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FOREWORD
By Staff

Highway Research Board

Highway materials and testing engineers, as well as specification writers and those
involved in construction, will find this report of particular interest. Serious ques-
tions have often been raised concerning the degree of confidence that can be placed
in the generally used methods of making acceptance decisions with respect to
aggregate gradation, particularly when test results approach the specification
limits. This report deals with a study of sampling and test procedures for deter-
mining the gradation of aggregates to be used in highway construction. It contains
practical recommendations for improved aggregate sampling techniques, for a
determination of the inherent variance of aggregate gradation, and for suggested
specification changes.

Aggregates constitute more than 90 percent of the materials used in roadway
and bridge construction; therefore, their quality and gradation are primary factors
in ultimate performance. From an engineering standpoint, the intent of gradation
specifications is to prevent the acceptance of improperly graded aggregates as
well as to assure the acceptance of those that are suitable. The value of such
specifications is closely associated with the method used to determine acceptance
or rejection. Aggregates outside of the limits of gradation established by the
specifications have been used without apparent detrimental effect, while aggregates
that meet specifications have been known to produce disappointing results. Con-
jecture is thus raised as to whether or not present test methods provide an ade-
quate basis for acceptance or rejection of aggregates, or whether or not specifica-
tions contain realistic gradation limits to provide for the variation inherent in
materials, sampling procedures, and testing techniques.

The Miller-Warden Associates approach to the over-all problem of defining
and evaluating the sources of variation that cause apparent or actual departure of
aggregate gradations from those specified began with an analysis of the sources.
These included such sources as inherent variation of the material, testing error,
local segregation, etc. This was followed by field experiments at various locations
of aggregate production and use. Statistical methods were employed, and a model
was designed to incorporate the various sources of variation into the over-all
variations in gradation expected among random samples. The individual sources
of variation were evaluated from both a theoretical standpoint and practical operat-
ing conditions for a range of handling methods, sample sizes, and sampling methods.
A nomograph was developed for estimating the minimum size of test portion re-
quired to obtain the true gradation of an aggregate within selected limits of error
to account for the inherent variation due to the random arrangement of different
sized particles in a pile or bin.

The field phase of the study consisted of collecting about 2,500 samples of
coarse aggregates at the point of production, the point of use, and at least two



other points in the process, and the measuring of the variations of gradation.
Eight sampling locations were chosen in five widely separated geographical areas
and included crushed stone, gravel and slag being used in portland cement con-
crete, bituminous concrete, and aggregate base. Handling procedures were those
customarily employed in practice.

This is an interim report on the first phase of the research. Along with
research conducted under NCHRP Project 10-3, “Effects of Different Methods
of Stockpiling Aggregates,” a more thorough understanding of the problem has
resulted and will contribute to the development of practical approaches for im-
proving the control of aggregates used in highway construction, including suggested
specification changes. The final phase of the research is currently under way and
has as its objective the extension of the knowledge gained in the first-phase work
to a study of the effects of variations in gradations on the strength and workability
of portland cement concrete and to a study of the variations in gradations in the
hot bins of hot-mix bituminous paving plants. As they may be accommodated,
related studies will involve effect of increment size in sampling of coarse aggre-
gate and mathematical exploration of aggregate gradations.
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SUMMARY

EVALUATION OF
CONSTRUCTION CONTROL PROCEDURES
INTERIM REPORT

The purpose of this study was to evaluate variations inherent in aggregate grada-
tions. The research developed data relative to variations normal to coarse aggregate
gradations at different points in the process stream at various types of plants at
widely different geographical locations. Statistical techniques were used for deter-
mining the relative effect of testing accuracy, sampling methods, and segregation,
with relation to the evaluation and acceptance of coarse aggregate used for highway
construction. The work also included the development of a precision statement for
the aggregate gradation test, and a method of drafting a realistic and adequate
acceptance gradation specification for coarse aggregates.

In general, the research data indicate that testing accuracy, even under routine
conditions, does not greatly influence acceptance or rejection of aggregates on the
basis of gradation. Sampling methods do have a large effect on the reported grada-
tion, and results based on a single test portion are not an adequate basis for deter-
mining compliance with specifications. Under normal conditions, as represented by
the eight operating plants included in the program, variations in gradation due to
segregation effects tend to increase as aggregates are moved from point of produc-
tion to point of use. Consequently, sampling at source or at intermediate points in
the process stream does not appear to provide reliable information as to the varia-
tions in gradation of the aggregate actually incorporated in the final product or
construction. Large samplings consisting of a series of measurements and results
indicate that overall variations in coarse aggregate gradation exceed the limits of
many current specifications. This means that, if the requirements are to be rigidly
enforced, realistic specifications must have wider tolerances, or changes in plant
controls are required. The range of overall variation depends on a number of causes.
The relative effects of these causes vary over wide limits, but the general order of
magnitude found in this study was testing error 4, inherent variation 10, sampling
error 30, and actual batch-to-batch variation 56.

The standard deviation for the repeatability of the gradation test on coarse aggre-
gate, under routine conditions, is approximately 0.4 percent. The standard devia-
tion for the reproducibility of this test depends on the weight and gradation of the
test portion and must be computed for each particular case. A method is given for
computing the required test portion or sample weight for any desired degree of
accuracy. - =

Recommended methods of incorporating the results of this study into highway
construction specifications and procedures are presented in the form of a complete
model specification for graded coarse aggregate. Methods are given for drafting
similar specifications, with an explanation of the reasoning and mathematical con-
siderations involved.

Specifically, the major accomplishments and findings of this research are as
follows:

1. A study was made to evaluate sampling and testing procedures associated with
aggregate gradation by laboratory investigation, and by taking a large number of



test portions from the process streams of eight operating plants at widely separated
geographical locations. The variability of the gradation of five types of coarse aggre-
gate was assessed at the point of production, the point of use, and at intermediate
points. Statistical techniques were selected and adapted for evaluating gradation
test procedures, for methods of sampling aggregates for gradation tests, and for
determining the variations inherent in aggregate gradations. The source sof variation
of the gradation of aggregate were statistically analyzed and their relative importance
assessed. The magnitude of variance components was determined and displayed in
a schematic model.

The overall variation of the percentage passing a given sieve was hypothesized
to consist of an inherent variance due to random arrangement of particle sizes, a
testing error, a sampling error, and batch-to-batch variation.

This study included:

(a) Obtaining experimental proof of a theory of inherent variance of aggregate
gradation expressed as a statistical parameter, and determining the effect of
this variance on the gradation test. This was accomplished by securing a
large number of test portions from a nearly perfectly mixed LOT of aggregate
without introducing segregation effects.

A practical method of estimating minimum sample size for aggregate
gradation tests was devised and is presented in the form of a nomograph.
This nomograph largely eliminates the computations required to apply the
principles developed in the study of the inherent variability of the aggregate
gradation test.

(b) The variance due to testing error involved in the use of standard methods of
testing for gradation, using different types and gradations of aggregates, was
determined. This was accomplished by repeating the gradation test of each
of a large number of test portions at several locations. The effect of simplified
methods on the experimental error (inherent variation plus testing error)
was also investigated, utilizing small test portions.

(c) The component of overall variance due to sampling error, using usual and
special sampling tools, was measured.

The sampling error was found to be largely due to local or short-term
segregation. In some cases it was so small as to be obscured by the estimates
of other variances; in others it was a significant part of the overall variance.
The effect of the use of special sampling tools did not prove to be significant.

2. Analysis of the data indicated that the variability of the gradation of different
aggregates could be represented graphically by plotting the standard deviation of the
percentages passing the individual sieves against VV P(100—P), where P is the per-
centage passing the sieve. An estimate of a standard deviation, independent of
gradation, was obtained by projecting the best line through the individual points to
the 50 percent level, which is the point of intersection with the maximum value of
VP(100—P). This estimated standard deviation was used in connection with the
parameters called “degree of overall variability,” “degree of segregation,” and
“segregation index,” to compare the variability of aggregates having different grada-
tions. The relative differences in these parameters as a function of the point of
sampling and of aggregate type were determined.

3. The pattern of variation of gradation at each plant was studied by use of a
quality history chart. This involves plotting the percentage passing a selected sieve
for each test portion in sequential order. These patterns were analyzed with respect
to handling and storing procedures.



4. A precision statement was developed for ASTM C136-63, “Sieve or Screen
Analysis of Fine or Coarse Aggregate,” with application to the percentages of
coarse aggregate passing the % -in., 38-in., and No. 4 sieves. In terms of the ASTM
precision statement format, the tentative testing error (difference of 2+ limits) was
found to be about 1 percent. The tentative testing error for repeat tests on the same
test portion was found to be 1.1 percent.

