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A review of the literature indicates that thermal
stresses warrant increased consideration in design (4,
6). This paper presents a method for determining thermally induced stresses and strains in composite girder
bridges and structures with nonprismatic sections subjected to any temperature distribution. It also gives
the expected stress range of a typical four-span composite highway bridge with a concrete deck and steel
stringer at two arbitrary temperatures.
SLAB AND BEAM STRESSES
AND STRAINS
Remove intermediate supports and end restraints, if
any, and assume that the composite bridge structure
is a simply supported structure in which the slab is separated from the beam. Let the slab be completely restrained in the longitudinal and transverse directions
and subjected to temperature effects.
Although it acts as a simple beam before boundary
conditions and compatibility are introduced, the slab
strains freely in the longitudinal direction. To achieve
free movement and satisfy equilibrium, a longitudinal
force P!sk and a moment M!,k are superimposed on the
thermally induced force and moment that resulted from
the restrained condition.
For the interface strains and curvatures to be compatible, an interface force system of shears and couples,
similar to those of Zuk (7) and Aleck (1), must be applied at the ends of prismatic, or constant curvature,
segments of the separated slab and beam as shown in
Figure 1. The final strains, stresses, curvatures, and
deflections may be found after the magnitudes of the interface forces are determined and all deformations have
been found to be consistent with the boundary conditions.
The final slab strain at any section is the sum of the
strain under unrestrained movement and that resulting
from equilibrium and compatibility, which, for a slab
in plane strain, is
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axsk = - [a,E, Ts(y)k/ I - µ,] + (Pi,k/A,) + (M(,ky,/I,)
+[(I/A,)+ (cy,/I,)] Fk - (y,/I,)Qk

(I)

where
s = slab,
k := segment, if nonprismatic,
Cl'xsk = final slab stress in a determinate
member,
= thermal coefficient of expansion,
E, = modulus of elasticity,
Ts(ylk = change in temperature as a function
of vertical distance,
J.t, = Poisson's ratio,
P isk and M isk = force and moment superimposed on
restrained separated slab to achieve
free movement,
A, = cross-sectional area of Slab,
I, = moment of inertia of slab,
c = half of depth of slab (+up or down),
y, = distance measured from centroidal
axis, and
Fk and Qi, = interface shear force and moment.

°'•

In a similar manner, the final beam strain of a determinate member at any section is the sum of the
strain under unrestrained movement and that resulting
from equilibrium and compatibility, which, for a beam
in plane stress, is
Uxbk =-ab Eb Tb(Y)k + C~tbk/Abk) + CM;bkYbk/Ibk)
+ [-(!/ Abk) + (dkYbk /Ibk)] Fk + (ybk /!bk )Qk
where b = beam and dk
to top of beam(+).

=

(2)

distance from centroidal axis

COMPATIBILITY OF COMPOSITE
SECTION
For the original composite structure, compatibility requires that the slab strain and curvature be equal to the
beam strain and curvature at the interface.
Equating longitudinal interface strains and simplifying yield
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{ [n(l -µ?) / A, .)+ l/Abk + [n(l -µ?)c 2 /I,] +(ctUJbk)}Fk
+ { dk / luk - [n(l -

µ? )c/I, l} Qk = [(P;bk/Abk) - (Mibkdk/lbk)]
- n(l -µ?HCP;,k/A,)

(3)

+ (M ;,kc/I,)]

where n = modular ratio Eb/ E,.
Equating curvatures of the slab and the beam at the
interface and simplifying yield
{ dk/Ibk - [n( I -

The unknown quantities Fk and Qk may be obtained by
solving equations 3 and 4 simultaneously. The equations
are best solved numerically for specific problems.
With Fk and ~known, the longitudinal interface stress
in a determinate slab and beam may be obtained from
equations 1 and 2 respectively. Final slab and beam
stresses in an indeterminate member may be found by
superimposing equations 1 and 2 with the elastic stresses
obtained from the moment and thrust diagram.
EXAMPLE BRIDGE

µ; )c/I, I} Fk + { I /Ibk
(4)

+ [n(l -µ?)!,]} Qk = [n(l -µ?)/I,]M(,k-(1/Ibk)M(bk

Figure 1. Interface shears and moments on
separated slab and beam.

Variations of stress resulting from thermal loading may
be illustrated by applying assumed temperature gradients
to a typical four-span, nonprismatic, six-stringer, continuous, four-lane composite highway bridge with expansion rollers except for the center pier. The reference
temperature is 21° C (70° F).
Assumed temperature gradients and a comparison of
the thermal stresses calculated for the interior girder
for (a) plane strain in the slab in the transverse direction
and plane stress in the beain and (b) plane stress in both
slab and beam by the theoretical method are shown in
Figures 2 and 3.
SUMMARY
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Figure 2. Longitudinal
unit stresses resulting
from assumed constant
temperature gradient in
slab and beam.
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Figure 3. Longitudinal
unit stresses resulting
from assumed linear
temperature gradient in
slab and constant gradient
in beam.

The procedure presented provides a practical means for
considering nonprismatic bridge structures subjected to
thermal loading.
The thermal coefficient of expansion for limestoneaggregate concrete has been substantiated by the authors
to be approximately 7.2 x 10-s;o C (4.0 x 10- 6 /° F) and
was assumed for the example bridge calculations.
Maximum longitudinal stresses in the slab for the two
assumed thermal loadings were 1810 kPa (262 lbf/in2 )
for the constant temperature gradients and -3 920 kPa
(-568 lbf/in2 ) for the linear slab and constant beam gradients .
Maximum longitudinal beam stresses were -33 880
and -33 670 kPa (-4910 and -4880 lbf/ in2 ) by methods a
and b for the constant gradients. For the linear slab
and constant beam temperature gradients, the maximum
longitudinal stresses were 36 360 and 45 130 kPa (52 70
and 6540 lbf/in2 ) for methods a and b. The actual
stresses would probably be between the values of methods
a and b, depending on the actual transverse slab restraint. Comparable significant thermal stresses have
also been found by other investigators (2, 3, 5).
Although directed toward thermal behavior, the derivations presented are general in nature and may be used
to account for other internal effects, e.g., shrinkage
strain, provided an equivalent temperature distribution
is used.
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