting 8x as a nondimensional distance,
the results give normalized deflections at normalized distances from the load, both of
which may be particularized to any specific case of axle load and road-subgrade con-
figuration.
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GENERALIZED DEFLECTION COMPUTATIONS

Nondimensional Profiles

In order to compute the deflection w, or its normalized form w/w,, from Eqs. 22,
27 and 32 in an efficient manner, an iterative program for machine calculations using
an IBM 704 electronic data processing machine was written in Fortran II (formula trans-
lation) language. A sample of the resulting numerical solutions has been plotted for
presentation in this paper. The scope of the present investigation and paper limits the
presentation of numerical results to a discriminating sample of the many possibilities,
Besides physical limitations, it would be misleading to present, somewhat in the form
of a handbook, a vast compilation of deflection profiles, etc., that have not been sub-
stantiated by experiment and that have arisen from a first experience in solving the
equation of motion of an assumed road-subgrade system subjected to a moving load.

For a given road construction or pavement-subgrade configuration, one matter of
concern is how the deflections or vibrations of the road will change with an increase in
velocity of the moving load. Figures 2 and 3 show the effects of load velocity as pre-
dicted by the present study. Several conditions are common to both figures. At static
conditions, 6 = 0, (not shown in the figures) the maximum deflection wo occurs under
the load (at Bx = 0) with the deflection curve being symmetrical about the position
Bx = 0(3, Fig. 6). As the velocity increases (i.e., 8 >0), the point of maximum de-
flection falls behind the load; thus the load appears to be imposed on the inclined side
of the trough. All profiles computed in this work show the trend of maximum deflection
falling behind the loads as speed increases. To the extent of the present calculations,
however, the point of load application never rises above the level of the undeflected
pavement surface in "climbing out" of the trough with increasing speed.

It should be noted that positive (upward) deflections occur in front of the load for all
values of A and occur behind the load for A> 0. Behind the load for A< 0, one expects

04 ! L
0.2 bt et
8 = n.
o i H R e 5L
S ) Pt
& 0.2 [uid T S ot
- l i Lo I
z. o L P ‘
g 04— !
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L?J ? \i |
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Figure 2. General nondimensional surface displacements; variation of surface displace-
ment with velocity of the moving load for a case of light damping, ¢ = O.h4.
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Figure 3. General nondimensional surface displacements; variation of surface displace-
ment with velocity of the moving load for a case of heavy damping, ¢ = 2.0.

the deflections to approach w/w, = 0 at distances far away from the load but to never
become positive. Again, beginning with the symmetrical condition at zero speed,
ahead of the load the wavelength becomes shorter with increasing speed; behind the
load the wavelength becomes extended to where, at A< 0, no oscillatory waveform will
ever be obtained. This pattern appears to be a kind of "Doppler" effect. Indeed, the
point may he carried one step further hy noting, from a point of view often taken in
compressible fluid mechanics, that the medium (elastic pavement material) before the
load has been advised of the approaching load by signals (elastic waves) propagated at
sonic velocity® in the medium. As the load speed increases, the distance ahead of the
load to which the signals penetrate before the load passes becomes shorter and shorter,
thus the distance ahead of the load affected by vibrations becomes shorter. When the
load travels at sonic speed, the load and information about its presence move together
and when the load speed exceeds sonic speed, a shock wave condition exists in the
medium at and behind the load. At and above sonic speed for the moving load, no vi-
brations are expected in the plate ahead of the load. However, this discussion does not
completely define the matter, because in elastic solids there are two conditions of
sonic speed® corresponding to the propagation velocities of longitudinal, compression
and tension waves and of transverse shear waves. Wave interactions then tend to ob-
scure a simple phenomenological picture.

The essential difference between Figures 2 and 3 is the damping in the subgrade,
where light damping, characterized by £ = 0.4, is assumed in Figure 2 and heavy

4Sonic velocity referred to here is not to be confused with Usp, the flexural wave ve-
locity for the freely vibrating, elastically supported plate.

SIn a solid, two sonic velocities exist corresponding to the propagation velocity, c;
of longitudinal or normal stress waves and to the propagation velocity o of trans-
verse or shear stress waves. By way of illustration for conditions of the numerical
given example, ¢; = 3,290 ft/sec, ¢ = 2,105 ft/sec, whereas U,, = 24k ft/sec.
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damping, £ =2.0, is assumed in Figure 3. In each figure, pavement profiles both
ahead of (8x > 0) and behind (8 < 0) the load are drawn for several values of 8. The
important difference in the deflections due to the difference in the damping is that at
light damping and with speeds increasing up to the vicinity of Ugp (8 = 1), the maxi-
mum deflection behind the load increases beyond its static value, whereas for heavy
damping the maximum deflection behind the load decreases from the static value., If
the linear damping of a subgrade is equivalent to values of { less than "critical,"
maximum deflections under dynamic conditions of moving loads should be expected to
be more severe than the static deflections and to increase to a maximum as the speed
increases to the vicinity of the critical velocity. If, however, road subgrades exhibit
heavy damping characteristics, the expectation is that the maximum deflection occurs
under a static load and decreases without exception as the load velocity increases.

An alternate way of viewing the results obtained in the computational study is shown
in Figures 4 and 5, called stability diagrams. The maximum deflection amplification
factors at positions fore and aft of the load through the range of the velocity ratio have
been plotted for values of constant damping ratio, Figure 5 shows that maximum de-
flections behind the load develop from the negative static deflection under the load.
However, the maximum deflection ahead of the load occurs in the region of positive
deflection where it may be normalized by the corresponding static value resulting in
a very similar plot. The positive deflection ahead of the load may also be arbitrarily
normalized by wo, resulting in Figure 4.

The appearance of Figure 5 is quite similar to steady-state resonance diagrams
displayed, for example, by second-order systems subjected to a constant amplitude,
sinusoidal forcing function. When the damping is small and the frequency of the forcing
function approaches the natural frequency of the system, the displacements exhibit ex-

" DawpinG RATIO! |

w/ Wy , DEFLECTION AMPLIFICATION

Y, VELOCITY RATIO (Y= U/Uygz)

Figure 4. Stability diagram for surface displacements ahead of the load; maximum de-
flection amplification ahead of the load is normalized to the static deflection under
the load.
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Figure 5. Stability diagram for surface displacements behind the load; maximum deflec-
tion amplification behind the load 1s normalized to the static deflection under the
load.

cursions to very large values because of conditions of resonance. In the assumed
fourth-order road system, such excursions in the deflections due to a steady, moving
load occur when the velocity of the moving load approaches the critical value given by
the propagation velocity of transverse flexure waves of the freely vibrating road struc-
ture. However, no forcing function containing a circular frequency is involved. Be-
cause of this difference then, the example of Piszczek (17) and others is followed and
the conditions of maximum road deflection near 6 = 1 are termed instability rather than
resonance.

The conditions of deflection amplification greater than unity at light damping and
less than unity at heavy damping are shown most clearly in the stability diagrams.
For £ < 0.7 (approximately), the deflection behind the load always exceeds the static
deflection in the range of low values of the velocity (Fig. 5). As in the second-order
system, the numerical results obtained herein indicate that the £ = 0.7 curve has a
maximum value at zero speed, and is the value of the damping ratio at and beyond which
the deflections always decrease with increasing speed.

Example of Deflection Derived from General Results

It is desirable to show the relation between the above general, nondimensional re-
sults and a specific choice of load and road parameters that are possibly typical of
actual road constructions. In order to implement this comparison, Figures 6 through
10 were drawn for values of 8, corresponding to realistic velocities of road vehicles,
Because of the uncertainty of the values of damping ratio £ that would be exhibited by
typical road-subgrade systems, a range of damping ratios was used. The information
is the same as in Figures 2 and 3, except that the roles of 6 and { have been inter-
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Figure 10. General nondimensional surface displacements; variation of surface displace-
ment with the subgrade damping characteristic for the velocity of the moving load, 6 =
0.70.

changed. It should be noted that use of £ as a variable parameter, because of its un-
certainty, does not imply certainty in the value of 8 by any means. In the definition of
Uer, the parameter used to normalize the velocity of the moving load, the spring
constant k” of the elastic subgrade, is required. Clark (3) assumed a value of 50 pci,
while Livesley (12) illustrates the airport runway problem with a value of 750 pci.
Many values between these extremes have been noted in the literature. Values of k"
ascertained experimentally on the AASHO Road Test were not available in time for
use in this study.

Because of the large variation in values of k” that have been quoted, it was not
practical to prepare Figures 6 through 10 for such specific values of the velocity of
the moving load as 20 mph, 60 mph, 120 mph, etc. Instead, a range of low values of
6 are presented; that is, 6 = 0.1, 0.25, 0.40, 0.55, and 0. 70.

In the following example, values of the parameters and physical properties of a
load and a road configuration are first specified, the static deflection is computed and,
by means of Figures 6 through 10, various aspects of the deflection profiles due to the
moving load are found.

On specifying®:
E = 4 x 10°1bf/in.?,

6} for concrete wes found based on the suggestion of Grinter (9) and Norris, et al (16)
that E = 1,000 fé. An average value of f¢ reported by the AASHO Staff (1) was 3,966
psi for all pavements where h > 5 in. Poisson's ratio, v, was measured by the AASHO
Staff, is contained in their Data Systems, but was not given in the test reports. The
value used here is a very coarse handbook value. The AASHO Staff (1) also reported the
average density listed above for payments where h > 5 in. The thickness and road
width represent a typical cross section.
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v = 0,15,

o = 150.9 lbm/ft® = 0.271 x 1072 lb-sec?/in.%,
k" = 50 pci,

h = 8in., road width = 12 ft,

Axle load 18, 000 lb; thus
P’ = 125 lb/in.
one obtains:
D = (Eh®)/12(1 - v?) = 1.7460 x 10° psi/in.,
B = (k"/4D)a = 1.6358 x 10”2 rad/in.,
wo = (P'8)/(2k") = 2.0447 % 1072 in.; and

U, = [(4K"D)/(ohf]% = 244 ft/sec = 166.8 mph.

cr

Using the above value of Ucr, the velocity of the moving load represented by each of
the five figures is

Fig. 6 7 8 9 10

U (mph) 16.7 41.7 66. 6 91.7 116.8

The deflections and positions of the maximum deflection fore and aft of the load can
then be found as follows: At 6 = 0.40 (66.6 mph) and £ = 2,0, from Figure 8 the
maximum negative and positive deflection behind and in front of the load together with
the distance from the load are

(w/wo) = -0.709

N W_max = -0.709 x 0.02045 = -0.0145 in.

(W/Wo)ymax = +0.0997 W, max = +0.0997 x 0.02045 = +0.00204 in.
(BX)-max = -0.400 X_max = -0.400/0.01636 = -24.4 in,
('gx)+max = +1,.60 X;max = +1.60/0,01636 = 97.8 in.

Similarly, a large number of such conversions will suffice to construct an entire
profile for the assumed example. The dimensional profiles will, of course, be a criti-
cal function of the road design variables that determine the nondimensional parameters,
8 and L.

CONCLUSIONS

1. The equation of motion of a long, narrow, elastic pavement, viscously damped
and uniformly supported by an elastic subgrade, was formulated. Since the pavement
model is subjected to a steady, normal, concentrated load moving longitudinally at
constant velocity, transformation from a coordinate system fixed with respect to the
pavement to one fixed with respect to the moving load is possible. The resulting or-
dinary differential equation which describes the dynamic road system is then amenable
to solution by elementary techniques, the method of undetermined coefficients being
used here following the suggestion of Kenney.

2. The roots of the characteristic equation, associated with the transformed equation
of motion of the road-vehicle system, divide the solution for the pavement deflection
into three parts for all physically acceptable values of the damping ratio £ and the ve-
locity ratio 8. The value of the discriminant of the characteristic equation is indicative
of the three regimes of the solution,
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3. Contrary to the conditions wherein { § 1 characterizes the underdamped,
critically damped, and overdamped motions, respectively, of a second-order dynamic
system, no simple, single value or function of { separates the solutions of the fourth-
order, road-vehicle system. The conditions A Z 0 do distinguish the solutions mathe-
matically, but the separate solutions for the motion of the pavement in front of and be-
hind the load obscure this distinction.

4, In satisfying the boundary conditions in the solution of the equation of motion of
the pavement, separate formulations are obtained for the deflection in front of and be-
hind the load. Irrespective of the value of A, the pavement vibrations in front of the
load exhibit a typically underdamped behavior. Behind the load an underdamped mo-
tion again appears when A >0, while for A £ 0, the vibrations decay with distance be-
hind the load without ever achieving an oscillatory waveform,

5. The deflection of the pavement surface proves to be a function of the nondimen-
sional product 8x. Since the deflection equations may be normalized by a reference
deflection, such as wo, the results of this investigation may be cast into a general
nondimensional form which can then be adapted to any load and road configuration con-
sistent with the assumed road model.

6. The pavement profile computations demonstrate that the position of maximum
deflection of the pavement falls behind the load as velocity of the load increases. The
point of load application occurs on the forward side of the deflection trough but, to the
extent of the calculations made in this investigation, never reaches a vertical position
corresponding to the undeflected surface. As the velocity of the load increases, the
wavelength of the vibrations in front of the load decreases; behind the load, the wave-
length increases. This result is obtained independent of damping.

7. An important difference in deflections due to the influence of subgrade damping
is evident from the computed pavement-deflection profiles. At light damping (£ < 0.7)
and with speeds increasing up to the vicinity of U, (8 = 1), the maximum deflection
located behind the load increases, whereas for heavy damping (£ < 0.7) the maximum
deflection always decreases from the static value. If light damping characterizes
road construction, maximum deflections under moving loads are expected to be more
severe than the static deflections, and to increase as speed increases up to the vicinity
of U,.. If, however, heavy damping characterizes road construction, the expectation
is that maximum deflection occurs under a static load and decreases as the load veloc-
ity increases,

8. It can be argued that the road model described herein is not complete to the ex-
tent that the model does not include: (a) the effects of rotatory inertia and/or shear de-
formation of the pavement; (b) energy losses due to pavement flexure; (c) an adequate
determination of the boundary conditions that prevail with finite-length pavement slabs;
(d) the transient terms associated with an unsteady load velocity and magnitude; (e) the
three-dimensional effects of a finite width pavement slab; (f) the inertia of the subgrade;
and (g) the dynamics of the vehicle,

It is anticipated, however, that many or all of these refinements will contribute
only second-order or smaller perturbations to the present solutions, especially for
the relatively low velocity ratios characteristic of contemporary or future vehicles.
Accordingly, the current major requirement in the program of ''road loading mechanics"
research is the necessity for an experimental program to indicate the validity of the
postulated, analytical model of the road-subgrade system.
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Appendix
NOMENCLATURE

A = beam or plate cross-sectional area (sq in, ).
A, Az, As, ... = real parts of the roots of the characteristic equation.
a = an abbreviation; a = 4 62,
B:., B;, By, ... = imaginary parts of the roots of the characteristic equation.

b = an abbreviation; b = 86¢.

C, Ci, C; ... = constants of integration.
¢ = internal viscous damping coefficient for elastic subgrade (lb-
sec/in.).
¢’ = damping coefficient/unit length of beam (lb-sec/in.)/ (in.).

= damping coefficient/unit area of plate (lb-sec/in.)/(sq in.).
¢”ep = critical value of the damping coefficient (Ib-sec/in.)/ (sq in.).
D = flexural rigidity of the plate (psi/in.).
D1, D;, D3 = constants of integration.
E = modulus of elasticity (psi).
E,, E;, E; = constants of integration.

e = base of natural logarithms (e = 2. 71828).

F,, F2, Fs3 = constants of integration.

Gi1, Gz, Gs = constants of integration.
h = plate thickness taken in transverse direction (in.).
I = moment of inertia (in.%). _
i = the imaginary operator; i = (—l)é .

k = spring constant for elastic subgrade (Ib/in.).
k' = spring constant/unit length of beam (Ib/in.)/ (in.).
k” = spring constant/unit area of plate (Ib/in.)/ (sq in.).

m, m;, m,, ... = roots of the characteristic equation.
M = an abbreviation for the root, m/g = .
P’ = concentrated, transverse moving load/unit width of road (1b/in.).

a = loading (1b).
q’ = load intensity or force/unit length of beam (1b/in.).

q” = load intensity/unit width or force/unit area (psi).
t = time (sec).
U = constant velocity of the moving load (in./sec).
Uer = propagation velocity of a flexure wave in a freely vibrating, un-
damped, elastically supported plate (in. /sec).
u, v, w = displacements in the x, y, z directions, respectively (in.).
wo = deflection of road under the load for the static case where the

load velocity vanishes (in.).
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Ml
<l
N

XY, z

Cartesian coordinates (longitudinal, lateral and transverse
directions, respectively) fixed with respect to the road.

Cartesian coordinates fixed with respect to the moving load.

wave number of plate vibrations—wave number is reciprocal of the wave

length (rad/in.).
the discriminant of the "reduced' quartic characteristic equation.
arbitrarily small longitudinal distance from point of load application.
damping ratio: £ = c¢”/c” ..

an abbre/viation having three similar uses: n=Ai1/8, 1= As/ B,
n=As/8.

velocity ratio: 6 = U/Ugy.
Poisson's ratio.
density (mass/unit volume) of pavement material (Ib-sec?/in.*).



A Review of Soil-Pole Behavior
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The behavior of a pole embedded in soil is reviewed in the
light of modern soil mechanics. A compilation and interpre-
tation of the available published and unpublished test results
provide the background information used in a discussion of the
real behavior of a soil-pole system. A theoretical analysis is
presented that accounts for vertical, lateral and moment loads
on the pole; the nature of the previous theoretical work available
in the literature is tabulated for comparison. The proposed
analytical techniques also include a simple quantitative means
for determining if a flexural member is rigid enough that its
deflection can be described solely as a rotation.

In application of the analytical techniques to pole designs a
simple means of approximating the strength and subgrade
modulus of the soil is shown to be necessary. A simple static
soil penetrometer test is suggested as a practical device for
field use. Other variables that mustbe considered in developing
pole design standards arethe method of construction, the load-
ing conditions and the geometrical configuration of the poles.

e THE USES or service classifications of poles are numerous; they vary from tent
stakes and fence posts to supports for the heavy signs used by many highway depart-
ments and outdoor advertising companies. Lateral loads on poles may arise from
wind, guy wires and/or an alignment change on power poles. Moment loads may be
due to couples, lateral loads and/or eccentric vertical loads. Vertical loads may be
exerted by signs, power lines, guy wires and transformers. Additional loads of con-
sequence can arise from earthquake motions if an appreciable mass is supported by a
pole. The nature of the loading on a pole can also be of some consequence; for instance,
cyclic loading is usually more serious than a static loading of equal magnitude.

The purpose of this paper is to provide a review of previous theoretical and experi-
mental work on the soil-pole problem and to explain soil-pole behavior so that realistic
pole design procedures may be developed. A critical analysis of the available experi-
mental data will provide the basis for a physical interpretation of the interaction be-
tween a pole and the soil surrounding it. Further, a comprehensive analytical proce-
dure will be developed that accounts for the lateral, vertical and moment loads on the
pole and, in addition, provides for a wide range in soil behavior. An initial inclina-
tion of the pole is also considered in the analysis. The results of tests in typical soils
will be evaluated in light of the preceding analysis and discussion of soil-pole behavior.
Suggestions will be given for using the information contained herein in the development
of pole design standards for different pole service classifications. Finally, it will be
recommended that for practical use, the strength and subgrade modulus of different
soils be correlated with a simple static penetrometer test performed in the field.

STATEMENT OF PROBLEM

Poles are considered herein as essentially rigid members whose lateral deflections
under load are primarily due to rotation about a point along the embedded length of the
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vertioding, 'r‘( hitial  pole. A criterion will be given for deter-
mining when the flexural member that

serves as the pole is stiff enough to be
considered rigid. Because the rotational
Yg resistance of a rigid pole is governed
solely by the load-deformation character-
istics of the soil adjacent to the embedded
portion of the pole, it is the soil that con-
trols the behavior of a laterally loaded

O‘(
—i
=

TITIT77T 777 777 7777 soil-pole system.
GTJ = Figure 1la shows a pole of width B (nor-
| mal to the direction of loading), embedded
Do 5 for a length D, and subjected to a system

of lateral loads Qi, @, and Qs at distances
Hi, Hz, and Hs above the ground surface.
For generality, a couple M. and a vertical
load P acting with an eccentricity e from

] the pole axis are also shown. Because an
! initial rotation 6; is likely to be experi-

'F enced under field conditions and because

it leads to additional moments when verti-
cal loads are present, it has been ‘included
as a variable. The pole is shown in Fig-
(a) Load (b) Rotation ure 1b as rotating an angle 6 about a

point at a depth D below the ground sur-
face; the horizontal deflections y are meas-
ured with respect to a vertical line through
the point of rotation. The initial rotation
6i causes an initial deflection yyi to exist at the ground surface; an additional deflection
Vg is caused by the applied loads. Soil reactions which must be in equilibrium with the
applied loads are induced by the pole rotation. The nature of the soil reactions for dif-
ferent soil types and loading conditions is discussed subsequently.

The scope of this paper is limited to isolated, rigid, vertical or slightly inclined
poles, embedded in a homogeneous soil and subjected to vertical, lateral and moment
loads. Generally poles are not placed close enough to each other that group action
becomes important; however, if poles are spaced ai 3 diameters or less normal to
the direction of the loading, and/or 6 diameters or less parallel to the loading, group
action will develop. If necessary, the effects of group action may be estimated from
the work of Prakash (1).

Figure 1. Ioads acting on a pole.

SOIL RESISTANCE

The following discussion of soil-pole interaction represents the authors’ theoretical
reasoning and interpretation of the available test results. The discussion will be devel-
oped by studying the soil behavior as the lateral load on a pole is increased to failure.

Pole Rotation

Figure 2a shows a pole of width B and embedment D subjected to an increasing
lateral load Q at a distance H above the ground surface. As the load Q is increased,
four successive rotated positions (i to iv) are shown in Figure 2b. The net soil reac-
tion w (force/unit of depth) is plotted versus depth in Figure 2c for the successive
stages of rotation. It should be noted that w is the total reaction across the width B
of the pole; it is usually considered to act uniformly across the width B, whereas in
reality it represents the increase in pressure on the loaded face of the pole minus the
decrease in pressure on the backside of the pole plus the shear resistance along the
sides of the pole. The soil reactions for three depths (B, 2B and 3B) are plotted
versus the corresponding deflections in Figure 2d. As the load is increased the point
of rotation shifts downward along the pole. Furthermore, the upper point of relative
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Failure

As the rotation of a pole is increased to failure, three general modes of failure may
be identified. A flexural failure of the pole may occur above or below the groundline
depending on the flexural properties of the pole and the nature of the loading. The
elimination of a flexural failure is a simple matter once the moments along the em-
bedded portion of the pole are known; a procedure will be given subsequently for esti-
mating the moments. Another mode of failureis excessive rotation which may or may
not be due to plastic soil behavior. Finally, a complete collapse of the pole can occur
when a sufficient amount of plastic soil behavior has developed. The latter behavior
has been illustrated by Krynine (3) in tests wherein the point of rotation moved down-
ward along the pole until at large rotations it shifted to the ground surface; a wedge of
soil equal to the embedded length of the pole was then forced upward as shown in Fig-
ure 4a. Appleford (4) attempted to analyze this state of total collapse by bounding
the wedge with a line from the bottom of the pole inclined at an angle of 60 degrees;
Williams (5) performed a similar analysis using an angle of 45 degrees.

Ultimate Soil Resistance

A discussion of the ultimate soil resistance that is available to resist the rotation of
a pole will aid in understanding the soil-pole behavior at loads near the collapse load.
Figure 4b shows a fully plastic distribution of soil reactions along the embedded por-
tion of a pole (solid line). In reality, for loads near the collapse load where large
rotations are observed, the actual distribution of the soil reactions is more in agree-
ment with the dotted line in Figure 4b. It may be reasoned that collapse is impending
when either the upper or lower point of maximum soil reaction reaches the fully plastic
condition. Therefore, if the soil reactions and the ultimate soil resistance can be pre-
dicted, the ultimate soil resistance can be divided by a factor of safety to obtain a limit
to the working values of the soil reactions.
If the loaded face of a pole is consid-
ered to be infinite in lateral extent it then
Q becomes a wall; the ultimate soil resist-
ance against a wall is the familiar two-
dimensional passive pressure. Many in-
vestigators have assumed, mistakenly,
that the ultimate soil resistance offered to
a pole is the two-dimensional passive
pressure. Actually the problem is three-
dimensional because of the end effects at
the edges of the pole; therefore, the ulti-
mate soil resistance must exceed the two-
(a) Total Collapse dimensional passive pressure. At depth,
a lateral translation of the pole will deform
the soil in 2 mode similar to that for the
bearing capacity of a deep footing. The
problem then becomes that of the two-
TEE LT LS PG E 8T dimensional bearing capacity of a footing
completely surrounded by soil. The ulti-
°°'”“'\\$1 mate soil resistance, therefore, varies
i with the depth below the ground surface
/ even though the strength parameters ¢
/ ) and c are constant with respect to depth.
2% sully elaerie In summary, the ultimate soil resistance
z is slightly in excess of the two-dimensional
passive earth pressure at the ground sur-
face; it increases with depth as it makes a
transition to that given by the two-dimen-
Figure 4. Collapse conditions for a pole. sional lateral bearing capacity.

—= Q

(b) Soil Reactions
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Figure 2. Pole rolalion and soil reaclbions.

maximum soil reaction shifts downward Bl Haveriony [berht
along the pole although the same qualita- =i g 0 10,000

tive shape of the soil reaction versus
depth diagram is maintained. The geom- ﬁ

etry of the pole rotation requires the
largest deflections to occur at the ground

surface and at the bottom of the pole; A—G= 8251 ) i
therefore, the soil resistance initially silihriy
becomes plastic in these two areas before 40 '
spreading downward and upwards along R \\

the pole. Generally, plastic soil resist- 2 \ Q=20301b

ance is observed near the ground surface = \(

even if it does not occur at the bottom of
the pole. The w versus y curves in Fig-
ure 2d illustrate the foregoing discussion.
At depth B plastic behavior is observed,

whereas at depths 2B and 3B the soil re- / \\
actions are at successively smaller per- [
cenlages of ithe ultimate vailues. The
ultimate soil resistance increases with After Osterberg, 1958
depth even though the strength parame-
ters, the cohesion c¢ and the angle of in-
ternal friction ¢, are constant with depth.

Depth,

Q=2910 Ib

80

Test No.5

Figure 3. Soil reaction vs depth from a
test in clay.

Shear on Bottom of Pole

Another element of resistance that is usually ignored in pole analyses is the sheer
Vp acting along the bottom of the pole (Fig. 2a). Neglecting Vp is conservative for
design purposes but the analysis of test results becomes difficult because it may or
may not be present or may be present in the earlier stages of loading and practically
disappears during the later stages. For laterally loaded piles Vp is ignored because
piles are usually long enough that the effect of V1 cannot be detected. As the embedded
length of the flexural member is decreased into the range of that for poles, Vp be-
comes progressively more important. Finally, for very short poles which are really
block foundations, the incorporation of Vp into an analysis becomes a necessity as is
also true with the vertical pressures on the bottom of the foundation. Figure 3 shows
several soil reaction versus depth curves for a test on a pole in stiff clay that was
reported by Osterberg (2). Under the 825-1b load, the action of V) on the bottom of
the pole is quite pronounced, whereas for higher loads its action appears negligible.
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Figure 5. Bearing capacity factors vs depth.

Several authors have observed the foregoing behavior. Minikin (6) found that the
ultimate soil resistance offered to poles was 2.3 to 3.4 times greater than that offered
to a wall in the same soil. Krynine (7) has shown that the ultimate soil resistance was
proportional to the depth for a wall and to the second power of depth for a pole. In ad-
dition, Stobie (8) measured pressures against a pole in excess of Rankine's passive
pressure. -

The unit lateral bearing capacity of cohesive soils (p = 0° condition) can be ex-
pressed as ¢N, where N, is a dimensionless bearing capacity factor. Meyerhoff (9)
has computed N¢ to be as high ag 11,42, whereas Brinch Hansen (10) has computed
8.14., MacKenzie's (11) tests indicate that a value between 8 and 9 is appropriate for
N¢. Brinch Hansen (10), onthe basis of reasonable assumptions, has computed the
ultimate soil resistance against a pole as a function of depth for both cohesive and gran-
ular soils; Figure 5 shows the essential results of Hansen's theory. In this paper soils
will be treated as either cohesive (p = 0°) or granular (¢ = 0). Correspondingly, Fig-
ure 5a shows N versus the depth x divided by the pole width B. The ultimate soil
reaction for a cohesive soil is then expressed as

wyu¥ = BeNX (1)

in which the superscript x indicates that wy corresponds to the depth x for which N¢
was determined. Similarly, Figure 5b shows Nq plotted versus x/B for various values
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-y curve of ¢ where N, is a dimensionless bearing
- capacity factor dependent on ¢. The ulti-
£ 27 mate soil reaction of a granular soil is
angent
TN J then expressed as
v
E # ;
& A//Secam Wux = Bq qu (2)
2 P
g P where g’ is the vertical effective stress
: e at the depth x.
a /
e
7 Subgrade Modulus
7
// To calculate the soil reactions consist-
A ent with a given rotated position of the pole,

some knowledge of the soil reaction versus
deflection relationship (w vs y) is required.
Figure 6. Soil reaction vs deflection. U the soil reactions can be determined

under given conditions, then they may be

compared to the ultimate soil resistance
for the purpose of estimating the factor of safety against a total collapse of the pole.

Figure 6 shows a typical w-y curve for soil. For soil reactions of less than one-

third to one-half of the ultimate soil reaction, the w-y relationship can be expressed
adequately by a tangent modulus. For larger soil reactions a secant modulus is more
appropriate. Because it will generally be desirable to keep the soil reactions smaller
than one-third of the ultimate soil reaction, the discussion as developed herein will be
concerned with the tangent modulus k (expressed in units of force/length?)

Deflection, vy

w
k=< (3)

If a reasonable variation of k with depth can be formulated, then a pole may be analyzed
as a rigid member restrained by a series of infinitely closely spaced independent elas-
tic springs. This is the concept of a subgrade modulus.

In using a subgrade modulus to define the soil stiffness it is assumed that the springs
are independent, whereas in reality they are interrelated in a complex fashion. The
error involved may be estimated by considering the contribution of Vesic (12) who ex-
tended Biot's (13) work concerning a ilexible beam supporied on an clastic half-space.
For long relatively flexible members such as piles the error in the computed bending
moments based on the subgrade modulus assumption was no more than a few percent
when compared to the theory of elasticity solution. The error increased to as much
as 14 percent for relatively short and essentially rigid beams, Therefore, the subgrade
modulus concept has a reasonable theoretical foundation; it is believed to be more than
adequate for the pole problem.

Several variations ot the subgrade modulus with depth have been used in pole theories.
The most useful variation was that developed by Miche (14), Titze (15) and later Palmer
and Thompson (16); they expressed the modulus as T

kg = K (%)n (@)

in which K is the value of k at the bottom of the pole and n is an empirical coefficient
equal to or greater than zero. Figure 7 shows the variation of k with depth for various
values of n. Most authors of pole theories assumed that n = 0 for clays, or that the
modulus was constant with depth, and n = 1 for granular soils, or that the modulus in-
creased directly with depth.

The theoretical reasoning of Terzaghi (17) indicates that n is approximately unity
for sands and, inaddition, virtuallyall of the test results in granular soils can be adequate-
ly analyzed with n = 1 although there are indications that an n-value of 1.5 may be more



appropriate. No conclusive test results Subgrade Modulus, k/K
are available for clays, but on the basis o

of the previous discussion concerning the el
w-y relationships in Figure 2d, it is like- %O

ly that a value of n greater than zero is \

more realistic than a value of zero. A e
tentative value of 0,15 for n is herein
suggested on the basis of the information N

presently available; this has the effect of \ j \
n=[.5

including an allowance for plastic soil be- o™
havior at the ground surface. It should ve P
not be expected that a unique relationship \
in the form of Eq. 4 can be obtained for

the variation of k with depth in clay soils \
because the D/B ratio, the nature of the

loading, and the soil itself all affect k.

