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Swelling of Clay
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Described In the paper are the development and application of
a simple approach for estimating the response of a swelling soil
profile to the percolation of surface water. The approach Is
made up of two part'i: (a) A model for the flow regime, to
predict the development of the wetted zone with time. It Is used
to predict the lateral extent and the vertical penetration of the
wetting front for a surface wetting source of finite extent. (b) A
model for the swelling proce~ under constrained conditions. It
Is used to predict the surface heave of a swelling clay profile as
a function of the extent of the wetted zone, and Induced lateral
and vertical constralnt'i. The approach Is illustrated by reference to the prediction of the development of heave with time In
a swelling marl profile. The swelling parameters of the marl
were obtained from laboratory test'i In which radial as well as
vertical stresses were measured. It Is shown that the effect of
confinement and limited extent of surface wetting source, often
neglected In standard one-dimensional analysis, may be of
major significance In limiting the heave that will develop In the
field.
Evaluation of the response of swelling clay soils to the combined effects of wetting and mechanical constraints constitutes
a formidable geotechnical problem. A complete solution of
such a problem requires the study of saturated-unsaturated flow
and its coupling with the swelling and stress-strain response of
the material. The present state of knowledge does not allow
such a comprehensive treatment but there exists, nevertheless,
the need to estimate (even approximately) the expected response of a constrained clay layer to wetting.
The present paper describes the development of a model
allowing the estimation of the combined effects of wetting
from a surface source and mechanical constraint. The model is
based on the following simplifying assumptions:
1. Decoupling of the flow and stress-strain problems. As a
result of this decoupling, phenomena such as the effect of
volume change on permeability, stress changes on suction, or
suction changes on deformation moduli are not explicitly
considered
2. Representation of the continuous transition between the
saturated and unsaturated flow regimes by a sharp wetting front
advancing in time and space. As a result of this approximation,
a volume element can exist only in one of two states: the initial
(unwetted} state with degree of saturation S0 or a final saturated
state with complete saturation, that is, s1 = 1.
3. Volume changes on wetting at constant stress and volume
change due to stress change without wetting are assumed to be
Faculty of Civil Engineering, Technion-Israel Institute of Technology,
Technion City, Mt. Cannel, Haifa 32000, Israel.

additive. Such an assumption is essentially a statement of a
superposition principle between the free swell and stress-strain
problems. This assumption results in a model that is similar to
the one used in thermoelasticity, with volume changes due to
wetting playing the role of thermal expansion.
On the basis of these assumptions, models for the flow
regime and constrained wetting process are developed and used
to illustrate the effect of extent of the wetted zone and of lateral
constraint on the heave of a swelling marl profile covered by a
nonswelling rock layer. The complete case study of feasibility
of siting a nuclear power plant on such a profile is presented in
a separate paper (1).

A MODEL FOR THE FLOW REGIME
A comprehensive solution for the development of the wetted
zone with time requires the solution of a complicated nonlinear
partial differential equation describing saturated-unsaturated
flow. Finite element programs for this purpose are available
[e.g., Neuman (2) and Neuman et al. (3)], but these require
parameter evaluation using nonroutine testing, and significant
amounts of computer time. For the present simplified scheme,
an approximate approach is used to obtain a solution for the
development of the wetted zone. The solution contains two
elements, one concerning the lateral extent of the wetted zone
as a function of depth, and the other describing the vertical
penetration of the wetting front with time. These two elements
are discussed in the following paragraphs.

The Lateral Extent of the Wetted Zone
Use is made of an analytical solution for steady state flow of
water from a ditch to a deep water table through homogeneous
material, as presented by Harr (4) based on a derivation by
Vedemikov (5). Although this solution is for a two-dimensional
case, it is also taken as a first approximation for axisymmetric
conditions. A more complete discussion of Vedemikov's solution was presented by Baker et al. (6). This solution may be
expressed in the following form:

r

~/0 = { (P, )11z [1 -

exp ( - ;

)J}

where

r = lateral extent of wetted zone at depth z;
r0 = lateral extent of wetting source at surface;

(1)
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=

H

=

k

Permeability ratio; that is, ratio between
horizontal and vertical coefficients of
permeability; and
height of ponded water.

n
S0

From Equation 1 it is seen that (r - r J approaches a vertical
1
asymptote at a radial distance equal to H(P,) /z.