An equation was derived for estimating the testing error on replicate test portions
from the same sample. A specific numerical value, applying generally, cannot be
stated for this error, because it changes with different gradations, test portion weights,
and other factors.

Testing error was found to contribute only a relatively small fraction to the overall
variance.

5. Definite recommendations are made for incorporating the results of this study
into highway construction specifications and procedures to provide a basis for
acceptance and rejection of aggregates. These include the major items of (a) point
and method of sampling, (b) minimum sample weight and number of test increments,
and (c) graduated penalty system for noncompliance.

6. A model specification illustrating the method of incorporating the foregoing
considerations has been drafted and is included in the report.

CHAPTER ONE

INTRODUCTION

OBJECTIVES

The overall objective of this study was to evaluate real or
apparent variations of coarse aggregate gradation with re-
spect to construction control procedures.

Specific objectives were (1) to study the theory and
application of mathematical and statistical techniques for
analyzing variations in gradation, and (2) to determine the
reliability of customary aggregate sampling and test pro-
cedures applied to contract construction control and ad-
ministration. Related objectives were to determine the re-
peatability of the gradation test and the requirements for
developing a precision statement for the test method.

Of necessity, some rather involved statistical methods
have been used in the analysis of certain portions of these
data. Inasmuch as full exposition of these principles is
beyond the scope of this report, users not versed in mathe-
matical statistics are referred to the following:

1. “Development of Guidelines for Practical and Realis-
tic Construction Specifications.” NCHRP Report 17
(1965) 109 pp.

2. “The Statistical Approach to Quality Control in High-
way Construction.” U.S. Bureau of Public Roads
(Apr. 1965).

3. Military Standard 414.

4. “Facts from Figures,” by M. J. Moroney, Pelican
Books.

5. “Qualified Control and Industrial Statistics.” Acheson
J. Duncan, published by Richard D. Irvin, Inc.

In many cases, where no documented bases of compari-
son exist, the authors have expressed opinions that certain
values were normal or satisfactory. These opinions are based
on the personal experiences of the authors and may be
subject to modification as more data are acquired.

IMPORTANCE

Aggregates account for more than 90 percent of most high-
ways and structures and constitute one of the large elements
of cost of highway construction. Information as to methods
of control is basic to the formation of optimum acceptance
standards for this important material. Unrealistic specifica-
tions, improper sampling methods, or inaccuracy of tests
may result in the rejection of acceptable material (or the
acceptance of unsuitable material), which will ultimately be
reflected in increased highway construction costs. Some
current sampling procedures place on the aggregate pro-
ducer responsibility for variations in gradation resulting
from causes not under his control. The most economical
construction can be achieved only when control procedures
insure that the proBABILITY* of the Engineer accepting

* Statistical terms and words not commonly used in highway engineering
are given in small capitals the first few times they appear in the text and
are defined in the Glossary, Appendix A.




unsuitable aggregate is minimized and, at the same time,
does not subject the producer to an unfair hazard of re-
jection of properly graded aggregate.

THE PROBLEM

Most aggregates are purchased for use in specific types of

construction and are subject to various specifications for

gradation. The basic reasons for specifying gradation are to:

1. Control maximum size because of restricting dimen-
sional considerations or to insure adequate shear strength.
2. Control quantity and size of aggregate voids.
Obtain suitable workability.
Minimize degradation in compacted courses.
Limit surface area.
Control texture of exposed surfaces.

SN s O

The specified gradation requirement usually takes the
following form:

Sieve Size Percent Passing
1% in, 95 - 100
% in. 35-70
¥ in. 10-30
No. 4 0-5

This requirement establishes an allowable range for the
percentage of aggregate passing each sieve size.

When a Lot of aggregate, such as a stockpile or a day’s
production, is presented for use, an ACCEPTANCE DECISION
must be made as to whether the aggregate is of the speci-
fied gradation. Because it is obviously impossible to pass
the entire LoT through the sieves, the acceptance decision is
based on a sAMPLE taken from the LOT, and the percentages
of the aggregate passing a series of small laboratory sieves
are determined by means of a gradation test. The results
of such a test might be as follows:

Sieve Size Percent Passing
1% in. 94.6

% in. 69.5

¥ in. 32.2
No. 4 3.4

When the results of the test are compared with the grada-
tion specification, it is apparent that the percentages passing
some of the sieves are not within the required limits. In
such an acceptance situation, a decision must be made as
to whether the LoT of aggregate represented by the SAMPLE
should be rejected, whether it substantially complies with
the requirements, or whether another samMPLE should be
taken. If the chosen alternative is to reject the LoT of
aggregate and if this decision should be disputed, an ob-
jective arbitrator might ask the following questions:

1. Does the fact that the sAMPLE did not meet the speci-
fications mean that the aggregate in a load of concrete, or
in all the loads of concrete, is not within the specified
gradation limits?

2. What is the relationship of the gradation of the aggre-
gate at the point in the process stream at which the SAMPLE
was taken to the gradation of the same aggregate at the
point of use?

3. How ACCURATE is the test method? If the same saM-
PLE should be retested, how closely would the results cor-
respond to those first reported?

4. What would be the effect with respect to the test
results if a different SAMPLING PLAN were followed?

5. If another sAMPLE should be taken by the same
method, would the test results be within = 0.1, = 1.0, or
=+ 10.0 percent of the percentages first reported?

6. Is the specification realistic? Can the results of tests
on all sSAMPLEs be expected to fall within the limits?

Basically, the answer to all of these questions is tied to
the word “saMPLE.” In assessing any results of tests on
aggregates, it must be kept in mind that under practical
conditions one can never measure the whole bulk of the
material. Measurements of gradation are made on the
SAMPLE, which is usually an extremely small part of the
whole bulk or LoT of aggregate it is supposed to represent.
The result of measurements on a SAMPLE is always an
ESTIMATE of the true value and has a limited ACCURACY.
In business, one can say that 6% interest on $100 for one
year is $6.00, and be sure that this is the one and only
right answer. However, when measurements are made on a
SAMPLE, and the results indicate that 6% of the aggregate
passes a certain sieve, the situation is quite different. The
best that can be done is to say that the percentage of the
whole LoT of aggregate that would pass the certain sieve is
probably 6% = C, where C is a constant associated with
the uncertainty of obtaining a true value. Because the value
of C is seldom known, it does not appear in the reported
tabulation of test results; but visible or not, it is always
there, because it is the inescapable consequence of making
an ESTIMATE from a SAMPLE.

This situation is shown in Figure 1, in which the char-
acteristics of the LoT are estimated from a sample. The
scheme shown is also the plan used in the main series of
field experiments in connection with this project. An ad-
ditional purpose for presenting it as part of this introduc-
tion is to define the terms used and show their interrelation.
The definitions of the terms LOT, BATCH, INCREMENT, TEST
PORTION, GROUP, and SAMPLE are given in the Glossary
(Appendix A), but the interrelationship of these subdivi-
sions of the LOT are shown in Figure 1. It should be noted
that TEST PORTION and SAMPLE are not synonymous. A
test portion is the part of a sample actually tested and may
consist of a single increment (shovelful), or a group (two
or more increments from the same batch), or it may be
obtained by reducing the sample or sample increments by
quartering, riffling, or taking an aliquot quantity. The basic
problem remains one of estimating the characteristics
(average and variability) of the LoT from a limited number
of measurements made on a sample.

THE APPROACH TO AN ANSWER

The research approach for this project was designed to
separate and evaluate those factors which affect the value
of C under various conditions of measuring the gradation
of coarse aggregates used in highway construction. The
report develops first the basic statistical concepts necessary
for an understanding of VARIATION so that the deviations
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Figure 1. Sampling plan for determining average gradation, within-lot variation, and within-batch variation.

inherent to the methods of measurement and to the sam-
pling and test procedures applied to contract construction
control and administration can be defined and, where possi-
ble, quantified under typical operating conditions and with
typical aggregates. In large part, coarse aggregates were
selected for investigation because these are more prone to
segregation during normal handling, sampling, and testing.
One well-graded base course aggregate was included for
comparative purposes, Typical operating plants and typical
aggregates were purposely selected for study so that the
relative measurements of variability obtained would 'ap—
proximate “normal” rather than “research” conditions. The
main field investigation involved eight different plants, seven
sampling points within the process stream (crushers, trucks,
stockpiles, barges, hoppers, belt conveyors, and the road-
way), five types of commercial aggregates (crushed stone,
slag, and gravel), and seven different geographic locations
(six States).