However, some reasonable n-value is
likely to be adequate for the majority of

preloaded clays that are encountered. T T BT e, T =
Terzaghi (17) has presented an ex-
tensive discussion regarding the effect Figure 7. Variation of subgrade modulus

of size of the loaded area on the subgrade with depth.

modulus, For example, a loaded pole of

width B produces soil reactions w and de-

flections y. If another pole of equal embedment in the same soil but of width 2B is sub-
jected to the same loading, the soil reactions and deflections will be equal to those for
the pole of width B. Although the unit soil pressures across the face of the pole with
width 2B are one-half those for the pole with width B, the dimensions of the stressed
volume of soil are doubled because of the size of the loaded area; therefore, the deflec-
tions at the faces of the two poles are equal. After k has been determined for a given
pole its value is unchanged if the pole width B is changed.

Poles Widened at the Ground Surface

The foregoing discussion concerning the size of the loaded area was based on the
assumption of linear elastic behavior for the soil. Actually, as shown in Figure 2d,
plastic soil behavior is likely to develop at the ground surface. In the analysis of a
pole with uniform width B this behavior will be accounted for by using an empirically
predetermined elastic modulus variation with depth that really involves both the secant
modulus (Fig. 6) near the ground surface and the tangent modulus at greater depths.

If a pole of width B were to be widened, for example to width 2B for some depth below
the ground surface, strictly elastic considerations would indicate no change in the load-
deflection behavior. In actuality, the ultimate soil reaction for the enlarged portion of
the pole is approximately doubled because it depends on the width, whereas the soil
reaction itself is only slightly increased. This has the effect of increasing the magni-
tude of the secant modulus (Fig. 6) because the soil reaction is now a smaller percent-
age of the ultimate soil reaction than it was for an unenlarged pole section; therefore,
the deflections should be reduced.

Anderson (18) and Osterberg (2) have shown large reductions in the rotation of poles
that have been enlarged or otherwise stiffened at the ground surface when compared to
unenlarged poles. Davisson and Gill (19) have analytically studied a similar effect for
laterally loaded piles and found that reductions of 50 percent in the lateral deflection of
the pile under a given load are easily obtained.

Effect of Pole Shape

Conflicting opinions have been reported in the literature on the effect of the shape
of the pole on its behavior. Czerniak (&Q) believes that because the maximum pressure
against the middle element of a circular pole is 1.57 times the average pressure on the
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projected area, or on a flat surface equal in width to the pole diameter, and that be-
cause a curved surface can penetrate the soil more easily than a flat surface, the
effectiveness of a round pole must be lower than that of a square pole. Shilts, Graves
and Driscoll's (21) experimental evidence on model poles in sands showed that a 3-in.
diameter pole moved more (approximately 33 %) under a given load than a 3-in. square
section. On the other hand, Williams (5) concluded from his tests on model poles that
square poles of width B could withstand only about 90 percent of the overturning moment
withstood by poles with a circular section of diameter B.

Davisson (22) analyzed Nakamura's (23) tests on 6-cm wide model poles embedded
in sand. The shapes studied were round, square, and diamond. The diamond-shaped
poles were actually square bars loaded along the diagonal rather than along a side.
According to this analysis, the shape of the pole cross-section has a negligible effect
on the soil resistance and pole deflections.

Effect of Cyclic Loading

Several aspects of soil behavior may influence the strength and stiffness of the soil
surrounding a pole. As an example, cyclic loading may remold an undisturbed cohe-
sive soil by the process of repeated shearing deformations. This will reduce both its
strength and stiffness. However, a rest period may produce an increase in strength
and stiffness depending on the thixotropic and consolidation characteristics of the soil.
Similar events can occur for poles that are driven into clay soils. Matsuo (24) has
shown that the lateral load resistance of driven poles increases with time affer driving
because of the strength increase caused by thixotropy and consolidation under the high
horizontal pressures induced by driving the pole.

Cyclic loading usually causes a permanent displacement of the soil at the ground
surface, thereby leaving a gap between the soil and the pole. This has the effect of re-
ducing the subgrade modulus k to zero, regardless of its initial value. Therefore, an
n-value of zero in Eq. 4 is virtually an impossibility.

Effect of Climate and Method of Construction

The soil resistance may vary considerably according to the season. Seasonal mois-
ture variations brought on by floods, rains, frost action, droughts or other causes may
exert a controlling influence on the soil resistance. For purposes of design or re-
search, the worst soil condition should be studied.

Construction procedures also control, to a large extent, the behavior of a soil-pcle
system. Poles may be placed in loose or tight fitting holes that have been hand-dug or
bored; they may also be driven into place. The backfill around a pole may be loose or
compact or may vary considerably in thickness (horizontally), depending on the size of
the hole. Good construction practice calls for a tamped or otherwise compacted fill.

If the fill is thin, the load-deformation characteristics of the undisturbed soil around
the pole will control the behavior. For a thick fill, the behavior may be controlled
entirely by the load-deformation characteristics of the fill.

ANALYTICAL STUDIES

In the analysis of a pole it is assumed that the pole is rigid enough that its deflected
shape can be described by a rotation. As the embedment of a given pole section is in-
creased, the greater is the possibility that this assumption will become invalid. For
a flexural member embedded in an elastic medium wherein k can be assumed to be con-
stant with respect to depth (n = 0), solutions are available that define the depth to which
a pole may be assumed rigid. Grandholm (25) and later Davisson and Gill (19) have
suggested the following criterion: If the depth D divided by the relative stiffness factor
R (Eq. 5) is equal to or less than 2, then the pole may be considered rigid.

B 4/ EI
R = —=p (5)
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P2 e 2 (rigid pole) (6)

R

EI represents the flexural stiffness of the pole. It is recommended that Eqs. 5 and 6
be used to approximate the limits of a pole in cohesive soils even though n is closer to
0.15 than it is to zero.

For granular soils (n = 1) Eq. 4 reduces to

kx = nhx (7)

where ny, is the constant of the horizontal subgrade reaction equal to K/D and with units
of force?lengtha. Matlock and Reese (26) and Davisson (22) have proposed a criterion,
similar to that given above, for poles embedded in soils for which the subgrade modulus
is directly proportional to depth. It is recommended that the following equations be
used for granular soils and for any other soils for which an n-value of unity is a good
approximation:

- &f EL (8)
np
% ) (rigid pole) (9)

Again, T is a relative stiffness factor.

In the following analysis the initial inclination of a pole may be of significance if a
vertical load is acting on the pole. Furthermore, it is necessary that the vertical load
placed on the pole does not exceed the critical vertlcal load P, Because the complete
analysis is facilitated if the axial load P is expressed as aPcr, where o equals P/P.y.,
the expressions for Py will be given first.

An initially vertical pole embedded for a depth D is considered to be subjected to a
vertical load P at a distance H, above the ground surface. If it is assumed that the
shear V and the moment M are zero at the bottom of the pole (Vy = Mp = 0), and that
sinf is approximately equal to 6, then the soil-pole system is essentially a rigid bar
restrained by a moment spring. The characteristics of the moment spring are those
of the soil as represented by the modulus of subgrade reaction which is considered to
be governed by Eq. 4. On the basis of the foregoing assumptions Prakash (27) has
derived the following equation for P.: ==

KD?
= 10
¢ (n+3) (n+2)*® (1 +&) "
D

It is presumed that the vertical bearing capacity of the pole is sufficient to carry the
imposed vertical load or that the pole is adequately designed as a pile.

Figure 8 illustrates the general conditions considered in the following pole analysis.
In Figure 8a a pole of width B normal to the plane of the loading is embedded for a
length D and unsupported for a length H. It is inclined at an angle 6; before being sub-
jected to the moment My and the horizontal load Q, at the ground surface plus the verti-
cal load P at a distance Hp above the ground surface. Mg is the resultant moment for
all the horizontal loads and couples on the pole and includes the moment due to the ec-
centricity of the vertical load from the pole axis. Likewise, Qg is the-summation of
all horizontal loads. The pole is shown rotated through the an %e 6 in Figure 8b; x is
the depth coordinate measured from the ground surface and D, is the depth to the point
of rotation. Eq. 4 expresses the soil stiffness shown schematically in Figure 8c and



34

verlicol~,
width=8 | | 5
|
" |
|
[ |
Hp. ;
Yai T/ Y
M, ] ]
=g 0 0 0
7Rl 777 VJFTTT 7N 77777777 TV7T7 TT77777
9 " D;
| /8
=y
ky= w, M V,
Do I X Ay X * 3
J O
! - =
K

(b)Deflected (c)kvs depth (d)w vs (e) M vs depth (f) V vs depth

(a) Initial
position position depth
Figure 8. Variables considered in the pole analysis.

the soil reactions develop as shown in Figure 8d. The general shapes of the moment
and shear diagrams versus depth are shown in Figure 8e and f, respectively. Assum-
ing that sinf is approximately equal to 6 and that the shear and moment are zero at
the bottom of the pole (Vp = Mp = 0), the following expressions have been developed
by Prakash (27):

Mg n+2 o «6iKD?
Do QgD "1n+3 (n+2) (n+3) " (m+3) m+2)7 Qg
Sl (11)
D ne2 Mg a8iKD?
n+1 QgD (n+1) n+2) (n+3) Qg
TRl
N+ g
Vg - ) (12)
KD(n+2 Do )
n+l D
6 -8 (13)
6]
np
_ X 0O ~-X

With the foregoing equations the moments and shears along the embedded portion of
the pole can be computed. To check the upper and lower points of relative maximum
soil reaction against the ultimate soil resistance, an expression for the depth Dy
(Figure 8d) is needed. The upper point of maximum soil reaction occurs at

(15)

whereas the lower maximum is at the depth D,
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It should be noted that the principle of superposition was assumed valid in the deri-
vations. This follows directly from the assumption of linear elastic soil behavior.
Because these equations are intended for use in the range of small rotations, as is
desirable under working conditions, the soil behavior should be nearly elastic; there-
fore, the principle of superposition becomes a reasonable approximation.

For granular soils and for any other soils for which an n-value of unity is reasonable,
Egs. 10, 11, 12, and 14 reduce to the following equations on substitution of n = 1 and
K=nypD

Pop= ——— (=1 (16)
36 (1+—DE)
Mg 3 a ozeinhD3
D Q.D "4 12" 36 Q
- = — E =1 (17)
3 Mg  a8inyD’
2 QgD 24 Qg
D
3Qg 5
Yg = . (n=1) (18)
(%)
“h 2 D
3Q D
wes——p b (F-E)Ew-v 9

On substitution of the proper depths in Eq. 19 the two maximum soil reactions may be
expressed as follows:

@) (m=1) (20)

wD_D(;;E-l)(%Q_ )(-1) (21)

Similarly, for preloaded cohesive soils for which an n-value of 0.15 is tentatively
offered

KD?
Pep = ———— (n=0.15) (22)

H
p
14.6(1+ D)
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Mg " o «BiKD?
Do QgD ' T BT + 14.6Q,
=2 : (n=0.15) (23)
D Mg afiKD
1.87 1

+ — +
QgD ~ 7.80Qg

Do
2.15Q, D
Vg = = (n=10.15) (24)
KD (1.87—0—1)
D
2,15 Qg (Do x)(x)""s
Wy = 2 T L (n=0.15) (25)
( D, ) D D D
D{1.87 -2 -1
D
2.15 D Do\
- _ Qg (0_370 _o_) (0_130 _2) (n=0.15) (26)
D1 ( Do ) D D
D(187 22 -1
D
2.15 Q D
. e (2 .1)m-019 (27)

D D
D(1.87 e o 1)
D

The preceding equations are tractable once the quantity Dy/D is determined. If 64

is taken as zero, Eq. 11 can be solved by ihe use of graphs similar to Figure %a for the
solution of Eq. 17 and Figure 9b for the solution of Eq. 23. A somewhat more compli-
cated nomograph can be developed that will account for any of the parameters that it is
desired to vary. Because poles are generally considered to be subjected to some stand-
ard loading and because large quantities of similar poles are used, a nomograph can be
developed for each standard pole type. This approach will greatly reduce the necessary
calculations when a large number of similar poles are under consideration.

REVIEW OF THEORETICAL DEVELOPMENTS

The development of adequate pole theories has been a rather slow process. A pole
foundation involves most of the uncertainties that are present in large and very impor-
tant projects; these uncertainties may be grouped under the headings of soil properties
and the interaction between the soil and the foundation when a load is applied. There-
fore, the desire for a simple pole design procedure is analogous to the desire for a
magic wand to aid in the solution of foundation engineering problems. Simple design
procedures can be developed for a limited range of variables, but their development
requires a broad understanding of the problem.

The earlier theories tried to predict the lateral load necessary to overturn a pole;
it was usually assumed that the ultimate soil resistance was equal to the two-dimension-
al passive pressure. This resulted in very conservative expressions for the overturn-
ing force. Although Carpentier (28), Demogue (29) and Stobie (8) recognized the error
involved in using the two-dimensional passive pressure, other authors continued to de-
velop and publish a proliferation of erroneous theories.
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Figure 9. Chart for determining D,/D.

More realistic analyses of the force required to overturn a pole were developed on
the basis of a wedge of soil that became plastic during loading. Seiler (30) and Drucker
(31) were among the earliest to use this approach. Analyses concerned with predicting
the load deformation characteristics of the soil-pole system have usually been based on
the assumption that the soil stiffness can be represented by a subgrade modulus.
Grandholm (25) was the earliest to indicate when a flexural member is stiff enough to
be considered rigid in a pole analysis. Rowe (32) was among the first to use a realistic
variation of the subgrade modulus with depth, whereas Brinch Hansen (10) gave the
first unified picture of the variation of the ultimate soil resistance with depth. Anderson



38

TABLE 1
THEORETICAL CONTRIBUTIONS

Author Remarks
Carpentier (28) Parabolic distribution of soil reactions assumed.
Schutz (35) Linear variation of soil pressures.
Baldini (36)
Stotzer (37)
Goodrich (38)
Grandholm (25) Defined a pole using subgrade modulus technique.
Williams (5) Solved for point of rotation and soil reactions.
Wilcoxen (39)
Jager (40) Usefulness of enlarged pole sections at ground surface noted.
Seiler {30) Empirical adjustment of theory to fit tests.
Wolff (41)
Drucker (31)
Raes (42)

Demogue (29)

Griffith (45)

Abbet (44)

Minikin (45)

O'Neil (48) Considered non-uniform pole sections.
Fordham (47)

Kohler (48)

Pender (49)

Gray (50)

Lummis (51)

Minikin (6)

Terzaghi (17) Realistic soil properties.
Rowe (32) Realistic soil properties.
Robbins (52)

Nelidov (53)

Czerniak (20)

Anderson (18) Considers polcs enlarged at the ground surface.
Matiock and Reese {28) Define a pole. General subgrade modulus techniques.
Prakash (27) Includes vertical load and initial rotations.

Greene (33) Dimensional analysis techniques.

Kent (34) Non-linear subgrade modulus.

Brinch Hansen (10) Variation of ultimate soil resistance with depth.

(18) took into account various shapes for the loaded face of the pole; his analysis in-
dicates that pole shapes widened at the ground surface are remarkably efficient in re-
ducing the pole rotation under a given load. Greene (33) has used dimensional analysis
techniques combined with test results to develop empirical expressions for the load
versus rotation relationship, whereas Kent (34) has used a nonlinear expression for
the subgrade modulus in an attempt to arrive at the same relationship.

Table 1 lists the various authors of theories applicable to poles in a generally
chronological order; remarks are listed for selected pertinent references. A review
of the literature indicates that pole theories are so simple that most authors develop
and publish their own original work quite unaware that exactly the same thing has been
done many times before.

REVIEW OF EXPERIMENTAL RESULTS

A considerable amount of experimental work has been performed on poles by a
large number of authors; however, most of the test data cannot be analyzed because
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the pertinent properties of the soil are unknown. In most cases, the soil is not even
adequately described. Therefore, the majority of the experimental data is useful only
for the aspects of soil-pole behavior that can be physically observed. This observed
behavior has been used in the discussion of soil resistance previously given. Table 2
gives a summary of the experimental sources known to the authors.

Sandeman (54) performed the first set of pole-pile tests reported in the literature.
Wooden poles were embedded to various depths in sand, clay and fill composed of
ashes. The results indicated that the ultimate load a pole could withstand inereased
with embedment until a depth was reached where the structural strength of the
pole limited the loading. It was not until fifty years later that Stobie (8) performed
a series of tests, measuring soil reactions, that proved equally useful. Nakamura's
(23) tests, besides indicating the pole shape eifect previously cited, illustrated that
progressively increasing deflections are observed for poles embedded in sand when
subjected to repeated loads. Rifaat (59) performed tests in sands with soil reaction
measurements. He found that an n-value of unity in Eq. 4 expressed the variation of
subgrade modulus with depth; however, it was necessary to consider the shear Vp
along the bottom of the pole in the analysis.

Matsuo (24) found that the deflections for a given lateral load on a pole decreased
with the time after driving of the pole in clay. Minikin (6, 45) experimentally observed
the difference in the unit ultimate soil resistance between poles and walls. He pro-
posed coefficients for the two-dimensional passive pressure formulas to account for the
three-dimensional behavior of poles. Anderson (62) experimentally demonstrated the
large reduction in the deflections of a pole enlarged at the ground surface when com-
pared to a prismatic pole.

Loos and Breth (64) presented the first test results using SR-4 gages to indicate the
moments along the embedded portion of the pole. Similar techniques have been used
by Wilkins (65), Walsenko (71) and Osterberg (2, 67). The bending moment diagrams
may be double d1fferent1ated to obtain an approximate curve of soil reaction versus
depth. Tests of this type are generally suitable for analysis if a sufficient quantity of

closely spaced SR-4 gages are employed.

ANALYSIS OF TEST RESULTS

el Virtually all test data available for
° 1000 2000 either piles or poles indicate that an n-

o
N value of unity in Eq. 4 is appropriate for
b granular soils and normally loaded cohe-

\ sive soils. Davisson (22) and Prakash (1,

\| \ 217) have collected ample evidence to sup-
| port this statement. An example of the
,' y differences between the theoretically com-

o . puted and the experimentally observed
/ moments for a pole in sand is shown in
7

Figure 10. Wilkin's (_6_5) tests were ana-
/ ” lyzed by using the observed moment,

inches
\

- omputed lateral load, and deflection at the ground
A 5= line in Egs. 17 and 18 to obtain nj. Then
56 P Eq. 19 was used in the calculation of the
= i theoretical moments shown by the dashed
5 A lines (Fig. 10). The comparison between
Wi these observed and computed moments is
g typical of all test data analyzed in the fore-
/ going manner for granular soils and nor-
mally loaded cohesive soils.
20 The only tests in preloaded cohesive
Atter Wilking, (oS! soils suitable for analysis are those by
Figure 10. Moment vs depth from a test in  Osterberg 2, 67) Unfortunately, these
sand. tests are obscured by variations in the

Depth, i
N
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TABLE 2
EXPERIMENTAL STUDIES

Author

Soil Type Remarks

Sandeman (54)
Winchester (55)

Stieves (56)
Carpentier (28)

Chardin (57)

Browne and Fontaine (58)
Stobie (8) o
Krynine (3)

Nakamura (23)

Rifaat (59)
Agatz (60)
Raes (42)
Matsuo (24)
Minikin @;5)

Fordham (47)

Osipovich (61)

Gray (50) —

Schilts, Graves, and
Driscoll (21)

Anderson (62)

Gruyter and Schieveen (63)

Loos and Breth (64)

Minikin (6)
Wilkins (65)

Williams (5)
Marjerrison (66)
(Rutledge) Osterberg (67)

Caswell and Andrews (68)

Rowe (32)

Mors (69)
Lazard (70)
Steel (71)
Walsenko (72)

Osterberg (2)
Behn (73)

Kent (34)
Greene (33)
Christensen (74)

Sand, clay, ashes First published tests.
Gravel, sand

Hard clay

Sand, clay First pressure measurements.,

Clay

Sand Effect of pole shape and repeated
loads.

Sand Pressure measurements, effect of
Vp.

Sand

Clay Effect of remolding soil.

Sand, clay Realistic appraisal of ultimate soil
resistance.

Sand

Sand, clay

Effect of poles enlarged at the ground
surface.

Sand Moments determined from SR-4 gage
measurements. Illustrated transi-
tion from rigid pole to flexible pile
behavior.

Sand, clay Realistic appraisal of ultimate soil
registance.

Sand Moments determined from SR-4 gage
measurements.

Sand

Rock, pumice

Clay Moments determined from SR-4 gage
measurements.

Gravel, clay Usc of gravel to improve clay back-
fills.

Sand Realistic appraisal of subgrade
modulus.

All types Statistical results of over 200 tests.

Gelatin Model studies to find D.

Sand Moments determined from SR-4 gage
measurements.

Clay Moments determined from SR-4 gage
measurements.

Sand, clay Short-term and long-term tests.

Sand

Sand

Sand Concerned with ultimate load.
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properties of the clay and the technique Moment, ft-Ibs
of placing the pole. The pole was a 0 40.000
10.75-in. diameter aluminum pipe 0 )

equipped with SR-4 gages. Installation
was made by augering a 2-in. oversize
hole in the stiff clay soil; the pole was

placed, plumbed and a sand backfill was

vibrated, by tapping the pole, into the [’
space between the pipe and the sides of /
the hole. Therefore, the tests do not Q=20301b

reflect entirely the behavior of the clay,
but are a combination of the behavior of
sand and clay. One test was selected 40
by the authors as being the most repre- ’ Computed 7
sentative of the clay; this test was ana- P
lyzed assuming various values for n and n=0.15
applying the same techniques used in
analyzing Wilkin's tests. An n-value of
0.15 was selected as reasonable. Figure
11 shows the observed moments (solid
line) compared to the calculated moments
(dashed line) for n= 0.15. It is on the
basis of this test combined with reason-
ing that a tentative value for n of 0.15 is
recommended.

No experimental evidence was avail-
able to verify the expression for the crit-
ical vertical load Py given in Eq. 10.
To rectify this, a simple test was per-
formed on a pole in sand for which it is
known that n = 1 is a good assumption. After Osterberg, 1958
The pole was a 0.5-in, diameter, 12-in,
long steel rod embedded 3 in. A lateral Figure 11. Moment vs depth from a test in
load test was performed and analyzed for clay
np, in the same manner as Wilkin's tests.

Using the np, value determined experi-

mentally in Eq. 16, a critical load of 16.7 lb was obtained. Three vertical load tests
were performed by placing weights on top of the pole; failure occurred twice at loads

of 16 1b and once at a load of 18 1b, or an average of 16.7 lb. It is not suggested that
the excellent agreement obtained between test and theory is indicative of the accuracy
of Eq. 10; it is only suggested that Eq. 10 is a reasonable approximation of the actual
critical vertical load.

inches
=
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O
\

Q=29I0 Ib

Depth,

—Observed

D=7'-91/2

Test No.5

APPLICATION

Because poles are generally relatively inexpensive structures used in large quanti-
ties over wide geographical areas, there is considerable pressure for a simple design
procedure that will produce answers at a glance. Economics will not allow the use of
refined design procedures involving extensive soil exploration. The foregoing discus-
sion makes it clear, however, that no panacea in the form of a rule of thumb or a chart
is likely to be found. It is not the purpose of this paper to provide a specific design
procedure, but rather to review the aspects of soil-pole behavior that occur and must
be accounted for, and to provide an adequate theoretical framework within which design
procedures may be either developed or evaluated.

There are several features concerning the use of poles that will allow simple design
procedures to be developed for a specific range of working conditions, For example,
in a given series of pole installations the physical characteristics of the pole (EI, H)
and the loading (P, Mg, Qg) are known and can be standardized to give constant values.
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TABLE 3
RECOMMENDED VALUES OF nj FOR SANDS

np, (pei)

Author Loose Medium Dense

Dry Submerged Dry Submerged Dry Submerged

Terzaghi (17) 9.4 5.3 28 19 75 45

Rowe (75) 8.1 —_— i = 65 _—

Furthermore, the allowable initial inclination (8i) can be specified. Then the theoreti-
cal expressions can be evaluated in terms of the depth of embedment (D) and the soil
properties (¢, o, k). In addition, the method of construction is likely to be known
and it may be predetermined if the desired soil properties will be those of the undis-
turbed soil, for example, as it would be with a concrete pole cast in a drilled hole, or
those of the backfill. In the latter case, the soil properties can be controlled by the
construction procedure. At this point two alternates are available. The soils likely
to be encountered may be grouped under 4 or 5 headings, with conservative soil prop-
erties assigned to each, and the depth of embedment computed; then it is merely neces-
sary to identify the soil at the location of any pole as belonging to one of these groups
in order to obtain the depth of embedment. A more versatile but also more involved
procedure involves the use of a hand-operated static penetrometer in the soil control-
ling the behavior of the pole at any given location. With this technique any desired
number of typical soil classifications could be incorporated. The pertinent soil prop-
erties could be assigned to each group and the depth of embedment expressed as a
function of the penetrometer record. Obviously, correlations would have to be devel-
oped between the penetrometer readings and the strengths and subgrade moduli of the
selected soil groups. This appears to be easily accomplished in view of the success
with static penetrometers in Europe.

In using the theoretical expressions a minimum factor of safety of 3, as defined
earlier, is recommended to keep the poie rotations in the range where they can be pre-
dicted, and also to insure an adequate margin against failure. Repetitive loading has
been shown to induce a progressively increasing rotation; this factor may be accounted
for by increasing the factor of safety in the design analysis. Unfortunately, the neces-
sary increase in the factor of safety is presently unknown.

The design approach recommended above would be greatly enhanced if the results of
two or more series of carefully conducted tests in granular and preloaded cohesive
soils were to become available. Each test series should be in a carefully controlled
soil whose pertinent physical properties are known. One test in each series should be
carried to failure. Static short-time loading and long-time loading should then be ap-
plied to a pole equipped with SR-4 gages for the purpose of determining the moments
on the embedded portion of the pole. Then repetitive loading of various degrees of
severity should be applied in one or more instrumented pole tests. With this informa-
tion, the variation of subgrade modulus with depth in cohesive soils could be deter-
mined and the required factor of safety under repeated load service conditions ex-
pressed as a function of the severity of the repeated load.

In using the analytical procedures presented herein, some notion of the magnitude
of the subgrade moduli likely to be encountered will be helpful. For granular soils
Terzaghi (17) and Rowe (75) have published realistic values for ny (Table 3). In addi-
tion, the authors have observed nj-values for very loose submerged sands as low as
1.5 pei under repetitive loading and over 100 pci for dry, very dense sand under static
loading. In soft, essentially normally loaded clays ny-values of 2 pci under static
loading and 1.0 pci under repetitive loading have been observed. For very soft, or-
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TABLE 4
RECOMMENDED VALUES OF K FOR CLAYS

qy (tons/ft)@  Range of K (psi) Recommended K (psi)

1-2 463 - 926 694

2-4 926 - 1,390 1,390

>4 >1,852 2,780
Unconfined compressive strength.

ganic silt ny-values ranging from 0.4 pci to 1.0 pci have been reported by Peck and
Davisson (76).

Very little information exists concerning K-values for piles and poles in preloaded
clays. Terzaghi's (17) recommended values have been converted to the system used
in this paper (Table 4). It should be noted that Terzaghi's recommendations are con-
servative and can be presumed to include an allowance for consolidation under static
long time loading.

A large quantity of empirical data regarding the subgrade modulus may be obtained
economically by performing pole tests in the following manner:

1. Use Tables 3 and 4 to estimate the values of np or K for the soils in which the
tests will be performed.

2. Design the test pole to be rigid using Eqs. 5 through 9.

3. Install the pole and displace it upwards slightly to eliminate the possible effects
of VD.

4., Determine D and the height above the ground surface to the lateral load.

5. Measure the lateral load Q, and the deflection at the ground surface yg, and the
pole rotation 8.

6. Assume that Eq. 4 applies and determine n from Eq. 11 and K from Eq. 12.

7. Check step 2 to be sure that the pole is rigid.

8. Estimate or measure the soil strength parameters (c, ¢) and describe the soil,
preferably by the AASHO and Unified Soil Classification Systems.

This test procedure will provide the soil parameters necessary for a complete pole
analysis. It can be used as a means of collecting data for developing a design proce-
dure, either for soils in general or for a selected soil type in particular.

SUMMARY AND CONCLUSIONS

It has been shown that the behavior of a soil-pole system is governed by the proper-
ties of the soil, and therefore, by any factors affecting these properties. For example,
repeated loading leads to progressively increasing deflections which indicates a reduc-
tion in the subgrade modulus. Also, seasonal changes in the moisture content of cohe-
sive soils can greatly affect their properties. In addition, the method of construction
can determine whether the pertinent soil properties are those of the backfill or those of
the undisturbed soil.

The pertinent soil properties are the shear strength (p, ¢) and the subgrade modulus
along with its variation with respect to depth. An n-value of unity in Eq. 4 has been
shown reasonable for granular soils and normally loaded cohesive soils, whereas an
n-value of 0.15 has been tentatively suggested for preloaded cohesive soils. Although
the soil behavior is nearly elastic in the recommended working range, the subgrade
modulus has been empirically adjusted somewhat to account for the plastic soil behavior
which usually occurs near the ground surface.

Expressions have been given in terms of the flexural stiffness of the pole and the
soil stiffness (subgrade modulus) which determine if a pole is rigid enough to meet the
assumption that the pole deflections can be described by a rotation. Furthermore, a

- comprehensive analytical technique is presented that accounts for the moment and shear
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loads at the ground line in addition to the vertical load and any initial rotation that the
pole may have. The analysis allows virtually any variation of subgrade modulus with
the depth to be considered. The variation of the ultimate soil resistance with depth is
also presented and a technique involving a factor of safety is recommended to insure
an adequate margin against overturning; it also insures that the soil reactions are in
a range where they can be expressed as a linear function of the deflections.

Recommendations have been given for the test programs necessary for furnishing
the information needed to develop general design procedures within the framework of
this paper. Repeated load tests in both sands and clays are recommended; it is hoped
that the factor of satety used in design can be related to the severity of the repeatled
loading. Tests are needed in preloaded cohesive soils to help define more precisely
the variation of the subgrade modulus with depth.

The reduced deflections under a given load that are observed for a pole section
that is enlarged near the ground surface, when compared to an unenlarged pole, are
explained. Expressions indicating the behavior of these pole types can be developed in
a manner similar to the expressions given in this paper. Similarly, expressions can
be developed for other imposed conditions of restraint.

Two general design approaches are outlined. Both involve grouping the soil under
a selected number of headings and choosing conservative soil properties for each
group. Designs can then be prepared for the different standard poles and standard
loadings where the depth of embedment is a function of the soil type. The simplest
procedure involves only 4 or 5 soil types with a single conservative depth of embed-
ment for each type. A more versatile procedure would make the depth of embedment
a function of the static soil penetrometer record within each soil type.