Vertical Penetration of the Wetting Front
The rate of penetration of the wetting front has been analyzed
on the basis of one-dimensional vertical flow. In order to avoid
the need for the solution of the nonlinear infiltration equation,
the present approach is based on the assumption that the wetting process involves the advance of a sharp wetting front, that
is, the material above the wetting front is assumed fully saturated and below the wetting front the degree of saturation
equals its initial value. A similar assumption has been made by
Bear (7). Validity of this approximation was discussed by
Balcer et al. (6).
Schematic profiles of degrees of saturation, S, and suction,
'If, as a function of depth, z, at a given time t, are shown in
Figure 1. The full lines represent the complete infiltration
solution, while the dashed lines correspond to the wetting front
approximation used in the present analysis. As can be seen, the
suction at the wetting front is not well defined, and a value of
'If= 'lffl is used as a reasonable approximation. The profile is
assumed homogeneous, with a constant value of 'If0 below the
wetting front.
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the saturated coefficient of permeability,
time,
porosity, and
initial degree of saturation below the wetting
front.

This solution applies to a homogeneous profile. An extension of the above approach to the case of a two-layered system
has been developed using the concept of an equivalent coefficient of permeability. The solution is given by the expression

T

=y -

(B + 1) ln(l + y) +A

(4)

where
(Sa)

A = [

:J

(~) G= (~)- 1J

·[ :
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where
d
k1, n 1, S1
lei. Iii• S2

=
=
=

thickness of upper layer,
parameters of the upper layer, and
parameters of the lower layer.

Equation 4 is valid for the case where the lower layer is less
permeable than the upper one; otherwise there is no guarantee
that the material in the bottom layer will be saturated.
Figure 2 shows the depth of the wetting front as a function of
time for a particular choice of parameters. The shape of the
wetted zone at different times is shown in Figure 3.
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A MODEL FOR THE SWELLING PROCESS

I

Typical Solution

FIGURE 1 Degree of saturation and suction versus
depth.
Following the analysis presented by Balcer (8), the following
relation can be derived:

T

=y

- ln(l - y)

e
(2)

where y and Tare nondimensional depth and time, respectively,
defined as follows:

= z!H
T = kl/ n(l -

y

(3a)

S0 )H

where

z
H
he

'lf0
'Yw

=
=
=
=
=

depth to the wetting front,
he+ 'l'fl'YW'
thickness of the cracked zone,
initial suction in the unsaturated zone,
unit weight of water,

The volume change of a soil element is a function of changes in
the effective stress tensor acting on the element. This dependence may be expressed as a relationship between the void
ratio e of the element, and the two components of the effective
stress tensor: the mean effective normal stress, am'• and the
deviational shear stress, 'tm [e.g., Newmark (9)]:

(3b)

= fo (am'• 'tm>

(6)

At levels of shear stress that are low relative to failure
conditions, the void ratio change may be considered a function
mainly of am' [Henkel (10), Frydman et al. (11)], and Equation
6 may be written approximately
(7)

It may be noted that Equation 7 describes the behavior of
isotropic elastic materials in which volume change is dependent on changes in mean normal stress only. The effective
normal stress, a', in an unsaturated soil under drained conditions may be expressed in terms of the total stress, a, and the
water suction, 'If, as follows [see, for example, Bishop et al.
(12)]:
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cr'

= cr + X'I'

(8)

where X is a soil parameter, dependent mainly on the degree of
saturation of the soil, S. The suction, 'If, may also be assumed to
be a function of the degree of saturation, S [Bear (7)]. Consequently, Equations 7 and 8 may be rewritten as

=/2(cr, S)
e =/3(cr,,., S)

cr'

(10)

that is, during a process that may involve wetting and change in
applied stress, the total change in void ratio is the sum of two
componems--one due to the change in applied mean stress at
constant degree of saturation (de,), and the other due to change
in the degree of saturation at constant mean stress (dea).
A similar approach has been presented by Picornell and
Lytton (13), except that they expressed de as a function of cr,,.
and 'I' instead of cr,,. and S; the approaches are equivalent. Justo
et al. (14) also used a similar approach. but they applied to onedimensional model and related void ratio changes to changes in
vertical stress, cr,, rather than mean normal stress, cr,,.. It is,
however, well accepted now that a three-dimensional approach
is more representative of field conditions.
The wetting front approximation used for the analysis of the
flow regime implies that a material element can exist only in
one of two distinct saturation states. Tn the unwetted zone, S =
S0 , the initial degree of saturation, and in the wetted zone, S =
1, and the material is fully saturated.
Figure 4 shows two curves representing the relationship
between e and log cr,,. for a clay soil element being compressed;
curve ABC is for the soil at its natural moisture content, while
curve DEF is for the saturated condition (i.e., S =100 percent).
The straight-line relationship for the saturated soil may be
expressed as follows:

10

Wetted

ae des,,. + -ae dS = de, + dea
= -aa,,.
as

(9a)
(9b)