In addition to this main field investigation, some special
experiments were conducted both in the laboratory and in
the field to better define or to quantify the mathematical
formula for inherent variance, the testing error or repeat-
ability of the gradation test, a particle count experiment,

and to a limited degree, the relative efficacy of different
sampling tools. The raw data for all of the experimental
work, both in the main field investigations and the special
experiments, are not given here because they occupy 193
pages of some 3,000 individual test results and computa-
tions.

Briefly, the major steps undertaken to accomplish the
objectives of this initial phase of the project consisted of:

Planning.

Review of literature and standards.
Statistical studies.

Planned laboratory experiment.

Field investigations.

Sampling and testing experiments.
Computations.

Analyses of data.

Drafting of report.

Recommendations for continuing research.
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Particular attention is invited to the Glossary of Terms
presented in Appendix A. An appreciation of the applica-
tion of statistical concepts by most highway engineers is
difficult enough without the added handicap of problems



in semantics. For the first few pages of each chapter, those
words that might be strange to the average reader and which
are defined in the Glossary are given in small capitals. It is

hoped that the reader will check the definitions of these
words to assure a common understanding of their use within
the context of the report.

CHAPTER TWO

STATISTICAL CONCEPTS

It is obviously beyond the scope of this report to present a
textbook on statistics—nor is it necessary. On the other
hand, certain statistical concepts are needed and are used
in this study and in this report as tools for the definition
and measurement of variability. These statistical concepts
are essential to the breaking down of variability into its
components so that the causes of variation can be identified,
studied, and (hopefully) quantified or, at least, their rela-
tive magnitude estimated. The pertinent statistical funda-
mentals are very briefly reviewed in this chapter.

NORMAL DISTRIBUTION CURVE

STATISTICS is a scientific method that deals with the analyses
of averages, and VARIATION around averages, as found in
numerical DATA. By the use of proper statistical techniques,
certain inferences can be drawn from limited data that
would not otherwise be possible. In addition, optimum
sampling and testing schedules can be developed that elimi-
nate unnecessary expenditures of money, time, and effort
by making only the number of tests necessary to evaluate a
particular condition. One application of statistics used in
this report is the concept of the NORMAL DISTRIBUTION. One
of the properties of the NORMAL DISTRIBUTION CURVE is
that, regardless of its shape, a definite percentage of the
total area beneath the curve is defined by vertical lines
spaced a definite number of STANDARD DEVIATION (o)
units from the centerline of the curve which represents the
average value, X, as shown in Figure 2.

The tails of the normal distribution curve approach the
base line at approximately three standard deviation units on
each side of the average. It should be noted, however, that
about 68.2 percent of all possible test results would fall
within = 1o limit from the average; 95 percent would fall
within % 2¢ limits; and 99.7 percent of the results would fall
within = 35 limits. Thus, under normal conditions, the
number (or percentages) of measurements deviating from
the average by any given amount can be predicted. When
a very few samples are taken, this curve will often assume
a shape other than that of a normal curve. This does not
necessarily indicate that the parent distribution, consisting
of all possible measurements, is not normally distributed.

In the case illustrated by Figure 2, siGMA (¢) = 2.3, so
*+ 30 = * 6.9 and about 100 percent of the values are in-
cluded in the RANGE 55.1 to 68.9. If these numbers repre-
sented the percentage of an aggregate passing a certain

sieve and the results of a large number of tests indicated
that the standard deviation, ¢, of the measurements was in
fact 2.3, it could be expected that few future measurements
would normally exceed this range. Obviously, if ¢ was
smaller the range would be narrower, while a large value
of ¢ would correspond to a wider range of variation.

Sigma, then, is a means of expressing variation as a
numerical value. For convenience, the VARIANCE, ¢?, which
is the square of the standard deviation, is used instead of o
as a measure of variability in some parts of this report be-
cause variances can be added, whereas standard deviations
cannot be directly treated arithmetically.

Accordingly, in this report both the standard deviation
and the variance have been selected as the measures of
variability. A relatively small value of either of these
PARAMETERS indicates that essentially all measurements lie
close to the average, while a relatively large value indicates
that the measurements deviate from the average over a
wider range.

SIGNIFICANCE OF VARIABILITY

When actual variations are compared with specification
limits, there are three possible conditions (Figure 3), as
follows:

(a) A low variation with most results within specifi-
cation limits. This may indicate that the specifications are
realistic and that the production process is in good control.

13.4 + 13.4 + 68.2 = 95.0
= ——- 2.35 ¥ 2,35+ 95 = 99.7

| S

Figure 2. Percentages of area within given sigma limilts,



However, if all results are within specification limits, the
data may indicate that the sampling procedure is not en-
tirely unbiased.

(b) A relatively low variation with an average too close
to the specification limit. This may indicate that either the
material production is offset with respect to the specifica-
tion requirements, or that the specifications are offset with
relation to current practice.

(¢) A high variation making it improbable that most
results will fall within the specification limits most of the
time. This condition indicates that control needs to be
tightened to reduce the variation to the uniformity required
by the specification or that the specification tolerances are
not realistic and need to be broadened.

These relationships can be profitably applied to the con-
struction control of aggregates, as well as to many other
materials, processes, test methods, and operations used in
highway construction. They may be used for two main
purposes: (1) to rate the compliance of a given aggregate,
material, or process, with the specification requirements; or
(2) to compare specification requirements with the vari-
ability of typical operations. This method of presentation
by use of the NORMAL CURVE assists in visualizing the perti-
nent relationships between operating tolerances and speci-
fication limits, and also provides a logical means for select-
ing the more fruitful areas for additional detailed study and
research, for determining whether there is a necessity for
administrative investigation or improved control, and/or
for indicating the need for a specification rewrite.

In the following sections, statistical methods based on the
normal distribution curve have been used to analyze various
problems, to treat the data, and to provide a means of
measuring the relative sizes of the components of variation
of the gradation of coarse aggregates at the critical points
in the process stream of eight typical operating plants.

ANALYSIS OF VARIANCE

The means of isolating and measuring the relative magni-
tude of the individual components of variability is called
ANALYSIS OF VARIANCE. The components to be isolated and
defined will differ, depending on the system and on the
objectives of the analysis. The statistical principles, how-
ever, are the same and, in general, involve a large number
of replicate measurements on test portions selected in such
a manner that the influence of other causes of variability are
either eliminated or are capable of being otherwise esti-
mated. Sometimes this involves some rather complicated
interrelationships and occasionally some rather ingenious
means of isolating and studying the individual components.
The basic arithmetic, however, boils down to the fact that
variances, ¢2, are additive.

Construction of Model

Early statistical studies made in connection with this project
included the design of a model showing the sources of the
overall variations in gradation expected among random
samples of aggregate taken at a point in the process flow
from source to the point where the aggregate was incor-
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Figure 3. Effect of variability.

porated into the product or construction. It was concluded
that the OVERALL VARIANCE, ¢?,, of the gradation of aggre-
gate samples taken from the same LoT such as a stockpile,
railroad car, or bin, may be conveniently broken down into
four basic components:

(a) o%, — the inherent variation resulting from the ran-
dom arrangement of particles of different sizes
in a mixture;

(b) % — a variance due to testing errors*;

(¢) o2 — a variance due to sampling errors*; and

(d) o* — the batch-to-batch variation within the lot.

%= 0% + 0% + 0% + 0% (1)

Figure 4 shows the relationship of these variances, scaled
roughly to the average size of the components of variance
at the point of use. It shows how these components can be
combined in various ways to construct a model germane to
a given study.

In general, continuing research was directed to the evalu-
ation of these variances, by both theoretical methods and
by measurements on samples taken under practical operat-
ing conditions over a wide range of aggregate handling
methods. The basic variance components and their perti-
nent combinations are now discussed individually.

Theoretical Maximum Variance

A theoretical variance not shown in Figure 4 is that repre-
sented by complete segregation (the condition illustrated in
Fig. 5D). This theoretical maximum has no practical sig-
nificance in real life, but it does provide a limiting param-
eter. As will be developed later, this variance acquires
mathematical usefulness in the definition of a new param-
eter called DEGREE OF SEGREGATION, and another called
DEGREE OF OVERALL VARIABILITY.

The theoretical maximum variance is designated in the
report as ¢, and is derived from the binomial theorem
as P(100 — P), where P is the average percent passing a

* These are not errors in the sense of someone making a mistake. They
are random variations associated with the sampling and tesiing procedure.
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Figure 4. Sources of variance.

NON-RANDOM ARRANGEMENT
WHICH CAN BE FORMED ONLY BY
PARTICLE-BY-PARTICLE PLACEMENT.

ORDERED

COMPLETELY RANDOM ARRANGEMENT
PRODUCED BY PERFECT MIXING.