Finally, it is hoped that this paper can serve as a source of reference material on
pole behavior and provide a framework within which pole design procedures can be
evaluated and developed.
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Appendix

NOTATION
Note: The units are expressed in terms of force F and length L.
Symbol Units
B = width of pole normal to the loading T
¢ = cohesion FL™?
D = embedded length of pole L
Do = depth to point of rotation L
D: = depth of upper point relative maximum w L
e = eccentricity of P from pole axis L
E = Young's modulus for the pole Pl
H = unsupported length of the pole L
Hp = distance from ground surface to P L
I = moment of inertia of pole cross-section T}
k = subgrade modulus FL™2
ky = kasa function of depth PL*
K = value of k at depth D FL-?
Me = moment couple FL
Mg = resultant moment at ground surface FL
n = coefficient governing ky
np = constant of horizontal subgrade reaction, K/D for n = 1 FL-?
N¢ = bearing capacity factor for cohesion
Nq = bearing capacity factor for overburden pressure
P~ = vertical load F
Pqy = critical vertical load F
q’" = vertical effective stress FL-?
@ = horizontal load on pole F
Qg = resultant horizontal load at ground surface F
R = relative stiffness factor for n = 0, “"EI/K L
T = relative stiffness factor for n =1, ;/ EI/nh L
V = shear in the pole F
Vp = shear in the pole at depth D F
w = soil reaction FL™!
w, = ultimate soil reaction FL™
wy = was a function of depth FL-



n

depth coordinate from ground surface
horizontal deflection of pole

y at ground surface

y at ground surface due to 6

P/Per

pole rotation

initial pole rotation

angle of internal friction
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Lateral Stability of Rigid Poles
Partially Embedded in Sand

ROBERT L. KONDNER, Associate Professor of Civil Engineering, The Technological
Institute, Northwestern University, Evanston, Ill., and
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Functional relationships are developed for the load-deflec-
tion characteristics of a rigid, vertical pole, embedded in
sand and subjected to a horizontal load applied above the ground
line. The study is based on non-dimensional techniques and
the physical variables included in the theoretical analysis are
the ground-line deflection, depth of embedment, geometry of
the pole cross-section, applied force, moment arm, time of
loading and soil parameters. The soil parametersused include
the density, angle of internal friction, flow characteristics,
and relative density of the sand. Non-dimensional techniques
in conjunction with small-scale model studies are used to de-
termine the explicit form of the interrelationship among the
above physical variables for a pole embedded in a very dense,
uniform, fine dune sand of constant properties and subjected
to an applied horizontal force. Hyperbolic prediction equations
are given from which the load-deflection characteristics of a
prototype pole might be estimated. The superpositionof ground-
line couple and ground-line thrust relationships to represent
the more general case of a horizontal load applied above the
ground line is investigated. The resultsof the present formu-
lation are compared with both model and field studies previously
reported by other investigators.

THE lateral stability of a pole embedded in soil has, to date, defied an altogether
satisfactory analysis. In order to obtain a rigorous solution to the problem, the bound-
ary forces or displacements must be known and a stress-strain-time relationship for
the soil in question must be available. It is the assumptions that must be made inorder
to fulfill these two requirements that seriously reduce the reliability of analytical re-
sults.

This paper uses the techniques of dimensional analysis and small-scale model ex-
periments to study the behavior of a rigid circular pole embedded in a dense, uniform,
fine dune sand of constant properties and subjected to a lateral force applied above the
ground surface. Kondner (1, 2, 3, 4, 5, 6, 7) has previously demonstrated the ef-
fectiveness of these methods in the field of soil mechanics. These methods allow the
development of a prediction equation on a semi-empirical basis without requiring as-
sumptions regarding boundary conditions or stress-strain laws for the soil.

A discussion of the literature on poles has been given by Kondner and Green (6).

The following factors are reported in this paper: -

1. The applied moment-ground-line deflection relationship for a single circular pole
embedded in sand.

2. The effect of pole diameter, depth of embedment and moment arm on the applied
moment-ground-line deflection relationship.

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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3. Investigation of the applicability of the superposition of ground-line couple and
ground-line thrust relationships to represent the general case of a horizontal load ap-
plied above the ground line.

4. Comparison of the results of model testing with known field test results.

The work of Kondner and Green (g ) was the first study to the authors' knowledge
employing dimensional analysis and small-scale model tests for the purpose of exam-
ining the stability of laterally loaded poles. Their investigation dealt with the general
formulation of non-dimensional functional relationships for the lateral stability of rigid
poles, development of experimental apparatus, and effects of horizontal ground-line
thrusts.

Later work by Kondner, Krizek and Schimming ('_7_) demonstrated the effects of ap-
plied couples.

The purpose of the present investigation is to formulate a moment-deflection rela-
tionship for the given soil-pole system when the pole is subjected to an appliedlateral
force at various distances above the ground surface. Preliminary considerations in-
dicated that superposition of the ground-line thrust and ground-line couple cases was
not equivalent to the general case. Thus, detailed considerations of superposition ef-
fects are investigated.

THEORETICAL ANALYSIS

Experiments are frequently conducted in which the independent physical quantities
under consideration are varied, thus giving results that are seemingly different. Ex-
amination of the results in a non-dimensional form often leads to the realization that
many of the tests were in actuality a duplication of effort. The method of dimensional
analysis is one of the most effective ways of obtaining useful data with a minimum ex-
penditure of experimental and computational effort. This method can be summarized
as follows.

If there are m physical quantities containing n fundamental units, which can be re-
lated by an equation, then there are (m-n), and only (m-n), independent, non-dimen-
sional parameters (called 7 terms) such that the # terms are arguments of some inde-
terminate, homogeneous function .

n (m1, Mo, may ..., T’m-n) =0 (1)

In Eq. 1 and hereafter the symbol x denotes "'some function of, ' but not necessarily
the same function for each equation. This notation is used to avoid the use of numerous
subscripts and superscripts as a means of differentiating between the functional forms.

To apply this proccdurc properly, a wise choice of the physical quantities involved
must be made. Omission of significant variables may lead to very simplified but erro-
neous results while the consideration of unimportant variables may greatly reduce the
usefulness of the results and considerably increase the expended experimental effort.

The quantities under consideration in this investigation are given in Table 1. A
force, length, and time system of fundamental units has been used.

Once these physical quantities are chosen, a methodical process is used to obtain
the 7 terms contained in the functional formulation. The explicit form of the functional
relationship must then be determined experimentally. Since there are 12 physical
quantities and 3 fundamental units, there must be 9 independent, non-dimensional =
terms. These 7 terms can be methodically obtained by choosing 3 physical quantities,
which contain all 3 fundamental units and cannot be formed into a non-dimensional pa-
rameter by themselves, such as (M, t and L), and combining them with each of the re-
maining quantities one at a time. For example, combining them with ¥ gives

m =Mt 1P ) - FeLeTe 2)

Substituting the fundamental units of each of the physical quantities involved in Eq. 2
gives
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(FL® (D® LP (FL™ = FroT (3)
Equating exponents of the fundamental units gives:
a + X =0B=0a+p- 3 =0 (4)
Solving Eq. 4 by lettinga = 1 gives
o =18 =0Xx=-1p = -4 (5)
Therefore, the 7 term under consideration is
T = M/yL* (6)

By successive application of the above procedure, the remaining 7 terms may be
obtained. The resulting 7 terms may be algebraically transformed to yield a new set
of non-dimensional, independent = terms which have a more significant form with re-
gard to the experimentation.

The following nine non-dimensional, independent 7terms were used for this inves-
tigation:

m = x/C my = M/vCL® m3 = C/L

ny = D/L s = C¥/A ng = ¢
m = ytC/m m = Dg me = 6 (M

The 7 terms of Eq. 7 may be substituted into Eq. 1 to obtain the functional relation-
ship:
x/C = » (M/5,CL3 C/L, D/L, C%/A, ¢, ytC/n, Dqg, 6) (8)

Physical significance can be attached to the mterms appearing in Eq. 8. The de-
pendent variable x/C is a deflection ratio. Shape effects are given by the term C?/A.
The term D/L is a relative measure of moment arm to the embedment and may be
thought of as an embedment ratio. A geometric factor C/L, called the slenderness
ratio, pertains to the distribution of the cross-section area of the pole. The term
M/yCL? is the ratio of the applied moment to a soil strength parameter and is called
the moment-strength ratio. Creep effects are included in the ytC/n term which is the
ratio of the time of loading to a characteristic relaxation time of the soil. The signi-
ficance of the angle of internal friction, rotation angle, and relative density of the sand
are well known and they are by definition non-dimensional,

TABLE 1

PHYSICAL QUANTITIES CONSIDERED IN THE DIMENSIONAL
ANALYSIS OF A RIGID POLE EMBEDDED IN SAND

. . Fundamental
Physical Quantity Symbol Units

1. Deflection at ground line X L

2. Depth of embedment L L

3. Cross-sectional area of pole A g

4, Perimeter of pole C L

5. Moment at ground line M FL

6. Moment arm D L _

7. Dry density of sand y FL™®

8. Angle of internal friction ® F'L°T°

9. Viscosity of sand n FL™T
10. Time of loading t T
11. Relative density Dq F°L°T®
12. Rotation of pole 8 FL°T®
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The form of the functional relation (Eq. 8) can be greatly simplified by restricting
the scope of the study, If attention is confined to poles of circular cross-section, the
shape factor C%/A is a constant value equal to 47, regardless of the diameter. Pre-
liminary work by Kondner and Green (6) indicates that by proper choice of the loading
rate the effect of the term ytC/m can be minimized and hence eliminated from Eq. 8.
Further work by Kondner, Krizck and Schimming (7) indicates that the ratio C/L has
only a small influence on the results when the moment strength ratio is of the form
M/yCL®. This was verified in the present work. For the present study, the rotation
6 is dependent and expressable in terms of the other geometric variables.

Because the soil studied was a particular sand, maintained at a constant dense state
by a vibratory preparation process, the angle of internal friction and relative density
were constant for the present study. Thus, the functional relation of Eq. 8 can be
written as

x/C = x (M/~CL?, D/L) (9)

subject to the restrictions placed on C%/ A, ¢, Dqg and loading rate.

EXPERIMENTAL PROCEDURE

Although the functional relationships for the general loading conditions of the rigid
pole problem have been formulated for both cohesive and cohesionless soils (Kondner
in an unpublished work in 1961), it was considered desirable for this initial phase of
investigation to use sand rather than clay as the soil medium because sand properties
are easier to control in the laboratory than those of clay and the time effects are gen-
erally considered to be less complex.

Qand
Dalia

The particular sand used was a uniform, fine dune sand from Wolf Lake, Ind., pro-
vided by Raymond Concrete Pile Company, Chicago. The sand had a gradation curve
as shown in Figure 1 and was air-dried in the laboratory to a moisture content of about
Y. percent. For a dense state (i.e., density = 108 pcf), this sand had an angle of fric-
tion ¢ of 37°, as determined from a series of triaxial compression tests. Subsequent
to the beginning of each test, the sand was vibrated to a constant density of 107 pcf.
Thus, the relative density was very close to one.

Poles

The model poles consisted of various lengths of polished aluminum or steel tube,
plugged at the lower end. The properties of these poles are given in Table 2.

100
80 1
60
Percent 40
Finer
By
Weight 20 \\
0
2 0.5 Dyl 0.05 0,01

Grain Size in Millimeters

Figure 1. Sand gradation curve.
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TABLE 2
PROPERTIES OF MODEL POLES

” Area, » Perimeter,
Pole  Material D“}Tneger W‘?%ht C

s (sq in.) g (in.)
1 Aluminum 0. 501 0.197 30 1.573
2 Aluminum 0. 626 0.307 62 1.966
3 Steel 0.707 0.393 143 2. 221
4 Steel 0.927 0.674 216 2.911
5 Steel 1.248 1. 222 229 3.921
6 Steel 1.515 1. 801 478 4.755

Apparatus

A schematic diagram of the apparatus used in the study is shown in Figure 2. A
cut~-down oil drum was welded to a table-type concrete vibrator and mounted on a sturdy
timber base. In order to minimize extraneous vibrations during the test, the timber
base was supported on rubber blocks. The tank contained 330 1b of dry sand and the
volume was determined from a calibration curve previously obtained. The load was
applied to the model pole by hanging weights on a cord attached to the pole and passing
over a small pulley.

Techniques

To eliminate any source of error resulting from loads due to the internal spring
forces of the indicator dials, these springs were removed and the gage arms were
secured to the pole by elastic bands.

Deflection Gages
(e | TN

Dry Sand 1%
20,5"
| |

i 75 11 11 7
|: I Stop ; - Stop
Weight Vibrator

L
Rigid
Wood
Base
Vibration
/// V4 ///////Isolators

Figure 2. Experimental apparatus.
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An investigation of the nature of the creep response indicated that after approxi-
mately two minutes the deflection continues at an extremely slow rate and ultimately
tends toward a limiting value for a sufficiently large time. Therefore, it appears very
reasonable to neglect the large-time portion of the deflection vs time curve and adopt
a moment increment-time interval of two minutes. A similar conclusion was reached
by Kondner and Green (§) in their analysis of the ground-line thrust problem.

EXPERIMENTAL RESULTS

The results analyzed were obtained from tests performed on model poles embedded
in a dense sand and subjected to a lateral load at varying distances above the ground
line, Loads were applied at a rate of 200 g per 2 min except for shallow embedments
and large moment arms when the load increment was reduced to either 50 or 100 g.

As mentioned previously, Kondner, Krizek and Schimming (7) performed tests using
an applied couple only and showed that the C/L ratio has little effect on results plotted
in the form x/C vs M/yCL®. Consequently, tests were run keeping the D/L ratio at
values of 0.2, 0.4, 0.6, 0.8, 1.0 and 1. 2, while randomly changing pole size and hence
C/L ratio, The schedule of tests (Table 3) gives the values of D and L for each pole in
order to obtain some desired value of D/L and C/L. An intensive test program was
carried out according to Table 3 and many tests were repeated to insure duplicability.

Results of the tests plotted in the form x/C vs M/yCL?® for each of the D/L ratios
are shown in Figure 3. Inasmuch as no phenomenological pattern was noticeable as a
result of using various poles and C/L ratios, each curve represents an average curve
of a number of tests. An example of the type of scatter observed is shown in Figure 4
where the D/L ratio is 0.4. To obtain a unique relationship between M/yCL?®, x/C, and
D/L, a constant value of vtC/n would have been required for all tests. Theoretically,
this could be done by varying the loading rate or loading increment for each test. But,
such loading rates cannot yet be predicted in the field of soil mechanics. Thus, the
scatter in Figure 4 probably includes some error due to time effects and C/L effects
as well as experimental error.

The shape of the moment-strength ratio vs deflection ratio curves is definitely that
of a non-linear material. These curves tend asymptotically to their respective upper
limits as x/C becomes large.

If the data given by the average curves of Figure 3 are replotted in the form of the
reciprocal of the secant modules, x/C + M/YCL® = xyL®/M vs x/C, the straight lines

Value of D
L

2
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8
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figure 3. Non-dimensional plot of M/yCI® vs x/C for various values of D/L.
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in Figure 5 can be used to represent the responses. These lines show that the ex-
plicit form of the functional relation between M/yCL®and x/C can be represented as a
two-constant hyperbolic equation

xyL*/M = a + b({x/C) (10)

or

M _ x/C
vCL? a + b(x/C) W)

where a and b are the intercept and the slope, respectively, of each of the straight
lines and are, therefore, functions of D/L.

Physical significance can be attached to the constants a and b (Kondner 8, 9). Dif-
ferentiating Eq. 11 with respect to the deflection parameter and evaluating the deriva-
tive for zero deflection gives

d (M/yCL?®)
d (x/C)

x/C=0

Thus, the reciprocals of the intercepts of the straight lines in the transformed hyper-
bolic plots of Figure 5 represent the initial tangent modulus of the M/yCL® vs x/C re-
lation and are a function of D/L.

By taking the mathematical limit of the moment-strength ratio in Eq. 11 as
the deflection parameter x/C becomes excessive, the ultimate value of the strength
ratio becomes

(12)

I
Nlhu

(_M_) = lim (..M_a) = ik (13)
L/ ut  x/Cyw VPCU b
TABLE 3
TEST SCHEDULE
C/L
D/L
0.4 0.6 0.8 1.0 1.2
0.2 Pole 3 Pole 4 Pole 5 Pole 6 Pole 6
L=5.55 L=4.85 L=4.90 L=4.76 L=3.96
D=1.11 D=0.97 D=0.98 D=0.95 D=0.79
0.4 Pole 3 Pole 4 Pole 5 Pole 6 Pole 6
' L=5.55 L=4.8 L=4.90 L=4.76 L=3.96
D=2.22 D=1.94 D=1.96 D=1.90 D=1.58
0.6 ©Pole 3 Pole 4 Pole 5 Pole 6 Pole 6
L.=5.55 L=4.8 L=4.90 L=4.76 L=3.96
D=3.33 D=2.91 D=2.94 D=2.85 D=2.38
0.8 Pole 3 Pole 4 Pole 5 Pole 6 Pole 6
L=5.55 L=4.8 L=4.90 L=4.76 L=3.96
D=4.44 D=3.88 D=3.92 D=3.80 D=3.17
1.0 Pole 3 Pole 4 Pole 5 Pole 6 Pole 6
L=5.55 L=4.85 L=4,90 L=4.76 L=3.96
D=5.55 D=4.85 D=4.90 D=4.76 D=3.96
1.2 Pole 1 Pole 4 Pole 5 Pole 4 Pole 6
L=7.27 L=4.8 L=4.90 L=2.91 L-=3.96
D=8.71 D=5.83 D=5.89 D=3.49 D=4.76

Note: All dimensions are inches.
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Therefore, the inverse of the slopes of 1.4
the straight lines in Figure 5 represent a
measure of the ultimate value of the mo- /

ment-strength ratio and are a function of 12 /

D/L.

To determine the relation between D/L
and the intercept a, D/L for each straight /
line is plotted against the parameter D/L 09
+ a (Fig. 6). The equation of the straight ' /
line is again of the two constant hyper-

bolic form and can be written as ol /
1.022 x 1072 D/L 06 .

a = 1 .
D/L - 0.258 (14

Likewise, the relation between D/L and \

the slope of each straight line b is
03 =
1.217 D/L (15) d

D/L - 0.150 ¢

as shown in Figure 7.
Substitution of Eqs. 14and 15 in Eq. 11 0.0
gives

b:

0 25 50 75 100

x/C Figure 6. Transformed hyperbolic form of
1.022% 10 2 D/L 1.217 D/L \ x D/L vs hyperbolic intercept.
+ —
( D/L - 0. 258 D/L-0. 150) C
14

(16) /

The moment-strength parameter of Eq. 12 /

16 is a function of both the deflection pa-

rameter x/C and the moment arm param-

eter D/L. /
Figure 8 compares the ultimate values 09

of the moment-strength ratio given by Eq. /

13 with the average measured values. /

The dashed line indicates a perfect cor- o
relation factor of one; the solid line gives 06
the correlation factor of 0.904. Thus, the /
ultimate moment-strength ratio can be

written in terms of a stability or failure /
number 03

(_L)f _ g [D/L-0.150) . /

yCL?® 1.217 D/L

in which k is the correlation factor of Fig- 0
ure 8.

It must be emphasized that the relations
given in Egs. 14, 15, 16, and 17 are re-
stricted to the range of values of D/L in- Figure 7. Transformed hyperbolic form of
vestigated; namely, 0.2 < D/L < 1. 2. D/L vs hyperbolic slope.
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SUPERPOSITION CONSIDERATIONS

Preliminary investigation showed that the response for the general case of a pole
subjected to a horizontal load above the ground line could not be obtained by superim-
posing the two cases of a horizontal ground-line thrust {6) and the equivalent ground-
line couple (7) although the loadings are statically equivalent. This illustrates the
non-linearity of the pole problem in general and the stress-strain response of the soil
in particular. Because of this non-linearity the tests presented herein represent a
fairly general situation and not simply a combination of two special cases. Based on
the present results, a more complete investigation of the applicability of superposi-
tion was performed.

The method used was to compare the deflection parameter x/C of the general case
with the sum of the deflection parameters of the other two cases [(x/C)p + (x/C)y]
with given values of the moment-strength parameter M/yCL® for cach value of D/L.
The thrust-strength parameter can be written as

F/yCL® = M/yCL?® + D/L (18)

Kondner and Green (§_ ) showed that the relation between the thrust-strength parameter
F/yCL? and the deflection parameter x/C can be represented by

F/yCL® = 0.72 logie (500%x/C + 1) (19)
or solving for x/C

exp (3.21F/yCL? -1
5, 000

Kondner, Krizek and Schimming (7) showed that the relationship between the couple-

x/C = (20)

strength parameter ;‘%df_"s and the deflection parameter x/C is of the form
c

M _ x/C (21)
»CI?), = 0.0048 + 0.57x/C
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or solving for x/C M
|

0.0048 ( )
vyCL = (22)
M

X
C

1 - 0.57 (VCLS)C

The results obtained in the paper show that the relation between the moment-strength
parameter M/y CL?) and the deflection parameter x/C is of the form

-yé\‘,‘/IL3 T a +X/bcx/ (& (23)
where a and b are functions of D/L as given in Egs. 14 and 15.
Solving for x/C
% = (fgﬁ) (24)
c DV
1 - 'yCLS

The results of solving each of Eqgs. 20, 22 and 24 for 3given values of M/yCL*and D/L
are shown in Figure 9. For a given value of M/yCL”, the deflection parameter x/C is
much greater for the general case (solid curve) than for the sum of the other two cases
(dashed curve). This demonstrates the fact that the superposition principle cannot be
applied and hence the limitations of linear theories. Such limitations are also generally
contained in theoretical analyses using a soil modulus approach.

1.6 D/L=12 = e

/ D/L;o/e" o —

08 f

[ 7 e
s e ol

I/ ="
o4 —
=Sl Sl o=
o i - 0.2
D/L = 0.
| oL=02
L]
L — | -~ — SUPERPOSITION: EQS (20)8(22
— GENERAL FASE: EQ (24)
00
0 20 40 60 80 100

X 03
¢ (0™

Figure 9. Non-dimensional plot of M/YCL3 vs x/C demonstrating superposition
correlation,
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CORRELATIONS WITH OTHER INVESTIGATIONS

A report of field and laboratory tests on the stability of posts subjected to lateral
loads was reported by Shilts, Graves and Driscoll (H)). Tests were performed on both
full-scale posts and on large-scale model poles embedded in sand, similar to the test-
ing done for the investigation presented herein. The data were presented in the form
of a load-deflection curve for each test. Generalized conclusions were drawn concern-
ing the effect of soil density, depth of embedment and shape of post. An equation was
derived describing the relation between the movement of the post at ground level and
an average soil pressure caused by a lateral load.
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Figure 10. Transformed hyperbolic forms of M/,CL® vs x/C for 3-in. I-beams at
various values of ﬁ/L



Model Tests

Figure 10 shows the same load-deflection data plotted in non-dimensional form
using a normalized value of the circumference. All the data deal with model tests on
3-in. I-beams, so there is no shape effect present.
Figure 10 and Figure 5 is noticeable. In both cases, the slopes of the straight lines
decrease as the D/L value increases; also, the intercept value decreases with increas-
ing D/L values. A quantitative comparison is impossible because of the small number
of tests performed and the question of what is a realistic value to use for the perimeter

C of an I-beam.

The similarity in form between
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Figure 11. Transformed hyperbolic form of M/YCLa vs x for +two shapes at a constant

value of D/L.
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Figure 11 is a transformed hyperbolic plot for two tests performed on model poles
with the same D/L ratio but different shapes. One is a circular pole with a 3-in. di-
ameter and the other an I-beam with a 3-in. depth. They lie essentially along the same
straight line. This seems to indicate that an I-beam has the same resistance as a cir-
cular pole with a diameter equal to the depth of the I-beam. If this is the case, a
quantitative comparison can be made between the circular poles invesligaled in this pa-
per and the I-beams tested by Shilts, Graves and Driscoll (H)). Such a comparison is
shown in Figure 12.

The data for the I-beam are plotted non-dimensionally using a value of C equal to
that of a circular pole with a diameter equal to the depth of the I-beam. The data for
the round pole are taken directly from Figure 5. Since the two plots are for the same
value of D/L, one would expect them to coincide on a non-dimensional plot. Their
failure to coincide could bhe due to a difference in relative density of the sand uscd for
the two sets of tests. For the tests presented herein the density was controlled very
carefully through the use of a vibrator.

The test pit and models used for the I-beam tests were larger and probably subject
to less control, and hence resulted in a loose state. A comparison of the two curves
of Figure 12 strengthens this conclusion. The slope of the straight line for the I-beam
tests is greater and hence the ultimate value of the moment parameter, as given by the
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Figure 12. Transformed hyperbolic form of M/YCL3 vs x/C for a 3-in., I-beam and a
3-in. circular pole, D/L = 1.0.
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inverse of the slope, is less than that of the round pole tests. This would be expected
if the sand were loose (lower relative density). In addition, the intercept value is
higher for the I-beam tests which means the initial tangent modulus is lower for the
plot of M/ yCLs vs x/C. This also would be expected if the sand were in a loose state.
Thus, the failure of the two curves of Figure 12 to coincide can be attributed to either
one or both of two causes: (a) the relative density of the sand varied in the two different
experimental apparatus and/or (b) an I-beam is not equivalent to a circular pole with a
diameter equal to the depth of the I-beam.

Shape effects have previously been mentioned several times. This study was con-
fined to the testing of round poles. However, some results are given for other shapes
by Shilts, Graves and Driscoll (10). They are given in non-dimensional form in Fig-
ure 13. Although not enough tests were performed to formulate a quantitative analysis,
it is interesting that these plots also take the form of a two-constant hyperbola. This
leads one to believe that further investigation on poles with various shapes will not lead
to new relationships between load and deflection, but will only change the slope and in-
tercept factors (a and b) by making them shape dependent.

Field Tests

The field test data on full-scale posts presented by Shilts, Graves and Driscoll (10)
are shown plotted non-dimensionally in Figure 14. Posts 1, 5 and 6 were chosen be-
cause they were the only tests carried to a significantly large deflection. An average
density of 109.5 pcf was used in the calculations. The abscissa, x, was not plotted
non-dimensionally because of the question of the suitable choice of a value for the per-
imeter, C. The only effect due to the inclusion of the perimeter would be to change
the abscissa scale; thus, the form of the plot would not be altered.
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1t is not significant that the lines nearly coincide because if the abscissa were non-
dimensionalized the curves would spread out inasmuch as post 1 is an Olmstead post,
post 5 is a T-in. steel I-beam with wings, and post 6 is an Olmstead post set in soil
cement of 2-ft diameter.

The important aspect to note is that the form of the response is the same as that
obtained for the model tests; namely, that of a two-constant hyperbolic representation.

Design Chart

A publication by the American Wood Preservers Institute (11) gives a design chart
that is used by the Outdoor Advertising Association of America to obtain the required
depth of embedment for posts subject to overturning loads. This chart was designed
using information from Shilts, Graves and Driscoll (10) By knowing the load to be
carried, the height of the load above the ground surface, the diameter of the pole tobe
used, and by estimating an allowable soil stress, an embedment depth can be found
which will supposedly restrict the deflection at the ground-line surface to 0.5 in.

If a depth of embedment, height of load above ground surface, and allowable soil
stress are first chosen and the chart then used to arrive at a load which can be carried
for each diameter of pole, then the same non-dimensional parameters M/y CL3, x/C,

D/ L can be calculated.

For a constant value of D/L such a procedure will yield a horizontal line for each
different depth of embedment on a plot of M/yCL® vs x/C.

Replotting the same data as a function of the embedment parameter C/L will yield
a group of straight lines (Fig. 15). Thus, the design chart has represented a non-
linear response by a set of linear relations. The value of the moment-strength pa-
rameter (Fig. 15) varies only from 0.182 to 0.458. This same range of values for the
moment parameter of Figure 3 at a large D/L value can be reasonably approximated
by a straight line. However, the further this straight line is extended, the worse the
approximation becomes. For example, if a small enough pole were chosen so that the
value of x/C was very large, use of Figure 15 would predict a very large value of the
M/yCL term. In fact, the ultimate value is infinite. This is unreasonable. The dif-
ficulty lies in the use of an arbitrary 0.5-in. ground-line deflection as the design cri-
terion. This may be acceptable as a criterion for the movement of a building member,
but as a stability criterion for a pole an arbitrary maximum deflection is not satisfac-
tory. A large pole that has deflected 7 in. may be perfectly safe, whereas a small
pole that has deflected the same amount may be near failure (Fig. 3). A satisfactory
stability criterion might possibly be expressed as some ratio of deflection to pole size,
such as x/C.

To demonstrate the important effect of relative density, Figure 15 shows two sets
of curves for which nothing is changed except the relative density (allowable soil stress
on the design chart). The curves for the high relative density are steeper than for the
low case, showing that the high value will withstand more load for a given deflection.

Model pole tests in the form of M/yCL vs x/C, where each curve is a function of
C/L have been reported (7) The curves were two-constant hyperbolas with a slope
concave downward. Figure 16 plots the data from the design chart in this form. The
curves are concave upward, indicating that a pole-sand system would act as a "hard"
system with the moment increasing more rapidly than the deflection. Such a response
is unrealistic. This does not mean that the design chart has no value, but it should be
restricted to certain ranges of parameters and care should be exercised in its use.

Correlation of the design chart with the experimental results indicates that it would
be highly desirable to conduct a carefully planned and controlled field study of full-
scale pole systems utilizing the non-dimensional functional relationships presented. It
is felt that if such a program is designed and conducted on the basis of non-dimensional
techniques, there is a better chance of developing rational design criteria for the en-
tire response range from initial loading through failure with a minimum of effort.
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CONCLUSION

Quantitative results show that the superposition of ground-line couple and ground-
line thrust relationships to represent the more general case of a horizontal load ap-

plied above the ground line is not valid.
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Vertical Stresses Under Certain

Axisymmetrical Loadings

MILTON E. HARR and CHARLES W. LOVELL, JR.,
Associate Professors of Civil Engineering, Purdue University

This paper is concerned with the definition of vertical normal
stresses in an isotropic, linearly elastic half-space loaded
axisymmetrically by an element that is flexible and produces
only normal loadings at the contact with its foundation. Fol-
lowing the presentation of a general formulation for any axi-
symmetrical loading function, integrations are performed for
some specific loading functions. The variation of vertical
normal stress with vertical and lateral position in the mass is
graphically illustrated for a uniform loading and for a para-
bolic loading function. For a conical loading function, center-
line vertical normal stresses only are computed.

Centerline stresses are compared for the three loading
functions. In addition, stresses at various vertical and lateral
positions are compared for the parabolic loading function and
an approximation of it afforded by a series of disks. Practical
use of the particular vertical stress solutions is suggested by
example, including a preload embankment for a tank structure.

¢ STRESS conditions within a loaded earth mass are of interest to the potential solution
of a variety of engineering problems. The magnitude and distribution of vertical nor-
mal pressures are required particularly in the determination of settlements.

In the stress analysis it is necessary to define: (a) the loaded area and the dis-
tribution of pressures over it; (b) the boundaries of the soil layer(s) loaded and the
stress and/or displacement values at these boundaries; and (c) the relation between
stress and strain in the loaded layer(s).

The equations and plots presented are for a set of assumptions that can be ex-
pressed both physically and theoretically (Fig. 1). A single homogeneous and semi-
infinite layer (uniform half-space) has applied to its horizontal boundary a load dis-
tribution that is symmetrical about the vertical z axis. The loading element is a
flexible one, and there is no friction between it and the loaded element (75 = Tzy
= 0). The soil layer is both isotropic and linearly elastic, It is assumed that the
strains are small and that the soil behaves as a continuum. Body forces are set equal

A PAnA
U Z3T0.

Within the restrictions of these assumptions, a general formulation for any axisym-
metrical loading is developed. This is followed by integrations which produce particu-
lar solutions for certain specific loadings. Although much of the material preseénted
here may be found in various forms in other references, it was felt that an orderly
development of it, with certain original contributions, in a widely available engineer-
ing publication would be of considerable value. Practical applications of these particu-
lar solutions, both in direct and superposition of components form, are suggested.

FORMULATION OF GENERAL AXISYMMETRICAL LOADING

The formulation of the vertical normal stress (o) at any point in an isotropic
and linearly elastic half-space due to any flexible and frictionless axisymmetrical

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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Figure 1. General axisymmetrical loading.
loading' (Fig. 1) can be stated as follows (1):
0y = |22 22 (1)
oz  oz?
in which .
¢ = / D(@) Jo(ra)e'azdoe, D(a) = unknown coefficient to be determined from

1]
boundary conditions at z = 0 (plane of loading);
Jo(ra) = Bessel's function of the first kind of zero order; and
r

The axisymmetric loading function (interior to the circle of radius R) can be ex-
pressed as the Fourier-Bessel integral,

F(r) = /0:30(1‘0() D(e) da (2)
in which
D(a) = f xF(x) Jo(ax) dx; and

0

F(x) = the intensity of loading at z = 0.