Therefore, the change in void ratio, de, may be expressed by

(11)

where A. is a compression index, analogous to Cc or c., which
relates e to cr, in a one-dimensional process, and the subscripts/
and i refer to final and initial conditions, respectively.
Point B represents the initial conditions of an unsaturated
soil element that has a degree of saturation S0 and a void ratio
e0 • If this element is wetted and allowed to swell under constant
mean normal stress, a vertical path will be followed from point
B; if the element becomes 100 percent saturated. it is assumed
that it will reach point D and the change in void ratio is shown
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It is important to note that only the product ar, rather than
the individual parameters ex. and ar, have a physical significance in terms of the present analogy; that is, any choice of ex.
and ar which satisfies Equation 12c is equally valid. For
convenience the following choice of parameters is made:

.,
A

ar
"i5

(13a)

1

c

> content

= dea

(13b)

ex.= - - 3(1 + e0 )

lo g scale
Mean Normal Stress, O'm

Equations 13a and 13b formalize the swelling-thermal analogy.
The second part of the model is based on the path DE; for
this path, from Equation 11:

FIGURE 4 Void ratio: mean
normal stre&<1 curves for wetted
and unwetted marl.

de,
A.
[
da,,.
£,, = - - - = - - log 1 + - -

1 + e0

on the figure as de 0 • If, on the other hand, the element is wetted
under completely constrained conditions so that the volwne
cannot change, the state of the element will follow a horizontal
path from point B; if full saturation is achieved, it is asswned
that the element will reach point F, which defines the swelling
pressure of the soil. Under field conditions, an element of soil
will generally swell under partially confined conditions; in this
case increase in void ratio will be accompanied by an increase
in a,,.. If the element becomes fully saturated, it will reach the
S 100 percent curve at some point E between D and F. The
void ratio change during such a process will be de and the
stress increase da,,. as shown on the figure; this value is seen to
be the swn of de0 resulting from swell under constant a,,. and
des resulting from compression at constant S, as expressed by
Equation 10.
The analogy between the model already described for swelling of soils and that for a thermoelastic material is apparent.
The void ratio change de0 (path BD), which results from a
change in the degree of saturation at constant stress, corresponds to volwne change due to a change in temperature, ar.
The void ratio change de 9 (path DE), which results from a
change in the state of stress at a constant degree of saturation
(S 100 percent), can be evaluated using conventional elastic
stress analysis. Any arbitrary path BE, which is followed during a partially restrained process, may be considered as a
superposition of paths BD and DE.
The model described previously is in the spirit of Jennings'
(15) "double-oedometer" approach, with proper three-dimensional generalization. The formal correspondence between the
swelling and thermal models is based on the expressions for
volwnetric strains in both models:

=

=

(12a)

Swelling model
Thermal model

£,,

= -3cx. <fl'

0

J

(14)

(a,,J;

Assuming an elastic model for compression at constant S, we
have:
da,,.
3(1 - 2µ)
£,, =
=
E
da,,.
(15)

K

where K is the bulk modulus and E and µ are the modulus of
elasticity and Poisson's ratio, respectively, of the saturated soil.
Combining Equations 14 and 15:
E

= E(am) = [ 3(1 -

A.

2µ)

J(1 + e {
0)

da,,.

Jog[l + da,,./(a,,.)j]

}

(16)

If the Poisson's ratio is asswned to be constant, then the
present model for the swelling of soils implies a nonlinear
thermoelastic material with the modulus of elasticity, E,
dependent on the mean normal stress (a,,J.
The complete swelling-elastic model is governed by the
following system of equations for the axisymmetric case:
£,

= E1

£, =

(da, - 2µda,) - cx.de0

1

Ee = E [da, - µ (da, + da,)] - cx.de0

(17a)
(17b)

The parameters µ, ex., A., and the function de 0 = de 0 (a,,J are
evaluated on the basis of laboratory tests, as described in the
following section.

EVALUATION OF GEOTECHNICAL
PARAMETERS
In order to apply the procedure described previously, it is
necessary to establish values for the following geotechnical
parameters:

(12b)

where ex. equals coefficient of linear thermal expansion, and £,
equals volurr.etric strain (compression positive).
On the basis of Equations 12a and 12b, the following relation holds
dea
- = 3cx.<ll'
1+e

1 + e0

(12c)

1. Flow Parameters: The coefficient of permeability k, porosity n, degree of saturation S0 , and in situ suction 'lfo in both
the overlying layer and the swelling layer. A simplified analysis
may be based on a constant 'If0 •
2. Heave Parameters: The elastic parameters E and µ for the
overlying nonswelling material, and for the unwetted swelling
soil. For the wetted swelling soil A., µ, and e0 are needed for
evaluation of the coefficient of linear expansion ex. (Equation
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I3b) and E =E (o,,.) (Equation 16). In addition, it is necessary
to establish the function ar = dea = de (o,,.) for the wetted
swelling material.

with a =0 and £, =£0 =0 may be used to evaluate parameters E
and µ from results of these tests.
Tests were performed on specimens with dry densities vary•

,.

