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Foreword 
The term "reinforced earth" maybe misunderstood prior to reading the 
article by Vidal, but a study of this novel approach will prove highly 
interesting. The possibilities in construction application, as already 
in use in Europe, will immediately appeal to the sense of the practical. 
Providing the cost savings as shown in Europe can be approximately 
duplicated in this country, there are many locations where this new 
method could find useful application. This use of relatively non-cohen
sive natural soils with light reinforcing to construct vertical embank
ments is appealing. 

Three papers dealing with theoretical stresses and deflections in 
pavement systems help explore the scientific explanations for pavement 
action and reaction. Schiffman delves into continuum theories for a 
rational analysis of pavement behavior explaining the stresses and dis
placements due to tire load transmitting vertical loads and lateral trac
tion depending upon the adhesion between the tire and pavement. Simi
larly, Chou and Larew present a study of the response of the pavement 
system to moving loads. Comparisons are made between the results of 
this study and field measurements. Gerrard presents solutions for dis
placement, strain, and stress components produced by circular surface 
loadings. All three papers serve to extend the knowledge of the me
chanics of layers and performance under load. This knowledge will 
help to define design concepts to provide for improved and lengthened 
performance of pavements in the field. 

James, Krizek, and Baker developed an empirical rule to describe 
the nonhomogeneous distribution of undrained shear strength with depth 
for a purely cohesive soil. Designers of footings for retaining walls, 
bridges, etc., will appreciate the charts and equations that are pre
sented for a variety of strength distributions. One of the conclusions is 
that the bearing capacity in this study was found to be s trongly depen
dent on the width of the applied load and to a lesser extent on the effect 
of overconsolidation in the upper zone. 

The steady-state seepage flow under and through a leaky sheetpile 
(and most of them are to some degree) has been studied by Krizek and 
Karadi by means of an electric analog. Charts are presented to eval
uate quantitatively the extent of the decrease in effectiveness in relation 
to the percentage of holes in the leaky sheetpile. 
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The Principle of Reinforced Earth 
HENRI VIDAL, Bureau d'Etudes de la Terre Armee, Paris, France 

•REINFORCED earth is a material formed by combining earth and reinforcement. The 
term "earth" covers all types of ground found in nature, or produced by physical or 
chemical means, including both granular soils and earth which exhibits some slight 
cohesion. 

It can include all particle sizes (silt, sand, gravel, stones, and all sizes of rocks); 
it can be formed of prefabricated elements (concrete, for example). The word "rein
forcement" is used to define all linear components which can withstand major tensile 
stresses. Thus, earth is a mass of constituents with compact shapes, closetoasphere 
or cube; as a result, we will call them "grains" or "particles". Reinforcing members 
are elongated elements, with one dimension clearly greater than the others. 

Earth alone, or at least granular earth, according to the definition used in soil me
chanics, is made up of non-cohesive particles, but when horizontal beds of flexible, 
rectilinear reinforcement are introduced into this earth, the whole mass exhibits some 
cohesion. It is a body of reinforced earth. 

This cohesion of reinforced earth arises from friction of grains of earth against the 
reinforcing members. There is a transmission of forces by friction between the grains 
and the reinforcements, introducing true cohesion to the whole mass. 

This assumes that there is grain-reinforcement friction without sliding; therefore, 
the reinforcing members must be so arranged that this condition is always met. Since 
reinforcement can be placed along the directions of the three axes of a trihedral, it can 
easily be understood that a reinforced earth body maypresent cohesion in all directions. 
Consequently, it is possible to build structures of reinforced earth in any desired 
shape. 

In such structures, the stresses developed in the reinforcement depend on the sum 
of the contact actions between the earth particles. As a result, if the reinforcement 
is properly placed and designed, it is possible to avoid any shear and any sliding, so 
that the entire mass behaves like a cohesive solid capable of withstanding both internal 
and external forces. 

In short, friction is the basis of the theory of reinforced earth. Once the proper 
contact between earth and reinforcement is established, the problem becomes one of 
calculating the stresses in the reinforcement and in the earth. 

FRICTION BETWEEN EARTH AND REINFORCEMENT 

To be effective, the reinforcing members must be connected to the earth. Since the 
reinforcing action results only from friction, it must be determined whether this fric
tion exists without sliding. 

Let us consider two grains of earth in contact with a reinforcing member (Fig. 1). 
If the contact force makes an angle ex with the plane perpendicular to the reinforcement 
(f being the friction coefficient between grains and reinforcement) there must be the 
relationship tg a < f. However, if the tension in a reinforcing member remained con
stant, it would transmit none of its stress to the earth and have no effect on ex or the 
second grain. It would form no connection between two neighboring grains, such as in 
the case of tie rods. 

Paper sponsored by Department of Soi Is, Geology and Foundations. 
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Figure 1. 

On the other hand, if the tension in a reinforcing member has a value of F 1 imme
diately in front of a grain (Fig. 2), and F 2 immediately after the neighboring grain, 
everything behaves as if the reinforcement were creating a connection between the 
two grains with a tension F 1 - F ~· For this connection actually to take place, this ten
sion F 1 - F 2 must result from friction without sliding between the earth and the rein
forcement. Let us call dl the distance between the two points where the tension has 
the respective values F 2 and F 1 (Fig. 3). 

Over the length dl of the reinforcement, the stress varies by 

If the stress in the earth perpendicular to the plane of the reinforcement (Fig. 4) 
has the value N (the force normal to the reinforcement over this length dl), and on two 
faces a value of 2 Ndl; it is then necessary to ascertain that friction is taking place 
without sliding, or 

pq 
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Figure 2. 
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Figure 4. 

Since f is the coefficient of friction between earth and reinforcements, the coefficient 
2 results from the friction on both faces of the flat reinforcement. As a result, if the 
relationship 

dF f 
2 Ndl s 

is verified, it can be assumed that granular friction on either side of the reinforce
ment is taking place without sliding, and with a factor of safety, s. 

This relationship is somewhat similar to that of the bonding of the reinforcement in 
a reinforced concrete beam, only the bond stress is replaced by a pressure multiplied 
by twice a coefficient of friction. This formula assumes that the reinforcing members 
are flat and that a layer of reinforcement forms a complete plane. In reality, the re
inforcements are in flat bands of limited width spaced at finite distances from each 
other (Fig. 5). 

If K is the proportion of reinforcement per unit length, the formula becomes 

dF < 2 KNf 
dl 

The slope of the curve giving the stress in the reinforcing members as a function of 
their length must not exceed a certain value. In the case of the beam in reinforced 
earth with a shear force T, dF /dl = T, and it is enough to assure that 

T < 2 KNf 

In the case of round reinforcements (Fig. 6), a similar formula will apply: 

Figure 5. 

dF < K TT¢ Nf 
dl 

where 
¢ 
K = 
N = 

diameter of rod, 
number of rods per unit, and 
average pressure around the rod. 

These two formulas are pessimistic 
because they do not take into account the 
arching effect between adjoining reinforc
ing bars. 

In the preceding arguments, only the 
connection between a reinforcing member 
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and the grains of earth with which it has 
direct contact has been considered, but 
reinforcing layers generally lie at some 
distance from each other. Therefore, 
we must examine the manner in which the 
stresses in the reinforcement are trans
mitted from the grains in direct contact 
to those not in contact . 

Although the manner of transmission 
is not lmown with certainty, it is assumed 
that this connection must be in some form 
of a strut or arch (Fig. 1). However the 
lack of such lmowledge in the case of re-
inforced concrete has not hindered its de
velopment in the last 50 years. 

In reinforced earth it is assumed that a grain G directly in contact with the rein
forcement has an appreciable effect only on the grains between two layers of reinforce
ment over a certain radius related to the spacing of the reinforcing members (Fig. 8). 
Therefore, in making calculations,· the earth particles can be considered as sacks of 
earth with a thiclmess equal to the distance between two reinforcement layers. 

It ts of little importance that we do not know exactly what happens within the sacks. 
If a structure actually consisted of sacks of earth, all the calculations would still be 
fully justified; opening the sacks by tearing the sides perpendicular to the reinforce
ment (Fig. 9) need not change the distribution of the stresses except in t.IJ.e immediate 
neighborhood of the tear. This should make no difference to the stresses on a grain A 
situated in the middle of the sack (Fig. 10). 

Thus, it can be seen that the first condition for the existence of reinforced earth
friction between earth and reinforcement-can be met, and it can be checked by verify
ing a relatively simple formula. The calculation depends on the coefficient of friction 
between the earth and the reinforcement, on the stresses in the earth, on the geometric 
properties of the reinforcement, and on the rate of change of tension along each rein-
forcement. 

Contrary to what might be thought, this condition of friction between earth and rein
forcement has been achieved in all the numerous works which have been designed. 

CALCULATION OF STRESSES IN EARTH AND REINFORCEMENT 

It is now necessary to calculate the tension at each point in each reinforcement, to
gether with the stresses in the earth, in order to verify that the mass always remains 
in equilibrium. Difficulty in calculating reinforced earth results from dealing with 

Figure 9. 
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a heterogeneous material that is gener
ally non-isotropic and which, to all ap
pearances, includes large plastic zones. 

Although these special characteristics 
do not interfere with the validity of Mohr's 
circle, which makes it possible to repre
sent the stresses in the earth around a 
point, it seems difficult at first to con
nect the stresses and strains in some 
simple manner-such as the theory of 
elasticity or of strength of materials. 
Nevertheless, reinforced earth can be 
calculated and may be considered as a 
material having a certain elasticity. 

__ ,~·-
1 .. u1.·~· 1:1.•.•1.•.·.···1 0 ........... . 
·~·: :: ::t. •••••• ·t~!t 
1:,~"a"Ug 

tw. 
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Figure I 1. 

As a first step, the fundamental cases of simple compression and tension will be 
studied. Then the elasticity properties of reinforced earth will be discussed, together 
with two methods of calculating the stresses in the most general case. 

Pure Compression 

Material formed by a mass of particles without reinforcement has properties that 
are identical in all directions, since the particles are in a random arrangement. 
Therefore, the theory of the intrinsic curve (formed of two straight lines inclined at 
+ cp and - cp) is applicable. 

A cube of earth (Fig. 11) subjected to a compressive stress N1 on its two faces can
not remain in equilibrium, because the corresponding Mohr's circle (CJ cuts the in
trinsic curve. The cube can only be stable when compressive forces, N2, which are 
at least equal to i N 1, act on its other faces (Fig. 12). As a function of the angle of 
internal friction, the coefficient of active lateral earth pressure, i, has a value of 

Mohr's circle (C2) then becomes tangential to the intrinsic curve. In the absence of 
reinforcement, these stresses N2 can only be produced by external forces. It is no 
longer a case of simple compression, but of restrained compression. 

Let us now examine how the reinforcement produces stability in a cube of reinforced 
earth subjected to simple compression. 

Figure 12. 
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When considering an elementary cube of reinforced earth (Fig. 13), it is assumed 
that the reinforcement is arranged perpendicular to the direction of the compressive 
force N1 in two directions at right angles. For this reinforcement to fulfill its func
tion, it is assumed that there is no sliding between the reinforcement and the particles. 
Thus, the neighboring particles A and Bare rigidly connected by the reinforcement. 

If A and B are contained in the two portions of earth nearest to two faces of the 
cube (Fig. 14), but outside this cube, everything acts as if the two plates formed of the 
external particles, which can produce stress on these two cube faces, were connected 
by the reinforcement. 

When the simple compressive stress N 1 is acting and when there is no compressive 
stress on the particles in the direction AB, sliding of the particles with respect to each 
other is automatically produced, since Muhl''s circle passes outside the intrimsic 
curve (Fig. 15). The particles in the cube are in a plastic state. 

But the elementary cube tends to compress in the direction of cu111p1·ession, and 
since the particle mass occupies a volume which is roughly constant, it tends to ex
pand in the direction of the reinforcing members (Fig. 16). These expansions of the 
earth in the direction of the reinforcement are accompanied by extensions of the rein
forcement. As a result, compressive forces, caused by the interconnection of the 
particle plates on either side, act on the faces of the cube. 

The sliding of the particles within the cube is interrupted when the compressive 
forces become equal to i N 1 in such a way that Mohr's circle becomes tangential to the 

Figure 15. Figure 16. 
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Figure 17. 

intrinsic curve (Fig. 17). The complete reaction is that of an elastic body in compres
sion, with a modulus of elasticity 

where 
E 
s 
i 

Et 
ES 
21 

modulus of elasticity of the reinforcements, 
cross-sectional area of the reinforcements per unit area of earth, and 
coefficient of active lateral earth pressure. 

Pure Tension 

In the case of pure tension, resistance to tension is provided only by the reinforce
ments. Assuming that there is no sliding of the particles with respect to the reinforce
ments, reinforced earth is elastic in simple tension, as if the reinforcement were there 
by itself, the modulus of elasticity being ES (E = modulus of elasticity of the reinforce
ment; S = cross-sectional area of reinforcement in tension per unit area of earth). 

Elasticity of Reinforced Earth 

As long as there is no sliding between the particles and the reinforcement, rein
forced earth has an elastic behavior which is as effective in tension as in compres
sion, but its elasticity is not the same in the two cases. Even if the density of rein
forcement were uniform at all points and the same in all directions, the modulus of 
elasticity in tension would generally differ from the modulus of elasticity in compres-

sion, but not to a great degree. In prac
tical applications this modulus of elas
ticity is generally small. Thus, although 
it may seem paradoxical, earth will often 
be as elastic as timber or reinforced 
concrete. 

But if earth shows elastic properties, 
it follows (in a very approximate way) the 
mathematical theory of elasticity, since 
the constant ratio between stresses and 
strains can vary with the direction of the 
stress and with the point under considera
tion. In tension, it varies with the area 
of longitudinal reinforcements; in com
pression, it varies with the section of 
transverse reinforcement. The exact 
mathematical theory of elasticity in the 

Figure 18. case of a non-isotropic material includes 
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too many parameters to permit its prac
tical use without complicated calculations. 

In fact, reinforced concrete also does 
not have the same elasticity in tension as 
in compression; moreover, in compres
sion the elasticity of concrete varies with 
the value of the stress. Thus, there is 
never any proportionality between the 
forces and deformation at any point for a 
given direction, although this proportion
ality does exist for reinforced earth. 

It should be remembered that when 
demonstrating the elasticity of reinforced 
earth in compression and in tension, it 

Figure 19. has been assumed that the particles were 
sufficiently compacted to eliminate cavi
ties, so that during deformation the vol

ume of a unit cube remained more or less constant. In actual practice, such may not 
always be the case, and the period of apparent elasticity of the reinforced earth may 
be preceded by a period during which collapse of the cavities and compacting of the 
grains produces an initial, non-elastic, permanent deformation, which would appear, 
for example in the case of a beam, as a permanent deflection. 

The Design of Structures of Any Shape 

For structures of any shape, two methods of design have been prepared. 
First Method-In the first method, which is more practical, the volume of reinforced 

earth is cut by a surface S (Fig. 18) which divides it into two parts A and B. To pre
vent volume A from slipping with respect to volume B along surface S, under the action 
of forces acting on A and B, it is generally necessary to provide reinforcement con
necting A and B. This reinforcement must be so arranged that there is no sliding of 
any element of surface dS anywhere on area S (Fig. 19). 

Thus, it is assumed that over an element of surface dS, the result of the forces of 
A on B is R1, making an angle greater than<{) (Fig. 20) with the normal to dS. It is 
possible to arrange reinforcement connecting volume A to volume B with a tensile 
force F such that the resultant R2 of R1 and F makes an angle less than cp (Fig. 21) 
with the normal to dS. 

Inasmuch as this arrangement can be provided for all the surface elements dS of 
the area S, reinforcement can prevent the sliding of A on B, and the size and spacing 

' ' 
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Figure 20. Figure 21. 



of reinforcement necessary at each point 
can easily be calculated. 