1The generalized Boussinesq problem.
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DISTRIBUTION OF VERTICAL STRESS UNDER UNIFORMLY
LOADED CIRCULAR AREA

For this case F(x) = q = constant, and hence, from Eq. 2,

©

F(r) = Rq f J1(Ra) Jo(ra) do (32)

0

At the loading surface (z = 0), and from Eq. 1,

_ (3¢
),y = (32) 0
=
where, by substitution for ¢,
(o), o = - / oD(0) Jo(ro) da (3b)
(4]

On the loading surface, as

F(r) = e (Gz)Z=0
from Egs. 3a and 3b,
D(o) = RqJ1@

Substituting D(e) in Eq. 1, the vertical normal stress at any radial distance r and any
depth z is

©

_a -Za .
oz = -Rq J J1{Ra) Jo(ra) (1+za)je ~ da (3¢

0

Performing the indicated integration in Eq. 3¢, Egorov (1) obtained

oz=q

A = mi-14 gy 1ot k 3d
T+ (14t [mzm-t)z (k) + 3¢ + molk, m) (3d)

in which

E(k), m,(k, n) = complete elliptic integrals of the second and third kind,
respectively, of modulus k and parameter n (4);
z/R; B
r/R;
4t
m? +(t+1)*
4
= - w, and
1, r<R
A=1%,r=R
0, r>R

o o+ B
I

For the special case of vertical normal stress under the center of the uniformly
loaded circular area (r = 0),

(o) = 171‘:’—;—)— - q 1[@)—1;]—/_ (3¢

Equation 3d is plotted as Figure 2.
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Figure 2. Uniform load (flexible and frictionless) over a circular area—after Egorov (1).

For examples of other approaches to this solution see Terzaghi (2) and Jurgenson (3).
The presentation here follows more closely to that of Egorov (1).

DISTRIBUTION OF VERTICAL STRESS UNDER CIRCULAR AREA
WITH PARABOLIC LOADING FUNCTION

The loading is a parabola of revolution, symmetrical about the z axis (Fig. 1b).
For this case F(x) = q (1-**/R?), hence from Eq. 2,

D(e) = q/i(ax)[l -gf]xdx

0

Performing the indicated integration (cf. Eq. 9, p. 63, McLachlan, 5):
29
D(&) = e Jz (QtR)
o

Substituting D(¢) into the expression for ¢ (Eq. 1)and in turn substituting in Eq. 1, the
vertical normal stress is

o, = - 2q 'Klzaz)Jz(aR) Jo(re)e” “%dy (4a)

0

or

/Jz(O!R) Jo(ar)e—za d% + Z ‘/‘;z(OtR) Jo(ar)e-zada
0 0

=L +Lk (4b)
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The integrals I and I. were obtained (cf. p. 399, Watson, 6) for values of z >R as

® r2 m
o
8(1+-;—2) m=0 4(1+IZ:{_2) %
m+1 s/2'11‘1' 3 Rz (40)
: T R+
z o ol m
R 2
1 = __L_/ Z T (2m+12)'aF1
8(1+£2—>3 ’ m=0 4(1+ zg) (m !)
R’ ]
RZ
m+%, 1-m; 3; - (4d)
where the hypergeometric function
(@)p(B)pz
:Fila, B; p; z) = — 2
n! (p)n
and
(@) = ola+l) (@+2) . . . (o+n-1)

It has been proved that I; and I, are absolutely convergent only in the case |r| < z.
The series in Eq. 4c and 4d were programmed and computed for a large range of
values. A plot of the resulting stress distribution as a function of z/R is shown in
Figure 3. The dashed curves are only approximate, as a consequence of the range of
convergence of Eqs. 4c and 4d for large values of r/R.
When r = R (beneath the perimeter of the loaded area), the integrals I, and I sim-~
plify to (cf. p. 402, Watson, 6).

23

1y (R? R? m (R\*™ (m+1) 2m+1)
5L = /(Z?) P B Zm=1 (-1) (;) T (4¢)
LE LBy m(E™ 1
L = 47 + 47 Ern:l ( 1) (Z) (m!)z (m+2)2 (4f)

DISTRIBUTION OF VERTICAL STRESS UNDER CENTER OF CIRCULAR AREA
WITH PARABOLIC LOADING FUNCTION

For this case, r = 0, hence Jo (0) = 1, and Eq. 4b reduces to

Oy e =
(ﬁ‘) - f_é(_dn;) e % 44 + 7 sz (aR)e—az da (5a)
r=0 o

0
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Figure 3. Parabolic load (frictionless and flexible) over a circular area (dashed
portions are approximate).

Performing the indicated integration (cf. Eqs. 7 and 8, p. 386, Watson, 6),

(Uz) 1 2 2(%)

—q‘;r=0: z Z\2 Pt Z\2 =
ﬁ+«/1+(ﬁ) 1+(—R7)

DISTRIBUTION OF VERTICAL STRESSES UNDER CENTER OF CIRCULAR
AREA WITH CONICAL LOADING FUNCTION

The solution for this case may be obtained in two steps. For simplicity, the load-
ing function will be taken as shown in Figure 4a. The solution for this function may
then be subtracted from that for a uniform loading (Eq. 3e) to obtain the desired solu-
tion for the conical loading (symmetric about the z axis).

Boussinesq (7) gave for the vertical normal stress under a point load Q at the sur-

face of a lineally elastic and isotropic half space,
_ 3Qz°

Oy =
z 2(r2+Z2)572

in which r and z are the space coordinates of the point of vertical normal stress o,.
In Figure 4a, the differential load dQ is

p
aQ = R pdgdp

and the vertical normal stress under the center is

2r R 3a,6
(@) =/ f R p dpdp
Zr=0 ) J o (pa+za)s/z
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R

3 2
(°z) - 3qz / pdp
r=0 R (p2+z2)5/2

0

Performing the indicated integration (cf. Eq. 205.05, Dwight, 8)
R 2
L6
Z r=0 [(I?‘)2 ] 3/2

—)+1

Z

b

(6)

Figure L. Center stress under conical loading, by parts (flexible and frictionless).
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Figure 5. Three loading functions (flexible and frictionless) over a circular area.

6.0

As shown in Figure 4b, the desired stress along the z axis for the conical loading
may be obtained by subtracting the stress produced by the loading function of Figure
4a from that produced by a uniform load. Or the vertical normal stress under the
center of a conical load is the difference in values produced by Egs. 3e and 6.

©) = R S _(_%2__
R ORI I C BT
]

Equation 6 a is plotted in Figure 5. Integration for vertical normal stress under coni-
cal loading at values of 4/R other than r/R = 0 requires tedious numerical methods,
and is not currently available. Therefore, it is pertinent to consider what approxi-
mations might be effected in the solution of practical problems involving conical load-
ing functions and vertical stresses at r/R > 0.

1
el
1

t
o]

(oz)r:0 =

APPROXIMATION OF DISTRIBUTION OF VERTICAL STRESSES UNDER CIRCULAR
AREA WITH CONICAL LOADING FUNCTION—PRACTICAL PROBLEMS

The two obvious approaches to an approximation of the conical loading function are
(a) replacement by a comparable continuous loading function, and (b) replacement by a
stepped loading function. Figure 5 uses the former approach and compares the center
stresses for a disk, parabola and cone of equal maximum load intensity q. These
stresses are everywhere different, except at the surface, and have an order which
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Figure 6. Approximation of parsbolic loading function by series of disks.

would be predicted from the nature of the loading function. Along the centerline where
vertical normal stresses are the largest, the parabola is seen to be a fair approxima-
tion of the cone.

A stepped loading function afforded by a series of thin disks built up in the z direc-
tion could presently be compared with the conical loading function only for the center-
line stresses. Such an approximation is compared with the parabolic loading function
in truncated form® at positions of r = 0 by the example of Figure 6. It is shown that the
approximation can be quite good with a reasonable number of steps, particularly over
those portions of the loaded soil which have large vertical normal stress. Logically,
the conical loading function could also be satisfactorily approximated by a reasonable
number of steps. On the basis of relationships shown and inferred, both the parabolic

®The truncation is accomplished by passing an XY plane through the figure generated by
the loading function at any value g3 < q (Fig. 3).
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and the series of disks approximations are conservative (produce higher vertical nor-
mal stresses than the conical loadings).

Practicing engineers may be able to cite from their own experiences a number of

practical loading situations which have in total or part the approximate shape of a trun-
cated cone. One such example is the soil preload for a tank foundation described by
Lambe (9). In this example, the soil preload was approximated by an "equivalent cylin-
der' or a stack of circular plates in the calculation of certain foundation stresses, in-
cluding vertical ones. An additional alternative in the solution of vertical normal
stresses for such a problem is afforded by a parabolic approximation (Fig, 3), handling
the truncation by parts, The centerline stresses for a continuous conical loading func-
tion are available in Figure 5, again handling the truncation present in the practical
problem by parts.

Another potentially pertinent field loading is the terminal portion of an embankment,

such as occurs at a structural abutment. In simplified form, the loading could be en-
visioned as a halved truncated paraboloid, joined on its vertical face by a long strip of
trapesoidal shape. Solution would be by parts.

SUMMARY

A general formulation for the vertical normal stresses produced in a lineally elastic

homogeneous and isotropic mass of semi-infinite extent loaded symmetrically with
respect to an axis normal to its horizontal surface was presented. The loading element
was assumed to be flexible and without friction with respect to the foundation soil. Inte-
grations were performed and data plotted which conveniently permit the determination
of vertical normal stress at any point in the mass due to a circular area of uniform
loading (Fig. 2), and with a parabolic loading function (Fig. 3). Centerline vertical
normal stresses for a conical loading function were developed (Figs. 4 and 5), and the
approximation of a conical loading function (either in whole, or truncated) by either a
parabolic function or a stepped function of circular disks was discussed. It was sug-
gested that the methods and data presented have practical applicability for foundation
soil loadings such as preloads for tanks and "'rounded" embankment terminals.

1.
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Discussion

ROBERT L. SCHIFFMAN, Professor of Soil Mechanics, Rensselaer Polytechnic
Institute, and Lecturer in Civil Engineering, M.I.T.—This paper presents some very
useful and interesting new results in the evaluation of stress and displacement com-
ponents in an elastic half- spacc subjceted to normal surface tractions.

The general formulation of the axisymmetric problem, in terms of integrals with
Bessel kernels goes back to Lamb (10). More recently Sneddon (11) has formalized
integral transform techniques to this same end. o

If the free surface of an elastic half-space were loaded axisymmetrically, by nor-
mal loads only, of distribution [-p(r)], the stress and displacement components at
any point (r, z) within the half-space would be

up(r,z) = 222 [(1- 20)NC(r, z) - zNi(r,2) ] (Ta)
ug(r,z) = - 1;3“ ((2-v) N (r,2) + zNi(r,2) ] (Th)
orr(r,z) = No(r,z) - zNo’(r,z) - 1-1‘21/ N.%(r, z) +—:—N{(r,z) (7e)
ogglr,z) = 2uNs(r,z) + l_rz” NS (r,z) - %Ni(r,Z) (7d)
0,7(r,z) = No(r,z) + zNo’(r, 2) (7e)
oppiT; 2) = 2Ni*(r; 2) (7f)
in which
qu(r,z) = /mmpM(m)e—szq(mr)dm (72)
(1]

and a

M(m) = f p(r)Jo(mr)dr (7h)
0

The sign convention in the preceding formulation follows the theory of elasticity in
which tension is positive, and compression is negative.

These formulations hold for all cases within the semi-infinite solid (z >0). If the
loading function p(r) is discontinuous, some problems arise in the calculation of the
stress and displacement components at the discontinuity. This question has been dis-
cussed by Love (12).

The surface settlement w, follows from Eq. 7a:

Wz u,(r,0) = -2—(1%2) N’ (r,0) (8a)

in which
N’ (r,0) = f M(m)Jo{mr)dm (8h)

Along the centroidal axis (r = 0), the component of shear stress oy, is zero, and
the radial stress component opy is equal to the tangential component of stress ogg.



79

orr(0,2) = 0gg(0,2) =-;* [(1 +2V)Ns (0, z) - ZNoz(O,Z)] (9a)
0452(0,2) = Ng(0,2) + zNo*(0, z) (9b)

in which =
NoP(0, z) :f mPM (m)e"™Zdm (9¢)

0

If the loading function, p(r), is prescribed as a constant Po, Over a circular area of
radius a, the formulation will reduce to the well-known Boussinesq relations (13).

The authors have analyzed the vertical stress components o,y due to a parabolic
loading function of the form

p(r) = £2 (a®-r?) (10)
a

Substituting Eq. 10 in Eqs. Tg and 7Th results in

M(m) = - znf)o Ja(ma) (11a)

2

and ”
qu(r,z) = - 2pof mp'ze_szz(ma)Jq(mr) dm (11b)

0

The integral (Eq. 11b) can be evaluated in terms of an infinite series of hypergeometric
functions as shown in this paper (6).
Substituting Eq. 11a into Eq. 8 results in a general expression for the surface settle-

ment w.
4(1-v*) po 1 3 -
W= F{—~,-—;1,— 12
3E 2l 9 ’ 2 » Loy 3.2 ( )
where (2F;) is the hypergeometric function, and is defined by the authors in its infinite
series form. The surface settlement at the center (r = 0) of the loaded area wo is

2
wo = 2(1-v7)poa (13)
3E

The surface settlement at the edge (r = a) of the loaded area we is

2
=L6_(1‘V )pDa (14)
91 E

In their paper, the authors analyze the development of vertical stress components.
In settlement analysis, the principal stress components are often of major concern
(9). In general, the calculation of the principal stress components requires a knowl-
edge of the four independent components of stress (vertical, radial, shear, and tangen-
tial). Along the centroidal axis, however, the shear stress component is zero, and the
radial and tangential components of stress are equal. Thus the vertical and radial
stress components are the principal stress components.

The two integrals of interest in the computation of the radial stress component are

(No) and (No% ., These integrals have the form,

No(0,2) = - Zpo[ lr%e'szz (ma)dm (15a)

0
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and ™
No%(0,2z) = - Zpo/ e"MZ 5y, (ma)dm (15b)

0

Evaluation of Eq. 15 and substitution in Eq. 9 results in expressions for both the radial
and vertical stress components (_f_S):

arr(0,8) = 0gg(0,2) = - po[“zz” I - Clz] (16a)
022(0,0) = = po [T1 + 2T (16b)
in which 2
I, = [(1 + P ] (16¢)
L=[+e)”- e ] (e (164)
and
L =1z/a (16e)

The numerical values for the radial and vertical siress componeuls can be obtained
from the same set of depth dependent formulas. The profile of the radial stress com-
ponent along the centroidal axis is shown in Figure 7.

The conical loading can theoretically be treated in the manner just described. This
method, however, will lead to certain computational difficulties. The integrals NgP
cannot, in general, be evaluated in closed form. The function M(m) will be an infinite
series of Bessel functions (6). Subsequently, the function NP will be an infinite
series of infinite integrals with the series summed over the order of the Bessel kernel.

In the special case, where the stress and displacement components are desired only
along the centroidal axis (r = 0) a direct integration of the point load solution, as used
by the authors is desirable (13). By this method the surface settlement w, at the cen-
ter of a conical loading whose maximum load po is at r = 0 is

rrr/,bn VFI'/P«
o0.1 o -0,2 -0.4 -0.6 -0.8 -1.0 . or o -0.2 -0.4 -0.6 -0.8 ~1.0
— —
V=0 /// 7=0 /
/ Vz0.5 . Y=d.5
/ /
1.0 1.0 (
% — 2
Sl b
2.0/ 2.0
a ga ‘" @ X
o, 8
- fir
3.0 3.0

Figure 7. Radial stress component along Figure 8. Radial stress component along
centroidal axis (parabolic loading). centroidal axis (conical loading).
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_ (l—v;)poa (17)

The radial stress component along the centroidal axis of the described conical
loading has the expression

Wo

oprr(0,8) = 0gg(0,8) = - p—2° [(1 +2v) + I - 2(1 + V)I4] (18a)

in which
Is = £(1 + £2)" /2 (18b)
Is = Cloge[ﬂl—zcz——)l/—z] (18¢)

Figure 8 shows the profile of the radial stress component beneath the center of the
loaded area.
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Effects of Repeated Loading on Gravel and
Crushed Stone Base Course Materials

Used in the AASHO Road Test

JOHN H. HAYNES, Soils Engineer, Mason-Johnson and Associates, and
ELDON J. YODER, Professor of Highway Engineering, Purdue University

This paper presents the resultsof a laboratory investigation of
the behavior of the AASHO Road Test gravel and crushed stone
mixtures subjected to rcpcated loading. Cylindrical speci-
mens were stressed triaxially to levels approximating those
which would be found in the base course of a highway pave-
ment. The repetitive loadings were applied with equipment
developed in the laboratories of the School of Civil Engineering
at Purdue University.

The materials used were obtained fromthe site of the AASHO
Road Test. The gravel and crushed stone with grain size dis-
tribution equal to that used in the Road Test and compacted to
the mean density levels found in the field were the subject of
primary interest. Variation in percent fines and degree of
saturation were considered to have a great effect onthese basic
gradations. Therefore, the percent passing the No. 200 mesh
sieve was varied so that three mixtures of each material were
obtained. These three mixtures were tested at three levels of
saturation.

The effects of these variables on the deformation-rebound
characteristics of the materials under repeated loads were
studied. From these studies, the advantages and disadvantages
of each material, concerning its value as a base course ma-
terial, were found and are reported in detail. Also, a com-
parison between the laboratory and field performance of the
two AASHO materials is presented.

eTHE variable of base course type was included at several locations in the flexible
test sections of the AASHO Road Test at Ottawa, Ill. These special test sections were
in the form of wedges, 160 ft in length. Base thickness and type were the only vari-
ables in the various sections.

Materials used in the special base course studies included cement-treated gravel,
bituminous-treated gravel, untreated crushed stone and untreated gravel. The test
sections were divided into 40-ft subsections for purposes of analysis; performance was
related to the mean thickness of base. A 3-in. surface was used in the special sections
in which stone and gravel were compared. No subbase was used in Loop 3 whereas in
Loops 4 and 5, 4 in. of subbase was included in the design. The typical section asout-
lined in the AASHO Road Tesl Reporl (i) included a shoulder of crushed stone ma-
terials.

During the winter of 1960, personnel from the Road Test contacted Purdue Univer-
sity to determine if tests could be performed to evaluate the special base course ma-
terials. It was hoped that a test would be devised wherein appropriate strength pa-

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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rameters could be assigned to the materials which in turn could be related to relative
performance. It soon became apparent that it would be extremely difficult to devise a
single test that would describe the properties of all of the materials since tensile
strength was of importance when considering the bituminous-and cement-treated
gravels, whereas the properties defining the gravel and crushed stone were associated
with cohesion and angle of internal friction. As a result, it was decided to study in
detail the gravel and crushed stone materials with the hope of determining why these
materials behaved as they did under conditions of test traffic.

A series of repeated triaxial tests was performed on the crushed stone and gravel
base course materials. Specimens were compacted to density and moisture levels
compatible with those existing in the prototype pavement. This paper summarizes
the data obtained and presents an analysis of the test data in light of relative perform-
ance in the road. Some inconsistencies were noted when considering the relative per-
formance of these materials in the laboratory as opposed to the field. As a result, the
analysis is, to some extent, qualitative in nature, but it is hoped that it will be of interest
to the engineering profession and will assist engineers in formulating criteria for de-
sign.

GRAVEL AND CRUSHED STONE BASES AND THEIR FIELD PERFORMANCE

The crushed limestone used in the special test sections was the same type as that
used in the factorial sections. It was a well-graded material having sharp angular
grains, and the gravel base material was a well-graded uncrushed gravel. Average
grain size distribution curves for each are shown in Figure 1. These grain size curves
were obtained by averaging values determined from many tests made on samples
taken from the road. The crushed stone base contained 11.5 percent passing a No. 200
mesh sieve; the gravel base contained 9.1 percent passing a No. 200 mesh sieve. The
crushed stone was non-plastic and the gravel had a plasticity index of 3.5 percent.

The maximum dry densities, based on Standard AASHO compaction, were 139 and
140 pcf for the crushed stone and gravel, respectively. Field compaction was 101 per-
cent for the crushed stone and 104 percent for the gravel. It should be remembered
that these are average values and they must be treated as such.
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Figure 1. Grain size distribution curves.
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Figure 2, Performance data, special base type experiment: (a) single-axle loads, (b)
tandem-axle loads (2).

The field performance of the gravel sections was inferior to that of the crushed
stone. In fact, the relative performance of the gravel was such that it was not included
in a major portion of the analysis presented in the AASHO Road Test Report.
Benkelman, Kingham and Schmidt (2 ) state, "The gravel base sections failed early in
the test and are omitted from the analysis of performance." ... "It appears that the
gravel material possessed a level of internal stability that might be considered ade-
quate for loads operating on Loop 3, nearly so for the loads on Loop 4 but definitely
not for those on Loop 5. "

Figures 2, 3 and 4 show field performance data for the gravel and crushed stone
bases. The number of load applications at a serviceability index equal to 2. 5 was
invariably less for gravel sections than for the other base materials (Fig. 2). In
the case of Loop 5 (22. 4-kip load), there was no apparent orderly relationship be-
tween depth of gravel base course and load application at serviceability index 2. 5.

This suggests an inherent weakness in the gravel material itself.

Figure 3 shows pavement deflection as a function of base thickness at various seasons.
The deflection values of the pavements built over the crushed stone bases were (with
one exception) greater than the deflections of corresponding pavements containing the
gravel base. Deflection of pavements over both base materials was higher in the
spring than in the fall. Figure 4 shows seasonal deflections for the 9-in. base thick-

ness. Here again, with one exception, the stone bases resulted in greater deflection
than the gravel bases.
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The deflection data (Figs. 3and4) were obtained by use of the Benkelman beam.
This test measures the pavement's surface deflection due to the application of a static
load. The measured value includes the deflection of pavement surface, base, subbase
and subgrade.

LABORATORY TESTING PROGRAM

The repeated loading device (Fig. 5) consists of a conventional triaxial cell with
load supplied by means of compressed air.

[

type experiment, relationship between base thickness and de-
load, Loop 3; e and f 18-kip
load, Loop L (5).

single-axle

The device contains a pressure cylinder
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and solonoid valves that can be controlled electrically to apply repeated loads of vary-
ing magnitude, interval and duration. Records of total deformation, elastic rebound,
and permanent deformation at various intervals throughout the test were obtained. A
15-psi confining pressure was used on the specimens throughout the testing program.
A deviator stress of 70 psi was selected on the basis of approximate stresses that ex-
isted at the base course level in the Road Test pavement.

The materials from the Road Test were separated in the laboratory on various
sieves. The aggregates were then recombined to yield a gradation corresponding to
the average measured in the test pavements (Fig. 1). Three levels of amount of ma-
terial passing a No. 200 sieve (6.2, 9.1, and 11.5 percent) were studied, resulting in
the study of six gradations, three for the crushed stone and three for the gravel. As
comparisons of laboratory and field performance were of interest, all samples were
tested at field dry density levels, 141 pcf for the crushed stone and 145 pcf for the
gravel.

Table 1 summarizes the density data obtained in the study. Loose density was ob-
tained by pouring the material into a container of known volume and maximum density
was obtained by controlled vibratory compaction. Relative densities corresponding to
field conditions were 92 and 80 percent for the gravel and crushed stone, respectively.

Moisture content was also of interest in this study as it was postulated that degree
of saturation would have great effect upon performance. An attempt was made to
maintain three levels of degree of saturation, 70, 85 and 100 percent. However, due
to slight variations in moisture content and dry unit weight, the resulting degrees of

Figure 5. Equipment for repeated load tests.
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TABLE 1
SUMMARY OF RELATIVE DENSITY DATA

Avg.

Gradation Loose Field Max. Relative Field
Material (% passing Density Density DensityP
. Density@ 0
No. 200 sieve) (pcf) (pcf) (%)
(pcf)
Gravel 6.2 126.6 145.0 145.6 97
9.1¢ 127.0 145.0 146.6 92¢
11.5 126.7 145.0 145.8 96
Crushed
stone 6.2 113.3 141.0 141.6 98
9.1 113.5 141.0 144.9 88
11.5¢ 118.9 141.0 146.3 80¢

%pls0 density used in laboratory tests.

Difference between field and loose densities divided by difference between maximum
and loose densities.

Average values from road.

saturation varied from 63 to 98 percent. All samples were compacted at a moisture
content corresponding to a degree of saturation of 70 percent. The test samples were
compacted using impact procedures. A 5.5-1b hammer having a free fall of 12 in. was
used. The compactive effort was varied for each gradation and 2 series of dry densily
points was obtained. These points, when plotted against a2 semilog scale of compactive
effort, produced a straight-line relationship. All test samples were then compacted
at the required compactive effort to produce the desired dry density.

The compacted test samples were then either tested at the 70 percent saturation
level or, if higher saturation levels were desired, the moisture content was raised to
the approximate degree of saturation desired. This was accomplished by means of the
saturation mold shown in Figure 6. The moisture content in the samples was increased
by applying a vacuum to the mold and allowing water to enter through perforations in
the mold. By continually weighing the samples during the wetting process, it was pos-
sible to obtain approximate degrees of saturation selected for the test. The samples
were then wrapped and stored in a controlled humidity room for an additional day so
that moisture equilibrium could be achieved.

Originally, it was hoped to test both the gravel and crushed stone samples at a de-
gree of saturation approaching 100 percent. However, the crushed stone materials
were so pervious that the water invariably migrated toward the bottom of the sample
with the result that, except for low degrees of saturation, moisture distribution was
not uniform throughout the length of the sample. This was particularly true for those
samples above about 80 percent saturation. This phenomenon, however, did notoccur
in the gravel specimens and it was possible to maintain a relatively uniform moisture
gradient throughout these samples. As a result, tests reported in this paper for the
crushed stone materials are for degrees of saturation up to 81 percent, whereas the
degrees of saturation reported for the gravel are as high as 98 percent.

Figure 7 shows a typical load-time trace for two load cycles. Load was measured
by means of a proving ring; load impulse was transmitted from strain gages mounted
on the proving ring to an electronic pen recorder. A slight residual load was main-
tained on the sample between deviator load intervals.

Figures 8, 9, 10 and 11 show the deflection and rebound histories of the test sam-
ples. The values of deflection represent accumulative axial deflection from beginning
of test. The values of rebound represent individual load cycle rebound. Each curve
represents the average for two test samples. The results obtained from tests on the
three gradations for both the crushed stone and gravel materials are shown. There is
a general orderly relationship between degree of saturation and deflection at any given
cycle.



Figure 6. Saturation mold and cell.
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GENERAL CONCLUSIONS

It is an established principle of pavement design that it is necessary to consider the
pavement structure as a whole. Every design engineer could list numerous factors
that must be considered when designing a pavement. These might include soil type,
type and volume of traffic, climatic conditions (precipitation and freezingtemperatures),
grade and alignment of the road bed, drainage characteristics of the materials in the
pavements, strength properties of the components, and many others. Aninteraction
exists among these factors. An illustration of this pertains to the selection of base
course materials in the northern tier of states as contrasted to the types of base course
materials used in the southern states. The adverse effects of frost action in the north-
ern states in some cases override other design considerations making it necessary to
construct base courses using non-frost susceptible materials. Other illustrations
could be given which relate base course quality to internal drainage of the subgrade,
rainfall belts, etc.

The primary purpose of the base co. 'se in flexible pavement is to provide shearing
resistance and some stiffness to the pavement structure. Thus, it is apparent that
permanent stability and relative thickness of the component layers of the pavement are
of primary concern.

In connection with the performance of the gravel and crushed stone base courses
used in the AASHO Road Test, consideration should be given to two factors that may
be significant. First, the cross-section of the flexible pavement contained a granular
shoulder (crushed stone) and the subbase was carried through the shoulder from ditch
to ditch. Second, the road test experiment was conducted in an area where frost can
be a problem, particularly from the standpoint of loss of pavement support during the
frost-melt period. The area under consideration has a mean freezing index of about
500 degree-days and the mean maximuim depth of frost penetration below the pavement
surface (by measurement) was 40 in. in February 1959, 25 in. in March 1960, and 32
in. in February 1961.

It should be re-emphasized that from the standpoint of field performance, the
crushed stone materials were superior to the gravel materials. This was true even
though surface deflection under load was many times greater for the crushed stone
bases than for the gravel bases.

Figure 12 shows variation of deflection and rebound with saturation level duringre-
peated loading in the laboratory for the crushed stone and gravel samples. These de-
flection and rebound data were taken from Figures 8 through 11. The gravel samples
were tested at degrees of saturation ranging from about 69 percent up to about 98 per-
cent. The degree of saturation of the crushed stone samples, however, varied between
63 and 82 percent. The most striking feature of these test results is that, for agiven
degree of saturation, the crushed stone samples deflected and rebounded more than
corresponding gravel samples.

Data in Table 1 show that the relative densities of the crushed stone samples, with
one exception, were lower than for corresponding gravel samples. The average rela-
tive density values for field conditions were 92 percent for the gravel bases and 80
percent for the crushed stone bases. Differences in relative densities no doubt explain
in part why the gravel deflected less than the stone in the laboratory at corresponding
degrees of saturation.

Information was obtained from Road Test personnel regarding in-place moisture
contents of the base materials at various times of the year. Degree of saturation in
each case was computed from field moisture content data, average density data and
specific gravity values furnished by Road Test personnel. Table 2 summarizes these
data.

The degree of saturation of the crushed stone at time of placement in the summer
of 1958 was 68 percent. By the spring of 1959, the value had decreased to 56 percent,
and the following spring, its value was 55 percent. Tests made in the summer of 1960
indicated a degree of saturation of 44 percent. Corresponding to these values, the
gravel material was placed at a degree of saturation of 94 percent and when tested in
the spring of 1959, the gravel was found to be 86 percent saturated.
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TABLE 2

ACCUMULATIVE DEFLECTION AND SINGLE-CYCLE
REBOUND OF TRIAXIAL SPECIMENS?®

Degree Saturation Lab. Lab.
0 Accumulative De- Single-Cycle Re-
Date 0 flection (in.) bound (in.)

rel Stone G avelb Stone® GravelP Stone®
Fall 1958 94 68 0.45 0.06 0.0145 0.011
Spring 1959 86 56 0.11 < 0.04 0.0125 < 0.009
Spring 1960 - 55 — - - —
Summer 1960 — 44 - - -

aAfter 1,000 load applications and at moisture conditions corresponding to various dates
during the road test.

p 9.1 percent fines.
11.5 percent fines.
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Table 2 lists accumulative sample deflection from beginning of test and single-
cycle rebound values of the laboratory specimens at degrees of saturation equal to
those indicated by field tests. These deflection and rebound data were taken from
Figure 12. Using field degree of saturation as a basis of comparison, the gravelspec-
imens had larger total deflection and single cycle rebound values than the crushed stone
specimens.

Comparisons of laboratory values of accumulative sample deflection (accumulated
axial deflection of the test sample from beginning of test) at 1, 000 load cycles provide
a method of evaluation of the stability of the test specimens in the laboratory. Acom-
parison of the stability of the two materials in the field is provided by reference to the
performance data shown in Figure 2. Using the values of total deflection given in Table
2 as qualitative performance values and by a comparison of these values with the charts
of field performance given in Figure 2, it can be seen that good correlation of field and
laboratory data was achieved.

It is understood that failure of the gravel base courses nearly always took place dur-
ing the spring of the year. The period of time which elapsed between spring breakup
and the date the moisture content determinations were made are not known. Therefore,
it is impossible to estimate the exact moisture level at the critical time of frost melt.
However, for purposes of comparison, a conservative estimate of the degree of satu-
ration at the end of the spring thaw must be the computed value of 86 percent for the
gravel base. In all probability the value was higher sometime during the spring thaw.
Tests made in Indiana (Q ) indicate the degree of saturation of this type of material
often approaches 100 percent during the critical spring-melt period. This period, in-
cidentally is short lived and, in many cases, only lasts from several days to several
weeks depending on the amount of precipitation which occurs during the frost melt.

The degree of saturation of 86 percent for the gravel is in contrast to 56 percent for
the crushed stone.