ARRANGEMENT |NTERMEDIATE BETWEEN COMPLETELY
RANDOM AND COMPLETELY SEGREGATED. THE TYPE
OF MIXTURE COMMONLY FOUND IN PRACTICE.

PARTLY SEGREGATED

COMPLETE SEPARATION OF TYPES OF PARTICLES
RESULTING IN A VERY HIGH LIMITING, OR PARENT,
VARIANCE.

COMPLETELY SEGREGATED

given sieve. Table 1 gives the relationship betweén P, the
percent passing, and the theoretical maximum variability.
The maximum standard deviation, ¢, lies between 30
and 50 percent over the range of X from 10 to 90 percent
passing the particular sieve in question—below 10 percent
and above 90 percent, o, drops off quite rapidly. This
general trend seems to be a pattern followed by other
sources or components of variance related to aggregate
measurements. In general, variability seems to increase as
the amount of material passing that particular sieve tends
to approach the 50 percent level—conversely, the variability

tends to decrease and correlations become poorer as X for
that sieve approaches either zero or 100 percent passing.

Inherent Variance

An initial activity was to devise some method of estimating
the INHERENT VARIANCE, ¢?,, of the relative percentages of
particle sizes due to the discrete nature and normal random
distribution of aggregate particles.

Figure 5. Particle arrangements. The white and black spots
represent particles, or groups of particles, having unlike char-
acteristics in an infinite population of combinations of such
particles. The different arrangements represent the degree of
dispersal of like particles throughout the mixture.



INHERENT VARIATION is due to the RANDOM arrangement
of different sized particles in a collection of particles. This
is illustrated by Figure 5, where the fine and coarse particles
are represented by black and white spots. Although it may
be thought that a well-mixed aggregate should have an
ordered arrangement as in A, this is an unnatural condition
which, if achieved, would disappear when the aggregate was
moved or mixed. When particles of different sizes are
thoroughly mixed, they are almost completely randomized,
as in B; and this is as nearly a uniform distribution of sizes
as can be expected.

It will be seen that if groups containing the same number
of CONTIGUOUS spots are selected from B, some groups will
contain more black spots than others, and the ratio of white
spots to black spots will vary. This variance is symbolized
by o?,, and because the arrangement of B is truly random,
it is possible to calculate the value of %, under various
conditions. Also, if a large number of groups or INCRE-
MENTS is selected, it is possible to predict from the normal
distribution curve the percentage of times a certain num-
ber of black spots will occur in a group or increment. One
peculiarity of this random distribution is that the variance
depends on the size of the group or increment, and a collec-
tion of small increments.

Because ¢%, is caused by non-homogeneity within the
volume of aggregate actually tested, it is a basic variation in
gradations that cannot be reduced by PROCESS CONTROL.
Obviously, it would be impractical and uneconomical to
modify any production process in an attempt to reduce the
process level of variance below this inherent variance. Also,
this basic variation must be considered when establishing
numerical limits for gradation specifications. In addition, a
method of estimating this variance is necessary to the de-
velopment of a method of computing the minimum size of
the sample or test portion required for a predetermined
accuracy and degree of assurance.

Manning (67)*, Buslik (28), and Visman (/06) have
devised formulas for computing the theoretical value of «2,,
but the data with which the theoretical values have been
compared does not appear to be entirely satisfactory for
the purpose of establishing the validity of the formulas for
aggregate control. Because of lack of suitable data and
disagreement among values obtained by their computations,
a special experiment was designed to measure the inherent
variance of two typical commercial coarse aggregates. As
far as can be determined through a search of the literature,
this experiment is the most comprehensive study ever un-
dertaken on inherent variance using a practical aggregate
gradation. The findings are in general agreement with
equations based on the binomial distribution theory and,
in particular, provide a reasonably good verification of
Manning’s equation. These raw data on which the findings
are based (available on special request) should have special
significance to the future researcher wishing to study this
subject in greater depth.

The details of this experiment and associated computa-
tions are described in Appendix B. The results are sum-
marized in Table 2. The theoretical inherent standard

* Bibliography reference numbers (Appendix C).

TABLE 1
THEORETICAL MAXIMUM VARIABILITY

% PASSING, P " unx=P(100—P) oux=VP(100—P)

50 2500 50

40 and 60 2400 49
30 and 70 2100 46
20 and 80 1600 40
10 and 90 900 30
5 and 95 475 22
2 and 98 196 14
1 and 99 99 10
0 and 100 0 0

deviation with which the experimental values are com-

pared is
1/ P(100 — P)g )
454 W

= percent by weight of the aggregate passing a desig-
nated sieve;
= the inherent standard deviation of that percentage;

g = the average particle weight, in grams, of all particles

larger than the openings in the designated sieve*; and

= the total weight,t in pounds, of aggregate passed
through the sieves.

in which

Estimation of the average particle weight, g, is not par-
ticularly easy. It was therefore desirable to develop a rela-
tionship between the average weight of aggregate particles
passing one sieve and retained on the next smaller sieve and
their effective diameter. To do this, it was necessary to
count and weigh several thousand particles to determine an
accurate estimate of the weight of the various sizes. This
work was later extended to other aggregates and an equa-
tion and a nomograph were developed to simplify the
estimation of g under normal or average conditions. The
equation is developed and presented in Appendix B; the
nomograph (Fig. 7) is explained later in this chapter.

As shown in Table 2, reasonable correlation between
experimental and theoretical values of o, was obtained at
the 95 percent confidence level, particularly with respect to
the larger (34-in.) particles in the gradation and when the
weight of the test portion was in the order of 20 1b. On
this basis, the values of o, obtained by the use of Eq. 2
were considered to be a sufficiently accurate estimate and
values of o, so computed are used in the report. To show
the relative magnitude of this source of variability, average
o, values corresponding to a sample weight, W, of about
25 1b, are presented in Table 3 for the various sieve sizes
of the gradation used in this study (1%2 in. to No. 8).

* Note that this value is the average particle weight of all particles of
all material that would be retained cn the designated sieve if there were
no coarser sieves in the stack. It is not the average particle weight of
merely that material passing the next larger sieve and retained on the
designated sieve as is customarily visualized in gradation considerations.

1 Note also that W is the rotal weight and not merely the weight of
aggregate passing the designated sieve.
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TABLE 2

COMPARISON OF COMPUTED AND EXPERIMENTAL INHERENT STANDARD DEVIATION, ¢,

AVG. WT.
OF TEST
PORTION
(LB)

19.0

REPETI-
TIONS

SIEVE
SIZES
I ]/2 II'S/4 ”n
3/4 lI_:y8 ”
¥8"-No.
No. 4-No.
l 1/2 /1_3/4 n
% I!_% n
38"-No.
No. 4-No.
l ]/2 II_% ”
3/4 I/_3/8 "
¥ "-No.
No. 4-No.

1 1/2 II_% ”
% "'3/8 ”
¥%"-No. 4

No. 4-No. 8
No. 8-Pan

MATERIAL

100

Crushed stone

Crushed stone 100 9.8

Crushed stone 100 5.0

Rounded gravel 200 24.4

ANG. STD. DEVIATION, % PASS.
PARTICLE PERCENT PERCENT —_— )
WGT. (GM) RETAINED PASSING THEOR. EXPER. 95% c.L.
29.0 13.3 100.0 C- — —
4.3 51.2 86.7 2.0 1.9 1.66-2.20
0.61 27.8 35.5 1.6 1.5 1.31-1.74
0.09 7 7.7 0.56 0.53 0.46-0.61
29.0 13.4 100.0 - — —
4.3 51.4 86.6 2.7 2.9 2.54-3.36
0.61 27.5 352 2.2 1.7 1.49-1.97
0.09 7.7 7.7 1.0 0.51 0.45-0.59
29.0 13.8 100.0 - - —
4.3 52.0 86.2 3.9 3.8 3.33-4.40
0.61 26.4 34.2 341 2.2 1.93-2.55
0.09 7.8 7.8 1.5 0.65 0.57-0.75
16.2 16.4 100.0 — — —
4.3 57.1 83.6 1.4 1.4 1.24-1.64
0.81 23.9 26.5 1.1 0.9 0.81-1.08
0.11 2.2 2.6 0.35 0.26 0.23-0.30
0.4 0.4 0.14 0.16 0.14-0.19

Testing Error

The variance due to TESTING ERROR, denoted by o?,, is the
between-test-portion variance due to the lack of REPEAT-
ABILITY of the test procedure, which may include effects of
reducing increments to TEST PORTION size, or other pre-
paratory work. Even when the same sample is passed
through the same sieves, results may differ. Aggregate par-
ticles are usually of irregular shape, and during one test
may be favorably positioned for passing through a sieve
opening, whereas during another test the same particles may
not be so oriented. With some types of shaking equipment,
particles that have passed through the openings of one
sieve may even return to that sieve after prolonged shaking.