If this equilibrium condition can be 
achieved, for any area S cutting the vol
ume of reinforced earth, then the entire 
mass will be in equilibrium. 

In practice, the surface Sis replaced 
by planes, and earth stresses in these 
planes are usually known with sufficient 
accuracy by assuming a linear distribu
tion of forces of contact along these 
planes. 

Second Method-The second method 
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calculates the stresses by the theory of Figure 22. 
elasticity (Fig. 22). A body of reinforced 
earthis elastic accordingto Hooke's law, 
that is to say that at a point M the defor-
mations are linear functions of the stresses. For a body of any shape, it would theo
retically be possible to determine the stresses at any point, as functions of the exter
nal forces-as if the body were following this law of elasticity. This law, moreover, 
takes into account the arrangement and size of reinforcement within the volume under 
consideration. In practice the calculation would generally be almost insoluble. 

On the other hand, elastic calculations in which the materials are assumed to be 
isotropic and homogeneous are conventional calculations in a certain number of simple 
cases. For cases of complicated volume, the stresses and strains may be evaluated 
by photoelastici ty. 

Finally, in the case of an elongated body which can be compared to a beam, the 
stresses may be calculated still more easily by the theory of strength of materials. 

It is thus tempting to try to apply the conventional theory of elasticity to a body of 
reinforced earth, if one could be sure that this comparison did not lead to major errors. 

But it is even more tempting to do so, when one sees this theory of elasticity cur
rently applied to concrete, which is not elastic since its deformations do not vary in a 
linear way with respect to the stresses; it is sometimes applied to reinforced concrete; 
and it is applied to many other non-isotropic materials. 

If the stresses at any point are known in the case of an elastic body, according to 
the forces acting on the body, it becomes a question of seeing how these imaginary 
stresses make it possible to determine the stresses in the earth and in the reinforce
ment. These imaginary stresses at any point M may be represented by the correspond-

ing Mohr's circle, C' (Fig. 23). Since 
there is generally no reason for this cir• 
cle to lie inside the intrinsic curve for 

F 
Figure 23. 

the earth, equilibrium will not generally 
occur with granular earth. 

Inclusion of reinforcement modifies the 
stresses in the earth in such a way that 
the new Mohr's circle at this point, cor
responding to the earth alone, lies inside 

ii the intrinsic curve. 

Figure 24. 
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In practice, during the course of 
general elastic deformation, the par
ticles cannot remain in equilibrium 
without reinforcement, and slide in 
such a way that the reinforcement is 
placed in tension (Fig. 24). 

If it is assumed that the connec
tion at A and B between the pa1°ticles 
and the reinforcement is done without 

~1----~~-~+----t---~ V\ sliding, and we have concluded that 
everything acts as if the two faces A 
and B of the elementary cube of earth 
formed two plates rigidly connected 
to the reinforcement. 

The reinforcement is placed in 
tension between A and B with a tensile 
force F equal to the compressive force 

Figure 25. exercised by the plates on the grains. 
Thus, the effect of the presenc;::- of the 
reinforcement is to introduce an ad

ditional compressive force in the grains, parallel to the reinforcement and equal to the 
tensile force in the latter; the corresponding compressive stress has a value of na 
such that F equals S na, where S is the area of action of the reinforcement on the par
ticles perpendicular to the direction of the reinforcement. 

Taking into account this additional compression in the earth, a new Mohr's circle 
can be drawn (C 2) which represents the stresses in the earth alone around the point 
considered (Fig. 25). For the earth to be in equilibrium, this new Mohr's circle must 
lie inside the intrinsic curve for the earth. 

The graphical construction which makes it pnsi;;ihlP. tn find the value F of the stress 
in the reinforcement is simple, and this method can be used to calculate all the stresses 
in the reinforced earth body. 

CONCLUSIONS ON THE THEORY OF REINFORCED EARTH 

The fundamental calculation for the friction between earth and reinforcement, 
which is the basis of the cohesion of reinforced earth, is extremely simple. When the 
stresses in the earth and the reinforcement are known, only a simple formula is needed 
for computation. 

Insofar as the calculations for the earth and the reinforcements, it can be said that 
r irly close to the calculations which are made for conventional structures 

and materials. 
The principal cases of pure compression and pure tension are calculated with the 

same degree of accuracy as for conventional structures. On the other hand, for work 
of no specified shape the calculations are fairly difficult-as is the case with other ma
terials. 

It is because structures of this nature may be encountered fairly frequently in re
inforced earth that the two very different methods have been prepared for their design. 
And when these two methods have been applied to the design of the same work, the re
sults have been very close in agreement. 

But there is one point at which reinforced earth leaves all conventional materials 
far behind. This is the possibility of checking the most difficult calculations by means 
of scale models. These scale models are very simple to construct, and they will al
ways offer a very effective method of checking the theoretical calculations. Therefore, 
they should advance the accuracy of this theory. 

CONSTRUCTION OF REINFORCED ·EARTH STRUCTURES 

In actual construction, the reinforced earth structures are composed of earth and 
reinforcing elements in the form of strips disposed in horizontal layers. In these 



layers, the strips are set at certain intervals. On the facing 
of the structure, a certain type of boundary, or skin, is re
quired to retain the earth particles that are not in contact 
with reinforcing strips. 

The Skin 

The skin must have certain qualities. First, it should 
have sufficient local resistance to retain the particles of 
earth contained between two adjacent reinforcing members t. 
close to the surface. But it must also have sufficient flexi- ____ ... 
bility to follow all deformations of the mass, by forming an 
integral part of the mass. If the skin were rigid, it would 
find itself in contact with members external to the reinforced Figure 26. 
earth mass-the supporting ground for example. It would 
also transmit large additional external forces (about which 
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little would be known and which would make it necessary to increase its rigidity even 
more). This would completely deprive the reinforced earth of its homogeneous quality. 

Thus, walls made with sheet piling with tie rods and anchoring blocks are not re
inforced earth structures, because their tie rods (wherein the tension is constant) have 
no similarity with reinforcement in which the tension varies and which links together 
particles in the earth mass. 

The boundary skin must have the particular property of adequate local resistance, 
combined with overall flexibility. It must act as a protection by offering resistance 
to shock and abrasion; it must be in a material or of a color which is acceptable. It 
must be of a sufficient degree of tightness or must provide drainage. It must be de
signed in such a way that its placing, together with that of the earth and the reinforce
ment, is very simple. Finally it must have a high resistance to corrosion. 

The skin may be plane, and may deflect through the simple elasticity of the mate
rial, just like rubber sheets. It can also be formed of rigid elements overlapping one 
another, as in the shells of numerous insects or crustacea (and there are several types 
of skin derived from this idea). But it may also be flexible by making use of curved 
areas (Fig. 26) with overall flexibility due to large curved surfaces. 

The semi-elliptical cylindrical elements or skins arise from this principle. Start
ing with this basic element, it is always possible to construct a body of any required 
size in reinforced earth, because the surface of the body can always be broken down 
into a pattern of elementary rectangles (Fig. 27). This basic element, which can have 
widely differing dimensions, is economical since it works in tension under most filled 
conditions. It is stable, and its stability 
is guaranteed regardless of the forces in 
the earth, its characteristics, or its set-
tlement. 

Figure 27. Figure 28. 
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Figure 30. 

Figure 29. The result can be shown on a scale 
model (Fig. 28). It can also be demon
strated mathematically by making the as

sumption that the stresses in the earth contained inside a skin element comply with a 
state of equilibrium similar to that of Rankine; that is to say, that the principal di
rections N 1 and N 2 are at all points parallel and perpendicular to the general line of 
the surface of the skin, and that the ratio of these principal stresses N jN 2 = i is 
constant. 

Under these conditions it has been ver ified, by the membrane theory, that the stable 
shape for a skin member is a semi-ellipse, with a ratio between the axes of{[. 

When the value of i changes (Fig. 29), or does not comply with cp = 30 deg, chosen for 
the initial ellipse, the ellipse chat1.ges shape slightly until the ratio between the axes re
turns to {i, corresponding to the actual angle of friction of the earth. In practice, these 
two phenomena occur at the same time, and there is an adjustment with a change in the 
value of i (Fig. 30). The local radius of curvature of the skin then varies enormously. 

: 

Figure 31. 

It has been verified that with this 
special form it is possible for this de
formation to take place and still give 
a factor of safety which is always 
greater than 2. This holds true no 
matter what the material chosen and 
for hi values of skin tension. It is 
concluded that, from a purely me
chanical point of view, the skin needs 
only a very small thickness to resist 
the forces acting on it. Other factors, 
such as corrosion, lead to increased 
skin thicknesses. 

Corrosion is a factor to be taken 
into account. Galvanized steel or 
aluminum magnesium alloy have al
ready been used in structures. Plas
tics have been tested. In the future, 
new types of metals, such as weather
ing steels, will certainly be used. 

Outside the initial protection given 
by a coating such as galvanization, or 
various types of chemical coatings, 
one way to fight corrosion is to in-



troduce in the skin and reinforcements the 
necessary extra thicknesses of metal. 

As previously shown, only small metal 
thicknesses are necessary from a purely 
m e ch an i ca 1 point of view. Generally 
speaking, the metal in reinforced earth 
structures is under low stress, whereas 
sheet or tube piling is under high stress 
and corrosion can rapidly become dan
gerous. 

Thus, the metallic elements of rein
forced earth can be calculated to last the 
design life of the structure. 

Reinforcing Elements 

Reinforcing elements can be made out 
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Figure 32. 

of any material possessing the necessary tensile strength and in any shape giving the 
necessary friction surface in the required direction. Thus, strips, wire mesh, steel 
cables, aluminum alloy or plastic fabric have been and could be used. Most construc
tion for walls has used elongated reinforcing strips made of galvanized steel or alumi
num magnesium alloy. The strips are disposed in horizontal layers and tied to the 
skin elements (Fig . 31) . They are set at calculated distances, depending on the forces 
acting on the structure. 

The Earth 

Between two horizontal layers of reinforcing strips, earth is dumped and, depending 
on the purpose of the structure, can be compacted or not. 

"Earth" as used in this paper covers a great number of natural soils, composed 
mostly of granular material, with an amount of clay not exceeding a certain limit. This 
limit varies with the type of reinforcement used, the general condition being that suf
ficient friction exists between earth and reinforcement to generate the necessary ten
sile stresses in the reinforcement. With the conventional type of reinforcement gen
erally used, this condition is met with earth having an international friction angle 
around 25 degrees. 

When building reinforced earth structures, conventional testing methods for embank
ment materials are used. 

. . :· :.::::::·/: '.:: :: :) ~ 

200 ft 

... ;: . .. 

Figure 33. 
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Types of Reinforced Earth Structures 

Most types of heavy foundation works can be built with reinforced· ·earth as well as 
with concrete, the respective weights of these two materials being quite close. Thus, 
the volume of a reinforced earth structure can be similar to that of a comparable 
concrete one. 

Earth-Retaining Walls-Figure 32 shows a typical wall, such as those on French
Italian or Normandy highways, constructed as an embankment to retain the adjoining 
land-thus reducing the nocoosnry right of way. 

Slope-Retaining Structures-Reinforced earth s tructures can be built on flat ground 
or on slopes (Fig. 33). The Peyro1met structure on the F rench-Italian highway wai:; 
built to retain a large slope, 200 ft in height; an intermediate reinforced ·earth wall 
was built in the top section of the slope to provide a service road. 

Platform-Supporting Structures-Figure 34 shows a typical example. The Vigna 
works, on the French-Italian Highway, consists of two reinforced earth walls, the 
top wall directly supporting the highway platform. The surcharge caused by the high
way is taken into account in calculating the distribution and size of the reinforcements 
inside the structure. It is always possible to design a reinforced earth structure to 
support whatever external forces are exerted upon it. 

------'~ITT'YT~mrl--Fco:rniatimrM1'ffiF'Ttrnmmur-a-d<!ml s en s m o 
works of this kind. One is a foundation mat to support a canal that had to pass over a 
section of ground containing gypsum beds where cavities could be expected to form due 
to flowing. The other is a roof over a uranium mine in Gabon. Both structures were 
made with wire mesh as reinforcement inside a mass of granular soil. 

Underwater Structures-Underwater structures can be built with the same elements, 
using an aluminum magnesium alloy to prevent corrosion when working in seawater. 
Prefabricating techniques have been used to speed up the work, and entire wall panels, 
including skin elements and reinforcing strips, have been assembled on land and set in 
place under water as a unit. 

Sand is then poured and the reinforcing strips released layer by layer (Figs. 35 and 
36). Piers for harbors have been built in France, using prefabricating techniques. 

Many other structures with varying shapes and sizes could be built. Walls to sup
port highways or railways in urban areas, dams, cofferdams, and tunnels in embank
ments have been projected or tested, and calculations have been developed. 
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REINFORCED EARTH PROPERTIES AND ENGINEERING PROBLEMS 

The development of reinforced earth in civil engineering is recent; the first struc
tures were built in 1964. Its use as a construction principle arises from several char
acteristics and indicates the place it is apt to fill in the future. 

Heavy Weight 

Reinforced earth is a heavy material like concrete. Heavy, solid structures able 
to resist high stresses or impact loads are often necessary and sometimes desirable 
for purely architectural reasons. Earth itself is being used in embankments, dams, 
highway supports, etc., but it requires handling large volumes and results in struc
tures that occupy considerable surface lands that become costly in populated areas. 

Reinforced earth has basically the 
same qualities, but with their vertical 

Figure 36. Figure 37. 
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facings such structures reduce the amount of earth movement and the right-of-way 
necessary. 

Strength 

Unlike earth alone, reinforced earth can be calculated to resist almost any pres
sure, because the particles constituting the mass usually have a high crushing resis
tance, and the reinforcing strips can be placed inside the mass to resist external con
ditions. Figure 37 shows a very high wall built with a large safety factor. 

Flexibility 

The mass constituting reinforced earth being essentially granular in nature, defor
mations of the supporting foundation do not produce fissures or breaks, as would be 
the case with concrete. In fact, an infinite number of fissures or cracks exists in the 
mass, and movements of the ground cause these fissures to move. In such a case, the 
particles slide along the reinforcing elements to achieve another state of equilibrium
resulting in another stress distribution in these elements. 

As long as the reinforcing elements are calculated to withstand these new loads, the 
whole structure remains stable. This phenomenon of plasticity with large deformation 
prior to rupture is an essential quality of every building material. Properly designed 
reinforced earth can possess this quality to such a high degree that resistance to earth
quakes should be important. Naturally, stability to external forces induced by earth
quakes should be considered, but reinforced earth should be more econimically favor
able than conventional materials because of the necessity for a large horizontal base 
and inside dinu:msioning. 

Simplicity 

Building reinforced earth structures is simple and fast. There is no time factor 
for settlement and compacting is necessary only when it is desired to limit vertical 
settlement. Skin elements come in standard lengU;, an; ea.sy to handle, ai1d no heavy 
equipment is necessary. No special skills are required either. 

Economy 

Because of its relative simplicity, the economy achieved in comparison with con
crete is great. The forces inside the mass of a structure are resisted by reinforcing 
elements placed according to calculations, and only in the direction required by the 
action of external forces. Concrete construction requires cement in all directions, 
making for an expensive and wasteful use of cohesive forces. 

In French highway experience, reinforced earth structures cost approximately half 
____ ,tJlat..c.oncrete s tructuxes..w.ould...ha'\te--C.Qs Ic:w-com.pa,pahle-11ses. T..fley-we-:re-al"Se-leffR----

costly than all other types of retaining walls (crib or bin walls) that could have been 
used. 

There is no height limit to structures made with the reinforced earth principle, and, 
indeed, its economic advantage increases with the height. 