Figure 13 shows variation of coefficient of permeability with density for these two
materials. For the density levels at which the materials were placed in the field, the
coefficient of permeability of the gravel was about 0.01 ft per day as compared to about
7.5 ft per day for the crushed stone material.

On the basis of their grain size distribution (Fig. 1), both of these materials are
potentially frost susceptible. However, as indicated by the high permeability of the
crushed stone, the voids of the crushed stone mixture were no doubt too large to pro-
mote capillary rise. Furthermore, as indicated by the field degrees of saturation, free
water was quickly dissipated at the shoulder base contact.

Inasmuch as the gravel gradation falls into the frost-susceptible class and its coef-
ficient of permeability is practically nil, active frost action would be expected. Fur-
ther, as this base is difficult to drain, free water resulting from surface infiltration
would remain in the base for a longer period of time. Pore pressures associated with
the high degree of saturation of the gravel materials probably affected performance to
a high degree. Barber (1) has shown that pore pressures in base courses can result
in greatly reduced bearing capacity, which alone could probably account for the dif-
ference in performance of the two materials.

The laboratory test data suggest that performance of the materials in the field was
closely associated with the design of the pavement section coupled with the drainage
characteristics of the gravel and crushed stone. Thus, it becomes unimportant that
one material was a gravel and the other a crushed stone, but it is significant that the
stone was free drainage, whereas the gravel was not. Angularity of grains per se no
doubt had an effect on the strength of the materials but in addition (for constant grada-
tion) crushed materials nearly always have higher permeability than predominately
rounded materials.

The laboratory data indicate that the crushed stone used in the special test sections
(for a given degree of saturation and at field density) was more resilient than the gravel.
This observation is suggested when considering the rebound values obtained during the
repeated triaxial tests.
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SUMMARY

Data presented herein have not explained fully the reason for difference inperform-
ance of the gravel and crushed stone materials. There is an apparent anomaly, using
measured deflection of the test pavement under load and rebound values found in the
laboratory, when comparing these values at the degree of saturation of the materials
found in the road. Further research should be conducted to clarify this point. There
is, however, good correlation, using field moisture levels as a comparison, between
field and laboratory stability of the two materials.

Data presented have illustrated some of the factors which affected stability of the
gravel and crushed stone materials used in the Road Test. The authors believe it is
significant that the coefficient of permeability of the crushed stone was appreciably
higher than that of the gravel. It is also significant that the gravel's field degree of
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saturation was appreciably greater than the stone's and in the laboratory, at these
moisture levels, the gravel specimens deflected more and showed greater rebound
than the stone. This suggests that climatic factors, geometric section, and permea-
bility had significant effect on the performance of the two materials.
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Effect of Structure on Resilient

Rebound Characteristic of Soils in

The Piedmont Province of Virginia

BOYCE D. TATE, Major and Assistant Professor, Virginia Military Institute,
Lexington; and

H. G. LAREW, Associate Professor of Civil Engineering, University of Virginia,
Charlottesville

This paper reports the results of laboratory studies conducted
to determine which of the Piedmont soils were more resilient
and the cause of this resilience. This property has, in the past,
led to the wasting of much of this material in highway construc-
tionworkand has often caused fatigue typefailures on pavements
under which it has been placed.

Repeated-load triaxial tests on laboratory compacted sample
were employed to determine the amount of elastic or resilient
rebound for each soil. In general it was found that as the per-
cent of the mineral mica increased the resilient rebound in-
creased, but as the plasticity index of the soil increased the re-
siliency decreased. Soilsfrom the C-horizon were more resili-
ent thanthose fromthe B-horizon., For soils from the C-horizon
the resiliency increased with increasing grain size.

Stereo-optical microscope studies of samples before and after
repeated triaxial tests showed that soil structure played a major
role in causing the resiliency in these soils. It was conclusively
shownthat soils with a disperse-like structure were much more
resilient than those with a flocculant-like structure. Both soil
structure and resiliency were influenced greatly by molding
moisture content and method of compaction.

*FOR some time it has been known that certain fine-grained soils were more elastic
than others and with the advent of repeated-load testing of soils, this has become even
more apparent to those who have studied the effects of repeated loads on soils.

When a soil possessing elastic or resilient properties is used in such a manner that
a load is first placed upon it and then removed, such as is the case of a soil beneath a
highway pavement or airport runway, the resulting elastic or resilient effect can be
quite detrimental to the pavements.

The soils in the Piedmont Province of Virginia are generally fine-grained, residual
materials which often exhibit elastic properties. They have been formed from a com-
plex system of underlying igneous and metamorphic rocks and are often quite deep,
exceeding 100 ft in certain areas. Quite often these soils contain an appreciable per-
centage of mica flakes.

Recent laboratory studies (1, 2) conducted to determine the effect of repeated axial
loading on the strength and deformation characteristics of fine-grained soils revealed
the marked elastic qualities of the Piedmont soils. As a result of these studies it was

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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believed that soil structure (i.e., the arrangement of soil particles and the electrical
forces acting between adjacent particles which influence this arrangement) was pri-
marily responsible for this elastic quality.

The arrangement of fine-grained soil particles generally falls into two main cate-
gories, flocculated and dispersed—called cardhouse and oriented by some investigators
(3). Inthe flocculated arrangement, the particles tend to bond themselves in an edge-
to-surface type of orientation. This is generally thought to be caused by the electrical
charges on the surfaces and edges of each particle. In the dispersed arrangement,
Lambe (4) notes that the particles lay more generally parallel, with very little surface-
to-edge bond.

Figure 1 is the result of a rather extensive investigation by Lambe (5)into the struc-
ture of compacted clay.

At point A the presence of 4 small amount of water results in a high concentration
of electrolyte which prevents the diffuse double layer of ions surrounding each particle
from developing fully. The double layer depression leads to low interparticle repulsion,
resulting in a tendency towards flocculation of the colloids and a consequent low degree
of clay particle orientation in the compacted soil. This type of structure is a flocculated
arrangement of soil particles. If the water content is increased to point B, the elec-
trolyte concentration is reduced, resulting in an expansion of the double layer, increased
repulsion between particles and a low degree of flocculation, that is, an increased de-
gree of particle orientation. Further increase in water content at point C increases
this effect and results in a still greater particle orientation.

A system of parallel particles, which is approached at point C, represents the dis-
persed type of particle arrangement., Thus, in general, it may bc stated that compac-
tion of a clay soil "dry of optimum' tends to produce a flocculated arrangement of par-
ticles, while compaction of the same soil "wet of optimum' tends to produce a dis-
persed structure.

High Compactive Effort

COMPACTED DENSITY

l Low Compactive
~ \ Effort

MOLDING WATER CONTENT -—
(After T.W. Lambe)

Figure 1. Effect of compactive effort, density, and molding water content on the struc-
ture of compacted clays as found by Lambe (1).



Soil Siudied

Culpeper — Obtained from Rte.250 by-poss at Chariottesville.

Glenelg — Obtained from Rte. 606 near Herndon, 0.6 miles toword Rte.7 from

junction of Rte.602.
Madison —Obtained from Rte.58, approximotely 8 miles west of Donville.

Figure 2.

o Danville

Coastal
Ploin
Province

Sites where soll samples were taken.

TABLE 1
INDEX PROPERTIES AND MINERALOGICAL DATA

L8 y§ g g g g
. o 8 o R ap N M_S 88 58
Characteristic R R T H TR @ G 25
S S8 34 54 g4 g2
| =B — " =) (A =]
o 8¢ TO O d B S0
Specific gravity 2,78 2.74 2.76 2.74 2.77 2.86
Atterberg limits:
Liquid limit 47.0 32.0 47.0 35.4 63.7 42.5
Plastic limit 39.0 31.5 33.0 27.0 42.4 37.0
Plasticity index 8.0 0.5 14,0 8.4 21.3 5.5
Shrinkage limit 34.0 28.5 30.7 24.5 39.0 48.0
Standard AASHO
compaction;
Optimum moisture
content, % 26.5 18.5 22.0 21.2 28.5 18.0
Max. dry unit
weight, pcf 93.0 99.4 101.6 98.5 94.0 106.3
Mineralogical
composition?:
Kaolinite 33 15 25 25 50 30
Quartz 33 42 45 45 15 10
Mica 33 42 30 30 25 60
Goethite minor minor minor minor minor minor
Hematite minor minor minor minor minor minor
Gibbsite minor — — - 10 minor
Illite-vermiculite minor minor minor minor minor minor
Order of relative (1.40) (7.20) (3.80) (6.40) (1.00) (9.20)
elasticity 5 2 4 3 6 1
Unified classifica-
tion ML ML ML ML MH ML
AASHO classifica-
tion A-2-7 A-2-4 A-4 A-4 A-1-b A-1-b

2approximate percent of total soil.
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More recent studies by Pacey (6), using optical techniques developed by Mitchell(7),
and studies by Seed and Chan (8) tend to support Lambe's concept of structure of com-
pacted clay.

The purpose of the study described in this paper was to determine which of the
Piedmont soils was more elastic and why it was more elastic. Since soil structure
was believed to be an important contributing factor, this aspect was given special
attention.

SOIL STUDIED

To locate the most elastic soils in the Piedmont Province of Virginia, three sites
were chosen with the aid and advice of materials engineers of the Virginia Department
of Highways. Both disturbed and undisturbed samples were obtained fromthe B- and C-
horizons at each site. In each case, the soil was known to be highly elastic and to have
given trouble on highway construction projects., Figure 2 shows the locations from
which the soils were obtained. Characterization tests and mineralogical studies were
conducted and the results are given in Table 1,

The soil obtained from near Herndon was a Glenelg (pedological classification) soil
which consisted largely of mica, quartz and kaolinite. The soil taken from the
Charlottesville site was a Culpeper soil and its mineralogical content was quite similar
to the Glenelg soil. The soil secured from near Danville was a Madison soil. Its
mineralogical content was nearly the same as the other two, except that a larger quan-
tity of mica was present in the C-horizon.

Table 1 also gives the relative elastic rebound classification of each soil as obtained
from repeated load tests upon compacted samples.

Grain size distribution curves and comparative standard compaction curves are
plotted for each soil (Figs. 3 and 4).

APPARATUS AND PROCEDURE

Tests were first performed on compacted samples from boththe B- and C-horizons
of the three soils to determine the relative order of elasticity of each. A statically
compacted cake of each of the six soils was prepared at or near the optimum moisture
content and maximum dry density. Each cake was cut into four samples and one sample
from each cake was tested to failure under the action of a gradually applied, axial load
in a triaxial device. Stress-strain curves for the six soils resulting from these con-
ventional triaxial tests showed that their ultimate strengths were quite similar at their
respective optimum moisture contents and dry densities. Because this was true, a
level of repeated deviator stress Agy to the deviator stress causing failure on the con-
ventional triaxial test Agg was approximately equal for each of the soils. A ratio of
Aor/ Ag was chosen and loads producing this ratio were applied to samples of the stati-
cally compacted soil in a repeated-load triaxial device, described elsewhere by Larew
and Leonards (1). The confining pressure employed in all cases was 10 psi.

Under the levels of repeated deviator stress employed, the resilient rebound of each
sample reached a constant or equilibrium value after not more than a few thousand load
applications. This value of equilibrium elastic rebound was recorded for each soil,
and the soil with the least resilient rebound was found to be the Madison soil from the
B-horizon. Using the equilibrium elastic rebound of this soil as a standard of reference
(unity as given in parentheses in Table 1), each soil's relative resiliency was calculated
(also given in parentheses in Table 1), Each soil was then given a rating from 1 to 6
with the Madison C-horizon soil, which was the most resilient, receiving the number 1
rating. This soil was chosen for the more extensive program of studies.

A series of soil cakes 4.0 in. in diameter and 4.6 in. high was prepared from the
Madison C soil on the dry side, near and on the wet side of optimum moisture content
by both static and dynamic methods. The dynamically compacted samples were pre-
pared in a Proctor compaction mold by Proctor compaction procedures. Soil cakes
were compacted statically in the same manner as reported by Larew and Leonards (1),
except that a standard Proctor mold, with aluminum plugs to fit into the ends, was
used. The cakes were compacted at approximately the same moisture contents asthose
compacted dynamically.
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Figure 5. Four vertically cut samples from
o 5
a compacted soil cake.

T s0il sample cut from a
compacted soil coke

Cakes prepared at these three moisture
content levels were extruded from the Figure 6.  Soil semple cut by horizontal
mold, cut into four samples each, waxed and vertical planes, indicating crose-
and stored for later testing. Figure 5 sections studied wunder stereomicroscope.
shows four samples which were cut from
the 4.0-in. diameter mold prior to wax-
ing. These samples were later trimmed to specimens which were 2.8 in. high and 1.4
in. in diameter and then subjected to both static and repeated-load triaxial tests.

The static triaxial compression tests were performed on one sample from each soil
cake. The sample was enclosed in a thin, rubber membrane and no confining pressure
was used during the tests. The resuits were used to obtain the compressive strengih
of a sample from each cake.

Each repeated-load triaxial sample was enclosed in 2 thin rubber membranes. The
chamber around the sample was filled approximately one-half full of water to prevent
the sample from drying during the test. Except for the very small amount of hydrostatic
pressure developed by the water in the chamber, no confining pressure was applied to
the sample. Sample drainage was prevented in both static and repeated load tests.

In each case the load applied by the repeated load device was 0.9 of the axial load
causing failure in a static test on an identical sample, i.e., Aop/A og=0.9. The rate
of loading was essentially constant at 20 cpm. The elastic rebound was observed for
approximately 100, 000 load applications and the equilibrium elastic rebound reached
during each test was recorded. None of the samples failed during the 100, 000 load
applications.

The structure on both horizontal and vertical surfaces through the samples were
studied under the stereomicroscope and photographed before and after testing. The
direction of these surfaces in a sample is sketched in Figure 6. Pairs of stereo-
photographs were taken through the lens of the stereomicroscope with a Polaroid Land
camera. Careful observations and notes were kept concerning observed particle orien-
tation and structural features for each sample as it was being studied under the micro-
scope. These recorded observations and the stereophotographs formed the basis for
conclusions concerning the effects of soil structure.

Inasmuch as the original tests were performed on vertically cut samples from a
compacted cake (Fig. 7), it was decided that similar tests should be performed on
samples with identical water content and compacted density, but cut horizontally from
a compacted cake (Fig. 8). These tests were performed on those soils and for those
moisture contents, densities and methods of compaction that produced both the greatest
and least amount of elastic rebound in the earlier tests on vertically cut samples. The
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tested vertically.

procedures for repeated-load triaxial testing and observations were identical to those
followed for the vertically cut samples.

RESULTS

Table 1 and Figures 3 and 4 show the index properties, mineralogical data, grain-
size distribution curves and compaction curves for each of the six soils studied in the
preliminary investigation. The order of their relative elasticity is given in Table 1.
The Madison C soil exhibited the greatest amount of elastic rebound in the preliminary
tests and was chosen for the later and more extensive studies.

Tables 2, 3, 4 and 5 and Figures 9 and 10 show the results of the repeated loadtests
performed in the study of this soil. Figure 10 shows that for vertically cut samples,

a rather decided difference in the elastic rebound was obtained between the two methods
of compaction employed. The statically compacted samples were the more elastic; the
dynamically compacted samples were the least elastic, Moreover, the elastic rebound
was, for both methods of compaction, quite sensitive to moisture content of the com-
pacted samples, being maximum in both cases at or near optimum moisture content,
From the test data and the microscopic study and observations, it was rather obvious
that the orientation of the mica flakes in the compacted cakes was responsible for this
difference in elastic rebound. Figures 11 and 12 are sketches of the postulated and
observed particle arrangements in both statically and dynamically compacted samples.
Figures 13, 14, 15 and 16 are stereophotographs that show the presence or absence of
particle orientation in a few selected but typical samples.

The Madison C soil with the largest percentage of mica exhibited the greatest re-
bound., Tests on vertically and horizontally cut samples showed that this occurred
when the particle arrangement was primarily normal to the direction of loading and
least when the arrangement of particles was parallel to the direction of loading., It was
rather obvious that a beam or plate-like deformation of particles was causing the
elastic rebound. One can observe this action with the stereomicroscope by loading
and unloading pure dry mica which has been placed in a glass container. When a load
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TABLE 2

VERTICALLY CUT SAMPLES OF MADISON C SOIL
COMPACTED ON DRY SIDE OF OPTIMUM2

Initial Compacted Dry Density L(_)ss Equilibrium Equilibrium
Sample Wimnen Dry During Test mn Rebound Fehound
P€  Content Density (pif) Density (in. x 10-%) (% of init.
(#) (pef) (pef) height)
(a) Dynamic or Impact Compaction
1 13.93 102,69 95.53 7.16 20.0 0.75
1 15.69 101.13 95.55 5.58 21.5 0.76
3 15.39 101.40 95.84 5.56 22.5 0.80
Avg. 15.00 101.74 95.64 6.10 21.3 0.77
(b) Static Compaction
1 14,77 107.38 91.87 15.51 28.2 1.00
2 14.99 107.17 92.56 14.61 26.0 0.92
3 15.04 110.18 99.25 10.93 22.0 0.78
4 15.18 110.05 100.00 10.05 22.5 0.80
Avg.b 15.00 108.59 95.65 12.94 24.5 0.87
8gubjected to 100,000 repeated load applications.
Average interpolated from varying density.
TARLE 3
VERTICALLY CUT SAMPLES OF MADISON C SOIL
COMPACTED NEAR OPTIMUM2
Initial Compacted Dry Density Lpss Equilibrium Equilibrium
Water Dry ; Rebound
Sample : During Test , Rebound s
Content  Density (pef) Density (in. x 10°%) (% of init.
(%) (pef) 3 (pef) ‘ height)
(a) Dynamic or Impact Compaction
1 18.55 105.53 98.73 6.80 23.0 0.80
2 18.34 105.71 99.60 6.11 25.0 0.88
3 18.35 105.70 99.34 6.36 21.3 0.75
4 17.21 106.73 99.98 6.75 21.0 0.74
Avg. 18.11 105.92 99.41 6.51 22.6 0.79
(b) Static Compaction
1 18.20 111,48 99.09 12,39 30.5 1.08
2 18.48 111.21 97.58 13.63 28.5 1.01
3 17.70 111,95 99.18 12,77 27.0 0.96
4 17.85 111,81 99.11 12.70 28.4 1.01
Avg, 18.06 111.61 98.74 12.87 28.6 1.02

83ubjected to 100,000 repeated load applications.
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TABLE 4

VERTICALLY CUT SAMPLES OF MADISON C SOIL COMPACTED
ON THE WET SIDE OF OPTIMUM?

al,;ii:rl_ Co%li;ded Dry Density hl):s Equilibrium E%géﬁggm
Sample A During Test . Rebound A
Content  Density (pef) Density (in. X 10-%) (% of init.
(%) (pct) 4 (pct) ' height)
(a) Dynamic or Impact Compaction
1 20.40 104.90 100.30 4,60 23.0 0.82
2 20.67 104.67 99.63 5,04 18.5 0.66
3 20.92 104.45 100.41 4.04 18.0 0.64
4 21.24 104.17 100.08 4,09 22.6 0.80
Avg, 20.81 104.55 100.11 4.44 20.5 0.73
(b) Static Compaction
1 19.76 111.35 100.85 10,50 23.0 0.81
2 20.33 110.82 99.39 11,43 26.0 0.93
3 20.46 110.70 99.10 11.60 27.0 0.96
Avg, 20.18 110.96 99.78 11.18 25.3 0.90
a5ubjected to 100,000 repeated load applications.
TABLE 5
HORIZONTALLY CUT SAMPLES OF
MADISON C SOILZ
M Dry Density Equilibrium Equilibrium
Water . Rebound
Sample During Test Rebound o
Content (pef) (in. X 10-°) (% of init.
(#) e e height)
(a) Dynamic or Impact Compaction (Wet of Optimum)
1 21.0 100.9 9.5 0.34
2 21.1 100.2 11.0 0.39
3 21.7 100.9 10.0 0.36
Avg. 21,3 100.7 10.2 0.36
(b) Static Compaction (Near Optimum)
1 18.1 99.7 9.0 0.32
2 18.2 101.8 6.0 0.21
3 18.6 99.7 7.7 0.27
4 18.1 101.2 7.0 0.25
Avg. 18.5 100.6 7.4 0.26

85ubjected to 100,000 repeated load applicatbions.
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Figure 12. Samples of Madison C soil compacted dynamically, wet of optimum—postulated
and observed particle arrangement.

Figure 13. Stereophotograph of vertical section of Madison C soil compacted statically
near optimum. Magnification is x 10. Structure is quite stratified and orientation of
mica flakes is generally horizental.
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Figure 14. Sterecophotograph of a horizontal section through the same sample as in Fig.
13. Magnification is X 40. The flat surfaces that are so prevalent are the mica flakes
which are oriented generally horizontal.

Figure 15. Stereophotograph of vertical section of Madison C soil compacted dynamically,

wet of optimum. Magnification is X 40. Structure is much less stratified than in pre-

vious sample. Though some of the mica flakes are oriented horizontally, they are gener-
ally in a more random position.



109

Figure 16. Stereophotograph of horizontal section through the same sample as in Fig.

15. Magnification is X 40. When compared with Fig. 15, it is difficult to distinguish

the two, yet they are views of different cross-sections. Particle orientation is gen-
erally random in both sections.

is applied the mica flakes deflect just as a beam or plate does. As the load is released,
the mica flakes return to their original position, primarily due to the resilience of the
mica. The presence of water, other minerals, and some clay-like material in all of

the soils studied, reduced, but did not eliminate this resilience. The granular particles
of the other minerals tended to act as simple supports for the mica flakes while the clay-
like material formed a matrix around the larger particles and acted as a cushion for

the deflecting mica flakes.

As mentioned previously, the method of compaction affected the amount of elastic
rebound. Moreover, the microscopic studies revealed a decided difference in particle
orientation in the samples compacted by different methods. This difference can be ob-
served in stereophotographs (Figs. 14, 15 and 16) and can be explained as follows:

As the soil was compacted statically, the entire surface area of the soil in the mold
was loaded uniformly and compressed. The mica flakes tended to orient themselves
in the most stable position or horizontally (Fig. 11),

When the soil was compacted with the drop hammer (dynamically), the end area of
the drop hammer was considerably smaller than the inside area of the mold and tended
to knead or displace the particles into a more random position (Fig. 12) with each blow
of the hammer.

Tables 2, 3 and 4 indicate that the dry density of the samples as compacted was dif-
ferent from the dry density at the time of the tests. This change (a decrease) in density
was caused by the elastic expansion of the compacted cakes immediately after removal
from the compaction mold. This was a property of this material that could not be
eliminated and led to considerable difficulty when attempting to control densities.

During the course of this investigation, an attempt was made to compact cakes with
a kneading compacter. However, it was not possible to compact a soil cake that had a
uniform density throughout with the kneading compacting machine that was available.
The density would vary as much as 4 pcf between the top and the bottom of the cake.
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The lack of control of the pressure applied by the compacting foot was primarily re-
sponsible for this difficulty. Further attempts to employ this method of compaction
were abandoned.

CONLUSIONS

This study has established that elastic rebound in the soils studied is dependent upon
the amount of mica present in the soil and the orientation of the mica flakes. Because
of the highly resilient quality of the mica flakes, the orientation of the flakes in the
compacted soil greatly affects the elastic rebound. Particle orientation, in turn, is
affected by the method of compaction. The greatest elastic rebound developed when
the particle orientation was essentially perpendicular to the direction of the applied
load and was least when the particles were arranged more nearly parallel to the direc-
tion of the applied load. Seed, Chan and Lee (9) have found this same relationship true
for compacted clays.

Indications are, however, that the structure of a micaceous silt of the type studied
does not necessarily follow the concept of compacted clay structure as proposed by
Lambe (5) and others. Where Lambe's theory normally indicates an increasingly dis-
persed structure as the moisture content increases, the micaceous silt exhibited a
more dispersed structure at or near optimum moisture content and a more flocculated
or random structure on the dry and wet sides of optimum. Il should be emphasized
that a considerable difference in particle size existed between the colloidal clay-like
particles in Lambe's studies and the very much larger mineral particles of the mica-
ceous silt. This study in no way invalidates Lambe's hypothesis concerning compacted
clay structure, but it does indicate that it is not applicable in the case of these mica-
ceous silts.

Studies are currently under way in the Soil Mechanics Laboratory at the University
of Virginia to find practical ways of reducing the amount of elastic rebound of these
micaceous silts so that they may be employed in a wider scale in highway construction
work.
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Bearing Capacity of Deep
Foundations in Sand

ALEKSANDAR B. VESIC, Associate Professor of Civil Engineering, Georgia
Institute of Technology Soil Mechanics Laboratory

Large-scale model experiments have been madc to provide in-
formation on factors which influence bearing capacity of deep
foundations in sand. Cylindrical and prismatical foundations
of various sizes resting at different depths in homogeneous
sand masses of different relative densities were loaded stati-
cally to failure. Special loading cells permitted separate reg-
istration of point and skinloads throughout the tests. Additional
tests with models of sand colored in layers were made to study
the mechanism of shear failure in the soil mass. The model
experiments were accompanied by standard laboratory tests for
determination of physical characteristics of the soils used.

An analysis of shear patterns observed indicates that, de-
pending on relative density of sand, all three types of failure
previously described in the literature may occur at shallow
depths: general shear failure, local shear failure and punching
shear failure. However, at greater depths only punching shear
failure occurs, irrespective of the relative density of sand.

The unit point and skinresistances of the foundation increase
linearly with depth only at shallow depths. At greater depths,
both resistances show a hyperbolic increase and reach asymp-
totically constant final values. These final values are indepen-
dent of overburden pressure and appear to be functions of rela-
tive density of sand only. This is explained by the "arching" of
sand above the foundation base.

Analyses of observed ultimate loads indicate that a fair esti-
mate of bearing capacity can be made by assuming failure sur-
faces in accordance with observed shear patterns.

e FROM the point of view of soil mechanics, there are two general types of deep foun-
dations. The first type may be represented by a foundation installed by some process
of excavation or drilling which does not induce significant changes in density or struc-
ture of the bearing soil. Practically all piers and caissons and some piles belong to
this type. The other type may be represented by a deep foundation forced into the
ground by driving or a similar operation, that induces significant changes in adjacent
soil. Most piles belong to this second type.

SCOPE

The present paper is an investigation of ultimate bearing capacity ot deep founda-
tions in homogeneous masses of sand. This problem is considered to be fundamental.
Only after a thorough understanding of principles of behavior of deep foundations in
homogeneous masses of soil will it be possible properly to see and treat the problems
of different types of deep foundations encountered in engineering practice.

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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Theoretical Considerations

The basic problem of bearing capacity of deep foundations in sand can be formulated
as follows: A rigid foundation of known shape and dimensions is placed at a depth D in
a homogeneous mass of sand of defined physical properties (Fig. 1). A static, verti-
cal, central load is applied on the top. What is the ultimate load Q that this foundation
can support?

The load is generally transmitted partially along the foundation shaft or skin, par-
tially at the foundation base or point. The two bearing components of the load, the skin
load Qg and the base or point load @ are usually considered separately. The total
ultimate load is then expressed as tf?e sum of these two components:

Q:Qp+Qs=p0Ap+SOAS (1)

Here p, represents the unit base resistance and s, unit skin resistance of the founda-
tion (psi or kg/cm?). Ap and Ag are, respectively, bearing areas of the base and the
skin.

The solution of the problem of bearing capacity of the base has been sought in the
past primarily by an approach base on the classical work by Prandtl (1, 2), and Reissner
(3). 'They presented a solution of the problem of penetration of a rigid stamp into an
incompressible (rigid-plastic) solid (Fig. 2). That solution, first applied to the prob-
lem of bearing capacity of soils by Caquot (4) and Buisman (5) is usually written in
the following general form (6): - -

- 1
po =2cC Nc CC + q Nq Cq + /2 vy B N’}’ Z'}’ (2)
Q
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....PT:'_ ] o s
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c
Q=Qp+Qs=p°Ap+s°As p =
Figure 1. Basic problem of bearing ca- Figure 2. Prandtl-Reissner solution as

pacity of a deep foundation. applied by Caquot and Buisman.
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In Eq. 2, c represents the shear strength intercept (cohesion) of the soil, q the
overburden pressure, ¥ the unit weight of the soil involved in shear and B the foundation
width. Ng, Ny, N, are bearing capacity factors for a strip foundation and Z¢, Cqs Ly
are shape factors.” Both N and £ factors are, generally, dimensionless functions of the
angle of shearing resistance o.

In the case of foundations in sand ¢ = 0 and

Using the same general approach but different shear patterns with rupture lines
reverting to the shaft (Fig. 3) De Beer (7, 8) and Jaky (9) have obtained another solu-
tion ot the same problem with considerably higher bearing capacily factors. Their
work has been further extended by Meyerhof (10, 11), and others.

All of the previously mentioned solutions were obtained by considering a plane prob-
lem (long rectangular foundation). Some work in developing solutions for an axially
symmetrical problem (circular foundation) has also been done, primarily in the USSR
(_1_2). However, there is still a general tendency to determine the shape factors empir-
ically.

Another possible approach to the problem of base bearing capacity originated in the
work by Bishop, Hill and Mott (13), and Skempton, Yassin and Gibson (14), who have
considered the problem of expansion of a spherical or cylindrical cavity inside an infi-
nite mass of an ideal solid. In such a case there exists around the cavity a highly
stressed zone where the material, by assumption, behaves as a rigid-plastic solid.
Outside that zone it behaves as an ideal elastic (or linearly deformable) solid.

The solutions of this kind have been
applied to the problem of bearing capac-
ity of deep foundations by Gibson (15),

Skempton, Yassin and Gibson (14) and Q

Ladanyi (16). According tothese solutions l

the bearing capacity p, can be computed
by an expression analogous to Eq. 2 with-
out the third term, however. In condi-
tions of infinite mass or of very great
depth this third term becomes negligible
compared with other two terms. Conse-
quently, both theoretical approaches indi-
cate that at greater depths the bearing
capacity of the base should be practically
independent of its size and proportional
to the overburden pressure . Based on
this conclusion and some limited experi-
mental evidence, it has been generally
admitted that the point bearing capacity

of pile foundations in sand should be equal
to the point resistance of a deep cone pene-
trometer.

Values of bearing capacity factors Ny
found by different theoretical solutions
mentioned are shown in Figure 4 left.

The diagram on the right shows the corre-
sponding factors Cq N, = N, ' for circular
foundations, as proposed by different in-
vestigators. This diagram contains also
the empirical curves for Ny recommended
by Brinch Hansen (17, 19) and Caquot and
Kerisel (E). There is an appreciable dif- Figure 3. Shesr patbern with rupture
ference in proposed numerical values. lines reverting to the shaft.

p0=chCc+qu¢q+]/2yBNyCy

s°=cu+Ksiun5qs
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The unit skin resistance sg consists of two terms: one representing adhesion cg;
the other, friction along the skin:

So = €3 + psg tan & (4)

The term & denotes the angle of skin friction and pg average normal pressure on the
skin. This pressure is generally assumed to be proportional to the corresponding aver-
age overburden pressure along the skin qg. In sand ¢y = 0 and

pS = KS qs (5)

Kg is a dimensionless number, which can be called coefficient of skin pressure. With
this, the following expression for skin resistance in sand is obtained:

so = Kg tan 6 qg (6)
Eq. 6 suggests that, in homogeneous soil conditions, unit skin resistance sp should
be proportional to the average overburden pressure qg.

