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A theoretical mathematical model of stress distribution in a
multi-layered system under loads of axial symmetry is pre-
sented. The model is generalized for any arbitrary number of
horizontal layers and each layer is assumed to be linearly
elastic, homogeneous, isotropic and of infinite extent in the
horizontal plane, the last layer being semi-infinite. Vertical
stress, vertical displacement and shear stress are considered
to be continuous across any interface. In addition, the shear
stress at an interface is assumed to be proportional to the rel-
ative displacement. Five sets of curves, obtained by an IBM
7074 computer, of vertical stress and displacement as a func-
tion of relative depth under parabolic loads are presented. A
comparison of vertical stresses is made to those calculated
by the theories of Burmister and Boussinesq.

eMATHEMATICAL models of vertical stress distribution for multi-layered systems
have been presented by a number of authors. These models have assumed either that
friction does not exist between the layers or that perfect adhesion exists betweenlayers.
This paper presents a model designed to represent a roadbed in which friction and rela-
tive displacement between layers are considered.

NOMENCLATURE
a = radius of tire imprint;
E = modulus of elasticity;
H = distance from the upper surface of the system toaninterface divided by a;
j = subscript referring to the jth layer;
P = tire pressure;
T, 8, z = cylindrical coordinates;
u, 0o, w = displacements of a point in the r, 8, directions;
B = proportionality constant between shear stress and relative displacement
at an interface;

¢ = strain component;

X u = Lame's constants;
o = normal stresses;
7 = shear stresses;
X = stress functions; and

2 2 2
v® = Laplace operator (a— YO _5_2) y

X 3y®  »z

THE MODEL

The model is generalized for any arbitrary number of horizontal layers and each
layer is assumed to be homogeneous, isotropic, linearly elastic, and of infinite ex-
tent in the horizontal plane. The geometry and the physical properties may vary from
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|L-|—5-1 layer to layer and the underlyinglayer is considered
B2 to be vertically semi-infinite. Interfacial conditions
m W ¢ considered are continuity of vertical stress, verti-
T & cal displacement and shear stress across the in-
| 2 Wp  Epk, terface. The shear stress is assumed to be pro-
portional to the relative displacement at the in-
4 terface as has been experimentally verified for
( silty and sandy soils by Terzaghi and Peck (5). The
unit weight of the material is assumed to be zero,
Entnke consequently only stresses due to surface loads are
found. Total stresses may be obtained by addingthe
stresses due to the column of material above the
point in question.

The system is assumed to be subjected to a
parabolically distributed vertical loadin simulation
of the contact pressure of truck tires. Lawton's re-
search (3) has indicated that such a pressure dis-
tribution results from truck tires. Overloadstend
to produce a pattern approaching uniform distribution.

The system is shownin Figure 1, and cylindrical
coordinates are used to facilitate the solution of the
problem since axial symmetry exists.

Figure 1. The general method of analysis involves the de-
termination of a stress function for each layer. The
stresses and displacements for the various layers

are expressed in terms of the stress function which satisfied the boundary conditions
of the layer in question. The problem is ultimately resolved (2) in a solution of the
biharmonic equation:

(b)

viX=0 (1)

The following equations express the stresses and displacements in terms of the
unction X:
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The boundary conditions based on the aforementioned assumptions are as follows:
At z=0 Tog =0 (8)

At z=0 cz=p[1-(r/a)2] foro<r<a

& =0 fora<r<ow (9)

At any interface

Oy = oz (j+1) (10)

At any interface
Wj = w]. o (11)

At any interface
Trzj =7rz (j+1) (12)

At any interface
rz; =B (uj - uj + 1) (13)

As

7 e O X m——() (14)

The determination of stresses and displacements lies in a solution (of Eq. 1) that
satisfied the boundary conditions described by Eqgs. 8 through 14. This wasaccomplished
through Henkel transforms. The transformed boundary conditions produce sufficient
equations to solve for the (4n - 2) constants resulting from the solution to a system of
n layers. The (4n - 2) equations were written in matrix notation and numerical evalua-
tion was accomplished by an IBM 7074 computer.

The program was developed for a parabolic distribution of load over a circular area
and a four-layer system was used. Poisson's ratio was assumed to be 1/3 since an
investigation by Peattie (4) found the probable value of Poisson's ratio to lie between
0.3 and 0. 4 for granular road materials and bituminous materials.

Vertical stresses, oy, and vertical displacements, w, were evaluated at the points
of symmetry since maximum values exist on this line. The shear stress and the radial
displacement on the line of symmetry are zero. The nondimensional parameters that
were specified in the program are the thickness ratios and the elastic moduli ratios of
all layers to the elastic modulus of the first layer.

TABLE 2
TABLE 1 ASSUMED ELASTIC MODULI
THICKNESS OF COMPONENTS OF fiave Silt Subgrade Gravel Subgrade
PAVEMENT STRUCTURE ayer (psSr (psi)
Tire imprint radius, in. 8 9 9 12 12 Surface course 5,000,000 5,000,000
Surface course, in. 2 3 3 4 6 Base course 1,000,000 500,000
Base course, in. 6 6 9 8 12 Subbase 100,000 100,000

Subbase, in. 12 18 12 16 18 Subgrade 10,000 500,000
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and third interfaces. The lower
value was used for the first inter-
Figure 10. face since it is generally believed

that less binding exists at this in-

terface than at deeper interfaces.

The results are plotted in Figures 2 through 11, Stresses at depth z are found by
entering the graph at z/a (where a is the tire imprint radius) and determining the cor-
responding stress influence coefficient; the coefficient is then multiplied by P. De-
flections are found in a similar manner from the deflection charts.

Details of the derivation of equations, Henkel transformation and matrix solution of
this problem may be found elsewhere (2).

A comparison of stresses as found by the theories of Boussinesq and Burmister (1)
with those resulting from this study is shown in Figure 10. The values at similar
depths determined by this study and those of Burmister agree quite well, whereas those
found by the Boussinesq theory are much higher.

Flexible pavements are generally constructed so that successively deeper layers
have smaller moduli of elasticity. This type of construction causes the stresses and
deflection at any depth to be reduced from those obtained in an ideal homogeneous bed.
The results of this study indicate that higher stresses are produced in the base course
than would be predicted by the Burmister theory. These findings tend to strengthen the
concept that the base course is the main structural member of the pavement. Thereis
also a suggestion that the interfacial shear strength has some bearing on the resultant
vertical stresses, particularly at the first interface.

Much further study is needed, especially a comparison of actual stresses and de-
flections with those predicted by theory. Values of shear constants at the interfaces
are guesswork at best, the assumed moduli of elasticity should be known with more
accuracy and Poisson's ratio for soil materials should be more clearly understood
before theoretical predictions can be made with much confidence. Further clarifica-
tion of these factors and further study of the effect that the variables have on stresses

and deflections should lead to more efficient and economic design criteria for flexible

pavements.
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