With these interesting characteristics, the reinforced earth principle can be ex
pected to be used extensively in construction all over the world, filling a place between 
the large, heavy earth or concrete gravity works, and the ultra-elaborate reinforced 
or prestressed concrete structures. 

Finally, it should be pointed out that the reinforced earth principle, and its appli
cations, are patented in the United States and most other countries. 



The Influence of Adhesion on the Stresses and 
Displacements in an Elastic Half-Space 
ROBERT L. SCHIFFMAN, University of Illinois at Chicago Circle 

•A RATIONAL analysis of pavement structures, foundations and land locomotion prob
lems is based on the application of continuum theories of behavior of pavements and/or 
soil systems. The objective of a rational analysis is the development of numerical 
data that will accurately predict the performance of a particular engineering structure. 
In the analysis of pavements this objective would be accomplished if the rational anal
ysis accurately predicted the stress and displacements in a pavement system subjected 
to a known pattern of vehicle loading. 

One of the features required in a rational analysis of pavement structures is the de
scription of surface conditions imposed by vehicle traffic. In particular, attention is 
directed to the lateral restraints imposed on the surface by a ti.re. 

The movement of an automobile, truck or any self-propelled vehicle depends on the 
traction of the wheel as applied to the pavement surface. A perfectly smooth surface 
would provide no traction and there would be no movement. Thus, realistically the 
loaded area of a tire imprint transmits vertical loads due to the weight of the vehicle 
and tractions which are due to the lateral restraints between the tire and the pavement. 

The nature of lateral restraint between the applied tire load and the pavement sur
face is demonstrated in Figure 1. A static circular loading applied to a frictionless 
surface (Fig. la) will produce a surface displacement vector (ui). This vector has two 
components, the vertical displacement (uz) and the radial displacement (ur). In actu
ality, the pavement surface is not frictionless. There is some lateral restraint be
tween the tire and the surface. The application of a vertical force and subsequent lat
eral motion (ur) will induce a frictional force between the tire and the pavement. This 
frictional effect (Fig. lb) alters the magnitude and distribution of the displacement of 
the pavement surface. The exact shape of the altered displacement pattern depends on 
the magnitude and distribution of the frictional force. A simplified means of determining 
the frictional force is to assume Coulomb friction. The frictional force is then di
rectly proportional to the applied load. A more realistic, though more complex, me
chanism would be to consider the frictional force as related to the radial displacements. 
This is in the nature of considering the adhesion between the tire and the pavement sur
faces. 

The adhesive effect (Fig. le) restricts the lateral displacement (ur) of the pavement 
surface. The exact nature of adhesion between the tire and the pavement is unknown. 
It is probably a function of the load as well as the material properties of tire and pave
ment. A specification of full adhesion (ur = O) under the load, on the other hand, will 
produce an extreme effect which can form a bound to all other solutions. 

This paper treats the problem of an elastic half-space. The surface of the half
space is subjected to a vertical loading and a lateral restraint. The vertical load is 
uniformly distributed over a circular area. The lateral restraint conditions are such 
that the region inside the circular area has full adhesion (the lateral displacement is 
zero) while the area outside the circle is frictionless (the shear stress is zero). 

ADHESION UNDER A FLEXIBLY LOADED AREA 

The theory considered is the three-dimensional theory of elasticity for a homoge
neous, isotropic material. Small strains are assumed. It is further assumed that the 
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elastic medium is a half-space and that 
the surface conditions induce axially sym
metric stresses and displacements. The 
theory of elasticity sign convention is 
used. Tensile stresses are positive . 

Frictionless Surface 

The problem of a frictionless surface 
was first solved by Boussinesq (1), and 
later by Love (4). This solution forms 
the basis for later adhesive surface solu
tions. 

In order to distinguish this solution 
from others presented here, the stresses 
and displacements for a frictionless sur
face will be designated with a superscript 
(f). 

The surface is loaded by a uniform load 
intensity (p 0 ) which acts over a circular 
area of radius (a). The boundary condi
tions are 

f 
Uzz =-p0, Qsrsa, Z 0 (la) 

z 
Figure l. Surface conditions. 

f 
crzz 0, r >a, 0 (lb) 

f 
crrz = O, 0 s r s "', z = 0 (le) 

It is convenient to express the stresses and displacements in nondimensional form. 
The nondimensional variables are 

R r/a 

and 
z z/a 

The stresses and displacements are 

Po (l + v) 

E ZI.i - {l - 2vJij 

f p 0 (l + v) [ J 
uz/a = E 2(1 - v)I~ + ZI~ 

a!.~/Po = zI2 - I1 + 1 - 2v Io - ~ I1 
tttt: o o R i R1 

= ~ I1 _ 2 I1 _ 1 - 2v Io 
R i o R i 

- I~ - ZI~ 

- ZI2 

1 

(2a) 

(2b) 

(3a) 

(3b) 

(3c) 

(3d) 

(3e) 

(3f) 



where 

i A. q - 1 Js(RA.) J 
1

(A.) exp ( -A.Z)dA. 

0 

and (E) and (11) are Young's modulus and Poisson's ratio, respectively. 
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(3g) 

The integrals (Iq) defined above can be expressed in terms of elliptic integrals ( 4). s -
They have also been tabulated (3). 

The surface (Z = O) displacements are 

f lb (1 + v) (1 - 211) 
R < 1 (4a) uR(R, O)/a 2E R, 

f p (1 + 11) (1 - 211) 1 uR(R, O)/a 0 R > 1 (4b) 2E R' 

f 4(1 - 112 )p
0 E(R), (4c) uz(R, O)/a nE R < 1 

f 
uz(R, O)/a = •(I ~~' )p, R [ E (i) - (R~~ ') K (k)] , R > 1 (4d) 

where K(R) is the complete elliptic integral of the first kind and E(R) is the complete 
elliptic integral of the second kind. 

The stress components along the centroidal axis (R = O) are 

akR(O, Z)/p
0 

= a~9 (0, Z)/p 0 = ~ [ ZI~ (0, Z) - (1 + 211) I~ (0, Z)] (5a) 

a~z(O, Z)/p
0 

= - l~(O, Z) - ZI~(O, Z) (5b) 

f 
aRZ(O, Z)/p 0 = 0 (5c) 

where 

I~ (0, Z) = 1 - ( z/V 1 + Z2 
) (5d) 

(5e) 

Adhesion Under a Flexibly Loaded Area 

The adhesion problem is one in which there is no lateral displacement under the 
load while the surface outside the load is frictionless. These conditions are formulated 
for a uniform flexible loading as 

-
O'zz - Po, 0 :;;; r :;;; a, z = 0 (6a) 

-
O'zz 0, r > a, z = 0 (6b) 

u = 0 
r ' 

0 :;;; r :s: a, z = 0 (6c) 

i] = 0 
rz ' 

r > a, z = 0 (6d) 
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It is noted that this case is identified by a bar over the appropriate stress or displace
ment component. 

A solution to the elasticity problem with boundary conditions specified by Eqs. 6 is 
accomplished by use of the principle of superposition. The following boundary condi
tions specify a stress distribution: 

au = 0 0 s; r s; "" z = 0 zz ' ' (7a) 

-f 

- u~ = 0 s: r s: a, z = 0 (7b) 

0, r >a, z = 0 (7c) 

which when added to the frictionless solution will result in the solution to the boundary 
value problem specified by Eqs. 6. 

A solution can be developed by integral transform methods (6). Applying Eq. 7a to 
the transformed stress function (¢*) results in -

¢* = - i [ (1 - 211) - ~z J A
2 

exp ( -~z) (8) 

The application of Eqs. 7b and 7c results in the dual integral equations, 

"' 

I ;2 A2J i (;r)d; 1 - 2v r < a 
4(1 - 11) por, (9a) 

0 

"" 

I t 3 A .T ( tl'\rk .. 0 r >a ., ... -2-1'~-,-., -, 

0 

General relationships for the solution of dual integral equations have been developed 
~' _§_). The coefficient (A2) becomes 

A 2 = 2V2Tri A~ [ J% (>-..)f % ] (10) 

The transformed stress function (¢*) is 

(Ha) 

where 
1 - 2v (11b) 

(1 - 1i)'\/2TT 

The stress components are 

(12a) 

.,, [211Ko1 2(1 - v) Ko - ~ K1] ., + R 1 R i 
(12b) 

17ZK~ (12c) 



21 

(12d) 

where 

=i 'A q-% Jg 1 (A.) J (ID.) exp (-A.Z)dA. 
/2 s 

(12e) 

0 

The stress components along the centroidal axis (R = 0) of the load are 

AoRR(o, Z)/p
0 

= ~a00 (o, Z)/p 0 = 11 [ (1 + v) K~ (o, Z) - f K~ (o, z)J (13a) 

Aozz(O, Z) /p 0 = 71ZK~ (0, Z) (13b) 

where 

AoRz(O, Z)/Po = 0 

K~(O, Z) = V2fii [tan-
1
(1/Z) - Z/(1 + z2

)] 

K:(o, 2) = '\f871i/(1 + 22
)

2 

(13c) 

(13d) 

(13e) 

The stress components due to adhesion are obtained by adding the above solution to 
the stress components due to the frictionless surface. 

Figure 2 presents a profile of the radial and tangential stress along the centroidal 
axis. For an incompressible material (v = 0.5) there is no effect due to an adhesive 
surface. As the material becomes more compressible the radial stress, for both the 
frictionless andadhesivecases, decreases in magnitude. The magnitude of thedecrease, 
in the adhesive case however, is substantially greater than for a frictionless surface. 

A similar effect is shown in Figure 3, a profile of the vertical stress for both the 
adhesive and frictionless case. In the frictionless case the vertical stress is indpen
dent of Poisson's ratio. In the adhesive case, on the other hand, the vertical stress 
decreases with increasing compressibility. Near the surface the decrease is of the 
order of 25 percent. That is, a very compressible material will have a vertical stress 
some 25 percent less than an incompressible material. 

The surface shear stress is 

= - i!...:_~ R R < 1 
(1-vhr~' 

(14a) 

R > 1 (14b) 

The lateral distribution of the surface shear stress is shown in Figure 4 for various 
values of Poisson's ratio (v). For all but an incompressible material the shear stress 
starts at zero at the center and increases to infinity at the edges of the load. This is 
akin to the problem of a rigid load where the contact stresses are theoretically infinite 
at the edges of the load. 

In a real material with adhesion the high shear stresses at the edges of the loaded 
area will induce some local yielding thus distributing frictional stresses along the sur
face. From a practical viewpoint the effect of tire loads on a pavement is to induce 
high shear stresses at the edges of the tire imprint. 

The adhesive effect is directly opposed to the frictional effect. A frictional surface 
effect is one in which the magnitude of the shear stress is a maximum at the center of 
the load (R = O) and dissipates to zero at the edge of the loaded area. In an adhesive 
condition the shear stress is zero at the center of the load. It increases to a maximum 
value at the edge of the loaded area. 
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It is also noted that if the material is incompressible the surface shear stress is 
zero. This confirms the fact that the frictional and adhesive solutions are identical 
for this special case . 

The surface displacements are 
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uR(R, O)/a = 0, R < 1 (15a) 

uR(R, O)/a (l +; ~ 211
) p 0 [ R sin-

1 
(1/R) + ( 1+~R2 -1)/R], R > 1 

(15b) 

uz(R, 0)/a \i 11 p
0 

[ 4(1 - v) E(R) - (\-_ 
2
:)

2 V 1 - R2
], R < 1 (15c) 

uz(R, O)/a = 4(\Ev:i) p
0 

R [ E(l/R) - R2R~ l K(l/R)], R > 1 (15d) 

Figure 5 shows the lateral distribution of surface settlement. Adhesion under the 
load only affects the settlement under the load. Outside the loaded area the settlements 
are those of the frictionless case. 

The effect of Poisson's ratio on the 
magnitude of settlement in the adhesive 
case is substantially different than in the 
frictionless case (Fig. 6). In the fric
tionless case the minimum surface set
tlement occurs for an incompressible 
material. As Poisson's ratio decreases 
the settlement decreases in magnitude 

Rodia! Oi1lonce r/o 

Figure 4. Radio I distribution of surface 
shear stress-flexible load. 
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as an arithmetic progression. On the 
other hand, in the adhesive case the mini
mum settlement occurs at both ends (zero 
and one-half) of the Poisson ratio spectrum. 
The maximum settlement occurs in the 
neighborhood of (v = 0.2). The settlement 
is about 14 percent higher than the mini
mum settlement. 

Thus the effect of adhesion is to first 
reduce the overall magnitude of settle
ment . In addition, the effect of compres 
sibility is substantially altered, in that 
the maximum settlement occurs for com
pressibilities which are approximately at 
a halfway point in the compressibility 
spectrum. 

CONCLUSIONS 

This paper has presented a solution for 
the stresses and displacements in an elas
tic half-space under the influence of sur
face adhesion. In addition to the numerical 
solutions presented there are several dis-
tinct features of surface adhesion. 

The presence of adhesion reduces the 
magnitude of the stresses. The greatest stress reduction is in the lateral stresses. 

For a frictionless surface the vertical stresses are independent of the elastic con
stants. The presence of adhesion implies a dependence on Poisson's ratio (v). 

The surface shear stress distribution produced by an adhesive surface starts at zero 
at the center of the load and goes to infinity at the edges of the load. This means that 
the friction induced by adhesion is greatest at the edges of the tire imprint on a pave 
ment. Thus there are local shear failures along the perimeter of a flexible load. 
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Stresses and Displacements in Viscoelastic 
Pavement Systems Under a Moving Load 
Y. T. CHOU, U.S. Army Engineer Waterways Experiment station, and 
H. G. LAREW, University of Virginia 

The design of flexible pavements requires a knowledge of the 
stresses and displacements induced by traffic. This paper is a 
study of the response of viscoelastic materials to moving loads 
in pavement systems. By neglecting the inertia effect, expres
sions for stresses and displacements in single- and two-layered 
viscoelastic systems are developed for a moving concentrated 
load based on tbe elastic-viscoelastic correspondence principle. 
Numerical solutions for various types of materials at various 
speeds of the load and discussions of the influence and relative 
importance of various factors affecting the solutions are pre
sented. Comparisons are made between existing fieldmeasure
ments of stress and displacement and the results obtained in 
this study. The computed stresses and displacements decrease 
with increasing speed of the load as well as with increasing 
value of retardation time of the viscoelastic material. For 
viscous materials, the displacements continue to increase as 
the load moves away from the station, but the maximum stress 
always occurs when the load is directly over the station. The 
stresses and displacements in the subgrade soils are reduced 
when a reinforcing layer is present. The degree of reduction 
depends on the speed of the load and the relative material prop
erties for each layer. 

•IN recent years, there has been an increasing interest in the application of dynamic 
theory to the structural design of pavements. Although engineers realize that a highway 
pavement is subject to moving loads as well as stationary ones, most current methods 
of pavement design are based on the assumptions that the pavement materials are time
independent and linearly elastic, and that the design wheel load is stationary. Since 
highway pavement materials have both elastic and viscous properties (1), the stress
strain relations for the materials are not constant but vary with time. -Recent research 
has shown that, under small strains, asphalt mixtures exhibit viscoelastic behavior (2) 
and that a viscoelastic theory should give a better approximation of the displacements 
in pavement systems than that obtained by elastic theories (3). Space technology has 
also advanced in recent years as a result of studies of the viscoelastic behavior of solid 
rocket propellants (4, 5). 

The analysis of linear viscoelastic media is generally based on the correspondence 
principle developed by Lee (6), which permits the application of existing elastic theory 
to the solution of the viscoelastic problem. Considerable work, based on this principle, 
has been done in the analysis of both elastic and viscoelastic plates on viscoelastic foun
dations (7). The application of the principle to the analysis of layered systems was 
initiated by Ishihara(~) and Westmann (~)in 1962. 