Previous Experiments

Among numerous experimental studies related to the problem, comparatively few
have been of sufficiently general nature to permit drawing definite conclusions concern-
ing the influence of the different parameters involved.
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Successful field experiences with predetermination of ultimate bearing capacity of
piles by means of deep cone penetration tests (5, 7, 20, 21, 22, 23, 24, 25) have built
a certain confidence in the general validity of the theoretical approaches described. It
has been found in very many instances that the point bearing capacity of driven piles
was indeed comparable to that of a deep cone penetrometer. One of the solutions pro-
posed was being used with apparent success for evaluation of shear strength of sand in
situ (8). Also, small-scale model tests (10, 15) as well as several well-documented
full-scale tests on piles and piers (32) indicated Ng values in the wide general range
predicted by the theories. -

Some experiences, however, were not that encouraging. For instance, scale effects
of a nature opposite to those predicted by the theories have been reported (26, 27).
Observations of shear patterns in sand around deep foundations (28, 29, 30, 31) showed
failure surfaces to be localized to the immediate vicinity of the foundation base. To the
author's knowledge, not a single test ever indicated failure surfaces reverting to the
shaft. The latest large-scale experiments, undertaken by the Institut de Recherches
Appliquees du Beton Arme (IRABA) near Paris, led Kerisel (32) to conclude, without
a rational explanation, that both foundation depth and size significantly influence the
bearing capacity factor Ng. He suggested that N, was not a unique function of ¢ but a
complex function of ¢, D/B and B. This conclusion will be discussed subsequently.

Investigations of the problem were undertaken several years ago with the general
aim to contribute, if possible, to the understanding of phenomena occurring beneath
and around deep foundations in sand. Both laboratory and field studies were envisaged
in different phases of work. As a pilot study, it was proposed to perform large-scale
model tests with foundations buried and driven to various depths in uniform masses of
sand of different densities. This paper reports on the first phase of the work: tests
with buried foundations.

TEST APPARATUS AND MATERIALS

A pile testing facility was constructed adjacent to the Soil Mechanics Laboratory.
Figure 5 shows characteristic sections of this facility in different phases of operation.
Figure 6 shows a general view.

Test Pit and Loading Equipment

The main feature is a large cylindrical test pit 8 ft 4 in. in diameter and 22 ft deep
(Fig. 5), in which models of deep foundations can be placed in any kind of soil under
controlled conditions. The pit is connected to a 12-in. sump that allows regulation
and control of water level in the models. A 200-ton capacity reaction frame permits
vertical or horizontal loading of models by means of corresponding hydraulic jacks.
An adjustable A-frame at the upper level serves as support for pile-driving equipment
as well as for miscellaneous equipment used in placing and excavating sand for models.
This frame permits driving of piles vertically or at any batter up to 3:1 by means of
a drop-hammer sliding along the leads. The entire facility is served by a 1.5-ton
service crane,

For small-scale tests a steel box 50 by 50 in. square 70 in. deep with a 5-ton load-
ing frame was constructed.

Loading of models was performed generally by means of hydraulic jacks of appro-
priate capacity (up to 200 tons). The load measurements were made by a correspond-
ing set of proving rings and electronic load cells with a precision of less than 1 percent.
Displacement measurements were made by ordinary micrometer dial gages (0. 0001-in.
precision).

Model Foundations

Two types of foundations were generally built: cylindrical, with circular bases 2. 13-,
4- and 6. 75-in. diameter, and prismatical, with 2. 44- by 12. 44-in. rectangular bases.
The lengths varied according to the foundation depths (Table 1) between 10 and 113 in.
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TABLE 1
SUMMARY OF LOADING TESTS

Foundation

Test Different Container
Series . Sand Size
Nitnbaxs Shape Rizg Depthi Densities (in.)
(in.) (in.)
A" 21 - 40  Circular 2,13 0, 10, 20 4 50 x 50 x 70
30, 40
Bb 1-20 Rectangular 2x 12 0 4 50 X 50 X 70
2.44 x 12,44 10, 20
30, 40
(64 41 - 52 Circular 3.94 0 4 50 x 50 x 70
4 40
80 3 1009, 264
D 61 - 70 Circular 6 0 4 1004, 264
6.5 60, 100 3
E 81 - 84 Circular 8 0 4 1004, 264
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The foundations were constructed on a principle similar to that of a deep cone pene-
trometer. They consist of a steel casing inside which a steel shaft independently con-
nects the loading head with the base. In the casc of 2- and 4-in. diamcter foundations
(Fig. ) separate loading of base and skin of the foundation is possible through exchange
of the loading head. In the case of 6-in. diameter foundations (Fig. 7b) the loading head
is constructed so as to allow separate registration on the strain-indicator ot base and
total (base + skin) load. Figure 8 shows an outside view of this special head.

The flat bearing surfaces of the bases are covered by sandpaper to assure perfect
roughness. To prevent caving-in of sand while the base only is pushed, the latter is
protected by a cap tightly fitted with the bottom of the casing. To minimize friction
between the cap and casing, the contact surface is kept clean and perfectly lubricated.

Properties of Sand

All the tests in this investigation were performed with a medium sand originating
from the Chattahoochee River, near Atlanta. The sand was sieved through a window
screen (equivalent to 1.44-mm sieve opening). The grain size distribution curve (Fig.
9) and microscopic examinations indicate a medium, uniform sand composed mostly
of subangular quartz particles, but rich in mica. The material has been air-dried prior
to use in tests. The water content, controlled throughout the investigation, varied be-
tween 0. 2 and 0. 3 percent.

Maximum and minimum densities of this sand, as determined by standard procedures
are given in Table 2, which also contains corresponding minimum and maximum poros-
ities n and void ratios e.

Shear strength characteristics of the sand were determined by standard triaxial tests
(constant cell pressure and positive deviator stress). A total of 54 air-dry samples
2.8 in. in diamctcr and approximately 6 in. high werce preparcd at four different den-
sities, and tested using cell pressures varying from 5 to 80 psi. A strain-controlled
loading machine was used for all the tests with the axial strain rate 0.02 in. per min
(Table 3).

Assuming the Coulomb-Mohr criterion of failure to be valid, an ordinary plot of
these results in T vs o0 or 01 - 03 VS 01 + 03 presentation can be made. Such a plot indi-
cated that the strength envelopes of the sand in question are slightly curved. For better
insight into the nature of this curvature the results are also plotted as oy - 73 vs 1/03,

a plot proposed by Hansen and Odgaard (33). In such a presentation a straight-line
strength envelope appears as a straight Iine having the equation

O3 1 - sino 1 - sino o3

01 - 03 _ 2 sin o 2 cos® cC )

Figure 10 shows that a reasonably good straight-line approximation of the actually
curved envelopes can be obtained by separately considering tow ranges of confining
pressures o;, namely, g3 < 10 psi and o3 > 10 psi.

For o3 < 10 psi (Yos > 0. 10 psi) the 01 - 03s/0s values are practically independent
of Y5, which means that the shear strength intercept co is zero. The angles of inter-
nal friction wo corresponding to observed
shear strengths are given in Table 2 (Col.

TABLE 2 9) and plotted in Figure 11, which shows
MINIMUM AND MAXIMUM DENSITIES that ©o can be expressed as a function of e
OF CHATTAHOOQCHEF RIVER SAND approximately by

0.68

Density %Zigﬁm Void Ratio, Porosity T e ®)
(pef) € n (%) For 80 psi > o; > 10 psi the o1 - 73/03
= values can be approximated by linear func-
Minimum 79.0 1.10 59. 4 tions of Ys; which indicates that the shear
Maximum 102.5 0.615 38.1 strength intercept ¢, is different from zero.

Table 2 (Cols. 10 and 11) gives values in-




TRIAXIAL TEST RESULTS

TABLE 3

121

Stress Axial
Void Mean Cell Difference Strain Angle of Strength Angle of  Strength
Test ¥q Rati . Pressure, at 9, - 04 Internal  Intercept, Internal Intercept,
io, Void " at _ By .
No. (pcf) . e Oy Failure, L oo o O3 Friction, co Friction, c1
(psi) 0, -0y ) @ (psi) b (psi)
(psi)

(1) (2) (3) (4) (5) (6) (m (8) (9 (10) (11) (12)
1 84.6 0.957 5 13.3 2.7 2.65
2 84.6 0.952 10 27.4 7.6 2.74
3 84.6 0.957 10 31.0 4.6 4,10
4 84.4 0.961 20 49.1 6.6 2.46

6 84.0 0.970  0.957 40 90.4 11,9 2.26 35°20" 0 32° 1.08
8 84.6 0.957 80 182. 0 8.1 2.28
34 85.1 0.945 10 24.5 13.2 2.45
40 84.6 0.957 40 96.0 7.4 2.40
46 84.4 0.96 T 18.3 3.8 2.62
417 84.6 0.956 7 20. 6 2.8 2.94
48 84,7 0.955 5 14.5 2.4 2,90
5 90.5 0.830 20 62.2 4.6 3.11
7 90.1 0.838 40 117.3 9.3 2.93
11 89.6 0.847 5 16.9 2.9 3.39
12 90.1 0.838 10 32.6 4.5 3.26

13 90.1 0.838 0. 836 20 62.4 8.2 3.12 38°40' 0 35°10* 1.55
14 90.1 0.838 40 108.6 10.7 2.72
15 90.5 0.830 10 40.5 4.4 4,05
31 91.3 0.813 20 60.1 6.4 3.00
32 90.3 0.833 40 118.3 9.6 2.96
33 90.5 0.830 55 156. 2 9.4 2,84
35 90.7 0.827 10 34.0 7.0 3.40
38 89.0 0.859 40 115.7 6.4 2.89
49 90.1 0.838 7 22.8 4.0 3.26
50 90.2 0.836 7 25.0 3.4 3.57
51 90.1 0.838 5 15.9 3.0 3.18
16 94.8 0.747 5 22.5 3.0 4.51
17 94.5 0.751 10 43.1 4,5 4,31
18 95.0 0.742 20 78.3 6.7 3.92
19 95.4 0,737 40 142.0 1 3.56

20 95.4 0.737 0.745 5 247.9 9.2 3.30 42° 50 0 38°20' 2.42
39 94.3 0.755 35 125.7 4.6 3.60
52 94,8 0,747 7 28.3 3.8 4.04
53 94.9 0.745 7 31.0 3.0 4,44
54 95.0 0.742 5 20.5 3.1 4.10
21 97.9 0.691 5 24.3 5.0 4,87
22 98.8 0.676 10 48.2 4.3 4.82
23 98.7 0.678 20 79.4 5.4 3.97
24 98.5 0,681 35 140.9 7.9 4.02

25 98.7 0.678 0.681 70 250.7 9.8 3.58 45° ] 40° 2.85
26 98.6 0.680 40 146.1 8.9 3.65
36 98.2 0.685 10 48.7 4.8 4. 87
41 98.5 0.681 5 23.5 3.0 4.87
42 98.7 0.678 10 47.0 3.2 4.70
43 98.5 0.681 20 83.2 6.7 4.16
44 98.6 0.680 T 32.6 3.6 4.66
45 98.4 0.682 7 34.1 3.9 4,87
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dicated by Figure 10 (left). The same c; and ¢; values as functions of initial void ratio
e are shown in Figure 11. The following analytical expression gives a good approxi-
mation of ¢1 as a function of e:

0.59

tan o1 = — (9)

DESCRIPTION OF TESTS
Placing of Sand and Control of Density

All the models for this investigation have been constructed in the following way.
First, sand of desired uniform density was placed up to the planned elevation of the
foundation base. The model foundation was then brought to full contact with the care-
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fully prepared horizontal sand surface and fixed in place so that it could not move dur-
ing the subsequent operation of filling the sand above the base of the footing. Following
former experience (34), exceptionally uniform loose- and medium-dense sand models
(DR < 0.70) were built by pouring sand from containers with perforated bottoms (Fig.
5b). It was confirmed again that the density of sand models so built is a unique function
of the height of free fall of sand as long as other variables (rate of flow) remain the
same (Fig. 12).

Denser sand models (DR > 0.70) were built by surface vibration of 4-in. thick sand
layers obtained by pouring sand 30 in. from the perforated container. Electric vibra-
tors with a frequency of 3,600 cpm, attached to steel plates of appropriate shape, were
used for surface vibration. Lead surcharge was added as necessary to achieve maxi-
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mum compaction. All possible care was exercised to obtain uniform density through-
out a model.

The homogeneity of sand in models was checked by penetrometer soundings. A
simple static-cone micropenetrometer was constructed. This device has a /s-in. point
diameter and a %-in. shaft diameter of the casing. The assembly can be pushed into
the sand by means of a screw jack at about 4 in. per min. Total resistance (point +
skin) was recorded in several positions across the model and plotted against depth for
each test. To convert the measurements of this kind into density, an empirical rela-
tionship was established between total resistance reduced to unit area of the point end
dry unit weight of the material (Fig. 13). This was achieved by sounding sand models
in a 24- by 16- by 60-in. box placed on a scale and filled by the same methods as used
for building larger models.

Review of Tests Performed

Following the previously outlined program, six series of tests were performed. The
main characteristics of five series of regular loading tests are given in Table 1.

The sixth series of tests, Series M, numbered 101 to 105, was devoted to the study
of failure phenomena under foundations. Models of soil were built of distinct layers
of sand to which cements of two different colors were added (10% by weight). After per-
forming the loading test in the usual way, water was added to the models to cause setting
of the layered mass. A few days later, the hardened block was cut through character-
istic sections where shear patterns at failure were visible for observation and analysis.
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Figure 13. Relationship between depth and total penetration resistance for different
sand densities.
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Loading Procedure

The loading procedure for tcsts at the surface was similar to that followed in ordi-
nary plate load tests. The load was applied in increments of about %o of the estimated
failure load at 1-min intervals.

The loading procedure for tests beneath the surface was, in principle, the same.
However, three separate loading stages existed in each test of series A, B and C. First,
the foundation base was pushed until failure was reached; second, the same procedure
was repeated with the foundation shaft; and third, after the shaft reached the base, both
were pushed together and the total resistance was recorded.

Inasmuch as the loading head of the 6. 75-in. foundations was of different construc-
tion (Fig. 7), the loading stages in D-tests differed somewhat from those just described.
By pushing the foundation base to failure, the loading head was brought to contact with
the skin and the entire foundation was forced into the soil. Special proving rings (Fig.
T) registered base and skin loads separately during this second stage.

Displacements of foundation base and skin were recorded at 1-min intervals by two
micrometer dial gages placed near the loading head (Fig. 7). Also, in tests of series
D, displacements of the sand surface were measured at different locations around the
foundation.

TEST RESULTS

Significant results of the loading tests performed are given in Tables 4 through 9.
Characteristic load-settlement diagrams of surface tests are shown in Figures 14
through 16. The black points indicate ultimate and first failure loads. The criterion
by which these loads were established will be discussed subsequently.

Characteristic load-settlement diagrams of base and skin loading tests at greater
depth are shown in Figures 17 through 19 and 20 through 22. Black points indicate
ultimate loads.

Characteristic failure patterns at greater depth obtained in tests with colored sand
are shown in Figures 23 through 25. Figure 23 shows what happens when a circular
shaft penetrates through dense sand (DR ~ 0.9) from a relative depth of D/B=10toa
relative depth of D/B = 19. Figure 24 shows the analogous phenomenon for a rectangu-
lar foundation penetrating from D/B = 10 to D/B = 11, and Figure 25 for a rectangular
foundation penetrating from D/B = 5 to D/B = 6.

Types of Failure

Three characteristic types of failure were observed in surface tests. Foundations
on relatively dense sand (DR > 0.70) fail suddenly with very pronounced peaks of base
resistance (Fig. 26a) when the settlement reaches about 7 percent of the foundation
width. The failure is accompanied by the appearance of failure surfaces at the sand
surface and by considerable bulging of sheared mass of sand. The phenomenon corre-
sponds exactly to that described earlier by Terzaghi (6) as "general shear failure."

Foundations on sand of medium density (0.35 < Dg < 0.70) do not show a sudden
failure. As the settlements exceed about 8 percent of the foundation width small sud-
den shears within the sand mass are apparent from observations of load and settlement
gages. Simultaneously, bulging of the sand surface starts. At settlements of about 15
percent of foundation width, a visible boundary of sheared zone at the sand surface
appears. However, the peak of base resistance may never be reached.

The phenomenon is of the same nature as that described by Terzaghi (g) and by
De Beer and Vesi¢ (34) as '"local shear failure" (rupture par refoulement incomplet).
In the latter investigation, however, the tests were stress-controlled, so that the be-
ginning of large shears in the soil mass was much more pronounced and was always
recorded as the first failure of the foundation.

Finally, foundations on relatively loose sand (Dg < 0.35) penetrate into the soil
without any bulging of the sand surface (Fig. 26c). The base resistance steadily in-
creases as the settlement progresses. The rate of settlement, however, increases
and reaches a maximum at a settlement of about 15 to 20 percent of foundation width.



TABLE 4

SIGNIFICANT RESULTS OF LOADING TESTS WITH
CIRCULAR PLATES AT THE SURFACE

Dry Unit

Plate / Ultimate Ultimate
Test Diameter, W%f:; ot Pressure, Po Settlement, g Type of
No. B ’ Po 1 w Failure®
(in.) 74 ) YR (pa) )
: (pet)
(1) (2) (3) (4) (5) (8) (] (8)
34 2,13 96.0 33.8 572 0.126 B3 G
21 2:13 93.0 10.2b 173 0.272 12.8 L
(7.6) (129)
22 2.13 89.8 7.4 134 0.414 19.5 L
(3.9) (70. 6)
23 2.13 82.6 2.4 48.2 0. 463 21.8 P
(0. 8) (15.0)

44 3.94 96.7 53.8 432 0. 227 5.8 G
41 3.94 93.8 19.8 186 0. 4486 11.3 L
(13.4) (126)

42 3.94 91.0 13.0 126 0. 621 19.2 L

(6.7) (64.7)
43 3.94 83.3 3.1 32.5 0.582 14.8 P
(1.6) (16.3)
61 6.00 96. 2 73.4 432 0.425 Tl G
62 6.00 93.0 31.0 193 0. 869 14.5 L
(23.0) (143)
63 6.00 91.9 19.3 121 0. 875 14.6 L
(13.6) (85.5)
64 6.00 95.0 5.3 35.9 0. 852 14,2 P
(3.3) (22.1)
84 8.00 96. 2 79.2 432 0.667 8.3 G
81 8.00 95.2 55.9 262 0.737 9,2 G
82 8.00 95.2 42.1 193 0.695 8.7 G
83 8.00 88.0 8..0 44.2 1.08 13.5 L
(7.0) (34.4)
TABLE 5
SIGNIFICANT RESULTS OF LOADING TESTS WITH
RECTANGULAR PLATES AT THE SURFACE
Dry Unit . N
: Ultimate Ultimate
Test P!ate Weight of Pressure, __“0___ Settlement, w  Type of
Size Sand,
No. 2 o Yoy B w B Failure
(in.) Y4 (pai) 2V (in.}
(pch) psi, in.
(1) (2) (3) (4) (5 (6) (n (8)
16 2 x 12 96.4 47.0 842 0.212 10.6 G
1 2 x 12 93.6 22,1 268 0. 397 19.9 L
(14.8)P
2 2% 12 91.9 11.6 147 0.403 20.1 L
(8.3)
3 2 x 12 84.0 2.1 28.8 0.429 21.4 P
(1.4)

aG = general. shear; L = local shear; P = punching shear.

Numbers in parentheses refer to first failure.
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TABLE 6
SIGNIFICANT TEST RESULTS — CIRCULAR DEEP FOTNDATIONS®

Dry Unit Ultimate Ultimate

" Ultimate ; Ultimate Total Ult.

Test Degth, X?ﬁ:‘; Resﬁits;nce Settlement, ¥ Ressilggnce Skin Ult. Displacement

No (in.) 7d 4 s * w (u/]: ” > Displacement ILoad for Total Load
(pef) (psi) (in.) (o) (in.) (1b) (in.)
(1) ) ®) (4) (5) (6) (7) (8) (9) (10)
37 96.5 238.0 0.315 14.8 0.582 0.352 850 0.22

24 10 92.0 62.5 0.560 26.3 _ - - -

25 90.0 41.1 0.574 27.0 0.332 0.115 173 0.13
26 83.5 14.1 0.434 20.4 0.267 0.249 57 0.06
38 96.4 298.0 0.447 21.0 1.020 0.420 1,340 0.39
27 20 93.8 99.2 0.633 29.8 0.342 0.352 477 0.18
28 91.5 54.1 0.625 29.4 0.341 0.385 290 0.28
29 82.8 14.3 0.425 20.0 0.314 0.344 93 0.10
39 96.2 329.0 0.429 20.2 1.618 0.704 1,730 0.28
30 30 94.0 112.5 0.703 33.1 0.412 0.330 540 0.20
31 91.3 61.6 0.616 29.0 0.350 0.294 287 0.17
32 84,2 20.2 0.483 22.17 0.264 0.270 126 0.07
40 95.9 302.0 0.459 21.6 1.653 0.757 1,670 0.18
33 40 93.3 113.8 0.623 29.3 0.366 0.362 572 0.22
34 90,9 3.1 0.561 26.4 0331 0,335 323 0.21
35 82.4 17.4 0.474 22.3 0.238 0.315 144 0.10

®Base diameter, 2.13 in.; skin diameter, 2.00 in.

TABLE 7
SIGNIFICANT TEST RESULTS — CIRCULAR DEEP FOUNDATIONS?

Ult.

w K Ult. Total Ult.
et D Yd P Ry B Skiry Skin Ult. Displacement
Beg by lpoHl  {peh bz (%)  Resistance, Displacement Load  for Total Load
B (in.) (1b) (in.)
(psi)
(1) (2) (3) (4) (5) (6) (m (8) (9) (10)
48 95.8 202.0 0.933 23.3 1.002 0.251 3,370 0.30
45 4 94.6 114.9 0.971 24.3 0.484 0.348 1,990 0.30
46 0 91.1 62.0 1.126 28.2 0.465 0.362 1,010 0.23
47 83.8 26.3 1.174 29.4 0.400 0.462 515 0.22
51 94.8 184.0 0.941 23.5 2.260 0.267 4,260 0.30
a9 8 g3p 1308 1.417 35.4 0.793 0.300 2,340 0.19
50 82.3 27.8 1.073 26.8 0.454 0.376 800 0.39
“page and skin diameter, 4.00 in.
TABLE 8

SIGNIFICANT TEST RESULTS — CIRCULAR DEEP FOUNDATION®

g!itn Ult. Total
Test D vd Po w w/B b Skin Ult.
No. (in.) (pef) (psi}) (in,) (%) Resistance; Displacement  Load
(;;i) (in.) (1v)
(1) (2) (3) (4) (5) (8) (7) (8) (9)
68 96.5 341.6 2.17 32.2 1.700 0.350 14, 000
69 60 94.0 98.8 1.88 27.8 0.491 0.330 3,950
70 84.1 30.6 1.26 18.7 0.430 0.380 1,570
67 110 95.6 271.0 2.20 32.6 1.750 0.421 12,800
65 113 91.8 96.4 2.90 43.0 0.683 0.350 4,700
66 110 85.8 56.8 1.81 26.8 - -_ 2,830

“fuse and skin diameter, 6.75 in,



TABLE 9
SIGNIFICANT TEST RESULTS — RECTANGULAR DEEP FOUNDATIONS”

Dry Unit Ult. Ult. it Ult. Total . DI

Test Degth, Wg1ght of Pressure, Displacement, X §k1n Skin Ult. Displacement

No. X and, Po w oB Repstance, Displacement Load for Total
(in.) ¥, i 5 (%) So . Load
d (psi) (in.) ; (in.) (Ib) ?

(pci) (psi) (in.)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
17 95.0 126.0 0.605 24.4 3,140 0.23
4 10 94.0 52.8 0.600 24.6 1,550 0.18
5 91.1 32.4 0.712 29.2 1,050 0.10
6 83.8 8.8 0.594 24.3 420 0.10
18 95.1 159.8 0.626 25.17 0.299 0.222 4,810 0.41
ki 20 93.8 79.5 0.766 31.4 0.168 0.268 2,610 0.25
8 90.9 39.4 0.689 28.2 0.174 0.165 1,570 0.18
9 82.0 11.1 0.657 26.9 0.124 0.124 560 0.18
19 96.4 181.5 0.715 29.3 0.484 0.235 6,190 0.40
10 30 94,2 84.2 0.740 30.3 0.282 0.197 3,000 0.27
11 91.8 48.4 0.759 31.1 0.208 0.185 2, 000 0.29
12 82.0 11.9 0.566 22.8 0.153 0.170 705 0.22
20 96.5 188.6 0.600 24.6 0.673 0.152 6, 500 0.40
13 40 94.1 85.2 0.700 28.17 0.270 0.118 3,320 0.40
14 90.17 45.0 0.700 28.17 0.210 0.125 1,980 0.22
15 82.0 11.5 0.373 15.3 0.188 0.162 735 0.08

%Rase width, 2.4 in.; base length, 12.44 in.; skin width, 2.25 in.; skin length, 12.25 in.

621
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Typical results of surface tests.
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Figure 15. Typical results of surface tests.
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Typical results of base loading tests at greater depth.
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Figure 18. Typical results of base loading tests at greater depth.
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Figure 19. Typical results of base loading tests at greater depth.
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Figure 21.

Typical results of skin loading tests.
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Figurc 22, Typical results of skin loading tests.
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TEST NO. 101 D/B=10 RECTANGULAR FOUNDATION B=1.5 IN. D~0.9

Figure 2k. Shewar pallern uwnder a rectan-
gular foundation placed at greater depth
in very dense sand.

TEST NO. 104 D/8=10 CIRCULAR FOUNDATION B=1 IN. D ~0.9

Figure 23. Shear pattern under a circular
foundation placed at greater depth in very
dense sand.
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TEST NO. 102 D/B=5 RECTANGULAR FOUNDATION B=1.5 IN. D ~0.9

Figure 25. ©Shear pattern under a rectangular foundation placed at shallow depth in
very dense sand.
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Figure 26. Types of failure.
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RELATIVE DENSITY OF SAND Dy Sudden shears can be observed in sequence

of 2 L as soon as the settlement reaches about 6
GENERAL to 8 percent of foundation width. The fail-

\ oo e ure surface, which is vertical or slightly

i 3 inclined and follows the perimeter of the
'\\ N base, never reaches the sand surface. The
.y = q]%‘u%“&;}"m phenomenon is essentially '"punching shear
= failure, " as described by De Beer and

\ Vesié (34).

The same three characteristic types of

failure are observed at shallow depths.

— However, as the relative depth D/B in-
ER recmcuss  Creases, the limiting relative densities at
T which failure types change increase. The

0 approximate limits of types of failure to
be expected as relative depth D/B and re-
lative density of sand DR vary are shown
in Figure 27. There is a critical relative
depth below which only punching shear fail-
ure occurs. For circular foundations this
critical relative depth seems to be around
D/B = 4, and for long rectangular foun-
dations around D/B = 8.

Itis important to note that the limits of types of failure depend on the compressibility
of the material. More compressible materials will generally have lower critical re-
lative depths. Following this trend, it is not difficult to explain why some materials
may exhibit punching shear failure only.

-

RELATIVE DEPTH OF FOUNDATION D/B

Figure 27. Types of failure at different
relative depth D/B of foundations in sand.

Criterion of Failure or Ultimate Load

In accordance with observations just described the following criteria of failure or
ultimate load were established:

1. 1In the case of general shear failure, the criterion is very clear: a peak of base
resistance is always reached, corresponding to the appearance of failure surfaces at
the sand surface, and to an abrupt change of rate of settlement from positive to negative.

2. In the case of local shear failure, there is not always a peak of base resistance,
however, the rate of settlement reaches a maximum at the same load at which failure
becomes visible at the surface. This load is considered as ultimate. In addition, first
failure, clearly distinguishable only in stress-controlled tests, can be noted when
settlements reach magnitudes at which the general shear failure occurs in dense sand
(34).

3. In the case of punching shear failure, there is no peak of base resistance nor
any appearance of failure surfaces. However, a peak of settlement rate can be noted.
The corresponding load is considered as ultimate load.

Analogous criteria are adopted for skin loading tests.

DISCUSSION OF TEST RESULTS
Foundations at Surface

Figure 28 compares observed bearing capacities in surface tests with corresponding
theoretical values. Measured values of p/%y B (col. 5, Tables 4 and 5) are shown as
a function of dry unit weight of sand 7q or relative density Dg. To have a better basis
for comparison, the ultimate pressures of rectangular foundation have been multiplied
by a shape factor 0.60 (a value recently confirmed by very extensive experiments, 35).

Both first and ultimate failure pressures are shown for medium and loose sands. Fig-
ure 28 also shows theoretical bearing capacity factor Ny, after Caquot and Kerisel (§§)
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Figure 28, Observed bearing capacities of foundations at surface.

multiplied by shape factor 0.60. To present the factor N, as a function of dry unit
weight or void ratio, the experimentally established relationship (Eq. 8) between the
angle of internal friction v and void ratio e is used.

Figure 28 shows that the observed ultimate bearing capacities are generally 1.2 to
4 times higher than corresponding theoretical values. This is in general agreement
with findings of earlier experiments of similar nature (34, 33). A fully satisfactory
explanation of this phenomenon has not yet been found. ~ ~

The ranges of relative densities in which different types of failure occur (Fig. 28,
top) also agree well with those found in an earlier investigation (34). It seems that the
conventional classification of sands by relative density into loose (DR < 0.33), medium
(0.33 < DR < 0.67) and dense (Dg > 0.67) has a certain meaning concerning the type
of failure of shallow foundations on such materials.
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Figure 29. Settlement at failure for surface foundations.

Figure 29 shows the settlements at which ultimate loads were recorded, expressed
as percentage of the foundation width. General shear failure usually occurs at settle-
ments not exceeding 10 percent of foundation width; the other failure types take place
at settlements of about 15 to 20 percent of the foundation width. This is in general
agreement with former observations. However, slightly higher relative settlements
at failure of rectangular foundations do not conform with some earlier findings (ﬁ).
A similar trend was observed in tests with deep foundations (Fig. 32).

Base Resistance of Deep Foundations

Figures 30 and 31 show the general trend of increase in bearing capacily of the base
with increase of foundation depth. Figure 30 shows the ultimate base resistance of
2.13-in. circular foundations as a function of foundation depth D. Figure 31 is an anal-
ogous plot for 2.44- by 12.44-in. rectangular foundations. A practically linear increase
of bearing capacity with depth can be observed only at shallow depths, not exceeding
approximately D/B = 4 for circular and D/B = 6 for rectangular foundations. As the
foundation depth increases further, the rate of increase of bearing capacity with depth
decreases. At a relative depth of approximately D/B = 15 the bearing capacity reaches
asymptotically final values which appear to be functions of sand density only.
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Figure 32. Ultimate settlement of deep foundations.

Base displacements or settlements needed to reach the ultimate loads are shown in
Figure 32. Apparently, there is a tendency of ultimate settlements to increase with
both foundation size and depth; however, this tendency is not pronounced. It may be
stated that, in the range of foundations sizes and depth used in Lhis investigation, ulti-
mate loads are reached at settlements of about 20 to 30 percent of foundation depth.
Figure 32 is in general agreement with isolated former observations.

A comparison of final bearing capacities of circular and long rectangular foundations
indicates that the former are approximately 1. 50 times higher. Figure 33 shows the
average final bearing capacity of the base as a function of dry unit weight of sand, with
bearing capacities of rectangular foundations multiplied by a shape factor of 1.50.

Final bearing capacities observed in tests with 4- and 6. 75-in. circular foundations are



141

1000
900
800
700
#00 LEGEND:
500 0 2,13 IN, CIRCULAR FOUNDATION
® 4,00 IN. CIRCULAR FOUNDATION (INDIVIDUAL TEST)
400 O 6.75 IN, CIRCULAR FOUNDATION (INDIVIDUAL TEST)
A 2.44x12.44 IN. RECTANGULAR FOUNDATION ;(é
- (RESISTANCE MULTIPLIED BY SHAPE FACTOR 1.50)
o/ a
A
200 /S
. @,
z
=
[+0}
=
w L ]
&)
Z L]
=
v 100 7=
G 90 2 g
o
W 80
2 /
m 70
2 Lo
< 60
: D -
50 //‘
40 >
30 o /
r ° /////,
2 7/
K
10
85 90 95

DRY UNIT WEIGHT (LB/FT?)
Figure 33. Ultimate base resistance at greater depth.

also plotted. The final bearing capacities are apparently independent of foundation
size, at least for dense and medium dense sands.

A similar conclusion can be reached by studying Figure 6 of Kerisel's paper (32),
although the numerical values obtained by the two investigations are not directly com-
parable due to differences in experimental approach and sand properties.