Sources of variation between reported gradations, not
usually considered a part of the testing error of the pro-
cedure, may include differences in sieving efficiency and
actual errors, such as the loss of aggregate particles from
the sample testing, inaccurate weighing of groups of sepa-
rated particles, or incorrect observations or calculations.

Probably the chief cause of variation, in many cases, is
the use of too large a test portion. If a thick bed of par-
ticles remains on a sieve at the end of the shaking period,
it is probable that varying numbers of the smaller particles
will not have had the opportunity to pass through the sieve
openings. All of the foregoing factors are affected by dif-
ferences among items of equipment and differences among
operators. In situations where variation due to testing
error is large, and cannot be reduced by using more precise
test equipment or improved operator technique, it is neces-
sary to average the results of a number of nearly identical
test portions to obtain the desired accuracy.

As used in this report, o, is a measure of the repeat-

ability of the gradation test using the same test portion, the
same equipment, and with the same operator. It is com-
puted from

E(Xl —X3)2

2n

B —
O —

3)
in which

a?; = variance due to lack of repeatability of the test;
X, = result of first test on test portion;
X,=result of second test on same portions; and
n = number of test portions (two measurements or tests
were made on each test portion).

The scope of the work to be accomplished under this
project included experimental measurement of o? for
coarse aggregate only. Because some aggregates are sub-
ject to degradation during sieving, o2; was determined by
retesting test portions taken at random from the various

TABLE 3
AVERAGE ¢, VALUES FOR W =25 LB

THEORETICAL
INHERENT

SIEVE VARIABILITY,
SIZE au, Yo PASSING
1% in. 2.8

Y% in. 2.0

¥ in. 1.4
No. 4 0.7
No. 8 0.6




samples, rather than making multiple tests with the same
test portion.

The retests were made under such conditions that the
results were not BIASED by those originally obtained. A
total of 312 retests were made on six different aggregates
having different gradations (the test portion size varied
from about 15 to 45 Ib). The tests were made in three
different laboratories and two types of sieving equipment
were used.

The standard deviations of the percentages passing the
various sieves are given in Table 4.

The data in Table 4 were obtained in the three labora-
tories under practical operating conditions considered to
be typical in the average State highway department or com-
mercial testing laboratory. Precautions were taken that
only normal care was exercised in making either the original
or the repeat tests and that the results of the repeat tests
were not influenced by those previously obtained. The re-
sult was the rather wide range of repeatability shown in
the table, which probably represents realistic routine pro-
cedure. However, it is quite possible that if special precau-
tions were taken to further eliminate ASSIGNABLE CAUSES,
more uniform results would be obtained.

Pooling the data by combining variances yields a rounded
figure for average standard deviation, o;, of 0.4 percent
under these given conditions. This value of &; includes
normal weighing errors, but does not include other possible
sources of testing error which could occur when replicate
test portions are tested, such as variations due to splitting
or quartering. Accordingly, values of testing error indi-
cated by the data of this table must be considered to be
minimum values, which can be expected to be exceeded
when routine gradation tests are made on replicate portions
of a sample of aggregate.

Assuming that sieves having standard openings are used
and are in good condition, the relative amount of sieving
error depends on several variables. The most important of
these are the thickness of the bed of particles on the sieve,
the shape of the particles, the length of time the material is

TABLE 4
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sieved, and the efficiency of the sieving equipment. If the
bed is not more than one particle thick and the complete-
ness of sieving is tested by the hand method as outlined in
ASTM Method C 136, 5(b), the sieving error will be ex-
tremely small. Under the practical conditions of routine
tests, a bed of several particles in thickness may form on
one or more sieves, depending on the gradation of the
aggregate. In such a case, there may be appreciable sieving
error associated with these overloaded sieves, because there
will be less opportunity for particles to be oriented into posi-
tion for passage through the sieve openings during the
practical limits of sieving time.

The values shown in Table 4 represent differences to be
expected when the same test portion is retested under prac-
tical routine conditions using a range of aggregate types
and gradations normally encountered in typical highway
construction. As cited, only normal care was taken to
prevent overloading of the sieves, to sieve completely, and
to avoid weighing errors. Under these conditions, differences
were found in the standard deviation of the percentage
passing the same size sieve among the different series. With
an extended gradation, such as in Series No. 5, the lesser
number of particles retained on the coarse aggregate sieves
apparently led to a reduced testing error. The differences
between Series No. 7 and Series No. 8 apparently reflect
the effect of different technicians using the same equipment,
and essentially the same aggregate. It should be noted,
however, that these routine testing errors are small com-
pared with other sources of variation which combine to
determine the CONFIDENCE LIMITS for the estimate of the
true gradation of the aggregate. In other words, the ac-
curacy of the test result is affected more by the sampling
procedure and sample weight than by the precision of the
test method.

Experimental Error

The sum of the variances due to inherent variation and test-
ing error (0%, + o%;) has been called EXPERIMENTAL ERROR
(o,). Inasmuch as it is this combined variance that affects

SUMMARY OF RESULTS OF REPEATABILITY TESTS

SERIES
NO.

EQUIPMENT

Gilson
Gilson
Gilson
Gilson
Gilson
Gilson
Weston
Weston

oA B LN — |

Weighted avg., o*

Wtd. avg. among series, o

NO. OF
TEST STANDARD DEVIATION, o/, OF PERCENTAGES PASSING
PORTIONS, L o
n 12 IN. 3 IN. 38 IN. No. 4 NoO. 8 A
100 —_ 0.49 0.65 0.35 0.26 0.02
100 —_— 0.28 0.50 0.33 0.20 0.02
20 0.57 0.37 0.26 0.25 0.25 0.02
12 —_ 0.45 0.51 0.14 0.12 0.02
20 — 0.26 0.25 0.25 0.28 0.02
20 — 0.30 0.46 0.55 0.45 0.03
20 -— 0.54 0.43 0.36 0.04 0.02
20 — 0.09 0.14 0.20 0.17 0.01
0318  0.149 0268  0.111  0.061
0.6 0.4 0.5 0.3 0.3 0.02
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the repeatability and REPRODUCIBILITY of an aggregate
gradation test on duplicate samples, the PRECISION STATE-
MENT for this test must be based on this sum of variances
(see Chapter Seven).

Sampling Error

The source of the sampling error, o2, is the incomplete
mixing of a small volume of aggregate, such as in a batch
or unit of construction, so that the distribution of the par-
ticles of different sizes is not entirely random. As a result,
an increment taken from one part of the batch will not
show the same test values as one taken from another part
of the batch. It is computed by first finding the total within-
batch variance, o*;, then subtracting the sum of the inherent
variance and the testing error, or

oty =a% — (0% + o%) (4)

In several cases, the experimental sampling error proved
to be zero or a slightly negative value. This probably
indicates that no sampling error existed (the batch itself
was well mixed) or that the estimate for «*, or o, was 100
large. It also illustrates a fact which might well be empha-
sized at this point; namely, that these variances are not exact
numbers, but are themselves subject to errors of measure-
ment or estimating. (In fact, the analysis of variance in-
volves obtaining the best estimate possible of the individual
components, but knowing full well that certain approxima-
tions are a necessary part of the analysis.) It is not sur-
prising, therefore, that small negative estimated values will
occasionally appear when the variances to be estimated
are small. Again, it should be noted that essentially all of
the zero or slightly negative o, values were obtained when
X, the level of percent passing, was either very high
(95%+) or very low (0 to 2%).

The general order of magnitude of the variability due to
sampling errors or local segregation is illustrated in Table 5.
Here, the first column shows the sampling error, o, on the
¥-inch sieve for various points of sampling in the process
stream. It should be emphasized that these results are pre-
sented here primarily to illustrate the order of magnitude of
this source of variance. A more detailed presentation of
findings and the correlation between source of variance and
point of sampling is presented later in the report.