Paper sponsored by Committee on Strength and Deformation Characteristics of Pavement Sections and 
presented at the 48th Annua I Meeting. 

25 



26 

The analysis of viscoelastic pavements subjected to moving loads has received in
creasing attention. One approach (10, 11, 12) considers the pavement to be a visco
elastic beam or plate supported by alinearly elastic foundation. This beam or plate is 
loaded by a concentrated force moving at constant velocity. Perloff and Moavenzadeh 
repor ted (13) a thorough study of the surface deflection characteristics of a viscoel astic 
medium under a moving point load. They found that the r esponse of pavement materials 
to moving loads was quite different from the response to stationary loads. 

The st'.!dy reported herein expands Perloff' s and Moavenzadeh' s work to layered sys
tems. Information is presented that may lead to a better understanding of the influence 
and relative importance of the various factors that enter the problem, i.e., material 
properties and the speed of moving loads. A method of analysis was developed and, by 
neglecting inertia forces, equations were derived for stresses and displacements in
duced by moving concentrated loads at points on and below the surface of viscoelastic 
pavement systems. The equations ·were solved on a digital computer. 

In deriving equations for layered systems, a "rough" interface was assumed, i.e ., the 
displacement in the horizontal direction and the shearing stress were continuous across 
the interface. It was felt that a rough interface would better describe the actual condi
tion of flexible pavement structures. 

To show the effect of a reinforcing layer on the reduction of stresses and displace
ments at the subgrade soils, computations were included for viscoelastic semi-infinite 
solids that had the same material properties as the subgrade soils. These computations 
were compared with those for layered systems. Because the stresses and displace
ments under moving loads decrease rapidly with increasing speed of the load, numerical 
solutions were obtained for various speeds and several types of materials. These re
sults were then compared with solutions for stationary loads. 

It was felt that a dimensional presentation of several variables could best serve one 
essential purpose of this study, i.e., to show the effect of the speed of the load and the 
variations of material properties on the stresses and displacements in pavement sys
tems. Therefore, time, t, was expressed as seconds and velocity, v, as miles per hour 
in the numerical presentations. 

Since layered systems were difficult to analyze, even with a high-speed digital com
puter, an incompressible material and a Kelvin model were assumed for each layer to 
describe the behavior of the linear viscoelastic materials. To obtain compatible results 
the same were assumed in single-layer systems. The results presented herein are 
limited to one- and two-layer systems. 

ELASTIC ANALYSIS 

Single-Layer Systems 

The expressions for vertic.al stresses an.d v~rtical <ii~pl_aceme11t.s (in the remainder 
of the discussion, stress and displacements are considered to be "vertical") in a semi
infinite elastic half space, subjected to a vertical normal load, can be found in Timo
sheu.ko and Goodier (14): 

where 

11 = Poisson's ratio, 
E =Young's modulus, 

3q -5/ 
Sz = - o z a (R2 + z2) i 2 

2;" (la) 

(lb) 

R = horizontal distance from the normal load to the point where the stress and dis
placement are found, and 

Z =depth of the point from the surface. 



LAYER 1 H 

LAYER 2 

Figure l. A two-layer elastic system. 

27 

Two-Layer System 

The elastic solution for two
and three-layer systems was de
veloped by Burmister (15), and 
later extended by Mehta and Velet
sos (16), by using stress function 
method to determine the compo
nents of stress and displacement 
under stationary loads. 

A two-layer elastic system is 
shown in Figure 1. The Young's 
moduli of layers 1 and 2 are E 1 

and E 2, respectively, and the Poisson's ratio for each layer is assumed to be one-half. 
Eqs. 2 express the displacement W 0 on the surface, and the displacement W 1 and the 
stress a1 at a point 2H below the surface of a two-layer system under a normal point 
load, q0 • The derivation of the equations can be found elsewhere (16, 17). 

where 

CD 

= 4:H2 f Jo (mp) Vo dm 

0 

CD 

= ~ f J 0 (mp) V 1 dm 
4?TH 

0 

CD 

~ f mJ0 (mp)V dm 
2?TH 

0 

J 0 = Bessel function of the first kind and order zero, 
m = a parameter 
p = R/H, 

3 -2m 2 -4m 
V = ~ 1 + 4Nme - N e 

0 
Ei 1 - 2N{l + 2m2 ) e - 2m + N2e -4ffi' 

3 (l ) -2m ( 2) -4m v = ~ (1 _ N) + 2m e - N 1 - 2m e , 
1 

E2 1 - 2N(l + 2m2 ) e - 2m + N2e-4lll 

( ) -2m ( 2) -4m 
V = (l _ N) 1 + 2m e - N 1 - 2m e d 

qo -2m -4m ' an 
1 - 2N(l + 2m2

) e + N2e 

Moving Load 

(2a) 

(2b) 

(2c )" 

Since the speeds of the vehicle loads traveling on highway pavement are much less 
than the speeds of the shear and compression waves propagated in the pavement struc -
tures, it was assumed that inertial effects are negligible. The problem was therefore 
treated as quasi-static. 

The pavement structure was assumed to be at rest initially. For times greater than 
zero, the surface of the pavement was subjected to a concentrated load of magnitude, 
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q0, moving along the r-axis with constant speed, v (Fig. 1). The elastic problem for a 
q

0 
loading at a given instant is solved by Eqs. 1 and 2 by shifting the origin of coordi

nates. R can be represented as 

where R0 is the horizontal distance from the origin, o, to the point where the stress and 
displacement are sought. In this study, o corresponds to the initial position cf the mov
ing load. 

VISCOELASTIC ANALYSIS 

Material Characterization 

The viscoelastic stress-strain relations used throughout this paper are based on the 
principle of elastic-viscoelastic correspondence developed by Lee (6) and ar e defined 
by means of linear differential operators with respect to time. For-a linear, homo
geneous, and isotropic material, the stress-strain relation can be represented by two 
pairs of operators, one of which r elates the deviatoric (shearing) stress to the devia
toric strain, the other the mean normal dilatational (volumetric) stress to the mean 
normal strain. For an incompressible material, the bulk modulus of the material, K, 
becomes infinite. Attention was concentrated on the shearing stress and shearing strain 
relations. 

The behavior of a viscoelastic material in pure shear is represented by a differential 
relation in the form 

where 

Sij = deviatoric stress = aij - (j) 6ij °ltk• 

eij = deviatoric strain = <ij - ( j) Oij <kk, 

aij = stress tensors, 

E"ij = strain tensors, 

6ij = Kronecker delta (i.e., oij = 1 when i = j; oij = 0 when i ;, j ), 

Il 

Q = L: 
r=O 

The analogous equation for the elastic solid is 

where G is the shear modulus. 
Compare Eqs. 3 and 4: 

n 

G=~ =L 
r =0 

(3) 

(4) 

(5) 
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For incompressible materials, Young's modulus, E, and Poisson's ratio, 11, are related 
to G and K. 

E = 9KG/(3K + G) = 3G (6a) 

(6b) v = (3K - 2G)/(6K + 2G) = 0. 5 

To eliminate the time variable, the Laplace transform with respect to t can be applied 
to Eq. 3. The transforms of stresses and strains are denoted by a star on the corre
sponding function. H the system is initially undisturbed, i.e., with initial stress and 

strain conditions equal to zero, an operator in :t merely becomes the same function of 

the transformed variable p, so Eq. 3 becomes 

P(p)sij * = 2Q(p)eij * (7) 

where 

m 

P(p) =~ a Pr r 
r =0 

and 

n 

Q(p) =~ arPr 

r =0 

H the Laplace transforms of the stresses and strains are considered, and if G* is 
defined as follows 

G 

Figure 2. Kelvin model representing 
response to deviatoric stress. 

where T is the retardation time. 

(8) 

then by replacing G and q0 in the elastic equations 
for stresses and displacements with G* and q0 *, 
respectively, the equations for the Laplace trans
forms of stresses and displacements are obtained. 
These equations are functions of the transformed 
variable, p, and their inversions give the stresses 

7J and displacements in terms of t. 
Hit is assumed that the response of the mate

rial to deviatoric stress can be represented by a 
Kelvin model, and that the response of the mate
rial to mean normal stress is infinitely rigid 
(K = m) as shown in Figure 2, the transformed 
shear modulus of the Kelvin material is 

G* = G + 11P = G(l + rp) (9) 

From Eqs. 6a and 9, the transformed Young's modulus E* becomes 

E* = 3G(l + Tp) (10) 



30 

Single-Layer Systems 

For a single-layer incompressible system, the associated elastic problem for the 
displacement has the form 

* 
w* = 4rr~* {q0z

2 [(R0 - vt)2 
+ z2T% + q0 [(R0 - vt>2 + z2r~} (11) 

The viscoela::>lic solution can be obtained readiiy by using the convolution integral (18 ). 
Substituting Eq. 10 into Eq. 11 and applying the convolution theorem gives -

t 

4TT ( ) f 1 ( t - T
1

) { 2 W = % GW t = T exp - -T- Z 

0 

+ [(R0 - VT
1
)
2 + Z2r~} dT' (12) 

where T
1 is a time variable varying from zero to t. 

Eq. 12 was integrated numerically on the Burroughs B - 5500 digital computer by use 
of Simpson's rule. For displacements on the surface, the method used by Perloff and 
Moavenzadeh (13) also was used to avoid the singularity. In this method the conditions 
where the load approaches the point and the conditions where it moves away from the 
point are considered separately. Eq. 12 can be written as 

Ro (l - €) 
v 

W= I 
0 

t 

+ I 
Ro (l+ €) 
v 

1 ( t - T
1

) I - - ---- exp - -- dT 
T{[ R

0 
- VT

1 I) T 

1 exp f _ t ~ -r'') dT' 

T( \R0 - VT
1 

\) \ 

where f: is any positive number less than unity. 

Two-Layer Sys tem s 

(13) 

The method employed for solving two-layer viscoelastic systems is applicable when 
the equations for stress and displacement can be reduced to a form suitable for direct 
Laplace inversion. These equations for stresses and displacements in the transformed 
domain for a two-layer elastic system and a moving concentrated load are 

wo* = 4rr~2 I {qo-Jo [m(p - Vt)]}* Vo* dm 

0 

(14a) 

(14b) 



where 

v 
v = H' 

Ro 
cr = H' 

CD 

aB* = 2:~2 I {mqOJO [m(p - Vt)] r va* dm 

0 
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(14c) 

and v/, Vs*, Yr/ are the same as shown inEqs. 2 except that N, Gi, and G2 are re

placed by N*, G/, and G/. 
Moreover, the viscoelastic solution for two-layer systems can be obtained by using 

convolution integral, as in the case of single-layer systems. After the exchange of 
integrals, we have 

t co 

w = 4" w (t) o q
0 

o = ~z f f J 0 [m(p - Vr')] V0 (t - r')dmdr' 

0 0 

<1 = B 

t CD 

= ~z f f Jo [m(p - Vr')] Vs(t - r')dmdr' 

0 0 

t 

- 21T <1 (t) = _!__ f 
q B H2 

0 0 

co 

f mJ0 [m(p -Vr')] V<1(t - r')dmdr' 

0 

(15a) 

(15b) 

(15c) 

where r' is a time variable varying from zero to t, and the expression (t - r') means 
that V °' VB• and Va are functions of (t - r'). 

Mathematically, the exchange of integrals is possible because the inner integrals of 
Eqs.15areuniformly convergent in the range 0 ~ r' ~ t (19). This exchange is desir-
able since it greatly reduces the computation time. -

Assume that the incompressible materials in layers 1 and 2 of a two-layer system 
are characterized by the models shown in Figure 2. From Eqs. 2, 9, and 10, let r 12 = 
.,. ii T 2, G 12 = G/G2 , and p = the transformed variable of time, t. Then the Laplace 
transformations of V 0, VB• and V <1 can be obtained: 

(16a) 

* 2 BiP + C1 
Vi - --B - G2F o p2 + DoP + Eo 

(16b) 

* 2 Bi 7"2P
2 

(B1 + C1 'T"z)p +Ci v = - --~------
a F o p2 + DoP + Eo 

(16c) 

where 

( )
2 -2m ( 2 2 ) -4m ( 2 Ao = G 12r 12 + 1 + 4me G12 7"12 - 1 - e G12r12 - 1) 

B 0 = 2[(G12 + l)(G 12r12+ 1)+ 4me- 2m(G 12
2r 12 - 1)- e-4m(G12 - l)(G 12r 12 - 1)] 
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)2 -2m ( 2 ) -4m ( )2 C
0 

= (G12 + 1 + 4me G12 - 1 - e G12 - 1 

( )2 ( 2) -2m ( 2 2 l) -4m ( )2 F 0 = G12r 12 + 1 - 2 1 + 2m e G12 r 12 - + e G12r 12 - 1 

D0 =? · [<G12 + 1) (G12r 12 + 1) - 2(1 + 2m2 )e -
2
m (G12

2r 12 - 1) 

+ e - 4m (G10 - l)(G12r 12 - 1) J 
E0 = j. · [<G12 + 1)2 

- 2(1 + 2m2 )e - 2m (G12
2 

- 1) + e - 4m (G12 - 1)2
] 

B1 = (G
12

r
12 

+ 1) (1 + 2m)e-2m - (Gi:ir 12 - 1) (1 - 2m2 )e- 4m 

C1 = (G12 + 1) (1 + 2m)e - 2m - (G12 - 1) (1 - 2m2 )e - 4m 

The values of V0 , VB, and Va in Eqs. 15 can be obtained by inverting Eqs. 16. To 
solve the double integral in Eqs. 15, the inner integral was evaluated by the use of the 
Gaussian quadrature formula; the outer integral by Simpson's rule. The singularity 
that exists in Eq. 15a for the surface displacement was treated in a manner similar to 
that employed in the case of a single layer. 

For systems of more than two layers or for compressible material, the mathematical 
work required for the direct inversion method becomes very tedious, and the polynomial 
that results is of such a high degree that its roots are almost impossible to find. There
fore, the direct inversion method is used mainly when stress and displacement equations 
can be reduced to a sum of simple partial fractions. For multi-layer or compressible 
material, the collocation inversion method originally proposed by Schapery (20) should 
be used. This method was successfully employed by Huang (21) for analyzingfour-layer 
compressible systems under stationary lottns. Moreover in the present study, it waf1 
found that the collocation method also was applicable for moving loads. However, the 
results obtained for multi-layer systems by the collocation method were limited in this 
study because of the excessive computer time required. The results for multi-layer 
systems and the theory of the coliocation method can be found elsewhere (17). 

PRESENTATION AND DISCUSSION OF NUMERICAL RESULTS 

Eqs. 12 and 15 were used to compute the stresses and displacements at selected 
points in pavement systems. In so doing, numerical values were assigned to the vari
ables H, p, V, and t. H, the thickness of the top layer, was assumed to be 1 ft. In the 
case of the single-layer system, the stresses and displacements were computed at a 
point 2 ft below the surface. For comparison, it was assumed that the material prop
erties in the lower layer of the two-layer systems were the same as those in the single
layer system. The effect of a reinforcing layer in reducing the stress and displacement 
in the subgrade soils could thus be studied. The dimensionless factor p or R0 /H cannot 
be factored out of the Bessel function J 0 [m(p - Vr')] as in the case of the load q0 ; there
fore, a numerical value was assigned to p. In the expression for p, R0 is the horizontal 
distance from the starting point of the load to the point where the stresses and displace
ments are to be determined. The traveling time, for a given value of R0 , varied with 
the value of v. It was clear that for large values of v, greater values of R0 should be 
provided. However, when a very large value of R0 was used, the upper limit of integra
tion was increased. Moreover, the error term for Simpson's rule integration is a func
tion of the fifth degree of interval size. Hence, the proper value of R0 was chosen so 
that the calculated displacements did not change significantly when greater values of R0 
were used. To find the proper value of R0 , a series of values of t equal to 10, 000 sec, 
1,000 sec, 100 sec, and 10 sec was assigned to Eq. 12 to compute the displacements. 
For this case R0 was replaced by the expression vt, and as a result, a value oi R0 equal 
to 100 v was determined most suitable for use in the subsequent numerical computations 
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Figure 3. Effect of speeds on displacement factors 2 ft below surface-single-layer incompressible 
systems. 

in this study. In Eqs. 15, V stands for v /H, where v is the speed of the moving load; t 
is the time the load traveled from its initial position. It should be noted that both stress 
and displacement increased if a value of R0 greater than 100 v was used. This effect 
was more pronounced when the material became more viscous. 

