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This paper contains solutions for displacement, strain, and
stress components produced throughout a homogeneous,
cross-anisotropic elastic half space by loadings of a particular class. This class includes only loadings that are
distributed over a circular area, and that give rise to a
deformation field that has a vertical plane of symmetry.
The loading conditions considered are unidirectional horizontal shear stresses, a linear variation in vertical direct
stress, and a linear variation in vertical displacement.
•THE presence of patterns of structural anisotropy in soils is likely to be widespread
and the reasons for this have been discussed previously (6 ). With this in mind a homogeneous, cross-anisotropic, elastic half space has been chosen as a simple model of
earth masses because it possesses the symmetries that often exist in the structures of
such masses. (A cross-anisotropic elastic body has an "rl" fold axis of symmetry or
an axis of symmetry of rotation passing through each of its points; hence, its properties
in all directions perpendicular to that axis are identical but different to the properties
parallel to the axis.) The number of elastic parameters involved with this material is
five instead of two as for an isotropic material.
In this paper the class of deformations of a homogeneous, cross-anisotropic half
space that have a vertical plane of symmetry are investigated. Three loading systems
are considered (Fig. 1). The loads are applied over circular areas and are described
briefly in the following.
•Loading Condition A-A uniform distribution of unidirectional horizontal shear
stresses. Loading of this type produces a resultant horizontal thrust and is therefore
typical of the braking and traction loads imposed on road pavements and horizontal
loads developed in foundations due to the action of wind.
•Loading Condition B-A linear variation of vertical direct stresses. In this case
the diameter along which the steepest gradient of vertical direct stress occurs is at
right angles to the diameter along which the vertical direct stresses are zero. Since
this type of loading develops a resultant moment but no resultant vertical force, it can
therefore be used to analyze the action of moments on foundations.
•Loading Condition C-A linear variation of vertical displacement. This is analogous
to loading condition B although the vertical displacement is defined rather than the vertical direct stress. Again there is a resultant moment but no resultant vertical force.
Also the diameter along which the steepest gradient of vertical displacement occurs is
at right angles to the diameter along which the vertical displacements are zero.
Half the loaded areas for both loading conditions B and C are required to withstand
vertical tensile stresses. Such a requirement could be rarely met in practical soil
mechanics and hence the main value of solutions for these conditions is when they are
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A. Unidirectional horizontal shear stresses

B. Linear variation in vertical direct stress

used in conjunction with solutions for a loading condition where there is a resultant vertical force of sufficient magnitude to prevent
the development of vertical tensile stresses
in the foundation. Two such loading conditions
have been considered previously by Gerrard
(6 ), who has given solutions for a total of five
aXisymmetric loadings applied to a homogeneous, cross-anisotropic elastic half space.
These loadings are: (a) uniform vertical direct
stress, (b) uniform vertical displacement, (c)
linearly increasing radial shear stresses, (d)
linearly increasing torsional shear stresses,
and (e) linearly increasing torsional shear
displacement.
Thus, it can be readily seen that a range
of complex loading systems, applied over circular areas, can be analyzed by superimposing
the solutions for these axisymmetric loading
conditions onto the solutions for the three
loading conditions considered in this paper.
The aim in providing these latter solutions
has been to evaluate all displacement, strain
and stress components at all points throughout
the half space. The reason for this is that the
most critically loaded zones from a soil mechanics point of view may not necessarily lie
on the load axis. In addition it is often necessary to be able to estimate the total field s of
any or all of the s tresses and/or strains and/
or displacements when assessing the behavior
of loaded ear.th mass.

Loadings of a similar nature to those discussed in this paper have been previously considered by Barber (1, 2), Muki (8), and Westmann (13, 14). However, all of this work is
restricted to isotropic materials and in addition the solutions presented are not as come. Linear variation in vertical displacement prehensive as those given here.
However, the stresses produced in a crossFigure 1. Loading conditions.
anisotropic half-plane by loadings in the form
of either a vertically or horizontally acting
line load have been calculated by De Urena
et al (4). In a further paper (9 ), these workers have integrated the above results to
produce solutions for the cases of triangular distributions of vertical and horizontal
loading stresses acting over a finite width. The respective resultant external loadings
required in these cases would be {a) a combined moment and vertical thrust, and {b)
a horizontal thrust. Thus these loading conditions are analogous to some of the loadings
over circular areas considered in this paper and the previous work ~).
NOTATION
General
r, 6, z
u, v, w

r;, 00, Zi )

cylindrical coordinates
displacements in corresponding coordinate directions

r.z, ei., ;-0 idirect stress and shear stress components of the stress tensor
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E:rr• E:99, E:zzt
E: rz• E: az• E: re ~
a, b, c, d, f