Within-Batch Variance

The within-batch variance is found by taking two test por-
tions or increments from suitably separated points in the
same batch, making the specified tests, and substituting the
results in

. Xy —Xg)®
. (e /£ -

in which

o2, = total within-batch variance;
X 4, = test result on first increment;
X = test result on duplicate increment; and
n = number of paired increments (one-half the total
number of increments).
In many instances, such as in the case of an aggregate for

TABLE 5

AVERAGE STANDARD DEVIATION * OF CONCRETE
AGGREGATE PERCENT PASSING 3-IN. SIEVE

AVG. STD. DEVIATION VALUE

WITHIN-  BATCH-TO-

SAMPLING SAMPLING, BATCH, BATCH, OVERALL,
POINT Os O ar Co
Crusher 0.9 1.7 3.5 3.9
Belt to bin 1.3 2.1 4.2 4.9

Bin to discharge 3.4 3.8 8.0 9.1
Barge 7.6 7.7 9.4 12.3
Stockpile 4.4 4.6 8.2 9.5
Truck 3.6 3.8 8.0 9.1

= For comparative purposes, average testing error ¢, = 0.4, and average
inherent variability ¢, = 1.4, on the 3%-in. sieve.

use in concrete, within-batch variance, o?;, is of least prac-
tical importance, because the cause of this variance will be
removed by further mixing. However, if the batch is suffi-
ciently segregated, the sampling error, o%, may lead to
misinterpretation of test results unless test portions are taken
by collecting multiple increments of aggregate from dif-
ferent parts of the batch. The exercise of engineering judg-
ment in interpreting the relative importance of within-batch
variance for a given aggregate use can have much prac-
tical significance.

Apgain, for comparative purposes only, average within-
batch standard deviation, o, values are presented in Table
S.

Batch-to-Batch Variance

The batch-to-batch, or within-lot variance, o?;, is the most
significant, because it can cause actual differences in the
performance of different batches.

The size of the variance depends almost entirely on the
efficiency of the methods of handling, transporting, and
storing aggregates, and the resulting degree of segregation.
It is computed by difference, using

o =a% —o% (6)
The relative magnitude of the standard deviation associ-

ated with batch-to-batch segregation, o, is also given in
Table 5.

Overall Variance

The total overall variance among test portions taken from
a Lot is symbolized by o*, which is equal to 2, + 0% +
o*, + ¢*, and is computed by

_ SX*— (3X)*/n
B n—1

2
o2

(7)

in which

a?, = total overall variance;
X = test result on an increment or test portion; and
n = number of measurements or test results.



Comparative values of average overall standard deviation
of percent passing the ¥&-in. sieve at the different sampling
points are also included in Table 5.

Computation of o2, can be quite tedious. In this study,
all computations were made on a high-speed electric desk
calculator using forms specially devised for this purpose.
Use of this type of form (Fig. 6) greatly simplifies the
calculations involved.

A computer program was subsequently developed for
these computations and has been successfully used for a
later project (HR 10-3(1)). It is now evident that this
program will prove to be of value for extensions of Project
HR 10-2 work.

Summary of Variances

To sum up, the variations in gradation which may be ex-
pected among random samples taken from a LoT of aggre-
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gate stem from many causes, as shown in Figure 4 and
Table 6.

The relative magnitudes of the corresponding standard
deviations are summarized for comparative purposes in
Table 5. A summary of the general observations regarding
the factors which seem to influence these variations is pre-
sented in the following in order of relative size.

The testing error, oy, is the smallest of the group with an
average of about 0.4 and a range of 0.2 to 0.6. The data
indicate that there is a relation between o, and the amount
of material on the sieve. For most of the aggregates studied,
the percent passing the No. 4 and the No. 8 sieves was small
and, in general, o, is correspondingly smaller than it is on
the %4 -in. or 3-in. sieves. Series No. 5, on the other hand,
is a well-graded aggregate with a relatively large percent
passing the No. 4 and No. 8 sieves; the testing error on these
sieves is correspondingly larger.

The inherent variability, o,, is next in line under the con-

SOURCE_OF DATA MO X X X X
Project Series 5 ] 88.8 83.4 7!..3
Location__N. C. Roadway
Material 2 84.5 81.8 70,1
Date Sampled July 9, 1964 3 84.9 83.7 78.6
Type of Test L
Date Tested 85.2 82.9 71.5
Remarks 5 86.5 82.0 79.7
6 82.3 80.3 79.8
7 85.7 75.3 78.8
8 81.6 84.3 81.3
% Passing 3/41 9 88.8 85.7 81.8
10 83.9 86.3 82.3
11 80.0 77.2 84. 1
12 81.2 81.7 78.2
13 76.1 86.5 83.4
14 86.3 85.2 81.1
15 82.3 81.2 81.3
16 78.5 82.3 84.7
17 84,1 72.8 83.8
18 80.5 74.6 78.7
19 80.5 70.4 81.3
0 76.5 72.9 77.6
OW| _COMPUTED METHOO
1 n No. X's 60
2 b2 Sumn X's 4 858.1
X ( ) 80.97
priog sumn_(x's)? 394,517.37
4| (B)°m | (Row 2)*/n 393,352.26
6 [DCADX)* /| Row 5 - Row & 1,165.11
71 &* (Row 6)/(n-1) 19.75
8 J/Row 7 L 44
9 v 100 (Row 8)/(Row 3)
By Date

Figure 6. Example of worksheet for computing the standard deviation, o, by use of a

desk calculator.
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TABLE 6

SUMMARY OF VARIANCES

DESIG- HOW
VARIANCE NATION CAUSE ESTIMATED EQUATION
Theoretical maximum  ¢’..«  Complete segrega- Computed 0*max = P(100 — P)
tion
Inherent (within-test o*u Inherent Computed . _ P(100 —P)g
portion) TH="T 454 W
Testing error (between ¢% Testing error By experiment o (X — X2)?
tests) L= n B
Sampling err(;r (among % Sampling error By difference 0% = % — (% 4 %)
increments
Within-batch o Multiple (sum of By experiment ., Z(Xa—X»)*
0,2”‘ o 0,2‘) 0 e N ian
Batch-to-batch o’ Segregation By difference 1= % — %
(within lot)
Overall "o Sum of variances By experiment X — (2X)*/n

== =
; n—1

ditions of test (sample weight, W = 25 |b). Inherent vari-
ance is an inverse function of sample weight and is also
related to particle size. Under the study conditions, o,
varied from 0.6 for the No. 8 sieve to 2.8 for the 1Y2-in.
sieve size.

The experimental error, o, is a measure of the combined
effects of testing error and inherent variation. It is the
variance which will most closely approximate reproduci-
bility of aggregate gradation tests on replicate samples,
Thus, the implication is that a coarse aggregate gradation
precision statement for among-different-laboratory testing
may need to be related to sieve size, the quantity on that
sieve, and sample weight, as well as the random variation in
operators, equipment, etc.

Sampling error, o, is a function of both the sampling
method and the sampling point, ranging from an average
of 0.9 at the crusher to 7.6 from the barges. Sampling
error also varies with the amount of material on the sieve
and frequently approximates zero when the percent passing
is either very high (95%+) or very low (less than 5%).
Although mentioned only briefly in this particular report,
the measured variability due to local or within-batch segre-
gation is also a function of the distance between the paired
within-batch portions.

Within-batch variability, o, at the 1.7 to 7.7 level, is
next in line and is subject to the combined previously dis-
cussed effects.

Batch-to-batch variability, o), is the measure of segrega-
tion which is usually the most important and which is
largely a function of the processing or handling methods.
In these studies, the average o, varied from 3.5 at the
crusher to an average of 9.4 percent passing the ¥-in. sieve
on the barges.

Overall variability, o, is the largest, because it is made
up of the sum of all previously discussed sources of random
variation. In these studies, the average o, varied from 3.9 at
the crusher to 12.3 on the barges.

It is interesting to note that, even under the poorest con-
ditions, the standard deviation values of random variation
under typical conditions summarized in the foregoing for
comparative purposes are in themselves small, relative to
complete segregation, o .

ASSIGNABLE CAUSES OF VARIATION

In addition to the foregoing sources of variance due to ran-
dom or chance causes, the influence of assignable causes
of variation on aggregate gradation test results should not
be overlooked. These are actual errors of omission or
commission, such as intentional departure from specified
proportions or methods, or malfunction of equipment.
Assignable causes usually produce much larger variations
than random causes, so they can be detected and eliminated
by thorough inspection.

A summary of the more common errors encountered in
determining the gradation of aggregates is presented in
Table 7, in which both sampling and testing errors are
analyzed with respect to source, type, cause, and suggested
corrective action.

APPLICATIONS OF VARIANCES TO CONSTRUCTION
CONTROLS AND SPECIFICATIONS

An understanding of the causes and sources of variability
at the quarry site, in the transportation, processing and
handling, and in the control of aggregates used in construc-
tion is obviously of importance to many segments of the
highway industry. The aggregate supplier and the con-
tractor must not only maintain satisfactory degrees of uni-
formity to meet specifications, but they also should be able
to pinpoint the source of any undue variability easily and
quickly so that positive corrective action can be taken. The
responsibility for segregation throughout the full transpor-
tation and handling process should be capable of being
placed where it rightfully belongs. The techniques and



formulas developed herein for defining these sources of
variation make it possible to design sampling plans which
will pinpoint just where and to what degree the material
is going out of specification or the uniformity is changing.