Single-Layer Systems 

The effect of speed of the moving load on the displacements at a point 2 ft below the 
surface of a single-layer system at four different values of retardation time is shown 
in Figure 3. The retardation time T is defined as the ratio of the viscosity to the spring 
modulus of the model. For convenience of presentation, the time was set at zero when 
the load was directly over the station where the displacements were to be computed. 

As the speed of the load increases, the displacement decreases (Fig. 3). This is not 
surprising, since higher speed implies a shorter time during which the considered point 
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Figure 4. Effect of speeds on displacement factors 2 ft below surface-single-loyer incompressible systems. 

is subjected to a given stress. Moreover, a large value of retardation time implies a 
lower rate of deformation in the viscoelastic material and, consequently, a smaller dis
placement for a given time. 

As the load approaches the station, the relations of various velocities to a given re
tardation time are quite similar (Fig. 3), but displacement generally increases as the 
velocity decreases. Moreover the rebound displacement, as measured by Fw , occurs 
more quickly for smaller retardation times. B 

For comparison, soluliu111:; Iur Lhe perfectly elastic case were plotted as dashed lines 
(Fig. 3) with the curves for T = 1 sec. For a short retardation time, T = 1 sec, the elas
lic and viscoelastic solutions are almost the same. 'l'he comparisons are based on a 
constant value of spring modulus, G, for the model. For two differ ent materials having 
the same retardation time, however, one can have a greater shear modulus than the 
other. 

To determine the variation of the displacements at unusually low and high speeds, 
relations were also computed using speeds of 0.1, 120, 200, 300, and 400 mph. The 
shapes of the .displacement curves at these speeds were quite similar to those in Figure 
3 and are not presented here. It should be pointed out, however, that as the speed of the 
moving load increa ses, the inertia effect becomes more s ignificant, and the method of 
computat1on -usea here aoes notyield correct 1·esults. 

The effects of speed of the moving load on the maximum displacements at various 
values of retardation time a.re shown in Figure 4. The maximum displacement de
creased as v and T increased. When the maximum displacements at a point 2 ft below 
the surface for v = 60 mph were compared with those under a stationary load, the ratios 
were 5. 57 x 10-2

, 1.23 x 10-2
, 1.17 x 10- 3

, and 2.1 x 10-4 for T = 1, 10, 100, and 1000 
sec, respectively. 

Two-Layer Systems 

.The general behavior of the displacements in two-layer systems was rather similar 
to that of single-layer systems. Displacement-time curves for a point 2 ft below the 
surface for r 12 equals 10 and 0.5, respectively, are shown in Figure 5. The shapes of 
the curves are very similar to those for the single layer, except the displacements are 
reduced because of the upper reinforcing layer. In view of this, the shape of the curves 
for multi-layer systems is also believed to be similar to that for single-layer systems. 
The displacement decreased with increasing value of the ratio T 12 for lower speeds, if 
the material in the bottom layer was very viscous. 



35 

1'2 : 10 S EC 

JI
/, 
I ' 

V : 6 MPH 

10- 3 

:10 r:. .-.. "' 

i o-3 

Ill 
;i: 

Ill 
;i: ... I o-4 L..<..L..J.--L...J-'-L...L.LJ;LI-..J-'-L...L.L.-L-'-'-'-L...L.L.-L-' 

a'. 
0 

0 200 300 100 400 -100 0 200 300 100 400 
.... 
u 
<( ... 10 -I r------ic---- ---- ----. 

y2 = I 00 SEC 

.... 
z 
UJ 
::i; 
UJ 

~ 
.J 

1/-v~~~---
"-
~ 
Cl 

v = 6 MPH 

,,,:;,----~--

V = 60 MPH 

Io- 5 '---'---'-"-'-'-'-'-'--L...L-'-'-'-''---'--L...L........,_...._,._,__,_._, 
0 100 200 300 400 -IOO 100 200 300 400 

t , SECONDS 

Figure 5. Effectof speeds on displacement factors 2ft below surface-two-layer incompressible systems. 

Since a reinforcing layer is placed on the subgrade soil to reduce the stress and dis
placement in the subgrade soil, the i·atios of the displacements for single- and two
l ayer systems for various v, Tz , and r 12 values were comput ed (Table 1). For v = 0.1 
and 1 mph, and for T = 1 sec, the displacement decreased appreciably because of the re
inforcing layer, even when r 12 was less than unity. For r 2 "' 100 sec, the displacement 
decreased only slightly when r 12 < 1, but decreased appreciably when T 12 = 10. For all 
values of T 12 , the effect of r einforcing layer decreased as the value of r 2 increased. 
To reduce the subgrade soil displacements under very slow moving vehicle loads or 
parked vehicles, the following suggestions should be followed: 



v 
(mph) 

O.l 

1.0 

6.0 

60.0 

TABLE 1 

EFFECT OF REINFORCING LAYER IN 
REDUCING SUBGRADE 

DISPLACEMENT-TWO-LAYER SYSTEMS 

Ratio of Displacement in Two-Layer Systems to 
r, 

(sec) 
Single-Layer Systems (G1o = 10) 

T12 = 0. 5 r12 = 1.0 r12 = 10 

l 0.74 0.73 0.68 
Hi U.B:1 U.l!U 0.71 

100 0.95 0.92 0.74 
1000 0.97 0.94 0.82 

1 0.87 0.83 0.70 
10 0.90 0.86 0.74 

100 0.96 0.94 0.84 
1000 0.98 0.96 0.88 

1 0.95 0.90 0.73 
10 0.96 0.92 0.76 

100 0.96 0.94 0.85 
1000 0.98 0.96 0.89 

1 0.97 0.92 0.84 
10 0.97 0.94 0.87 

100 0.98 0.95 0.90 
1000 0.98 0.97 0.94 

1. For elastic subgrades, construction of a reinforcing layer that is stiffer than the 
subgrade soil is most beneficial. The displacement can be decreased further if the 
value of 'T' 12 is greater than unity. 

2. For viscous subgrades, the capacity for retarding displacement in the reinforcing 
layer should be larger than U1at for tbe subgrade, i.e ., r 12 should be greater than unity; 
otherwise a stiff reinforcing layer is of little value. 

When loading speed was increased to 6 mph, the influence of the reinforcing layer 
was not significant for the case 'T' 2 = 1 sec, unless r 12 was greater than unity. A similar 
influence of the reinforcing layer also was observed in the case where the subgrade be-

SPEED OF LOAD, MPH 

Figure 6. Effect of speeds on displacement factors 2 ft below surface-two-layer incompressible systems 
(G1Q=T12 = 10). 
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TABLE 2 

STRESS FACTOR AS A FUNCTION OF t, Tz, AND v 

Incompressible Two- Layer System-2 Ft Below Surface (G12 = Tu = 10) 

The Tabulated Values Represent the Quantity - crz ~ 
qo 

t 20 40 70 90 100 125 150 175 200 

T2 = 1 -6.03 -4. 77 -1.85 -1. 79 1.85 5.93 -1.21 9.3 7.53 
at -5 at -5 at -5 at -4 at -1 at -4 at -6 at -5 at -4 

t 20 40 70 90 100 125 150 175 200 

.<: -1. 72 -2.54 -2. 72 -3.32 1.36 5.38 2.54 0.38 -o. 78 Cl. 
T, = 10 e at -5 at -5 at -5 at -4 at - 1 at -3 at -3 at -4 at -6 ... -

II t 20 40 70 90 100 102 110 150 200 
> 

T2 = 100 -1 .67 -3. 76 -8.61 -3. 71 1.29 6.22 8. 90 1.15 1. 76 
at -6 at -6 at -6 at -4 at -1 at -2 at -4 at -3 at -3 

t 20 40 70 90 100 102 110 150 200 

r2 = 1000 1. 53 -7.86 -5.11 -3. 75 1.28 6. 09 -2.33 1.43 9.63 
at -7 at -7 at -6 at -4 at -1 at -2 at -4 at -4 at -4 

came more viscous, i.e., as .,.2 of the bottom layer increased. When v was further in
creased to 60 mph, the significance of the reinforcing layer was practically unnoticeable. 

It is concluded that the effect of a reinforcing layer in reducing the displacements in 
the bottom layer increased with increasing values of T12 , but decreased with increasing 
speeds of the load, as well as increasing values of the retardation time of the material 
in the bottom layer. 

Because Perloff and Moavenzadeh (13) thoroughly discussed the surface deflection 
characteristics of a viscoelastic compressible medium under a moving point load, the 
results for surface displacements are not presented herein . However, the surface dis
placement curves were very similar to those obtained for displacements 2 ft below the 
surface. 

The effect of speed of load on displacement in two-layer systems at a point 2 ft below 
the surface is shown in Figure 6. The displacement decreased with increasing speed 
of the load and with increasing value of the retardation time of the bottom layer. 

The values of the stress factor, SB, are shown in Table 2 for different times in the 
viscoelastic system under a moving point load. Because very long computer time was 
needed to obtain accurate results as v was increased, the numerical solutions at differ
ent times presented are only for av of 1 mph. The maximum stress (for this case, 
compression) always occurred at the time when the load was directly over the station. 
When the load moved toward or away from the station, the stresses changed signs. 

The relation between the stress factor Ss and the speed of the load is shown in Figure 
7 for four values of T2• The stress factor decreased with increasing v and then reached 
a constant value as v exceeded 15 mph. 

Considerable computer time was required to obtain accurate results for two-layer 
systems. The main difficulty developed in evaluating the outer integral inEqs. 15 by 
Simpson's rule. Not only did the values of the inner integral vary irregularly with the 
values of.,.', but the expressions for V0, Vs, and Vrr were very complicated. The degree 
of complexity of the function to be integrated depended upon the speed of the load, ma
terial properties, and time (or loading position). For a given material property, the 
computer time generally increased with increasing speed of the load and with increasing 
value of the upper limit in the Simpson's integration. However, for given values of v 
and t, the variation of computer times with material properties was irregular. In some 
cases, the computer time changed greatly with a change of only one variable of the ma
terial properties, i.e., .,. 

12
, G12 , and T2 • In several cases, a solution required more than 

60 min on the Burroughs B-5500 digital computer. 
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Figure 7. Effect of speeds on stress factors 2 ft below surface-two-layer incompressible systems. 

COMPARISON OF RESULTS WITH FIELD DATA 

Attempts were made to compare the results shown in Figures 6 and 7 with earlier 
field test results. Field test results obtained by the Road Research Laboratory, En
gland, are shown in Figure 8. Materials comprising the test road section are shown at 
the upper right corner. These studies indicated that the measured subgrade stresses 
decreased as the vehicle speed was increased from creep speed to about 15 mph; speeds 
above 15 mph remained constant. The curves from Figure 7 for 'T2 values between 1 and 
10 have similar shapes as those obtained by the Road Research Laboratory. In both 
cases, the stresses decreased as the speed of the load increased and remained constant 
for v greater than 15 mph. For 'T2 greater than 10, the stress vs speed curves were 
nearly horizontal straight lines, indicating that the stresses were independent of the 
speed. It was beyond the scope of this study to determine experimentally the appropriate 
values of retardation times for various paving materials. However, it seems that a 
Kelvin model could be used for predicting the variation of vertical soil stresses for nor
mal vehicle speeds, provided the values of G12 , ,-12 1 and 'T2 are properly determined. 

The speed-deflection da~a obtained from the AASHO Road Test (23 p . 104) show that 
the deflection decreased almost linearly wifi:i increasing vehicle speed. - Results of th.e

present study also show (Fig. 6) 
that the displacement decreased 

ll~lQI A.S.itff.ai.,t 111'C..A ll11114Q ~O\JlllH fl.Ji I .. 
·--'-°'-"-"'-"-"~··-· ._ .. _._<...,_._ .. ___ " · .· ·.: 

,a~,.U •••t l • 01l.-'(U1••H 1111 .6 1 11 ,, 

' .•. 
Mi1•'1hllol JQU,. - l !tl,, fY 4 jl,'f" 

. .. 
' ,. 
t ,. 

,. . .... 
SlltUll Cl ~ 'il&tdt:l.4, ull' H 

Figure 8. Test results from Road Research Laboratory, 
England. 

" 

with increasing vehicle speed, but 
the variation was not linear. More -
over, the computed rate of decrease 
of displacement with increasing 
vehicle speed was faster than that 
observed in the AASHO Road Test . 
However, this difference does not 
invalidate the results obtained in 
this study, because the displace
ments computed herein assumed 
incompressibility of materials 
and were for a point 2 ft below the 
surface, while the data obtained in 
the AASHO tests were taken on the 
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surface and under actual road conditions. It is believed that a model with more ele
ments than the Kelvin model, and the consideration of compressibility of the material 
may yield better results. 

Although the numerical examples presented herein bear no direct relation to the field 
tests conducted earlier, it strongly indicates that solution capability is available for this 
class of problems. It is reasonable to assume that an appropriate model can be designed 
to represent a given pavement structure, using the method of computation in this paper 
and laboratory data of stress and displacement as functions of time and speed. Values 
of the model's parameters may be determined by using the method suggested by Schapery 
(24), which employs a collocation method for fitting the response of finite element visco
elastic models to experimental data over the entire time scale. 

CONCLUSIONS 

The objective of this research was to make an analytical study of the response of ma
terials in highway pavement systems to moving traffic loads. Equations were developed 
for stresses and displacements at any point in an incompressible, viscoelastic pavement 
induced by a moving point load. The equations were then analyzed numerically on a 
high-speed digital computer for various types of materials at different speeds of the 
moving load. The major conclusions resulting from the analyses are as follows: 

1. Because of the time-dependent nature of the material in the viscoelastic pave
ment, the solutions for stresses and displacements were also time-dependent. The 
stress and displacements depended upon the magnitude and speed of the load, the elastic 
and viscous components of the shear response of the material, the ratios of retardation 
time in layered systems, and time. 

2. The time-dependent response of the material resulted in retardation of stress and 
displacement due to a moving load. The interaction between speed and material proper
ties produced continued displacement for a short time after the load moved away from 
the station. 

3. In all cases, the stress and displacement decreased with increasing speed of the 
load as well as with increasing value of retardation time of the material. 

4. For two-layer systems, the maximum stress always occurred when the load was 
directly over the station, and the stress was compression. When the load moved toward 
or away from the station, the stresses possibly changed signs. The stress decreased 
with increasing speed of the load, and then reached a constant value as the speed ex
ceeded 15 mph. 

5. For two-layer systems, the displacements at the bottom layer were reduced due 
to an overlying reinforcing layer. The displacements were further reduced by increas
ing the retardation time of the reinforcing layer. The effect of the reinforcing layer, 
however, decreased with increasing speed of the moving load and with increasing value 
of the retardation time of the bottom layer. 

6. The general shapes of the curves in single- and two-layer systems were similar. 
It is believed that the shapes of curves in systems with a greater number of layers and 
more complex materials would also be similar to those of single- and two-layer sys
tems. 