Skin Resistance of Deep Foundations

The variation of ultimate skin resistance so with depth for 2-in. circular foundations
is shown in Figure 34. For models in dense, vibrated sand, a long initial linear in-
crease of so with depth (up to D/B = 15) is followed by a sharp turn into a final skin
resistance which remains constant as the depth increases further. For models in loose
and medium-dense sand the shape of the initial part of the so curve is not quite clear.
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Figure 34. Ultimate skin resistance-~circular foundation, 2 in.

It appears that there is also an initial linear increase limited to a depth of about four
diameters. Beyond this depth the skin resistance turns sharply into a practically con-
stant final value, varying with sand density only.

Figure 35 shows analogous diagrams for 2.25- by 12, 25-in. rectangular foundations.
The trend is similar, however, the initial part along which so increases linearly with
depth seems to be longer. The slope of the initial linear part is approximately three
to four times less than the corresponding slope in the case of circular foundations.

The final skin resistance, however, appears to be approximately 1.5 times lower for
the rectangular shape.

Figure 36 shows the final average skin resistance as a function of dry unit weight
of sand. Skin resistances of rectangular foundations multiplied by a shape factor of
1.5 are also plotted. The curve takes into account the fact that, due to method of plac-
ing of medium-dense sand, the density in the immediate vicinity of the skin was lower
than the average density of the entire model, particularly in the case of 2-in, foundations.

The general shape of the so curves found in the present investigation differs from
that found in IRABA tests (32). However, it agrees well with numerous former obser-
vations on full-scale piers and caissons, which usually show a linear increase of so at
shallow depths, but a practically constant so at greater depths.

Figure 37 shows skin displacements needed to reach ultimate skin resistance. It
appears that these displacements are not dependent on foundation width and depth nor
on sand density. For circular foundations they vary in the range of 0.30 to 0.40 in.;
for rectangular foundations they are about one-half that magnitude. This finding con-



DEPTH (INCHES)

ULTIMATE SKIN RESISTANCE (LB/IN)

00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 2 T T T
] I SIGN
\ RECTANGULAR FOUNDATION O 2IN. CIRCULAR FOUNDATIONS
\ SKIN' DIMENSIONS 2.25x12.25 IN. € 4N CIRCUEARTORNDATIONS
N 0 675 IN. CIRCULAR FOUNDATIONS i
\\ A 2.25¢12.25 IN. RECTANGULAR FOUNDATIONS o
\ \ (RESISTANCE MULTIPLIED BY 1.50)
i \ \‘\ 1.50
WD
\ =
&
2
\ "
\ g
24 & @ 1o
z
3
2 |
<
-
e L]
/D
30 0.50 > = g ]
° L / o A
4] A
A o
40 \ Lyt ! 85 90 95
DRY UNIT WEIGHT (LB/FT")
Figure 35. Ultimate skin resistance—rectangular foundation, . . i .
2.25 x 12.25 in. Figure 36. Final skin resistance at greater depth.

eVl



144

0.80
0.70 SIGN  FOUNDATION AVERAGE o-
DISPLACEMENT
(IN.)
o 2 IN. CIRCULAR 0.374
®  4IN. CIRCULAR 0.338
0.60 O  675IN. CIRCULAR 0.366
A 2x12IN. RECTANGULAR  0.177
@
w
=
g
= 0.50
=
w o
=
o]
< g o
& 0.40
%] o]
& L a AVERAGE ALL TESTS 0.363 IN.
O —— e — . — e . — b P . —— — —— — — ]
z & (CIRCULAR FOUNDATIONS) 8] o e 4]
- o 8
>
g 0.30 5 °
5 [e] a °
o)
= ® A
B0
0.20 e
AVERAGE ALL TESTS 0.177 IN, A
TN Ll it ol st SV \NORPDS W || | SO | MO "~ <
(RECTANGULAR FOUNDATIONS) o 2
3 a a
0.10 ;
0 -
85 90 95

DRY UNIT WEIGHT (LB/FT?)

Figure 37. Ultimate skin displacement of deep foundations.

firms previously expressed beliefs that the mobilization of shear strength along a fixed
rupture surface is governed by absolute displacement along that surface. '

Bearing Capacity and Shape Factors at Shallow Depth

As previously mentioned, at shallow depths not exceeding D/B = 4 the increase of
bearing capacity with depth appears to be linear as proposed by Eq. 3. Therefore the
initial slopes of curves in Figures 30 and 31 indicate the experimental values of bear-
ing capacity factor Ny at shallow depths. The N factors evaluated from these slopes
are shown in Figure 38. To take into account the effect of shape, the depth term of
circular foundations was reduced by an assumed shape factor of £ = 2.00. Good agree-
ment resulting from such an assumption indicates that shape factor £q for a circular
foundation in sand cannot differ greatly from 2. Terzaghi (6) proposed for that factor
a value of 1.30 and Brinch Hansen (19), values increasing with ¢ from about 1. 30 for
¢ = 35° to 2.20 for ¢ = 45°, -

As a basis for comparison, a curve of theoretical Nq values after Prandtl-Reissner
is also shown (Fig. 38). To trace this curve the relationship (Eq. 8) between ¢ and e
was assumed valid. This is justified by the probability that the average normal stress
along a rupture surface under foundations does not exceed 10 percent of the foundation
pressure.
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Figure 38. Measured bearing capacity factors Ngq at shallow depth.

Higher Nq values for two very dense models can easily be explained. At high rela-
tive densities general shear failure still occurs at shallow depths (Figs. 25 and 27).
As failure surfaces extend above foundation level, bearing capacity must be higher than
indicated by Prandtl-Reissner theory which neglects shear resistance of the overburden
(Fig. 2). If this resistance is taken into account a depth factor of approximately 2
should be introduced for D/B = 4 and ¢ = 42° (10, 19). Therefore, excellent agreement
of existing theory and experiments can be stated if the sand is dense. However, lower
Nq values observed for medium and loose sand models cannot be explained by the exist-
ing theories, which consider general shear failure only.

Bearing Capacity in Local Shear Failure

To evaluate the bearing capacity factor Ng in the case of local or punching shear
failure of a long rectangular foundation, a shear pattern based on observations oncolored
sand models will be considered (Fig. 39). It consists of an elastic zone ABC with two
adjoining plastic zones BCD. The extent of development of these zones is determined
by the angle 6 at the apex.
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It will be assumed that the overburden
pressure q is great enough to allow neglect-
ing the soil’'s own weight v. Under such
circumstances, solutions for weightless
soil (3) can be applied to analyze stress
conditions along CD. It is easy to show
that the stress pp acting on rupture line
at D and the analogous stress pc at C are
connected by

_ -26 tan o
However,
pp=pe o201 Pc = pPA = Po tan (45 - ©/2) (11)
Po=atan 245+ p/2) o201 Also, assuming that the minor principal

stress along BD is equal to overburden
Figure 39. Analysis of punching or local pressure q,
shear failure.

pp = q tan (45 + ©/2) (12)
Eliminating Pc and pp from Egs. 10, 11, and 12,

po = q tan® (45 + ¢/2) e 26 tam @

(13)
By introducing 8 = 1.9 0, on the basis of observations, the following expression for
Ny is obtained:

Ng - e 8.80tan o 12 45 4 4/2) (14)

Numerical values for different angles
¢ are given in Table 10. They are lower
than classical Prandtl-Reissner values.
Reasonable agreement between Ng values
computed by Eq. 14 and observed experi- TABLE 10

mentally are shown in Figure 38.

BEARING CAPACITY FACTOR Ny
Bearing Capacity at Greater Depth IN THE CASE OF LOCAL OR
PUNCHING SHEAR FAILURE

Earlier discussion of base and skin re-

sistances po and so has shown (Figs. 30 Angle of Internal ] )

through 36) that, beyond some limiting Friction, Bearing Capacity

relative depth D/B, the increase of po and ® Factor,

So with depth is not linear. As D/B in- (deg) Nq

creases over 15, po and so do not increase

any more. Final values of po and so ap- 0 1.0

pear to be functions of density of sand only 5 1.2

(Figs. 33 and 36). 10 1.6
These observations seem to contradict 15 2.2

the fundamental structure of bearing ca- 20 3.3

pacity Eq. 3 and 6 derived by using 25 5.3

theories of plastic or elastic-plastic equi- 30 9.5

librium. As previously mentioned, simi- 35 18.17

lar observations made recently by Kerisel 40 42.5

(32) have led him to conclude that the bear- 45 115

ing capacity factor Nq is a complex func- 50 422
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tion of ©® D/B and B. As long as no explanation of these findings is offered this appears
to be the only possible conclusion,

However, attempts to explain the obtained results by an appropriate rational analysis
leave serious doubts as to the correctness of the conclusion. No matter how limited an
extent of plastic zone adjacent to the foundation base is assumed, there still must be a
certain increase of po as overburden pressure increases. Therefore, Ny cannot be zero
for any increment of loading as long as the same material is dealt with. When loosening
of sand structure or significant crushing of sand grains occurs, there is still a lower
limit of angle of internal friction of the newly formed material. Consequently, sooner
or later, there must be an increase of po if overburden pressure continues to increase.

On the basis of these and other considerations, the conclusion was reached that con-
stant values of po at greater depth do not result from decrease in Nq alone as suggested.

The explanation of the phenomena observed must, therefore, be sought through the
assumption that q is not proportional to initial overburden pressure, as conventionally
assumed. In connection with this, the true meaning of q in different theories should
be remembered. In Prandtl-Reissner theory q is defined as normal stress at failure
on horizontal plane of the foundation base (Fig. 2). In De Beer-Jaky-Meyerhof theories
it is defined as normal stress at failure on the lower portion of the foundation shaft
(Fig. 3). There is no good reason to take these stresses a priori equal or proportional
to the initial overburden pressure, if foundation is deeply embedded in sand.

To demonstrate the meaning of the results, it is assumed that both po and s, increase
linearly with q as indicated by Eq. 3 and 6, but that q is strictly q; or effective normal
stress at failure acting on an elemental horizontal plane next to the foundation (Fig. 40).
In a plane problem, or a rectangular foundation placed at greater depth, Eq. 3 can be
rewritten in the following form:

Po = qf Ng (15)
so = qf Kg tan 6 (16)
Eliminating q;
_ Do
Ny = 5, Ks tan s (17

In analogous way the following expressions can be written for a circular foundation:
Po = Q¢ Nq Cq (18)
so = q; Kg tan 6 (19)

s

- Do
N, = Ks tan 6 & (20)

q So

Thus, it is possible to evaluate Ny from results of tests at greater depth under men-
tioned assumptions without really knowing qs. Kg tan 6 or Kg tan § {g can be evaluated
from the initial straight-line part of the s¢ line.

The results of such an evaluation are shown in Figure 41, where individual results
from tests at greater depth with 2- 4- and 6. 75-in. circular foundations as well as
with 2- by 12-in. rectangular foundations are plotted. To plot comparable magnitudes,
both shape factors {g and L, for circular foundations were taken equal to 3 although s
appeared to slightly higher.” Figure 41 also shows, for comparison, bearing capacity
factor Ny after Prandtl-Reissner and after Eq. 14. Tt is evident that experimental
values obtained by using Eqs. 17 and 20 are primarily functions of sand density and
that they are independent of absolute magnitude of ¢f. Their numerical values in dense
sand are reasonably well estimated by using the Prandtl-Reissner classical expression
for Nq with a shape factor of approximately 3 for circular foundations. In medium and
loose sands experimental values are lower, and comparable to those estimated by
Eq. 14.
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Some details of the analysis presented
undoubtedly need further clarification,
particularly the choice of shape factors
which, due to limited number of tests per-
formed, could not have been determined
very accurately. It appears certain, how-
ever, that both base resistance po and
skin resistance so are linear functions of
vertical stress at failure, q¢. This stress
is not necessarily equal nor proportional
l l 9 to the overburden pressure q. The non-

Ps = KSQf

S, =Fgtan d
- > o > > >

trrrt

linear increase of base or skin resistance
with depth can be explained by a similar
increase of qf with depth. If the base and
skin resistance reach constant values at
greater depth, it is because qf also be-
comes constant at greater depth.

Analysis of Vertical Stress Around the
Foundation

According to the preceding discussion,
curves in Figures 30 and 31 indicate the
nature of variation with depth of vertical

Po _N = Pe K tan d stress at the base level, qf. At shallow

0 depths (D/B < 4), qf is equal to the over-
burden stress q; at greater depths (D/B
> 15), q; reaches a constant value inde-
pendent of overburden stress.

In a similar way, curves in Figures 34
and 35 indicate the variation of average
vertical stress along foundation shaft qg with foundation depth, From the shape of these
curves it may be concluded that the distribution of vertical stresses g, at any point z
along the shaft must follow a curve similar to that in Figure 42c; namely, there should
be a linear increase of q, along a certain depth zo, followed by a peak and gradual de-
crease to the final magnitude q¢. It is to be understood, however, that the foundation
depth, sand density and some other factors may have influence on the shape of curves
in question. Therefore, the peak mentioned may be more or less pronounced, or even
nonexisting, leading to qz curves of shapes between those in Figures 42c and 42b.

Looking for an explanation of this general trend of variation of q, with depth, it was
concluded that the nonlinear increase of bearing capacity with depth could be attributed
to "arching" in sand above the foundation base. There exists, indeed, a striking simi-
larity between curves in Figure 42 and curves of vertical pressure in a mass of sand
above a yielding horizontal support (6, Fig. 18d).

On the basis of all the observations made, the following explanation of stress condi-
tions around a deep foundation is suggested: When the foundation is loaded (Fig. 42a)
the mass of sand beneath is compressed downward. At the same time sand around the
foundation tends to follow the general downward movement of the mass. As a conse-
quence of this, the originally horizontal stresses on a vertical plane n-n at a certain
distance from the foundation become inclined. The inclination of these stresses is a
function of the amount of displacement w of the foundation and of the distance z’ from
the base level. If the foundation depth D is great enough, and if the base displacement
w remains limited, there may be a distance z¢ beyond which the effect of downward
movement is not felt any more. Above that distance stresses on vertical planes may
remain horizontal, and the vertical stress qz may be equal to overburden stress q.

The following arguments can be added in support of the explanation:

Figure LO. Stress conditions in vicinity
of base of deep foundation.

1. Measurements of displacements of sand surface during loading tests onfoundations
placed at greater depth (D/B > 8) showed downward movement of soil adjacent to the
foundation.
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2. Measurements of sand density around the foundation after load testing to failure
indicated, in the case of models made of dense sand, considerable loosening in a zone
immediately above base level, but a slight densification below that level.

3. Final resistances of the base and skin of rectangular foundations are found to be
1.50 times lower than corresponding resistances of circular foundations of the same
diameter. However, measurements of real shape factor for base and skin resistances
at greater depth indicate values of approximately 3. This leads to the conclusion that
the final vertical stresses q¢ around rectangular foundations are two times higher than
corresponding stresses around circular foundations. The same ratio of final vertical
stresses is found in the case of rectangular versus circular bins of the same diameter,
where a similar phenomenon of arching occurs.

4. Under similar conditions there is less arching under smaller foundations, re-
sulting in higher bearing capacity for the same relative depth D/B, because base dis-
placements at failure increase proportionally to the foundation width. Displacement
of a larger foundation will mobilize friction along relatively longer distance zo.

5. Measurements of skin resistance along model foundations in sand have indicated
distributions similar to curves in Figure 42 (38, 39).

Numerous other observations on actual deep foundations as well as on models can
be cited in favor of the explanation offered. However, it should be realized that the
problem in question is very complex, and that variables such as roughness of founda-
tion skin or method of construction may also be of significant influence.

A special study of this problem, including the development of a method for rational
analysis of stresses around deep foundations in a homogeneous sand stratum is in prog-
ress.

CONCLUSIONS

1. Shear patterns observed underneath buried model foundations in sand indicate
that, depending on relative density of sand, all three types of failure previously de-
scribed in the literature may occur at shallow depth: general shear failure, local shear
failure and punching shear failure. However, at greater depths only punching shear
failure occurs, irrespective of relative density of sand. Limits of types of failure to
be expected vary with relative density or compressibility as well as with relative depth
D/B of the foundation (Fig. 27).

2. At shallow depths, not exceeding four foundation widths (D/B < 4) the increase
of point bearing capacity with depth is linear. In dense sand (Dg > 0. 70) the bearing
capacity factor N, can be estimated with sufficient accuracy using an analysis based
on conventional theory of general shear failure in a rigid-plastic solid. In loose or
medium-dense sand, failure surfaces being localized, better agreement with test re-
sults may be stated if an expression for Nq derived under the assumption of local or
punching shear failure is used.

3. At greater depths, generally exceeding 15 foundation widths, both base resis-
tance po and skin resistance so reach constant final values. These values are indepen-
dent of overburden pressure q and appear to be functions of relative density of sand
only. This is explained by the arching of sand above the foundation base. It is demon-
strated that both po and so are proportional to the effective vertical stress at failure,
gy at the level of foundation base.

4. The bearing capacity factory Nq at greater depth, defined as the ratio of base
resistance po to vertical stress qf, is practically independent of foundation size and is
a function of relative density or angle of internal friction of sand. Observed bearing
capacity factors Ny for long rectangular foundations at greater depth do not differ from
those at shallow depth. However, the shape factor for circular foundations appears
to be somewhat higher at greater depths.

5. Skin resistance along the foundation shaft is not necessarily increasing linearly
with depth. Instead, it is proportional to the vertical stress gy at the corresponding
elevation. Vertical stress increases linearly only at shallow depths. If the foundation
is deeply embedded in sand, the distribution of vertical stress, as well as of skin re-
sistance, is likely to be similar to that in Figure 42.
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6. The fundamental fallacy of conventional analyses of bearing capacity of deep
foundations in sand consists in the assumption that q is always equal to the initial over-
burden stress at the level of foundation base. This may be correct if a deep foundation
penetrates only slightly into a sand stratum overlain by compressible soil. However,
it may be entirely wrong if a deep foundation is completely embedded in sand.
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Dynamic Phenomena in Layered Structures

A. AVRAMESCO, Central Bridge and Highway Laboratory, French Ministry of
Public Works, Paris, France

Much experimental and theoretical work is being done in France
related to the application of vibration techniques to road struc-
tures. This paper is concerned with the approach through the
theoryof elasticity. An analysisis offered of some special cases
of dynamic phenomena in layered systems, so as to bring forth
some simple and general rules, and allow a rough interpretation
of the experimental results. Amongthese phenomena are (a) in a
semi-infinite medium, the dynamic effects due to a transient ve-
hicle (role of the Rayleigh wave), (b) free waves in layered sys-
tecms (namely, one layer on subgrade) when thc Lamé's param-
eters of the two materials are in some characteristical ratios
(Rayleigh waves), and (c) one or two layers on subgrade (some
remarks on Love waves). The results thus obtained can be ex-
plained by the reflection and refraction theory of elastic waves
allowing generalizationto any member of layers. The paper also
discusses some ideas on the relative importance of static and
specifically dynamic effects depending on the distance of the source
of disturbance.

*THE PROBLEM that arises in the rational design of road structures consists, under
given conditions of traffic, subgrade, economics, etc., is the choice of the most suit-
able among the available materials, and the evaluation of the layer thicknesses. To
solve this problem, it is necessary:

1. To know which stresses take place in a theoretically given structure, Since the
work of Jeuffroy and Bachelez (1) different methods (2, 3) have been used in France,
that of Lattes et al., (4) being more adaptedto the unavoidable numerical computations.

2. Conversely, to carry out tests on existing roads so as to find out which values
of elastic parameters can be associated with each material used. The testing implies
knowledge of some general rules relating the response of a road to the applied load.

The present paper deals with both these points, using the theory of free waves in
layered structures to show how they permit specific description of dynamic effects,
and then describing some of their general features.

SEMI-INFINITE ELASTIC MEDIUM

Transient Load—Theoretical Approach

The study of a load traveling at uniform speed was undertaken at first with the idea
of quantitatively comparing the resulting displacements and those of Boussinesq's solu-
tion in the corresponding static problem. Because it has been possible to give a com-
pletely explicit solution, and to find a material suitable for the experiment, this special
case is dwelt on, although it is not characteristic of layered structures.

Paper sponsored by Committee on Stress Distribution in Earth Masses.
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The method used to give the theoretical result is the well-known "'superposition of
solutions." Only the principal features of the analysis are indicated here, inasmuch as
further details are given elsewhere (5, 6).

The problem is governed by the following equations:

32D
(x+p)graddivD+uAD=datzD (1)
(equation of elasticity) in which A and u are Lamé's parameters, d is the density of
the medium, 13 is the displacement vector, and t is time.
= Bu3 BUj
0‘3J‘ = A div D63j + gl — + —= (za‘)
X, ls):4
] 3
= -Xj 6 (x1 - Vt, x2) ifx3 = 0 (2b)

where Eq. 2a is the elastic relationship between stress and strain and Eq. 2b repre-
sents the boundary conditions, with xi, X2, X3 being space coordinates (with origin 0
on the horizontal boundary plane, 0x3 vertical pointing downwards, 0x; in the direction

of the speed V), ui;, U, us the displacement components, X,, X, X3 the components of
the assumed concentrated applied force, 6 (x1 - Vt, x;) is Dirac's distribution, and
63j is Kronecker's delta.

In the following analysis x'; represents x; - Vt.

Note that

G(Xll, Xz) = 1 lim em da; daz
47° Lo
(L)

in which V(L) = aid + a,® < L?

and M = i(@x:' + az Xz)

1}

so that, if the displacements corresponding to

X-
Uaj(e) & -——]; e™ forxs = 0 (3)
4q

are known, the solution of the problem is obtained by the superposition

lim 12 f/ - - ~-da;dag
L—o 47 312 4+ 3-22 < Lz




156

inasmuch as all the equations of the problem are linear.
If the elementary displacement is written in the form

D
P i e J

»)
[

it is possible to choose:

¢ = cel@Xh 2k + icgX)

which gives Dg, with

1

2 \/2
c =(a12+aez-da—‘v—) >0

g A+2p0
A
assuming V® < ;2#
Also,
¢, As g (ax’y + ay X, + icy, Xs)
— ifax’y + a,%x + ic, Xs)
Dr = Cr Az e =1 a i s
i (a4, + agAg)ei (ax’s + ag% + 1C. X3)
with
2 2 %
cr=(a12+a22—dil—v) >0
"

assuming V? < % . It should be noted that div S; = 0, which gives the term

+1 (a1A1 + agAg).

grad g

=5
rot* R

In calculating the corresponding elementary stresses 03-(6) by Eq. 2a, and com-
paring the results with Eq. 3 for xs = 0, a linear system dppears which determines
C, A;, A; (note that the use of ¢, and Cp allows the elimination of the explicit use of

A, although this coefficient still plays a part through Cg).
This system is

2¢.a:C + (af + a,%) A; + a;2,A, = —sz
g 47° p
2¢,2:C + 2,2:A; + (@2 + c.2) Ay = —22
g r 2
47°

*Curl.

(4a)

(4b)
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(@’ + a3 + &%) C + 2¢, (a1A; + aAs) = -f{-:—— (4c)
LA

The determinant of this system, to within a positive factor, is

C2= 53.1.2Ve
‘/ ]/ 5 a.12+a32
2 2 \/2 2
te) = et - S) (1 -5) (- &), (ag -2
g r r
_ U
Qrz'a

with £ (VRZ) = 0, VR being the velocity of the Rayleigh wave,

Because f (£) is a factor in the denominator of C, Ay, A,, and of the integrand in
= lim /:/ (e)
D = . D" daidas
L= a® & at & L?

B V— vn

However, D can be calculated further, if V < VR (which is realized in all practical
cases), by using the following change of variables:

X3 = rcosao ay = pcos 6

X = r sin«o A p sin 6
The result, u;, corresponding to a normal load (i.e., X; = X, = 0) (see Mandel
and Avramesco (6) for generalization to u;, up; X3, Xz # 0; non-concentrated load) is

L

2 Q,”

=2 BN 8L i g - vsinag
2mpr Q) f (&%)

of which an approximate value, when £/Q, << 1, may be obtained from

ug = —2 )\+2#1+€2 (1—3x+i)+
dmur A+ p 402 1x

These results are discussed under "Dynamic Effects" and compared with those of the
experiment described in the following.
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Transient Load—Experiment

Realization of an experiment giving evidence of the interference of Rayleigh's wave
velocity faces two main difficulties: (a) On ordinary materials, the speeds that are to
be reached are much too great; and (b) It is necessary to follow the phenomenon under
a moving load.

Materials on which VR is very low are found easily enough: they are rubbers and
gelatines. Rubbers are discarded as really viscoelastic or nonhomogeneous.

An ordinary gelatine can be chosen, however, that is simple to prepare and for
which different Young's moduli can be obtained by adding more or less water to a kind
of glue.

The second difficulty is solved by the use of a special type of container (Fig. 1)
which rotates while a ball attached to the end of a fixed rod runs on the surface of the
gelatine. The gelatine is some 15 cm thick, which is sufficient to considering the mass
as "infinitely deep." A small electric motor drives the container at the various de-
sired speeds.

This experiment, as well as that described under '"Free Waves, ' was suggested
by Mr. Habib, Associate Director, Solid Mechanics Laboratory, Ecole Polytechnique,
Paris.

As the speed of rotation increases, the part of the surface deformed under the ball
hecomes more and more important, although rather slowly, spreading especially in
the direction perpendicular to V. When the speed VR is reached a shock wave appears,
slightly distorted because the speed is not the same at the different distances from the
center of rotation, If V is further increased, the well-known aspect of Mach's angle
appears (Fig. 2), with

Figure 1.
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Figure 2.

The velocity, Vg, is of the order of 1.5 m/sec in the gelatine used. The measures
of its Young's modulus by static methods give fairly good corresponding values to the
VR observed.

Dynamic Effects

First, the agreement between theory and experiment, except for the a priori evi-
dent 1nterference of viscosity, should be noted. That is, if V——VR, Dis greatly
increased, but does not become infinite. The experiment also shows that the impor-
tant variations of D take place when V is not much less than VR.

Figure 3 gives the theoretical results concerning us for the Poisson's ratio v = %.
For instance, an increment of some 7 percent of the static displacement is found for
V = 0.75 Qp (VR is of the order of 0.9 Q). The approximate value given at the end
of the section on ""Transient Load—Theoretical Approach, " which is fairly accurate in
practmal analysis, shows the small influence of the Poisson's ratio: the factor of
£2/4Q,2 is3forv=7% (x = 0)andv ="%

(x = %), and varies little for ve [0, %]

It must be remembered that on ordi-
nary subgrades the Rayleigh wave velo-
city is very seldom less than 100 m/sec
(360 km/hr).

It is then possible to consider either
that (a) no effect due to such a move-
ment of a load will appear, and that this
is some evidence that specifically dynam- 19
ic effects may not be important in stress 1
distributions, or that (b) this is evidence
of the role of free waves, producing im- 0
portant deformations far from the source
of disturbance.

It is certainly of mainly academic in- Figure 3.

ujy (V)
Static uj

-

O
=
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terest by now to analyze this generation of a Rayleigh shock wave. But in layered
systems, Rayleigh wave velocities are not always so large, and it is important to ob-
serve how, in this case, dynamic effects are closely connecled lo the existence of free
waves.

The problem of the transient load on a semi-infinite homogeneous elastic medium
has been solved. As for the vibrating load, different attempts have been made (2, 7,

8) that are not satisfactory, at least because they imply difficult computations or an
implicit form of the results. However, many experiments have been carried out.

They use two different kinds of apparatus—light or heavy—permitting one or several
results (velocity, strains). These experiments are the same for a semi-infinite medium
and for several layers, and the apparatus and methods are described in under the head-
ing "Attempts at Generalization, "

A complete program of experiments is being carried out with a light vibrator at the
Polygone d'Essais du Laboratoire des Ponts-et-Chaussees in Rouen. The purpose of
the first tests has been to determine some fundamental characteristics of the ""sub-
grade'’; that is, if it can be considered to be (a) homogeneous in both the horizontal
and vertical directions, and (b) "semi-infinite" (i.e., if important disturbances are
created by the underlying natural soil or by the cement blocks of the pit banks). These
tests are important because they give evidence as to whether or not the theory of the
Rayleigh wave can be applied.

A silty clay 1.5 m deep gives results as near to the theoretical result (VR = con-
stant for the different frequencies) as can be wished, for a chosen point at the surface.
The horizontal homogeneity also can be considered as very good. No disturbances are
created by the pit banks, inasmuch as the results are identical along all the axes of
measurements (Fig. 4). The points al which the phase is the same as, or the oppo-
site of, a certain reference, give the sequence of half wavelengths.

FREE WAVES

One Layer on Subgrade—Rayleigh Waves

7///7 ////////// //// Many theoretical analyses and experi-
Z = mental computations have been carried out

15° on the subject of free elastic waves in
layered systems (9, 10). For the special
case of one layer on a semi-infinite

+

|

|

| homogeneous subgrade, the author pre-
| viously has provided an analysis (11).

| Some results of this last work are first
| reviewed, then are somewhat generalized
I
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|
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|
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in a following section.
The symbols of the previous section

0% are still used, with A and p being Lamé's
8m — parameters, d the density of the medium,
and

A .
(o

In the following the prime () refers to
the subgrade. The equation of elasticity
(Eq. 1) still holds in the different media
and there is "perfect friction" on the

' .
7T s g et

Figure 4,
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osj (L) = o3 (L ) on this plane

po (L) ) G5 = 1,2,3)

(6)

pi (L)

V is now the velocity of a free wave, measured at the free surface Sof L, and N and 1
are the associated frequency and wavelength, respectively. It must be borne in mind
that a free wave is (a) from the mathematical point of view, a solution of the equations
of elasticity (Eq. 1) and continuity (Eq. 6) corresponding to o3; = 0on S, and (b) from
the physical point of view, a wave transmitted by the media in such a way that there is
no downward-running energy. It also must be remembered that in layered media the
wavelength of a free wave depends on its velocity—the frequency being then given by

N = V/l—which is not true for a semi-infinite homogeneous medium (see "Semi-Infi-
nite Elastic Medium, ") in which V = constant =Vg for any 1.

If the reduced shear moduli are the same for L and L” (that is, p/d = p'/d’)itis
possible to show that Ve [VR, V'R], in which VR and V'R are, respectively, the
Rayleigh wave velocity in a semi-infinite homogeneous medium on its own with the same
parameters as L and L, Furthermore,

f(VRZ) =0 f’(V’RZ) =0

(see II. A for definition of f).

b) - as a priori evident

1 > 0 —>V VR

7

1 @ A% V'R

which simply means that if the wavelength is very small (resp. great), it appears as
if L (resp. L') interfered alone and were semi-infinite.

It is remarkable that in this special case V lies between the two ordinary Rayleigh
wave velocities, a simple result which unfortunately does not hold in general, as shown
in the following.

If it is assumed that X" = p’ =0, Lamb's solution is obtained (12) with, again,

1 0 — v = Vg

But there is at least one free wave for any V, one if V¥ < p/d, an infinity if V* >
p/ d.
When V and 1 tend to infinity the asymptotic frequencies are

o]

-k -8
Ng = k35
o S
Ny = k5%

in which k is any positive integer and p is the thickness of L.
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The interpretation of this last result is simple: if V is the measured velocity of a
free wave, there is between the ray perpendicular to the corresponding S = wave (resp.
P = wave) transmitted in the medium, and S an angle

Q

¢ = arc cos Tr
e
resp. o = arc cos -z
& >~ L T
v © 3 (resp. a—»z)

and the analysis is then that of a stationary shear wave (resp. P-wave) perpendicular
to the limiting free planes:

Q Q
1 _ - - _R _8
k 5 =P and since 1 = N (resp. Ng)
Q Q
N, = k —£<res .k _g_)
t p\ P ¥ Zp
X and p'— =,
1 0 — V Vr
but here
vV = Vp

with one solution 1 if V* < u/d, and an infinity if V¥ > u/d.

When V and ] ——— «, the asymptotic frequencies are

Q
Ng = @k + 1) g2

Q
Nr=(2k+1)ﬁ

which stand between those of the case examined in the previous section, as is evident
because the lower limiting plane is now fixed.