Another important application of potential value to the
highway industry as a whole lies in the ability to better
define just where the process needs help. For instance, it
would be pointless for the instrument manufacturers to
spend a lot of money developing a better means of control
or of testing at a point in the process that would not sig-
nificantly influence the overall variability, o,. Cutting the
testing error in half at the o; = 0.4 level doesn’t help much,
if the sampling error, oy, is at the 5 to 7 level, or the batch-
to-batch variability, oy, is in the 7 to 10 range. These ob-
servations, of course, apply to sources of random variation;
any advancement in instrumentation, automation, or im-
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proved control of assignable causes of variation is an en-
tirely different matter.

The equipment manufacturers might well find the tech-
niques and formulas developed herein to be of value in the
design of improved storage bins, silos, hoppers, etc. It is
shown later that some of the test results obtained in the
Philadelphia plants indicate that hopper design is the prob-
able cause of a relatively large difference in segregation
observed in two otherwise similar aggregate processing
plants.

The last observation of a general nature before getting
into the more specific applications of variances to con-
struction controls and specifications lies in the improved
ability to define realistic tolerances for both construction
controls and material requirements.

TABLE 7

ERRORS IN DETERMINING THE GRADATION OF AGGREGATES

(a) SAMPLING ERRORS

CORRECTIVE ACTION

Gradation changes according to lo-
cation in lot

Gradation changes between adja-
cent sampling points

Function of gradation and maxi-
mum size of aggregate

Most likely when gradation in-
cludes wide range of particle sizes

Occurs when reducing aggregate
to test portion size

Sample taken on “judgment” basis

(b) TESTING ERRORS

Increase number of increments per
test portion

Increase total weight of test por-
tions

Use appropriate sampling tool only

Divide test portion and test all
parts, or use riffle of adequate
design

Locate sampling points by use of
random numbers

Most likely in highest numbered
Most likely in highest numbered
Worn or damaged sieves

Most likely in highest numbered
Constant error in one direction

Usually proportional to weight
Usually inversely proportional to

Can be detected by repeat weigh-
ing of test portion

Can de detected by repeating test

SOURCE TYPE CAUSE REMARKS
Chance Random Within-lot segregation
Chance Random Within-batch segregation
Chance Random Inherent variation
Equipment  Bias Loss or exclusion of larger
particles
Equipment  Random Disproportionate quantity of
fine or coarse particles
Technician  Bias Biased sampling plan
Equipment  Bias Break or hole in sieve
sieves
Equipment  Bias Plugged sieve openings
sieves
Equipment  Bias Non-standard sieve openings
Technician  Bias Incomplete sieving
sieves
Equipment  Bias Incorrect tare on scales
Equipment  Bias Inaccurate scales
Equipment Random Insensitive scales
weight
Technician  Bias Loss of part of fraction
Technician ~ Random Incorrect reading
Technician  Random Incorrect recording and/or

computations

Can de detected by repeating test

Inspect, and run standard sample

Inspect after each wuse. Clean

openings

Check sieve openings or use stan-
datd sample. Replace faulty sieves

Reduce size of test portion, use in-
termediate sieves, increase sieving
time, hand check for completeness

Place known weight on pan
Repair or replace scales

Repair or replace scales
Improve technique

Improve technique

Improve technique
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General Applications

There are two broad applications worthy of note, as fol-
lows:

1. The ability to define and measure limiting tolerances
beyond which further restrictions become impractical with-
out some major change in the processing method or con-
trol. In other words, the defining of what is normal in-
herent variability associated with that particular operation
or test method.

2. The ability to better define just what is good accept-
able construction. Engineering judgment with respect to
permissible variability (or conversely, to needed degree of
uniformity) is based largely on the attempt to duplicate
previous or known good experience. These statistical tech-
niques provide the tools for measuring the variability of
acceptable good construction, either in place or as it is being
produced under normal control and conditions. Thus, these
methods provide a valuable adjunct to engineering judg-
ment.

Specific Applications

In addition to the general uses, only a few of which are
discussed in the foregoing, there are certain specific appli-
cations of variances to construction controls and specifica-
tions pertinent to this study.

LIMITING MAXIMUM VARIANCE

As previously discussed, the limiting maximum variance of
the percentage of aggregate passing a given sieve is given by
P(100 — P), where P is the average percentage passing.
This means that as the 50 percent point is approached the
limiting variance is 2,500 [= 50 X (100 — 50)], whereas
for 1 percent the limit is 99. This effect is reflected in the
range of specification limits which are practical for a
graded aggregate. Due to the tendency for variations in
the 40-60 range of percentages to be larger, the specifica-
tions limits in this area must necessarily be wider than for
small percentages if specifications are to be consistently
met.

This limiting variance may also be used, as it has been
in this report, as a reference value. If different handling or
stockpiling procedures are to be compared, using aggregates
having different gradations, the “degree of segregation,”
obtained by dividing the batch-to-batch standard deviation,
o, by the limiting sigma, o, to obtain an index, provides
a better indication that one method actually resulted in less
segregation than the other, and that the difference in segre-
gation was not unduly influenced by the mathematical effect
of the differences in gradation percentages.

LIMITING MINIMUM VARIANCE

As developed previously, the inherent variance, o*,, due to
nonhomogeneity of the discrete aggregate particles is a
basic variation which cannot be further reduced by process
control or by testing refinements. The magnitude of this
basic variance is dependent on both the gradation, or aver-
age particle size, and the total weight of the aggregate sam-

ple that is actually tested. It thus becomes a limiting minimum
value which can be tied directly to some definite limiting
minimum weight of sample required to attain a given degree
of accuracy or confidence in the test results. If only a small
weight of an aggregate containing large particles is tested,
o2, will be large and the specification limits must be wide
enough to accommodate = 202, plus variations due to
normally good handling procedures. On the other hand,
narrow specification limits require that the minimum weight
of aggregate sampled and tested be sufficient to reduce
o2, to a value such that the gradation test has an acceptable
degree of accuracy.

Eq. 2 may be used to estimate the minimum sample
weight required to estimate the true gradation of an aggre-
gate within allowable limits of error. Note that this is sam-
ple weight for the total weight of aggregate put through the
sieves. How this total sample weight is divided up into the
number of test portions, or the number of different batches,
or the number of increments taken from each batch, is
quite another matter involving sampling plan considerations
discussed later. The number of test portions required to
average out differences in the gradation of aggregate from
different parts of the Lot depends on the size of the overall
standard deviation, o,. To average out differences in gra-
dation in different parts of the batch, a number of incre-
ments must be taken, the number depending on the size
of the within-batch standard deviation, o,. Thus, there
must be some minimum number of increments in each
sample taken to represent the rLor. The size of these in-
crements must be large enough so that the larger aggregate
particles are not excluded, but the practical weight of in-
crement taken is largely a matter of judgment and the
sampling tool used. If the practical sample size determined
by multiplying the practical increment weight by the num-
ber of increments is greater than shown by Eq. 2, the size
is acceptable for the chosen degree of accuracy.

As a part of this study, a nomograph (Fig. 7) was de-
vised to eliminate the computations required by Eq. 2.
The scales on this nomograph may be used to estimate
particle weight and the degree of accuracy associated with
total sample weight under various conditions. The nomo-
graph may also serve as a convenient way of judging alter-
nate means for arriving at a practical balance of cost, in-
crement size, and the number of test portions, in addition
to providing a rational approach to estimating the minimum
total sample weight required to attain a given degree of
accuracy.

COMBINED VARIANCES

More effective sampling plans can be designed if estimates
of the individual variances are available. For example, in
some acceptance situations one objective is to estimate the
average value of some characteristic of a Lot within some
selected confidence limits, usually 95 percent, or *=20,. In
the case of aggregate gradations, the confidence limits at-
tached to the average percentage passing a given sieve de-
pend on the summation of several variables.

First, it is essential that all increments and test portions
which form the sample representing the LOT be selected by



the use of a random sampling plan. If this condition is
met, the standard deviation associated with the confidence
limits of each average gradation (o¢y) will be the square
root of the sum of four variance components; that is,

F
UCL:/‘/

b = number of batches sampled;

t = number of test portions from each batch;

i = number of increments taken to form each test por-
tion; and

w = weight, in pounds, of each increment.

0

8
et +bn+ (8)

bnw

in which

The objective of any acceptance plan should be to reduce
o¢r to the smallest practical value. As previously discussed,
the smallest value that can be expected is determined by
the gross weight of the sample, btiw.