7. The theory of linear viscoelasticity qualitatively describes the material behavior 
under moving loads better than under stationary loads because of the relatively smaller 
stresses and displacements under a moving load. 
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The Analysis of a Homogeneous, 
Cross-Anisotropic Elastic Half Space 
Undergoing Deformations That Possess a 
Vertical Plane of Symmetry 
C. M. GERRARD, C. S. I. R. 0., Division of Soil Mechanics, Australia 

This paper contains solutions for displacement, strain, and 
stress components produced throughout a homogeneous, 
cross-anisotropic elastic half space by loadings of a partic
ular class. This class includes only loadings that are 
distributed over a circular area, and that give rise to a 
deformation field that has a vertical plane of symmetry. 
The loading conditions considered are unidirectional hori
zontal shear stresses, a linear variation in vertical direct 
stress, and a linear variation in vertical displacement. 

•THE presence of patterns of structural anisotropy in soils is likely to be widespread 
and the reasons for this have been discussed previously (6 ). With this in mind a homo
geneous, cross-anisotropic, elastic half space has been chosen as a simple model of 
earth masses because it possesses the symmetries that often exist in the structures of 
such masses. (A cross-anisotropic elastic body has an "rl" fold axis of symmetry or 
an axis of symmetry of rotation passing through each of its points; hence, its properties 
in all directions perpendicular to that axis are identical but different to the properties 
parallel to the axis.) The number of elastic parameters involved with this material is 
five instead of two as for an isotropic material. 

In this paper the class of deformations of a homogeneous, cross-anisotropic half 
space that have a vertical plane of symmetry are investigated. Three loading systems 
are considered (Fig. 1). The loads are applied over circular areas and are described 
briefly in the following. 

•Loading Condition A-A uniform distribution of unidirectional horizontal shear 
stresses. Loading of this type produces a resultant horizontal thrust and is therefore 
typical of the braking and traction loads imposed on road pavements and horizontal 
loads developed in foundations due to the action of wind. 

•Loading Condition B-A linear variation of vertical direct stresses. In this case 
the diameter along which the steepest gradient of vertical direct stress occurs is at 
right angles to the diameter along which the vertical direct stresses are zero. Since 
this type of loading develops a resultant moment but no resultant vertical force, it can 
therefore be used to analyze the action of moments on foundations. 

•Loading Condition C-A linear variation of vertical displacement. This is analogous 
to loading condition B although the vertical displacement is defined rather than the ver
tical direct stress. Again there is a resultant moment but no resultant vertical force. 
Also the diameter along which the steepest gradient of vertical displacement occurs is 
at right angles to the diameter along which the vertical displacements are zero. 

Half the loaded areas for both loading conditions B and C are required to withstand 
vertical tensile stresses. Such a requirement could be rarely met in practical soil 
mechanics and hence the main value of solutions for these conditions is when they are 

Paper sponsored by Committee on Mechanics of Earth Masses and Layered Systems. 
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used in conjunction with solutions for a load
ing condition where there is a resultant verti
cal force of sufficient magnitude to prevent 
the development of vertical tensile stresses 
in the foundation. Two such loading conditions 
have been considered previously by Gerrard 

A. Unidirectional horizontal shear stresses 

(6 ), who has given solutions for a total of five 
aXisymmetric loadings applied to a homoge
neous, cross-anisotropic elastic half space. 
These loadings are: (a) uniform vertical direct 
stress, (b) uniform vertical displacement, (c) 
linearly increasing radial shear stresses, (d) 
linearly increasing torsional shear stresses, 
and (e) linearly increasing torsional shear 
displacement. 

B. Linear variation in vertical direct stress 

Thus, it can be readily seen that a range 
of complex loading systems, applied over cir
cular areas, can be analyzed by superimposing 
the solutions for these axisymmetric loading 
conditions onto the solutions for the three 
loading conditions considered in this paper. 

The aim in providing these latter solutions 
has been to evaluate all displacement, strain 
and stress components at all points throughout 
the half space. The reason for this is that the 
most critically loaded zones from a soil me
chanics point of view may not necessarily lie 
on the load axis. In addition it is often neces
sary to be able to estimate the total fields of 
any or all of the s tresses and/or strains and/ 
or displacements when assessing the behavior 
of loaded ear.th mass. 

Loadings of a similar nature to those dis
cussed in this paper have been previously con
sidered by Barber (1, 2), Muki (8), and West
mann (13, 14). However, all of this work is 
restricted to isotropic materials and in addi
tion the solutions presented are not as com-

e. Linear variation in vertical displacement prehensive as those given here. 
However, the stresses produced in a cross-

Figure 1. Loading conditions. anisotropic half-plane by loadings in the form 
of either a vertically or horizontally acting 
line load have been calculated by De Urena 

et al (4). In a further paper (9 ), these workers have integrated the above results to 
produce solutions for the cases of triangular distributions of vertical and horizontal 
loading stresses acting over a finite width. The respective resultant external loadings 
required in these cases would be {a) a combined moment and vertical thrust, and {b) 
a horizontal thrust. Thus these loading conditions are analogous to some of the loadings 
over circular areas considered in this paper and the previous work ~). 

NOTATION 

General 

r, 6, z cylindrical coordinates 
u, v, w displacements in corresponding coordinate directions 

r;, 00, Zi ) 
r.z, ei., ;-

0 
i direct stress and shear stress components of the stress tensor 



E:rr• E:99, E:zzt 

E: rz• E: a z• E: re ~ 
a, b, c, d, f 

EH 
Ey 
VH 

llHV 
llVH 

E 
II 

direct strain and shear strain components of the strain tensor 

components of the elasticity tensor 
modulus of elasticity in the horizontal direction 
modulus of elasticity in the vertical direction 
Poisson's ratio-effect of horizontal strain on complementary 
horizontal strain 
Poisson's ratio-effect of horizontal strain on vertical strain 
Poisson's ratio-effect of vertical strain on horizontal strain 
modulus of elasticity-isotropic material 
Poisson's ratio-isotropic material 

Quantities and Parameters Involved in Solutions 

cf = ad - ca - cf + f(ad)Xi 
2f d 

ad - c2 
- cf - f(ad)~ 
2f d 

o = maximum vertical displacement (inches) 

a = arsin I [·"2 
'I' + (1 + r )2] % ~ [ l/!2 + (1 - r)2 J % I 

A. = artan ( 
l/!2 

t/J = CY. - {J 

p = Ct. + {J 

2 f 
d CY. - 2 

2 f 
d CY. + 2 

.C.2 =----

+
2

r~ - 1) 

(c + j)(ct -
f{J 

(c + i) 
f 
2 

cl' 
c + d CY.2 
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ms 

p 

2Ya 
- 11 

1Th 

2Xi 
1T~ 

(c + d p2
) (c + d ¢2

) 

d(pz _ ¢2) 

c + d cl 
2da 

maximum vertical loading pressure (psi) 

r = horizontal offest from load axis/ro (inch/inch) 
r 0 = loaded radius (inches) 
s = unidirectional horizontal shear stress (uniform distribution) (psi) 
z depth from surface/ro (inch/inch) 

STRESS-STRAIN RELATIONSHIPS 

For a cross-anisotropic clustic mutcrial the stresses can be expressed in terms of 
the strains by: 

rr = a E:rr + b E:99 + c E:zz (la) 
,....._ 
ea = b E:rr + a t'99 + c t"zz (lb) 

zz c frr + c E99 + d t"zz (le) 

re (a - b) E"ra (ld) 

_ii __ =o_f__(fl: - - - - - - - - -- --- --- --- - - -- - · - -- - - ____ _(le)_ 

(lf) 

The relations expressing the direct strains in terms of the direct stresses together with 
others expressing the elasticity components a, b, c, d in terms of the Young's moduli 
and Poisson's ratios have been given previously (6). 

The strain components are -

au (2a) E"rr =-ar 

u 1 av (2b) fee = - + -
00 r r 

( 
aw (2c) zz = az-

2 t"rz 
au aw (2d) =-+-oz or 



av 1 2 £az = - + -az r 
aw 
ae 

1 au av v 2 t"re = r . ae + ar - r 

METHOD OF SOLUTION AND PRESENTATION OF RESULTS 
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(2e) 

(2f) 

The method of solution of problems involving the static loading of layers of cross
anisotropic elastic material, previously outlined by Gerrard and Mulholland (7 ), is 
based on the integral transform techniques developed by Sneddon (10) and Tranter (11). 
The problem considered in this paper, i.e., a homogeneous half space undergoing de
formations that possess a vertical plane of symmetry, is a special case of the general 
range of problems that may be solved by this method. 

For all three loading conditions the solutions for the displacements, strains, and 
stresses involve integrals of products of Bessel functions. In order to simplify pre
sentation, these integrals have been abbreviated according to the following notation: 

"' 
1(17, r, x. !/>) = J J 11 (k) · Jr(kr) · kx · e-il>k · dk (3a) 

0 

J(17, r ± µ., x, ij>) = j J
11

(k{Jr(kr) 
2
± Jµ.(kr~ · kX · e-il>k · dk (3b) 

0 

The form of solution obtained for the types of deformation considered has been shown 
to depend on the parameters a 2 and {33 that are functions only of the elastic constants 
(7 ). Hence, for each of the loading conditions, three complete lists of solutions are 
g1ven for the following cases: 

1. Cross-anisotropic, a 2 positive, (32 positive; 
2. Cross-anisotropic, a2 positive, (32 zero; 
3. Isotropic; this is a particular case of item (!)with aa = 1, (32 = 0. 

Appended to the solutions for each loading condition is a section dealing with the eval
uation of the relevant integrals. These sections are divided into three parts depending 
upon whether the integrals are to be evaluated: 

1. At a general point within the system (i.e., r I 0, iJ> I O); 
2. At a point on the load axis (r =0); or 
3. At a point on the surface (ij> = z = 0). 

With regard to the evaluation of the integrals at a general point it can be seen from 
the lists that simple and direct results are obtained for loading condition C where the 
surface displacements are defined. However, this is not so for the defined stress 
conditions (A and B) where the integrals had to be evaluated by numerical integration, 
on a high-speed digital computer, for a range of values of r and iJ>. * Some of these 
integrals have been previously tabulated by Eason, Noble, and Sneddon (5) for different 
ranges of values of r and I/> than were used in the current work. For aiii.sotropic ma
terials the parameter I/> is in the form of either pz, ¢z, az, or yz and therefore is a 
function of both the elastic parameters and the depth. This means that when using the 
tables* to calculate the stresses, strains, and displacements at a particular point within 
the system it will be generally necessary to interpolate between the tabulated points 
along the I/> coordinate. 

*The tabulated values of a total of 22 such integrals are in Tables I through 22, which are included in 
a lengthy Appendix not published in this Record, but which is available from the Highway Research 
Board at the cost of reproduction and handling. Refer to XS-24, Highway Research Record 282. 
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At points on the load axis (i.e., r = 0) the integrals involved in all of the loading 
conditions can be evaluated simply and directly. On the other hand for points on the 
surface (i.e., iJ; = z = 0) 'the integrals for all loading conditions become discontinuous 
in nature, in order to fulfill the loading conditions. As indicated most of the integrals 
have simple results while the remainder yield results in the form of hypergeometric 
"functions (10, 12). Integrals whose coefficients contain z' have not been considered since 
their products Tz. I or z. J) are in general zero for points on the surface. The values 
of integrals given in this paper are based directly or indirectly on the results obtained 
by Watson (12), Sneddon (10) and Bateman Manuscript Project (3), 

In all solutions the orientation reference in any horizontal piane is given by 0 = 0 
or rr along the direction of the vertical plane of symmetry in the displacement patterns. 

TOTAL MOMENT-DEFINED DISPLACEMENT RELATIONSHIP 

For loading condition C it is possible to derive relationships between the defined 
surface displacement and the requisite applied moment. These relationships, found 
by integrating the moment of the vertical direct stress over the loaded area, are as 
follows: 

Cross-anisotropic: r:l positive, /j2 positive 

8 
Total moment = - 3 · 6 • r 0 

(c + dp2 )(c + d ¢2
) 

d (p + ¢) p ¢ 

Cross-anisotropic: ci positive, /j2 zero 

Total moment 
8 {c + do::2)2 

- 3 · 6 • ro · 2 da9 

Isotropic 

Total moment 8 E 
3 · O • r o • 2 (1 - 112 } 
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Bearing Capacity of Purely Cohesive Soils 
With a N onhomogeneous Strength Distribution 
CLARENCE H. C. JAMES, Howard University; 
RAYMOND J. KRIZEK, The Technological Institute, Northwestern University; and 
WALLACE H. BAKER, Soil Testing Espanola, S.A., Madrid, Spain 

Based on published evidence, an empil'ical rule is postulated to 
describe the nonhomogeneous distribution of undrained shear 
strength with depth for a purely cohesive soil. With the use of 
this rule, the associated soil bearing capacity for a strip load 
of uniform intensity is determined for a variety of nonhomoge -
neous strength distributions, and the results are presented in a 
series of charts and an equation. For such soils, the bearing 
capacity is found to be strongly dependent on the width of the 
applied load, and to a lesser extent on the degree of overcon
solidation of the upper zone. In most cases, bearing capacity 
values determined on the basis of the postulated strength dis
tribution rule do not differ significantly from values obtained 
by a conventional analysis in which an "average" shear strength 
is assumed constant with depth; however, the proposed method 
affords greater reliability. It is felt that the results obtained 
can be reasonably extrapolated to loaded areas of different 
shapes. 

•MOST currently used bear ing c apacity analyses employ the assumption that the soil is 
homogeneous with respect to its characteristic strength parameters . Although this is 
an entirely reasonable assumption in many cases, there are other situations where it is 
decidedly in error . In this 'vork, a study i s made of the effect of a nonhomogeneous 
strength distribution with depth on the bearing capacity of purely cohesive soils. Based 
on a postulated empirical strength distribution rule, the bearing capacity is determined 
by a minimization process applied to the equilibrium equation. 

ASSUMPTIONS 

Tffe following ass\Impfions are employed in this study: 

1. A ¢ = 0 analysis is valid, and potential failure surfaces are cylindrical in shape. 
2. The nunhumogeneous in situ undrained shear strength distribution with depth 

obeys an empirical relation subsequently postulated . 
3. The soil is isotropic with respect to its shear strength. 
4. The applied surface load is of uniform intensity . 

STRENGTH DISTRIBUTION WITH DEPTH 

Published Evidence 

The evidence gleaned over the years from examination of boring logs has led inves
tigators to subscribe to the hypothesis that, in general, the in situ undrained shear 
strength, cw of a normally consolidated clay increases linearly with depth or with the 
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vertical effective normal stress, p, of the overburden; specifically, the shear strength 
ratio, cu/P, is a constant. The undrained shear strength is usually determined by one 
or more of the following methods: (a) unconfined compression tests; (b) undrained 
triaxial tests on undisturbed samples at unaltered water content; (c) direct shear tests; 
or (d) directly in the field by vane shear tests. 

Skempton (1, 2) attempted to correlate cu/P with the plasticity index, Ip, and the 
liquid limit, wl,,-of the soil, and he showed that some relation with Ip seemed to exist 
for normally consolidated marine clays. This latter correlation has proved to be con
venient because it has been confirmed by sufficient field evidence to allow natural shear 
strengths of marine clays to be estimated for preliminary design purposes on the basis 
of simple laboratory tests. The Skempton relationship, discussed also by Terzaghi and 
Peck (~), is expressed as 

~=0.11+ 0.0037 Ip 
p 

(1) 

However, even for marine clays, caution should be exercised in the use of this relation 
because, as data published by Feyling-Hanssen (4) show, there may be large deviations 
from values given by Eq. 1, particularly when considering the effects of leaching. 