The experiments of the transient load have been carried out for this case under con-
ditions similar to those described under "Transient Load—Experiment." Some impor-
tant points are as follows:

1. The theoretical approach is analogus to the method discussed in an earlier sec-
tion, but it only leads to integrals, representing the displacements, which it so far
has not been possible to calculate more explicitly.

2. A first experiment in which the thickness of gelatine varies under the running
ball allows comparison of the corresponding phenomena and shows that several atten-
vated waves appear behind the first shock wave when V' >> VR and when the thickness
is small enough.

3. The second experiment, with a small thickness of gelatine, shows that these
typical attenuated waves are reflections of the initial one on the rigid surface of the
"subgrade" (the container), under the gelatine.
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Attempts at a Generalization

The interpretation of these rather different results is given by applying the general
theory of reflection and refraction of elastic waves, the elements of which have been
set forth by Sommerfeld (13) and with more or less further details elsewhere (9, 10.
11). This theory allows a generalization to more complex problems.

The results are given below without proofs, although these are sometimes quite
simple:

1. Let J be the incident wave on a plane S; P a reflected P-wave, P’a refracted
P-wave; S a reflected S—wave S’ a refracted S-wave, Qg, and Qp the P- and S- -wave
velocities in L (resp. Qg and ‘s) in which propagate J, P, and S (resp. P'and S').
The angles perpend1cu1ar to S and perpendicular to the wave surface) are, respectively,
o, o ,(p,(pfOI‘PP S, s'.

2. I V is the velocity of a wave, measured on S,

sine _sine’ sing _ sing’ _ 1

Qg Qg Qp Q' v

3. To J, either P- or S-wave, there are four corresponding waves P, P’, S, S'.

4, If, for instance, Qy < 0, toa penetrating P-wave in L there may correspondm
L’ e1ther a penetrating S-wave if sin a < Qg/Q (o being the angle of incidence) or
an attenuating S-wave if sin & > @ /ﬂ

b. When to a penetrating mmdent wave in L there are corresponding attenuating
waves in L', no energy is transmitted from L to L'.

6. Both fixed or a free surface are perfectly reflecting.

It is now possible to explain why in two previous sections free waves are found for
any V > Qp: in such cases no energy is transmitted from L to L'. On the contrary,
another section shows that to any V there can be a corresponding penetrating S, which
implies loss of energy from L, and is therefore contradictory with the definition of a
free wave.

This result can be generalized as follows:

If Q' is the velocity of S-waves in the lower medium of an elastic stratified struc-
ture, Z, no free waves can ex1st but those for which V < Q

A first corollary is that if Q is the lowest S-wave velomty of T all free waves are
attenuating ones.

A second corollary is that, since Love waves are penetrating in at least one of the
layers, no Love waves can exist if Q' is the lowest S-wave velocity of .

The range of velocities where the free waves of a road structure will be encountered,
can therefore be restricted and an attempt could be made to develop it further—for in-
stance, in order to explam why it is [VR, V R] only, when the reduced shear moduli
are the same for L and L, etc.

In fact, the usefulness of such a limitation is not evident, for even the basic theorem
is not practically true; the experiments show, on the contrary, that velocities V >> Q'
can be observed. Whether these correspond to free waves or not is discussed in the
following.

Experiments on vibration techniques applied to testing of road structures have been
carried out in two distinct ways:

1. The method worked out by the Shell Laboratory of Amsterdam (14) uses large
loads (a few tons) and low frequencies (up to some 50 hertz). The results of the differ-
ent measurements made in an experiment have not really been given a clear and general
interpretation prior to this. The opinion of the author, who followed the results ob-
tained with the Shell machine hired by the French Laboratoire Central des Ponts-et-
Chaussees, is that the created waves are arather complex interference of free andforced
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waves; the problem of the vibrating load has not yet been solved even for a semi-in-
finite homogeneous medium, much less for a stratified structure., It is not to be ex-
pected, therefore, that experiments should receive a simple interpretation, and a
better knowledge of the theoretical phenomena would make possible much more use of
them.

2. The light apparatus used by the British Road Research Laboratory (15) naturally
involves some difficulties. For instance, it is considered by Jones (15) that when the
lower medium, L’, has a low Young's modulus and a Poisson's ratio near 0.5, an equa-
tion giving correct results may be obtained by replacing L' by a liquid in the theoretical
structure, without it being denied that this meets no clear justification. However, the
information thus obtained (a) is in more than qualitative agreement with other measures
and predictions; (b) has proved itself of great value as a testing method on road struc-
tures; and (c) is to the knowledge of the author the only one displaying such good quali-
ties for dynamic testing and experiments on roads.

CONCLUDING REMARKS

Other Experiments

I'ree waves providc the best methods for understanding the general outline of dy-
namic behavior in road structures, as has been emphasized throughout this paper. In
fact, other experiments using free waves can be imagined and have been tried in
France. The loadings are in the form of impacts, produced for instance by means of
a heavy load falling on a kind of stiff spring. It is difficult to foretell the value of these
experiments, as they have no connection whatsoever with the ordinary knowledge of
layered structures, and so call for an entirely new and distinct interpretation.

Other Problems

In the case of Lamb's solution (12) the free wave velocity can be very low; in reality
X"and ' are never null; but, if the lower medium is ""soft enough" (low Young's modu-
lus and Poisson's ratio really different from 0.5), the vehicle speed Vg may be great
enough to bring about very important dynamic effects. This is especially true if one
certain frequency is associated to Vg (ordinary loads being in fact both transient and
vibrating). It may be that such an occurrence only seldom arises; however, a road
does not fail only by ordinary light traffic, but also by such dangerous (and, if the road
is well built, rare) interactions.

It must also be borne in mind that;

1. Free waves extend the field of interaction of the load; they can exist, by defini-
tion, anywhere under a free surface.

2. They certainly exist alone at the free surface far enough from the load, inas-
much as the remainder of the dynamic energy must have disappeared in the subgrade.

3. They correspond to the '"resonances' of finite media.

These are some reasons why dynamic phenomena and free waves are so closely
connected: because free waves, as easily propagating, are both the most dangerous
and the most easily observed. Exactly what part they play in the real stresses and
failures of roads cannot yet be described quantitatively.
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Bearing Capacity of Flexible Pavements
Subject to Frost Action

BENGT B. BROMS, Associate Professor of Civil Engineering, Cornell University

The bearing capacity of flexible pavements is
reduced considerably during the spring break-
up period partly by reduction in relative den-
sity of the subgrade material as a result of
frost action, partly by the saturation of the
soil caused by thawing and partly by excess
pore pressure resulting from the incomplete
reconsolidation of the subgrade.

A method has been developed by which the
ultimate bearing capacity of flexible pavements
can be evaluated. This method is based on the
assumption that the subgrade soils are fully
saturated and that the wheel loads causing
failure are applied so rapidly that no change in
water content takes place during loading.

The calculated ultimate bearing capacity has
been compared to that determined by a method
proposed by Linell. Good agreement was found
between the two methods.

eTHE BEARING CAPACITY of flexible highway or airfield pavements is reduced con-
siderably during the spring break-up period. Consequently it is often necessary to
reduce drastically the allowable wheel or axle loads during this period in order to pro-
tect these pavements from damage. These restrictions on highway traffic often cause
considerable economic hardship to the users. The present methods (1, 2 ) of estimating
the maximum wheel or axle loads that can safely be allowed on pavements are based
mainly on experience gained from observations of the behavior of similar pavements
constructed on similar types of soils and subjected to similar loading conditions. The
collection of field data and their interpretation are extremely tedious and difficult, but
necessary.

Furthermore, the empirical methods presently available can only be used for con-
ditions similar to those from which the methods were derived. It is difficult to calculate
accurately the bearing capacity of new types of pavements constructed outside the area
where these empirical methods were developed or supported by soils with unusual char-
acteristics and subjected to unusual types of loading. When the empirical must be ex-
tended, if the actual bearing capacity is grossly overestimated, then the allowable wheel
or axle loads could cause extensive damage to the pavements. On the other hand, if the
actual bearing capacity is grossly underestimated, then the corresponding restrictions
could be unduly severe.

ASSUMPTIONS

The hypothesis presented in this paper, which predicts the bearing capacity of flexible
pavements during the spring break-up period, is based on the assumptions that failure
of the pavement is caused by the failure of subgrade, that the subgrade is saturated, and
that the load causing failure is applied so rapidly that no changes in water content of the
soil take place during the load application. The proposed analysis is therefore not

166
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applicable to the case when failure takes place within the base or within the wearing
courses.

During the spring break-up period, the ground-water table is often located close to
the ground surface and it is believed that the condition of complete saturation is, as a
rule, fulfilled. I, however, the subgrade is only partially saturated, the proposed
analysis underestimates the actual bearing capacity of the soils and yields conservative
results.

The water content of most soils does not change appreciably if the load causing failure
is applied rapidly. The loading rate necessary to prevent changes in water content de-
pends on the permeability and compressibility of the soil, viscosity of the pore water,
and the boundary conditions. The permeability of the soil is the most important of
these factors. If the subgrade consists of clean sand the permeability of the soil is, in
general, so high that large changes in water content of the soil can take place even if
the load is applied very rapidly. In this case, the proposed analysis underestimates
the actual bearing capacity of the soil and the actual bearing capacity could be several
times the calculated one.

Subgrades composed of clean sand are not, as a rule, subjected to frost action and
no reduction in bearing capacity from this course generally takes place during the
spring break-up period. The normal increases in the elevation of the ground-water
table during the spring would, however, affect the bearing capacity as it affects the
effective pressures in the subgrade.

The permeability of most subgrade soils is low; a small percentage of silt or clay
size particles reduces their permeability greatly. Under these conditions even a load
applied relatively slowly will only cause small changes of the water content of the soil.
Thus it is believed that the rate of loading as caused by heavy vehicles moving at about
30 mph does not cause appreciable changes in the water content of the soil. I, however,
these changes are large, the proposed analysis underestimates the bearing capacity of
the subgrade and yields conservative results.

In general, the assumptions have been chosen to give a lower limit of the bearing
capacity of pavements.

DISTRIBUTION OF PORE AND EFFECTIVE PRESSURES BELOW PAVEMENTS

The total pressure within a mass of soil is in general divided into effective pressure
and pore pressure. The effective pressure is transmitted through the solid phase,
whereas the pore pressure is transmitted through the liquid phase of the soil.

Figure 1 shows a cross-section through a road with a total thickness of wearing and
base course equal to a. At a depth of h; + hz below the surface of the road the total ver-
tical pressure, the sum of the effective pressure and the pore pressure, is equal to ps.
The total vertical pressure at any depthis equal to the weight of the overlying material,
then

P1 = h1 yyet + ha ¥gat (1)

in which ¥ and 7sat are the average wet and saturated unit weights of the base and

wet
the subgrade material, respectively. The wet unit weight is equal to the unit weight of
the partially saturated material. The lateral total pressure p: is in general smaller
than the corresponding vertical total pressure p: (§, 4, 5 ). Its value depends on the
properties of the soil, method of compaction, and the subsequent stress-history of the
soil. Relatively little is known of the effects of the lateral pressures on the pore pres-
sures caused by sudden application of load (6).

The initial pore pressure uo is governed by the location of the ground-water table as
shown in Figure 1. The ground-water table is assumed to be located within the base
course at a depth h; below the ground surface. The pore pressure ue can be computed
as

U = h2 Yw (2)
The vertical effective pressure p: is equal to the difference between the total pressure
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Location of ground
/ water table
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Ywer = Unit weight of the partially saturated
pavement marterial.

YVsar = Saturated unit weight of base course or
Subgrade material.

Yy = Unit weight of water

Figure 1., Stress distribution below flexible pavements.

and the pore pressure, then

P = hy yyet + hz Ygup (3)

where ygyp is the submerged unit weight of the base and the subbase material. The
lateral effective pressure equal to Ko 1 depends on the coefficient of lateral earth
pressure at rest Ko. The value of Ko depends on the strength properties of the soil and
on its stress history (7). (It is assumed in the following analysis that Ko = 1.0 in.)

The distribution of the initial total and effective stresses in any plane can be illus-
trated by means of Mohr's stress circles (Fig. 2). As it is assumed that the total
and effective stresses are constant in all directions, the corresponding Mohr's stress

circles for total effective stresses are points located at a distance po and po from the
origin on the normal stress axis.

BEHAVIOR OF SOIL UNDER MOVING LOADS

Large excess pore pressures develop within the subgrade due to the application of
moving load and the low permeability of the subgrade material. The pore pressures
can be estimated by means of the pore pressure coefficients A and B if the loads are
appli(ed S0 raspidly that no change in water content takes place during the load applica-
tion (7, 8, 9).

The wheel load causes an increase of the total all-around ambient pressure by dps
(Fig. 3). The portion of this pressure increase carried by pore pressure duy, is equal
to the pore pressure coefficient B as expressed by

duy, = Bdps (4)

The pore pressure coefficient B is equal to 1.0 for saturated soils (7, 10, 11). The
total increase in ambient pressure is carried by an equal increase in pore pressure.
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The effective pressures in the soil are
not, therefore, affected by a change of the
total ambient pressures within a soil if the
water content of the soil remains unchanged
while the load increase is applied to the
soil.
EFtenilvg sirss The applied load also causes an increase
of the total deviator stress by (dp: - dpa).
/ Total stress This deviator stress causes an increase of
/ the pore pressure by du,. The share car-
B u, ried by an increase in pore pressure for a
2 5, R — saturated soil is equal to the pore pres-
* P sure coefficient A, as expressed by

Figure 2. Mohr's stress circles for total dua =A (dp1 - dpS) (5)
and effective stresses. Experiments have indicated that the
pore pressure coefficient A at failure for
a sandy or silty soil is mainly a function
of the relative density of the soil. At failure, the coefficient A¢ could be as low as
-0. 32 for a dense sand and as high as 0,08 for a loose sand (_’Z, 11).

The total increase in pore pressure caused by a sudden increase in ambient and
deviator pressure is duy + duy, (Fig. 3).

The distribution of total and effective stresses in any plane can be expressed at fail-
ure by means of Mohr's stress circles (Fig. 4). Failure of the soil takes place when
the shear stress developed within a body of soil exceeds its shearing strength.

The shearing strength of a soil is governed by

Shear Stress, t

S = Cg + pf tan dg (6)

in which cg and ¢g are the apparent cohesion and apparent angle of internal friction of
the soils as measured by the drained direct shear or triaxial test and py the effective
normal pressure on the failure plane (E). The apparent cohesive strength cg is equal
to zero for sands, most silts, and normally consolidated clays (_’[). The apparent co-
hesive strength is larger than zero for compacted and for overconsolidated clays.

Failure of the soil takes place when the effective Mohr's stress circle is tangent to
the envelop curve with a slope equal to ¢5. At the point of tangency the shear stress devel-
oped within the soil is equal to the shearing strength of the soil. The difference between the
maximum and minimum principal stresses (pi1-ps)s at failure can be expressedinterms
of the initial effective pressure po, the apparent angle of internal friction ¢g and the co-
efficient of lateral earth pressure at rest ko, and the pore pressure coefficient As (7,
14) as follows: B

_ 2po sin ¢s [Ko + Af (1-Ko) 7
(pl B pa)f - 1 + (2Af - 1) gin s (7)

This equation is derived on the assumption that cg is equal to zero. The principal
stress difference (p: - ps)s depends only on the initial stress conditions (po, ko) and on
properties of the soil (g5, Ag).

A saturated soil with low permeability and subjected to high rates of loading behaves
as a frictionless material (1) with an undrained cohesive strength equal to the radius of
the Mohr's stress circle as expressed by

Cy = 1/2 (p1 = pa)f (8)

A loose saturated sand or silt with an angle of internal friction gg equal to 30° and a
value of the pore pressure coefficient Af and of the coefficiént of lateral earth pres-
sure at rest Ko of 0.08 and 0.5, respectively, has an apparent cohesive strength of

0. 47 po. The effective initial vertical pressure depends on the depth below the ground
surface, the unit weight of the base course and the subbase material, and on the loca-
tion of the ground-water table. For example, the apparentundrained cohesive strength
Cu of loose saturated sand or silt is 88 psf at a depth of 2. 0ft below the ground surface if
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Figure 3. OStress increase caused by wheel loads.

the wet and saturated unit weight of the base course and subbase material are 120 and
130 psf, respectively, if the ground-water level is located at a depth of 1.0 ft below
the ground surface, and if the thickness of the base course is also 1.0 ft.

The corresponding apparent cohesive strength of a dense sand or silt is 1, 280 psf
at the same depth with an angle of internal friction of 34° and a value of A¢ and Ko
equal to - 0.32 and 1.0, respectively.

The apparent cohesive strength of a soil in its dense state is therefore approximately
fifteen times the undrained apparent cohesive strength of the same soil in its loose
state. It can be seen that the pore pressure coefficient As has a large influence on the
apparent cohesive strength of a soil.

EFFECTS OF FROST ACTION

It has been observed that soils containing even a small amount of fine-grained ma-
terial are subjected to frost action. Horizontal bands or lenses of pure ice with vari-
able thickness (15, 16) are formed within the frost-susceptible material and cause a
volume expansion of the soil. These ice bands have a tendency to push apart lhe indi-
vidual soil particle. When these ice lenses melt during the spring break-up period, the
soil reconsolidates under the weight of the base and the wearing course. Static com-
pression, however, is not very effective in compacting coarse-grained soils and the
density of the reconsolidated material will be low. It is believed that frost action
changes the relative density of the subgrade material from dense to loose, with a cor-
responding change of the apparent angle of internal friction and of the pore pressure
coefficient A;. The apparent cohesive strength of the subgrade is reduced to a fraction
of its initial value during the spring break-up period with a corresponding reduction of
its bearing capacity.
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Figure L. Mohr's stress circles at failure of the subgrade material.

Vibrations due to the moving traffic probably recompact the material in the subbase
very effectively and after a few days of heavy traffic the initial density of the soil is
restored.

The author has not found any information concerning the effects of frost action on
the relative density and on the deformation characteristics of a soil. Further research
is needed within this area before the behavior of soil under high rates of loading can be
predicted accurately.

DISTRIBUTION OF STRESSES BELOW PAVEMENTS

The distribution of stresses within a mass of soil is in general calculated by means
of the theory of elasticity. However, the intensity of the applied loads is so high at
failure that the soil does not even approximately behave like an ideal elastic material,
and elastic methods are not applicable. The distribution of load has, therefore, in
this analysis been calculated by means of the 2:1 method (17, 18). This method assumes
that the applied load at any depth is distributed over an area that increases in propor-
tion to the depth below the point of loading, as shown in Figure 5.

It is assumed that at the depth a the total vertical pressure increase dp causedby the
moving load W is equal to

W
= (d+a) T+2) ()

It is assumed that this pressure increase is uniformly distributed over the area (d + a)
(£ + a). The pressure increase dp is approximately equal to the increase calculated by
means of theory of elasticity below the center of the loaded area. The actual distri-

bution of pressure is bell-shaped and the intensity of the load at the edge of the loaded
area is smaller than the calculated value. Thus the actual bearing capacity of the soil
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Figure 5. Assumed distribution of load at failure.

might be larger than computed, due to the approximations involved in the 2:1 method.
The distribution of stresses within layered systems is not very well understood, par-
ticularly when the soil is close to failure.

ULTIMATE BEARING CAPACITY

The net u1t1mate bearing capacity qy ¢ of soil that acts as if it has an angle of inter-
nal friction of 0° can be calculated from

Ayt = cuNe (10)

in which cy is the undrained apparent cohesive strength of the subgrade material and
N¢ a bearing capacity factor, which depends on shape and size of the loaded area as
well as the depth below the ground surface (19 20, 21, 22) The net ultimate bearing
capacity is equal to the ultimate capacity of the soﬂ less the overburden pressure. The
bearing capacity factor N, is approximately equal to 7.5 for a circular or square shape
of the loaded area, assuming that the thickness of the base course is approximately
twice the size of the loaded area.

Failure of the soil takes place along a cylindrical failure surface extending to a
depth of approximately 1.5 times the width of the loaded area. As the width of the
loaded area at the depth a is equal to (a + d), the failure surface extends approximately
to a depth of [a + 1.5 (a + d)] below the ground surface. The ultimate bearing capacity
depends on the average shearing strength of the soil within this zone. The shearing
strength of the soil is proportional to the initial effective pressure. Because the failure
zone extends between the deptha to [ a + 1.5 (a + d) ], then the average shearing strength
corresponds to the shearing strength at a depth of [a + 0.75 (a + d)] below the ground
surface. The total bearing capacity of the pavement can then be evaluated hy substi-
tuting Eqs. 7 and 8 into Eq. 10.

The ultimate capacity of flexible pavements subjected to frost action has been com-
puted and shown in Figures 6 through 9. Calculations have been made for five different
soils. The properties of the five soils are given in Table 1.

Soil 1 corresponds to a silt with a percentage of fines in excess of 15 percent. This
material would probably be classified as type F4 material according to the Army Uni-
form Classification System (2) or as a ML or a MH material according to the Unified
Soil Classification System (23). Soil 2 corresponds approximately to a silty sand with
a content of fines in excess of 15 percent, Soil 3 to a silty gravel with a content of fines
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Figure 6. Ultimate bearing capacity of flexible pavements.

in excess of 15 percent. Soil 4 and Soil 5 correspond to a sand and a gravelly sand,
respectively, with a percentage of fines less than 15 percent. In all calculations it has
been assumed that the value of the coefficient of lateral earth pressure at rest is equal
to 1.0.

The ultimate bearing capacity has been calculated under the assumption that the
ground-water table is located at the surface of the subsoil at a depth a below the pave-
ment surface. It has been assumed, furthermore, that the unit weights of the soil in
the base course and the subbase are equal to 135 pcf and 125 pcf, respectively. The
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Figure 7. Ultimate bearing capacity of flexible pavements.

unit weight of water has been taken as 62.5 pcf. If the ground-water table is located
within the base course, the bearing capacity is less than shown in Figures 6 through 9.
It has been assumed further that the imprint area is either circular or square.

Figures 6 and 7 show the ultimate bearing capaclty as a function of the contact pres-
sure between the moving load and the pavement. The ultimate bearing capacity has
been calculated for a total pavement thickness of 6, 12, 18, and 24 in. It can be seen
that the total bearing capacity increases rapidly with decreasing contact pressures.
This effect is especially pronounced for Soils 4 and 5.

Figures 8 and 9 show the ultimate load as a function of the thickness of the pave-
ments calculated for the contact pressures of 100 and 300 psi, respectively. The ul-
timate capacity has been calculated for a total pavement thickness of 9 to 30 in.
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Figure 8. Ultimate bearing capacity of flexible pavements.

Figure 8 also shows the relationship between total thickness of the pavement and
total capacity as proposed by Linell (g ). It can be seen that the required thickness
calculated by the method proposed by the author and by Linell yield approximately the
same results. This general agreement indicates that the method proposed by the author
yields reasonable results. However, the predicted combined thickness as calculated by
the author's method is somewhat smaller for heavy wheel loads than that predicted by
the method proposed by Linell. The opposite is true for low wheel loads. However,
Linell's method was derived from observations of the behavior of flexible airfield
pavements subjected to high wheel loads.

The relationships shown in Figures 6 through 9 are computed under the assumptions
that the apparent angle of internal friction of the subgrade soil and the corresponding
pore pressure coefficient Af are known. Little is known about the value of the coeffi-
cient Af for soils subjected to frost action. Comparisons between Soils 2 and 4 and
between Soils 3 and 5 indicate that the coefficient Af has a large effect on the bearing
capacity of the soil. Therefore, it is possible that the relationships as shown in
Figures 6 through 9 might change considerably as further knowledge is gained. How-
ever, the computed relationships might serve as an indication of the behavior of soils
subjected to frost action.
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Figure 9. Ultimate bearing capacity of flexible pavements.

TABLE 1

ASSUMED VALUES OF APPARENT ANGLE OF INTERNAL FRICTION® ¢g AND OF
PORE PRESSURE COEFFICIENT A

Soil Classification

Soil ¢g (deg.) Ag Unified (23) Army Uniform (2)
1 25 0.3 ML or MH F4
2 30 0.1 SM or SC F4
3 35 0.1 GM or GC F3
4 30 -0.2 SW or SP F2
5 35 -0.2 GW or GP Fl
1ps measured by slow direct shear or triaxial test.

DESIGN AND LOAD RESTRICTIONS ON FLEXIBLE PAVEMENTS

Figures 8 and 9 might serve as a guide for the design of flexible pavements. These
two figures show the ultimate bearing capacity of the pavement as a function of its
thickness. If the indicated loads are placed on the pavements, failure will take place.
To prevent damage, only a fraction of the ultimate load can be allowed. The reduction
of the load depends on the number of load applications during the spring break-up
period. It is estimated that the allowable load should be approximately one-half its
ultimate value in order to prevent damage of the pavement if the pavement is only sub-
jected to a few load applications, and one-third of its ultimate capacity if the pavement
is subjected to a large number of load applications. For example, if the maximum
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wheel load is equal to 10, 000 1b and if the pavement is subjected to a few repetitions of
load during the spring break-up period, the pavement should be designed for an ultimate
load of 20,000 1b. For this total load, the required total thickness of the pavement is
equal to 18.5 in. if the subsoil corresponds to Soil 3, and if the tire pressure is 100
psi. The corresponding required thickness according to Linell's method is 18.0 in.

Figures 8 and 9 can also be used to determine allowable wheel loads on airfield or
highway pavements. If the total thickness of the wearing and base course is, for ex-
ample, 12.0 in., and if the subsoil corresponds to Soil 2, then the ultimate capacity
of the pavement is equal to 2,600 lb, as shown in Figure 8. With a limited amount of
traffic during the spring break-up period, the allowable wheel load should be approxi-
mately 1, 300 lb.

SUMMARY

A method has been presented by which the ultimate bearing capacity of pavements
subjected to frost action can be calculated. It has been shown that the ultimate bearing
capacity depends on the size and shape of the loaded area, the thickness of the flexible
pavement, the location of the ground-water table, and the density of the subgrade ma-
terial factors that are all known to influence the bearing capacity of pavements.
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Discussion

A. C. BENKELMAN, Altamonte Springs, Florida—The paper deals with an extremely
important subject, one that should be given more consideration by research workers
in the highway field. In the WASHO and the AASHO Road Tests a great deal more
structural deterioration of the test sections occurred during the spring than during the
summer and fall months. Considerable information was obtained regarding the con-
dition of the subsurface components during these two periods. This information is of
interest in connection with the subject matter of the paper.

Tables 2 and 3 summarize the data. For the embankment soil of the AASHO Road
Test there was little difference in the percent saturation of the material in the spring
and summer, 80.4 vs 78.8, and in both periods the material was well below complete
saturation. However, there were appreciable differences in the indicated strength
(CBR) and percent saturation of the base (high quality crushed stone) and of the sub-
base (uncrushed sandy gravel). This information strongly suggests that the weakness
of the pavement in the spring (80 percent of the test sections failed in the two spring
periods as against 6 percent in both summers) may have been due in large part to the
adverse condition of the granular courses at this time.

The data for the WASHO Road Test (embankment soil only) show that only in areas
that had failed completely or were about to fail was the percent saturation of the ma-
terial greater in the spring (around 90 percent) than in the summer and fall (around 85
percent). The figures for unfailed areas that were sampled near the failed or about to
fail areas actually show a lower level of saturation (around 83 percent) than in the
summer and fall.

The embankment soil at both the AASHO and the WASHO Road Tests was a fine-
grained material, an A-6 and an A-4-8, AASHO Classification. Complete data on their
classification and physical characteristics are given in the published reports of the two
tests.

TABLE 2

AASHO ROAD TEST MATERIALS, AVERAGE VALUES OF
IN-PLACE TESTS

Time Component  Density M.C. CBR S (%)
Construction Embankment 112.7 16.3 2.9 87.7
Base 140.9 4.2 — 54.1

Subbase 134.5 3.8 — 40.5

Spring Embankment 113.5 14.6 4 80.4
Base 143.8 4.3 87 62.5

Subbase 136.5 5.5 24 63.4

Summer Embankment 112.8 14.6 5.6 178.8
Base 142, 4 3.6 131 49.4

Subbase 135.2 4.8 50 52.8




TABLE 3

WASHO ROAD TEST SEASONAL VARIATIONS IN CONDITION OF EMBANKMENT SOIL, AVERAGE VALUES OF IN-PLACE TESTS

Spring 1954

November June

Construction Period

1953 1954 Failed Areas About to Fail Areas Unfailed Areas

1952

Section

M. C. Density S(#) CBR M. C. Density S(#) CBR M. C. Density S(#) CBR M. C. Density S(f) CBR M. C. Density S(£) CBR M. C. Density S(#) CBR

8
14

83
82

90
95

87 6 25
90 10 22

89
98

25
22
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Further, in the late 1940's and early
1950's a great amount of work was done by
the northern States (New York included) in
a study of the effect of frost action on the
indicated ability of flexible pavements to
support load. The work was sponsored by
the Highway Research Board Committee
on Load Supporting Capacity of Roads as
Affected by Frost Action. It was found in
the case of fine-grained soils that the re-
duction of plate load support values was
consistently around 50 percent. In the
case of sandy soils the reduction was con-
siderably less. Because soils in most of
the northern States vary in character from
point to point, some of the States adopted
the practice of reducing the permitted
loads by 50 percent. Of course, load re-
duction on roads is generally limited to
secondary roads or roads that are known
to be weak.

At the present time a considerable
number of States and all the Provinces of
Canada are engaging in studies of the per-
formance of flexible pavements in service
and more work along this line is in pros-
pect in connection with the application of
the findings of the AASHO Road Test in
practice. All factors (such as the con-
dition and design of the pavement, mate-
rials, subgrade character, and traffic)
are taken into consideration in these
studies. Many of the States and all the
Canadian Provinces are, in addition, run-
ning seasonal deflection tests of selected
sections of the pavement, using the
Benkelman beam. In Oklahoma and South
Dakota and at the AASHO Road Test, good
correlations were found between the re-
sults of beam and plate load tests. Of
course, if the beam tests are a measure
of the ability of a pavement to support
load, a simple method of test is available
for use in establishing limitation of load
in the spring. In both the WASHO and
AASHO Road Tests it was found that beam
deflections were a fairly good predictor
of pavement performance.

BENGT B. BROMS, Closure—Mr. Benkel-
man's discussion brought out that the de-
gree of saturation for areas where failures
have taken place at the WASHO Road Tests
was higher than for areas where failures
have not taken place. The degree of sat-
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uration for the failed sections was approximately 90 percent as compared with 83 per-
cent for the unfailed sections. These data indicate that the degree of saturation is an
important parameler alfecling the bearing capacity of flexible pavements.

In the method of calculation proposed by the author it has been assumed that the de-
gree of saturation of the subgrade material is 100 percent and the data supplied by
Mr. Benkelman suggest that the degree of saturation of the subgrade material may
approach this value under unfavorable conditions. It is possible that the degree of
saturation of the soil at the time of failure might have been higher than the measured
values due to drainage of the soil between the time of failure and the time of sampling
and that some small changes of the degree of saturation might have taken place during
sampling and testing of the soil. The bearing capacity as calculated by the method
proposed by the author should not be considered as the only bearing capacity of flexible
pavements but as the lower limit that may be reached under unfavorable conditions,
when the degree of saturation approaches 100 percent. It is an economic question if
the design of flexible pavements should be based on the most unfavorable conditions
or on some other more favorable condition; e.g., 90 percent saturation of the sub-
grade soil,

Mr. Benkelman also brought out that the bearing capacity of flexible pavement as
affected by frost action has been evaluated by plate load tests. The bearing capacity
determined in this manner when the load is applied relatively slowly and when very
small excess pore pressures or none develop in the soil may be different from that
governing the bearing capacity with respect to moving traffic loads when the loads are
applied relatively rapidly and when high excess pore pressures may develop in the
subgrade soil. The method proposed by the author takes these excess pore pressures
in account and it has been shown that these excess pore pressures have a very large
effect on the ultimate bearing capacity. It is possible that the results from the load
tests cannot be used to predict under all conditions the bearing capacity of flexible
pavement subject to rapidly applied loads such as moving traffic loads.