The most efficient way of splitting this total weight into
the number of increments which will result in the desired
confidence limits, CL, depends on the relative sizes of o?;,
a?, and %, and the relative cost of acquiring increments
and test portions. As shown by the investigations reported
herein, many roTs of aggregate have a relatively large
batch-to-batch variance, o%. This means that b should
usually be large with respect to i. In most acceptance
sampling situations, only one test or portion is taken from
each batch, in which case t = 1. The number of increments,
i, taken from each batch to form the test portion depends
on the size of the potential sampling error, o2,, which in
turn depends on the size of the within-batch variance, o,
under a given combination of circumstances. The currently
reported investigations indicate that, under some sampling
conditions, o*; may be very small or nonexistent, and that
o?, is relatively small. However, for practical reasons, the
number of increments, i, taken for each test portion should
usually be greater than one. The size of the increments, w,
must not be so small that a representative proportion of the
larger aggregate particles is not included, but on the other
hand- should not be so large that they cannot be handled
conveniently.

To sum up, accurate estimates of the average gradation
of a LoT of coarse aggregate depend on the effects of many
variables. To minimize these effects, a sampling plan must
be designed for the individual acceptance situation so as to
obtain the greatest accuracy consistent with limits of avail-
able funds and technician time requirements. The efficiency
of the plan will depend largely on how much is known about
the components of variance under the conditions of the
particular situation.

OVERALL VARIANCE

It is the overall variance, o2, that directly affects the writing
of practical specifications with realistic tolerances. The mag-
nitude of o2, also affects the sampling plan, because the
number of test portions required to obtain a measured pre-
determined degree of assurance and accuracy is found from

* In this case, o2, is the inherent variance associated with unil weight of
aggregate.
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. (9)
in which

n = number of test portions;

t = the desired degree of assurance, or probability of
success in obtaining a correct answer, measured in
standard deviation units from the center of the ¢ dis-
tribution curve;

o, = the overall standard deviation of the measurements;
and

A = the maximum allowable difference between the com-
puted average of the measurements and the true
average.

For example, if it is known that the overall standard
deviation of the percent by weight of aggregate passing the
% -in. sieve is 4 percent, and it is desired to take enough
test portions so that there is a 95 percent probability of
obtaining an average value correct to *=1 percent, n =
[(2.00)2 X (4)%/(1)2 = 64.

In the example, the value of ¢t = 2.00 is for 60 DEGREES
OF FREEDOM (d.f.) and 95 percent probability. This value
of t must be found by ITERATION because d. f. = (n —1)
and n is initially unknown. To simplify computations and
reduce the number of iteration trials, a nomograph (Fig. 8)
has been devised.

SUMMARY OF SPECIFIC APPLICATIONS
In summary:

(a) Complete segregation is represented by limiting max-
imum variance, o p,y.

(b) The minimum total sample weight in pounds is
equal to the factor W in Eq. 2 and may be estimated, for
a desired degree of accuracy under various conditions of
particle size and percent passing the designated sieve, from
the nomograph (Fig. 7).

(c) The total sample weight as defined above may be
made up of an infinite combination of increments of various
sizes, of numbers of test portions per batch, and the number
of batches to be sampled. The optimum balance to attain
the standard deviation associated with given confidence
limits is a function of the relative magnitude of o2, o2, o2,
and o2, expressed in Eq. 8.

(d) The total number of test portions or individual mea-
surements which must be averaged to attain a given degree
of assurance that the computed average lies within a given
allowable range of the true average is a function of the
overall variance, o2, This relationship is represented by
Eq. 9 and the nomograph (Fig. 8). Overall variance is an
important and useful parameter, whether or not the in-
dividual components or sources of variance are known.
Although the results must be used with caution (checked
to assure that the operations are comparable and the same
sampling plan was involved), some values of overall vari-
ance are now well enough known that the normal random
variability associated with certain phases of highway con-
struction can be generally characterized. Average values
from the so-called “sigma bank*” may, under properly

* Established by Miller-Warden Associates, Raleigh, N.C. (sce NCHRP
Rpt. 17, p. 88).
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Figure 7. Nomograph for estimating weight of aggregate sample for gradation test.
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USE OF NOMOGRAPH TO ESTIMATE SAMPLE WEIGHT

. Select the critical sieve size. This is usually the size follow-

ing that sieve which passes 90-100% of the aggregate.

For Example: If 99% passes the 2" sieve and 50% passes the
1" sieve, the 1" sieve is the critical size.

Determine the average particle weight of all particles retained
on the critical sieve. If this is unknown, it can be estimated
roughly from the values shown on the left of the g scale.

To find g approximately by use of the scale on this page, find
the weight opposite the mid-point of the distance between the
sieve size that the particles pass and the sieve size on which
they are retained. Then calculate a weighed average for the
total material retained on the designated sieve.
For Example: Sieve Percent Particle

Size Pass-Ret Weight

3/4-3/8 30 4.1
3/8-4 50 0.6
4-8 10 0. 09

30x4. 1+ 50x0. 6+ 10x0.09 - 1 7 4 (Av. wt. particles
30+ 50+ 10 Ret on No. 8 sieve)

E =

From the percentage passing the critical sieve on scale P,
project a line through the average particle weight on scale
g to scale F,

For Example: If 50% passes the 1" sieve and the average
particle weight of the aggregate retained on the sieve is 70
grams, project a line from 50 on scale P through 70 on scale
g to 386 on scale F.

From the point on scale F, project a line through the desired
degree of accuracy on scaleA to the required total sample
weight on scale W,

For Example: With an F factor of 386 and a desired degree of
accuracy of £ 2%, the line projected through these points indi-
cates a required sample weight of 370 pounds on scale W.

The accuracy obtained by the use of a larger or smaller
sample can be found by projecting a line from the F factor
to the actual sample weight and reading the result on scaleA.

For Example: With an F factor of 386 and an actual sample
weight of 50 pounds, the percent passing the 1" sieve will be
correct to within * 5%, 95 times in 100 determinations.
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Figure 8. Nomograph for estimating required number of measurements.



defined conditions, provide useful preliminary estimates of
the more common standard deviations.

GRADATION PARAMETERS

It is difficult to visualize or think of differences in gradation
as a multiplicity of percentages passing different sieve sizes.
Further, the experimental results obtained show that the
magnitude of most of the sources of variance is a function
of the average percent passing. It is therefore desirable to
be able to express gradation as a single number and to
either minimize or be able to define the effect of percent
passing on the variance. Accordingly, this section describes
the so-called HUDSON A parameter as a means of expressing
gradation as a single number and the degree of overall
variability (DOV), degree of segregation (D of S), and
SEGREGATION INDEX (§) parameters as measures of relative
variability.

Hudson A

To measure and assess the effects of changes in gradation
by the use of statistical methods, it is desirable to describe
the gradation by a single number rather than a multiplicity
of percentages. The FINENEss MobpULUs (FM), originated
by Abrams, is such a parameter and is useful when dealing
with aggregates for portland cement concrete. However,
the FM was intentionally designed to exclude the influence
of the minus No. 200 aggregate in the gradation. This
makes the FM unsuitable for use when dealing with aggre-
gates for bituminous concrete or when other aggregate

Use of Figure 8

The purpose of this nomograph is to furnish an approximate

solution of
to |2
n=|—
A

where ¢ depends on the number of degrees of freedom
(n — 1) associated with n.

1. To use, project a straight line from the standard de-
viation of the measurement on the left hand (o) scale
through the desired degree of accuracy on the center (A)
scale. This line will intercept the right hand (n) scale at
the approximate value of n indicated by the equation.

2. To obtain a more precise value of n, enter the ¢ table
with the number of degrees of freedom (n — 1) associated
with the chart value, and opposite this value find ¢ in the
column which has ¢ = 1.96 opposite d.f. = 0.

Insert this ¢ in the equation and solve for n. Use this
value of n to find a new t, and continue to iterate until the
value of n found by solving the equation is nearly the same
as the value of n used to find .

21

mixtures contain a significant quantity of minus No. 200
material.

The UNIFORMITY COEFFICIENT, C,, is another parameter
that is useful in characterizing the properties of a gradation.
This characteristic is defined as the ratio of the diameter of
the 60 percent finer point to that at the 10 percent finer
point on the gradation curve. Unfortunately, this param-
eter is difficult to derive and interpret.

For the reasons given, FM and C, are not used in this
report.

Recent studies have resulted in the concept of the so-
called Hudson A4, which is simply one-hundredth of the
sum of the percentages passing the ten STANDARD SIEVES
startng with the 1%%-in. and including the No. 200 sieves.
The investigation of theoretical concepts, confirmed by
limited experimental investigation, indicates that A4 is a
fundamental constant, related to the relative surface area
effects of the aggregate in any mixture of pa<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>