Feyling-Hanssen (4) published an exhaustive study of the relationship of micropale
ontology to the shear strength characteristics of Norwegian marine clays, and he showed 
that, on the basis of their content of the fossil Foraminifera, it is possible to divide some 
normally consolidated Norwegian marine clays into stratigraphic zones (strata). Since, 
in clays of similar mineral composition and grain size distribution, a close correlation 
exists between a given stratigraphic zone and the shear strength, any one stratigraphic 
zone can be related to a particular value of cu/P. In many cases the clay in any one 
stratigraphic zone exhibits a greater cuf P value in deposits near sea level than in de
posits situated at a greater elevation; this phenomenon demonstrates the general rela
tionship between the geotechnical properties of a clay mass and the reduced salt concen
tration in the porewater of the clay. Small values of cu/P occur in relatively salt-free 
clays, whereas high cu/P values are found in clays which have, more or less, retained 
their original salt concentration. 

Wu (5) examined soil samples from four areas of the Great Lakes region of North 
America. These lakes were formed as a result of the activities of continental glaciers 
during Pleistocene times and a number of soft clay deposits extending to great depths 
are known to exist in areas formerly occupied by glacial lakes. Wu measured the shear 
strength of these clays by unconfined compression tests and by undrained triaxial tests 
and, at all sites, he found that there was a general tendency for the strength to increase 
with depth within each individual stratum. In some cases, relatively high strengths 
near the surface reflect the effect of overconsolidation. These results also showed that 
the overall trend is one of increasing cu/P ratio with increasing values for the plasticity 
index; furthermore, the higher the sensitivity and the liquid limit of the clays, the lower 
was the cu/P value. These latter clays exhibited a flocculent or honeycomb structure 
which is normally associated with random particle arrangement. 

Kenney (6) further points out that, since the cu/P ratio of clays is dependent on the 
clay fabric, the effective stress strength parameters, the history of the clay, and the 
method by which the shear strength is determined, it is strongly dependent upon the 
geological history of the soil. He contends that, because the magnitude of the Skempton 
{7) pore pressure coefficient, A, for a certain type of test reflects the rigidity and the 
resilience of the soil structure, and because these properties are dependent on the 
method of deposition of the soil particles and the nature of any subsequent physiochemi
cal changes in these particles, A, and therefore cu/p, is probably chiefly dependent upon 
the geologic history of the clay. Since Ip depends on the results of two empirical tests 
(the liquid limit and plastic limit tests), both of which are conducted on completely re
molded soil, it is difficult to visualize a relationship that is generally reliable and, at 
the same time, as simple as Eq. 1. 

Hansen (8) introduced the following expression for the in situ shear strength of a 
clay mass: -
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(2) 

where c 1 and 0!1 are soil parameters that must be determined empirically; ai. which 
ranges in value between 0 and 0.3, is a func tion of the coefficient of earth pressure at 
rest, a "cohe sion factor," the effective angle of internal frict ion, and a factor, >.., intro
duced by Skempton (9). Given the value of au c 1 i s chosen such that cu will expres s the 
approximate vane strengths (or one-half the undrained compressive strengths) at differ
ent depths. 

Empirical strength Distribution Rule 

Since the in situ undrained shear strength of a clay is often a function of depth, it is 
reasonable to postulate a simple, empirical strength distribution rule which contains 
soil parameters, which may be determined from standard laboratory tests, and em
pirical coefficients, which will insure a goodness of fit for the strength data from a 
given soil profile. Accordingly (Fig. 1), the total undrained shear strength, Ct> at a 
point located a vertical distance, z, below the ground surface may be expressed as 

ct(z) = c0 + (cu/ p)ybz + F c0 exp [- (zlabln] (3) 

where 'Yb is the submerged unit weight of the soil, c 0 is the zero intercept on the strength 
axis of the linear portion of the composite strength curve, and F, a, and n are empirical 
coefficients, which are discussed subsequently. The empirical coefficients are dimen
sionless, and the other parameters must be expressed in a consistent set of units. 

Over the years, the findings of many investigators have shown that, for normally con
solidated and slightly overconsolidated clays, the most probable range of values for cu/ P 
is from 0 to 0.3, and these findings have been satisfactorily substantiated in this study 

through calculations of cu/ P from soil pro
files and laboratory or field data found in 
the literature . The last term on the right
hand side of Eq. 3 reflects the condition of 
greater shear strength in the upper few 
feet of the clay as a result of overconsoli-

z 

' \ 
' ' ' 

Figure 1. Assumed strength distribution with depth. 

dation due to dessication or fluctuation of 
the groundwater table. The role of F is to 
establish a maximum value for ct at the 
upper surface of the overconsolidated zone; 
it is unreasonable to assume too high a 
value for F because a high degree of over -
consolidation at the surface would probably 
cause surface cracks and preclude the ex-
istence of any strength in this region. From 
an examination of many soil profiles, it has 
been concluded that the most probable range 
for values of F is 0 to 2, with a maximum 
of 4. The coefficient ex describes the atten
uation rate of the effect of this assumed 
overconsolidation in the upper zone; for 
this study, values of ex are assumed to range 
from 0.025 to 0.4. Practical estimates for 
ex can be obtained by choosing the z / b value 
at which the strength difference between 
the curve describing the data and the ex
tended straight-line portion of that curve 
is approximately equal to one-third of F c0 . 

The exponential coefficient n describes the 
manner in which the strength due to the as

sumed overconsolidation in the upper zone 
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exp [-(if,)" J 

Figure 2. Effect of non nature of strength variation in upper zone. 

varies with depth. Typical variations for n = 1, 2, 3, and 4 are shown in Figure 2; how
ever, a value of one was used in this work. Finally, a range of 500 to 4000 psf was 
chosen for c0 , and the total weight density was assumed to be 100 pcf. 

The proposed strength distribution rule is general enough to include cases where the 
undrained shear strength is constant, increases, or decreases with depth. If cu/P equals 
zero, the bearing capacity analysis will be similar to the conventional one, except that 
full consideration will be given to any condition of overconsolidation in the upper zone. 
When cu/P and F both vanish, ct equals c0 , which, in turn, equals the conventional con
stant cohesion pa1·ameter, c, for a homogeneous soil, and the procedure degenerates to 
a conventional r/J = 0 analysis. Difficulties in applying the postulated strength distribu
tion rule in subsequent calculations are encountered when c0 vanishes; one practical 
way to avoid this problem is to decrease the slope, cu/ p, slightly so that c 0 becomes 
greater than zero. However, in real soils the probability of c0 being equal to or less 
than zero is very small. 

DETERMINATION OF BEARING CAPACITY 

For a strip load of width, 2 b, applied to the surface of a purely cohesive soil whose 
undrained strength characteristics are represented by Eq. 3, the bearing capacity, q, 
based on the assumption of a cylindrical failure surface, can be determined by utilizing 
a minimization procedure in conjunction with the equilibrium equation. Figure 3 shows 
a typical failure surface for such a problem as stated above; although Meyerhof (10) 
cautioned that ". . . where the subsoil is neither homogeneous nor isotropic . . . tli.e 
error . . . will increase with increasing inhomogeneity. . . , " the assumption of a 
cylindrical failure surface is justified on the· bases that (a) it closely agrees with the 
Prandtl surface for the ¢ = 0 case, (b) it has the advantage of simplicity from a com
putational standpoint, (c) it leads to bearing capacity values which are in general agree
ment with values calculated by more sophisticated methods, and (d) the effect of resulting 
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Figure 3. Assumed failure mechanism and notation. 

inaccuracies is reduced because bearing capacity ratios or differences are com;idered. 
Two advantages of this assumption are that body forces are eliminated from the equilib
rium equation and that the geometry is simple. 

Equilibrium conditions dictate that the driving moment, Mn, must equal the resisting 
moment, MR. Because of symmetry, the body forces cancel, and the driving moment is 
produced only by the load, while the resisting moment is developed by the shear strength 
of lhe 1:>uil along the potential failure surface. .H.eferring to the geometry in Figure 3, 
we may write the equilibrium equation as 

e 
q (2 b)(r sin e - b) = r 2 J ct d/3 

-e 
(4) 

where ct may be considered, in general, a function of r and {3. If the arc length from 
-e to e is divided into m equal angular increments, l:J.~, and if the shear strength, ct, is 
assumed to be a constant value, Ctj• over each increment of arc length, r C..~, Eq. 4may 
be approximated by 

m m 

q (2 b)(r sin e - b) = r 2 L ctj C..~ = 2 r 2 (9/ m) L Ctj 

1 1 

which, when solved for q, becomes 

r 2e 1 
q = b2m r sine 

--=-- - 1 
b 

(5) 

(6) 

Since Ctj is a function of r and ~. q, as given by Eq. 6, is not a function merely of two 
variables, r and e; hence, its evaluation cannot be made by the procedure of setting 
equal to zero the derivatives of the function with respect to r and e, and finding the 



MAIN PROGRAM SEARCH SUBROUTINE STRENGTH SUBROUTINE 

2 
Initialize trial values of ,---.- Start with R and w Using R ond w, develop 
Rand w. --- -------- o trial failure surface, 

Compute a trial value of and divide it into 100 

Calculate: 
the bearing capacity sub-arcs. 
and compare this value -q0 = 5.52 c0 4b 
with the previously 
computed one. Apply the postulated 

1------------ ----------- strength distribution 
If the trial value of the rule ta determine the 
bearing capacity is a 3 shear strength at the Calculate: 

qR • q/qo 4a minimum, this minimum center of each sub-arc. 
is defined as q. 

Print qR ----------- Determine the average 
If the trial value of the ....__ shear strength along 

to------------ - bearing capacity is not the trial failure surface. 

END 
a minimum, increment 
Rand w. 

Figure 4. Flow diagram of computer procedures. 

unique combination of r and 9 that minimizes q. Instead, the function q is minimized 
by applying a modified version of the Direct Search technique discussed by Katz et al 
(11), Hooke and Jeeves (12), and Wilde (13). 

53 

-In order to provide a basis for comparison of this bearing capacity with the more 
conventional bearing capacity determined by multiplying an "average" cohesion, c, by a 
bearing capacity factor, Ne, we assume that F and cu/Pare zero; hence, c equals c0 , 

and Ne equals 5.52. According to Taylor (14), this value of 5.52 for Ne is the same as 
that given by Fellenius for the case of a cohesive soil in which shear strength is inde
pendent of spatial coordinates; it can be derived analytically by solving Eq. 6 With ctj 
equal to a constant, c, and defining Ne as q/c. If we differentiate Ne with r espect to 9 
and with respect to r, and set each derivative equal to zero, simultaneous solution of 
the resulting two equations gives a relation between r and 9 from which Ne can be eval
uated. If qc is defined as a reference bearing capacity value, given by 

(7) 

we can define a dimensionless bearing capacity ratio, qR' SU.ch that 

(8) 

Equation 8 gives the relation between the bearing capacity determined from the postu
lated strength distribution rule given by Eq. 3 and the bearing capacity determined by 
assuming a constant "average" cohesion given by c0 • 

COMPUTER PROGRAM 

Figure 4 is a flow diagram of the procedures followed in determining the bearing ca
pacity as described herein. 

Main Program 

Choose as the initial values for r and 9 those critical values which are associated 
with the conventional bearing capacity; the initial value of 9 is approximately 66.6 deg; 
and the radius, r, is a function of 9 and the half-width, b, of the proposed load. Instead 
of using rand 9 as the independent variables, however, we choose Rand w; these vari
ables are shown in Figure 3, and they have the advantage that the origin, 0, remains 
fixed. 
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Subroutines for Modified Direct Search 

From trigonometric relationships between r, R, e, and w, determine starting values 
of R and w, and proceed as follows: 

1. Enter the strength subroutine and select a trial failure surface. 
2. Divide this trial failure surface arc into 100 sub-arcs and, by means of Eq. 3, 

determine the shear strength at the center of each sub-arc. 
3. Determine the average shear strength along the entire trial failure surface. 
4. Reenter the search s~broutine and use Eq . . 6 to compute the first trial value of q. 
5. Sequentially increment R and w in an exploratory move to establish the appro

priate direction so that the new value of q will be less than or equal to the preceding 
value. If a positive increment does not produce the desired result, a negative incre
ment is tried; if neither alternative succeeds, the variable is left unchanged and atten
tion shifts to the next variable. Once the exploratory moves have established a direc -
tion, a pattern move is begun; this pattern move involves an increment which is the 
vector sum of the two preceding successful Rand w increments. If the pattern move is 
successful, the pattern step is doubled for the next move. If, during a pattern move, 
q increases beyond the preceding value, we retreat to the previous ''base point" 
and initiate an exploratory move to build a new pattern. If this, too, is a failure, 
the magnitude of the increment is decreased and an attempt is made at a new exploratory 
move. The search terminates when the increment sizes fall below minimum values of 
R/8000 and w/8000, or when the magnitude of the difference between the latest trial 
value of q and the preceding value is less than a minimum which was set at 0.001 times 
the preceding value of q. This minimum trial value is the bearing capacity q. 

6. Return to the main program and compute qR. 

RESULTS 

The soil bearing capacity was determined for applied load widths, 2 b, of 5, 10, 20, 
40, 80, and 160 ft; for Aaeh eaRA, thA soil strAnr;th rlistribntion was variArl, the variations 
being reflected in different values of c 0 (500, 1000, 2000, and 4000 psf), cu/P (0, 0.1, 0.2, 
a."ld 0.3), 01. (0.025, 0.1 and 0.4), and F (0, 1, and 4). Hence, bearing capacity values for 
1, 152 different cases were computed. Since it is not feasible to present individual re
sults for each of these 1, 152 cases, the foiiowing approximation has been developed. 

For given values of c0 , cu/P, and a, the difference between the bearing capacity for 
F equal to 0 and that for F equal to any other value up to 4 is approximately proportional 
to the value of F, that is, 

(9) 

wher~ q
0 

can be determined from the bearing capacity ratios, qR, given in Figure 5, and 
M is a proportionality coefficient which, based on calculations for a variety of cases, is 
reasonably independent of c 0 , cu/P, and b, and can be approximated by 

(10) 

As indicated by the combination of Eqs. 7 and 8, q, and in particular q 0, can be expressed 
as 

q0 = qR q = qR c N = 5.52 qR c c 0 c 0 
(11) 

Finally, substiluliun uf Eqs. 10 arnl 11 into Eq. 9 yiellls 

q =- 5.52 qR c
0 

(1 + 0.2 a F) (12) 

For the ranges of variables considered herein, it has been verified that Eq. 12 pre
dicts to within about 2 percent the bearing capacity determined by the more sophisticated 
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procedure previously described. However, additional work has indicated that the bear
ing capacity determined by the use of an "average" shear strength that is constant with 
depth does not result in values significantly different from those obtained by this pro
cedure. 

The use of these results to determine the bearing capacity of a purely cohesive soil 
with a nonhomogeneous strength distribution of the type shown in Figure 1 may be ex
plained as follows. The width of the load must be known, and c0 , cu/p, ~ and F (n is 
assumed equal to 1) must be estimated from a knowledge of the particular soil deposit 
under consideration or by describing laboratory or field test data with a curve similar 
to that shown in Figure 1. With a knowledge of 2 b, c0 , and cu/ p, a value for qR is ob
tained from Figure 5; this value for qR, together with the values for c 0 , a, and F, is 
then substituted in Eq. 12 to determine the bearing capacity, q. 

CONCLUSIONS 

Based on a limited study of the bearing capacity of nonhomogeneous, purely cohesive 
soils subjected to a surface strip load of uniform intensity, the following conclusions 
may be drawn. 

1. A reasonable approximation (within about 2 percent) of the soil bearing capacity 
under the conditions described can be simply and quickly obtained from a knowledge of 
the width of the loaded area and an estimate of the parameters describing the strength 
distribution with depth in the soil. Although the specific results herein were determined 
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for a strip load, it seems entirely reasonable that these results can be extrapolated 
with little error to other shapes of loaded area. 