direct strain and shear strain components of the strain tensor
components of the elasticity tensor
modulus of elasticity in the horizontal direction
modulus of elasticity in the vertical direction
Poisson's ratio-effect of horizontal strain on complementary
horizontal strain
Poisson's ratio-effect of horizontal strain on vertical strain
Poisson's ratio-effect of vertical strain on horizontal strain
modulus of elasticity-isotropic material
Poisson's ratio-isotropic material
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Quantities and Parameters Involved in Solutions
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maximum vertical loading pressure (psi)

r = horizontal offest from load axis/ro (inch/inch)
r 0 = loaded radius (inches)
s = unidirectional horizontal shear stress (uniform distribution) (psi)
z
depth from surface/ro (inch/inch)
STRESS-STRAIN RELATIONSHIPS

For a cross-anisotropic clustic mutcrial the stresses can be expressed in terms of
the strains by:
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The relations expressing the direct strains in terms of the direct stresses together with
others expressing the elasticity components a, b, c, d in terms of the Young's moduli
and Poisson's ratios have been given previously (6).
The strain components are
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METHOD OF SOLUTION AND PRESENTATION OF RESULTS
The method of solution of problems involving the static loading of layers of crossanisotropic elastic material, previously outlined by Gerrard and Mulholland (7 ), is
based on the integral transform techniques developed by Sneddon (10) and Tranter (11).
The problem considered in this paper, i.e., a homogeneous half space undergoing deformations that possess a vertical plane of symmetry, is a special case of the general
range of problems that may be solved by this method.
For all three loading conditions the solutions for the displacements, strains, and
stresses involve integrals of products of Bessel functions. In order to simplify presentation, these integrals have been abbreviated according to the following notation:
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The form of solution obtained for the types of deformation considered has been shown
to depend on the parameters a 2 and {3 3 that are functions only of the elastic constants
(7 ). Hence, for each of the loading conditions, three complete lists of solutions are
g1ven for the following cases:

1. Cross-anisotropic, a 2 positive, (3 2 positive;
2. Cross-anisotropic, a 2 positive, (3 2 zero;
3. Isotropic; this is a particular case of item (!)with aa

=

1, (32

= 0.

Appended to the solutions for each loading condition is a section dealing with the evaluation of the relevant integrals. These sections are divided into three parts depending
upon whether the integrals are to be evaluated:

1. At a general point within the system (i.e., r
2. At a point on the load axis (r =0); or
3. At a point on the surface (ij> = z = 0).

I

0,

iJ>

I

O);

With regard to the evaluation of the integrals at a general point it can be seen from
the lists that simple and direct results are obtained for loading condition C where the
surface displacements are defined. However, this is not so for the defined stress
conditions (A and B) where the integrals had to be evaluated by numerical integration,
on a high-speed digital computer, for a range of values of r and iJ>. * Some of these
integrals have been previously tabulated by Eason, Noble, and Sneddon (5) for different
ranges of values of r and I/> than were used in the current work. For aiii.sotropic materials the parameter I/> is in the form of either pz, ¢z, az, or yz and therefore is a
function of both the elastic parameters and the depth. This means that when using the
tables* to calculate the stresses, strains, and displacements at a particular point within
the system it will be generally necessary to interpolate between the tabulated points
along the I/> coordinate.

*The tabulated values of a total of 22 such integrals are in Tables I through 22, which are included in
a lengthy Appendix not published in this Record, but which is available from the Highway Research
Board at the cost of reproduction and handling. Refer to XS-24, Highway Research Record 282.
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At points on the load axis (i.e., r = 0) the integrals involved in all of the loadi ng
conditions can be evaluated simply and directly. On the other hand for points on the
surface (i.e., iJ; = z = 0) 'the integrals for all loading conditions become discontinuous
in nature, in order to fulfill the loading conditions. As indicated most of the integrals
have simple results while the remainder yield results in the form of hypergeometric
"functions (10, 12). Integrals whose coefficients contain z' have not been considered since
their productsTz. I or z. J) are in general zero for points on the surface. The values
of integrals given in this paper are based directly or indirectly on the results obtained
by Watson (12), Sneddon (10) and Bateman Manuscript Project (3),
In all solutions the orientation reference in any horizontal piane is given by 0 = 0
or rr along the direction of the vertical plane of symmetry in the displacement patterns.
TOTAL MOMENT-DEFINED DISPLACEMENT RELATIONSHIP
For loading condition C it is possible to derive relationships between the defined
surface displacement and the requisite applied moment. These relationships, found
by integrating the moment of the vertical direct stress over the loaded area, are as
follows:
Cross-anisotropic:
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