2. Use of a more sophisticated, empirical, undrained shear strength distribution 
rule, as opposed to the use of an "average" shear strength that is constant with depth, 
does not result in significantly different values for bearing capacity. However, an ad
vantage of the proposed strength distribution rule is the increased degree of confidence 
it provides by representing more realistically the actual strength distribution in the 
field, and bearing capacity values determined on the basis of this rule should be more 
.,..ol;".lhl P tli".ln thnao l"'OC!11lt;nrr f-rrvrn tho 'l00'11Ynnt;nn nf l"Jn "11:J1uo-rl"J1Tof1 11nrl'l'"'l;narl oho".ll"' .............. _..., ....................................................... ............................. b ................................... ............................ .t' ................. ....... _...... ......v .............. b..... .... ............................................................. ... 

strength. 
3. The bearing capacity is found to be strongly dependent on the width of the applied 

load, and to a lesser extent on the effect of overconsolidation in the upper zone. 
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Effectiveness of Leaky Sheetpile 
RAYMOND J. KRIZEK, The Technological Institute, Northwestern University; and 
GABOR M. KARADI, University of Wisconsin-Milwaukee 

The steady-state seepage flow under and through a leaky sheetpile 
partially embedded in a homogeneous, isotropic porous medium 
underlain by an impervious substratum is studied by means of its 
electric analog. Results are correlated with limited cases of pre
vious theoretical and experimental work, and they are extended to 
include the cases of a partially embedded sheetpile centered under 
an impervious dam, and a single sheetpile, either fully or partially 
penetrating a porous stratum with horizontal potential boundaries. 
The effectiveness of a sheetpile is shown to decrease markedly 
with a very small percentage of holes in the sheetpile, and charts 
are given to evaluate quantitatively the extent of this decrease. 

•MOST classical solutions for seepage flow around a sheetpile contain the very restric
tive assumption that the sheetpile is completely impervious. Although this assumption 
is desirable to render the problem tractable, it is not satisfied in most practical engi
neering situations. Usually the sheetpile is not 100 percent impervious over its entire 
depth, but rather it contains a random distribution of leaks due to open seams between 
the pilings, distortions in the piling caused by driving, etc. This work is directed to
ward evaluating quantitatively the effectiveness of such a leaky sheetpile for both the 
fully penetrating and partially penetrating cases. 

SCOPE OF STUDY 

This study is restricted to steady-state seepage flow under and through a vertical 
leaky sheetpile embedded in a homogeneous porous medium underlain by an impervious 
substratum. The variables under study are shown in Figure 1, and they include the 
quantity of flow per unit time, q; the head difference between the potential boundaries, 
h; the coefficient of permeability of the porous medium, k; the thickness of the porous 
medium (or depth to the impervious substratum), D; the depth of penetration of the 
sheetpile, d; the open space in the sheetpile, W; and the half-width of the impervious 
dam, b. Since the above six variables are expressed in terms of two fundamental units 
(e.g., length and time), four dimensionless terms may be formed to describe the results; 
these are chosen for this study as the flow quantity parameter, q/kh, penetration param
eter, d/D, open-space ratio, W /d, and dam width parameter, b/D. 

NATURE OF STUDY 

This study is experimental in nature and utilizes the well -known electrical analog 
technique (1). The porous medium of permeability k is modeled geometrically by a con
ductive paper (Teledotos paper) with electrical conductivity C (which equals the recipro
cal of the resistivity, R); the hydraulic potential difference, h, is analogous to the elec
trical voltage difference, V, while the fluid flow quantity, q, is represented by the elec
trical current flow, I. Hence, we have the equivalence 

Paper sponsored by Committee on Foundations of Bridges and Other Structures. 
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Figure 1. Diagrammatic description of problem. 

where N is a geometric shape factor which 
is constant for similar geometric shapes 
and analogous boundary conditions. 

Since the geometrical conditions under 
study are symmetrical about the vertical 
sheetpile, all analog results presented 
herein were obtained with models repre
senting one-half the geometrical config
uration shown in Figure 1. For reasons 
which will become apparent later, all mod-
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Figure 2. Effect of unnatural boundaries. 

els were constructed with a depth, D, of 12.5 in. In order to eliminate or minimize the 
effect of unnatural boundary conditions on the models, a study was made of the influence 
of the parameter x/D on q/kh for five values of d/D (0, 0.2, 0.4, 0.6, 0.8) with b/D and 
W/d equal to zero. These results (Fig. 2) indicate that the effect of the unnatural bound
ary conditions at either end is negligible for x/D values greater than 2; a very conser
vative x/D value of 4 was used for all tests conducted in this investigation. A slight 
anisotropy of about 8 to 10 percent between the principal conductivities of the Teledotos 
paper was noted. To partly neutralize this effect, the "reference square," which was 
used to complete one leg of the Wheatstone bridge, was cut at 45 deg to the longitudinal 
axis of the paper, and all models were cut from the roll with consistent orientations, 
but otherwise the effect of this anisotropy was ignored. 

All of the leaky sheetpiles treated herein were modeled by a series of equally spaced 
slits. A completely ineffective sheetpile (W /d = 1.00) is, of course, modeled by a con
ductive strip of constant potential. The open-space ratio, W /d, of the sheetpile is de
creased by arbitrarily dividing the sheetpile depth, d, into 1.25-in. increments and 
punching a series of equally spaced 0.125-in. square holes, one in each 1.25-in. incre
ment, along the length of the sheetpile; this having been completed, the sheetpile is con
sidered to have a W /d ratio of 0.90, and appropriate readings are recorded. Then, an
other 0.125-in. square hole is punched from each 1.25-in. increment, yielding W /d equal 
to 0.80, and appropriate readings are again taken. This process is repeated with the 
refinement that for W /d values less than 0.30, the ratio is decreased in increments of 
0.05 instead of 0.10. 

REVIEW OF THEORETICAL SOLUTIONS 

A slit model, similar to that previously described, was used in the analytical ap
proach reported by Daehler (_; ~), who derived 

E 
1 . rrW 
n sm 2D 

. wW nwb 
lnsm 2D - 2D 

(2) 
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where n is the number of openings and E is an effectiveness or efficiency factor defined 
as 

q - q E = _o __ 
qo 

(3) 

where q0 is the flow which would occur under an impervious dam with a width ratio of 
b/D and no sbeetpile; the flow quantities q and q0 are both determined for the same 
head difference, h, across the potential boundaries. Note, however, that Eq. 2 is ap
plicable only to the case of a fully penetrating sheetpile (d/D = 1.0), since the open
space ratio is expressed as W /D rather than W /d; also, it is restricted to the case 
where the sheetpile is centrally located under a dam of width ratio b/D, since E errone
ously becomes unity if b/D equals zero. For W /D values less than 0.10, Eq. 2 can be 
simplified within slide-rule accuracy to 

E (4) 
2D n b 

log10 rrW + 1.465 D 

As can be seen from Eqs. 2 and 4, for constant values of W/D and b/D, an increase inn 
has the effect of lowering E; this effect is not at all intuitively obvious and it appears 
somewhat paradoxical. 

A theoretical approach to the solution of the leaky sheetpile problem for conditions 
of horizontal free-field flow was presented by Numerow (4); his work is based on the 
assumption that the stream function, i/J, is distributed linearly along the sheetpile ac
cording to 

(5) 

where y is the vertical coordinate and a is a dimensionless parameter characterizing 
the permeability or leakiness of the sheetpile. Using a particular method of solution 
developed by him, Numerow obtained the following simple relationship to express the 
effect of sheetpile leakiness: 

(6) 

where a is a parameter which characterizes the effectiveness of the leaky sheetpile; f 
is the ratio of the permeability, k, of the porous medium times the additional head loss, 
~h, caused by the sheetpile to the flow rate, q, for the leaky sheetpile, i.e., f = (kAh)/q; 
f"" is the value off for a perfectly impermeable sheetpile; and ¢, which characterizes 
in a manner similar to a the leakiness of the sheetpile (this latter parameter was intro
duced by Chugaew (5) and used subsequently by Numerow (4)), equals Df/O'. The value 
of f"" can be determined from -

(7) 

where dis the penetration of the sheetpile. Certain laboratory investigations (5) indi
cate that the value of ¢, which has the dimension of length, lies between 5 and 80 m, but 
field measurements by different investigators indicate that the value of ¢ may be as high 
as 2000 m, with increasing values of ¢ corresponding to decreasing values of sheetpile 
leakiness. Based on the theoretical results of Numerow (4), Figure 3 is proposed to 
determine the effectiveness of a leaky sheetpile for different values of d/D and ¢/D. 
Since ¢ is not directly related to the number of leaks in the sheetpile, the applicability 
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Figure 3. Theoretical effectiveness of a leaky 
sheetpi le. 
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Figure 5. Theoretical relationship between flow 
parameter and width of dam. 

of a as a parameter characterizing the 
leakiness of the sheetpile may be viewed 
with some doubt. 

EXPERIMENTAL RESULTS 

By use of the experimental technique 
described, an initial study was conducted 
for the case of an imperfect cutoff (d/D 
= 1.0) intercepting horizontal flow, and the 
results are shown in Figure 4. The modi-
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Figure 4. Effectiveness of an imperfect cutoff on 
one-dimensional flow quantity. 
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Figure 6. Effectiveness of a single sheetpile 
centered under a dam. 

fied flow parameter, qx/khD, is used to obtain consistency in exp1·essing the results. 
The deviation between the theoretical and experimental values (about 7 percent) at W/d 
equal to zero is attributed to the anisotropy of the conductive paper. Above an x/ D 
value of 2.0, flow quantities were not significantly affected by variations in x/D . . 

By combining the results of model studies on a sheetpile centered under an imper
vious dam and the theoretical solutions presented by Polubarinova-Kochina (6) and 
Dachle-r (2), the information in Figures 5 and 6 is obtained. Figure 5 illustrates graphs 
of q/kh as a function of b/D for cases of no sheetpile (d/ D = 0) and completely effective 
sheetpiles (W/d = 0) with depth ratios d/ D, of 0.5 and 0.9; these theoretical curves, 
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obtained from Polubarinova-Kochina (6), provide some limiting conditions for the ex
perimental results in Figure 6. The open circles represent experimental data for the 
flow parameter q/kh associated with a fully penetrating (d/D = 1.0) sheetpile; the solid 
circles at the left of the graph represent theoretical calculations for the case where 
there is no sheetpile (d/D = 0 or W /d = 1). The solid squares at the right of the graph 
indicate theoretical results for a fully effective (W/d = 0) partially penetrating sheetpile 
where d/D equals 0.5, and the dashed curves represent estimates of the anticipated 
results for leaky sheetpiles with d/D equal to 0.5. Due to the apparent small differences 
in q/kh for partially and fully penetr ating sheetpiles with W/d values greater than 0.05, 
it was not deemed necessary to conduct additional experiments for partially penetrating 
sheetpiles centered under dams; the indicated estimates appear to provide an adequate 
evaluation of such cases. As seen from Figure 6, as b/D increases, q/kh becomes less 
sensitive to W/d, except for very low values (less than 0.05); also, there appears to be 
very little difference between the seepage quantity under a completely effective sheet 
pile (W/d = 0) which penetrates the pervious layer halfway (d/D = 0.5) and a fully pene
tuting sheetpile (d/D = 1.0) for which W/d equals 0.05. The dotted curves (Fig. 6) were 
calculated by Eq. 2 with d/D equal to 1 and n equal to 10, the same condition which was 
achieved experimentally. Eq. 2 agrees very well with the experimental data for large 
values of b/D, but deviations in excess of 20 percent are noted for low values of b/D. 
As mentioned previously, Eq. 2 is not applicable to cases where b/D equals 0, that is, 
the case of a single isolated sheetpile. 

The final case considered is that of a single sheetpile (b /D = 0) partially or fully pene
trating the pervious layer. Since a singularity exists at the intersection of the sheetpile 
and the horizontal potential surfaces for the case where b/D equals O, this singularity 
was eliminated experimentally by approximating the single sheetpile case by the case 
where b/D is equal to 0.01. The results obtained from an extensive series of analog 
model tests are shown in Figure 7; the data for the fully effective sheetpile case (W/d = 
0) agree very closely with the theoretical solution of Polubarinova-Kochina (6). 

In order to evaluate the ability of the more abstract parameter ¢ to characterize a 
leaky sheetpile in a manner similar to that accomplished by W/d, analog experiments 
were conducted with the sheetpile fully penetrating the permeable layer. In this case 
the value off'" is infinity, sinee a perfectly impermeable fully penetrating sheetpile 
does not allow any percolation through it, and from Eq. 6, we can write f =¢/Dor ¢ = 
fD; hence, the value of ¢ can be obtained as a function of W/D (d = D) directly from the 
experimental data. Figure 8 shows that, when plotted on a log-log scale, the obtained 
values of W/D and ¢ lie on a straight line which can be represented by 
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(8) 

where ¢is expressed in meters. This relationship indicates that ¢ is, in fact, a param
eter which characterizes the leakiness of the sheetpile. The laboratory experiments 
mentioned earlier (5) yielded¢ values between 5 and 80 m, and these correspond to W/D 
values between 0.15- and 0.005; the high ¢value of 2000 m obtained under field conditions 
corresponds to an extrapolated W/d value of 0.00011, which indicates an almost perfectly 
impermeable sheetpile. 

CONCLUSIONS 

Quantitative experimental relationships have been determined for the effectiveness 
of a leaky sheetpile which either partially or fully penetrates a homogeneous porous 
medium underlain by an impervious substratum; the sheetpile 01ay be isolated or cen
tered under an impervious dam . Based on the results of an electric analog investiga
tion and correlation with limited theoretical work reported, the following conclusions 
can be advanced: 

1. Jn virtually all practical cases the effectiveness of a sheetpile is reduced consider
ably by a relatively small open-space ratio in the sheetpile area. 

2. The decrease in effectiveness is much more abrupt for fully penetrating sheet
piles centered under wide impervious dams than it is for isolated sheetpiles or those 
under narrow dams. 

3. For low open-space ratios, the rate of decrease in effectiveness is considerably 
more rapid for a fully penetrating sheetpile than for a partially penetrating one. 

4. For sheetpiles under wide impervious dams, there is relatively little difference 
in the seepage flow quantities under and through a leaky fully penetrating sheetpile and 
under and through a leaky partially penetrating sheetpile. In other words, the only way 
to effectively reduce the flow quantity is by installing a nearly impervious fully pene
trating sheetpile. 

5. For an isolated sheetpile with an open-space ratio greater than 0.1, there is little 
difference in the seepage flow quantity for a fully penetrating or partially penetrating 
sheetpile. 

6. A relatively abstract parameter, proposed by other investigators to characterize 
the leakiness of a sheetpile, has been shown to correlate well with the more physical 
open-space ratio used in this study. 

ACKNOWLEDGMENT 

The conscientious and able assistance of Sidney Wagner, who conducted the experi
mental work reported herein, is gratefully appreciated. 

REFERENCES 

1. Cedergren, H. R. Seepage, Drainage, and Flow Nets. John Wiley, 1967. 
2. Daehler, R. Grundwasserstromung. Springer, Vienna, p. 82, 1936. 
3. Casagrande, A. Control of Seepage Through Foundations and Abutments of Dams. 

Geotechnique, Vol. 11, No. 3, p. 161-181, 1961. 
4. Numerow, S. N. Consideration of the Permeability of Sheetpile for the Computation 

of Seepage Flow Under Concrete Dams. In.zhenernii Sbornik, Vol. 23, p. 164-
172, 1956. 

5. Chugaew, E. A. Seepage-Flow Calculations of a Hydraulic Structure Taking into 
Account the Permeability of the Sheetpiles. Proc., Federal Research Institute 
for Hydraulics, Vol. 48, p. 21-45, 1952. 

6. Polubarinova-Kochina, P. Y. Theory of Ground Water Movement. Translated by 
J. M. R. DeWiest, Princeton Univ. Press, p. 91, 1962. 