.. , _ . , , ...

.u..1.6 .u.v.a..u.

The following presents an illustration of application of the
model to the case of a swelling marl profile overlain by a 40-mthick chalk layer.
flow Parameters: Coefficients of permeability of the saturated marl were obtained from laboratory consolidation tests.
These values were folllld to be in the range 10-7 to 10-9 mm/
sec. In view of the possibility that fine crack patterns and
foreign lenses within the marl would result in higher permeabilities for the en masse material, it was decided to carry
out the analyses using values of k Hr7 mm/sec and 10~ mm/
sec; these values, on the high side, are conservative, as they
will result in more rapid wetting and swell of the marl and
consequent heave of the profile surface.
Values of n measured on core samples of the marl lay
between 25 percent and 42 percent, and a value of n = 37.5
percent was adopted for the present analyses. The degree of
saturation, S,,. of these cores varied between 75 percent and 95
percent, and a value of S0 = 85 percent was adopted.
Figure 5 shows laboratory suction curves obtained for two
marl cores taken from within 3 m of the top of the marl layer.
The in situ moisture content in this region was of the order of
20 percent; consequently, the value of 'lfo in the laboratory
condition (without overburden pressure) was of the order of
2.0-2.5 MPa. The corresponding in situ value was obtained by
subtracting the effect of overburden pressure [Croney et al.
(16)], yielding a range of 'lfo =0.4-1.5 MPa through the marl
profile. A representative value of 'lfo = 1.0 MPa was chosen for
the analysis.
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µ values were obtained. Values of E 300 kPa and µ 0.35
(corresponding to a coefficient of earth pressure at rest, K 0 of
about 0.5) were chosen for the analysis.
Parameters of wetted marl: The elastic parameters E and µ
and the swelling parameters and t:ka were obtained from onedimensional confined swell and subsequent compression tests
in which both vertical and radial stresses were measured. Figure 6 shows curves of e versus o,,. for four different marl
samples in both the unwetted and the wetted states. Each curve
is an average curve drawn through points obtained from tests
on a number of specimens wetted after compression to different
mean stresses; the wetted curves are drawn through points
reached after swelling from the unwetted condition or after
compression of previously wetted specimens.
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curves represents ek 0 for any particular o,,.. Figure 7 shows the
relation de0 (a,,.) for the four samples. The upper envelope
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" 1.0
~
, 0.5
c
0

u

" a.1

"' 0.05

Boring Z
0.8

30
Moisture Content,

"'

34

80. 5 m

38

l"·l

FIGURES Suction curves from
pressure plate tests for marl.

0.5
1.0
CTm , M Pa
0 .8

e

Elastic parameters of unwetted marl: Values of E and µ were
obtained from the initial stages of one-dimensional confined
compression tests in which samples were later wetted in order
to study swelling. The tests were performed in special consolidometer rings instrumented with circumferential strain gauges
[Komomik and Zeitlen (17)], enabling measurement of change
in radial stress (Ao,) accompanying changes in vertical stress
(Ao,) and swelling. Assuming linear elasticity, Equations 17,
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The sampling and testing program has indicated that values
of e0 for the marl are consistently above 0.6 (see, for example,
Figure 6). Because the swelling parameter a. will be higher the
lower the value of e0 , representing a more highly swelling
material, a value of e0 0.6 is conservatively adopted for the
present analyses, leading to a. 0.208.
Results of swelling tests yielded values of µ between 0.1 and
0.3, and a value of 0.2 is adopted. Eis assumed to be dependent
on 0'111 according to Equation 16, and is obtained from the
wetted e - log 0'111 curves in Figure 6. From these curves, A. was
found to vary between 0.055 and 0.155. Adopting a value of
A.= 0.13, and using the values ofµ and e0 previously defined, E
may be expressed as a function of (O'J; and da111 through
Equation 16. The depth corresponding to any value of (O'~; has
been obtained by asswning an average profile total density "(of
18 kN/m3 and a coefficient of earth pressure at rest, K0 0.5 in
the unwetted marl.

=

=

=

corresponds to wetting elements 41--46; this is input by specifying relevant values of de at nodes 45 to 51 and 56 to 62. If 20
m of marl are to be wet, values of dea are also specified at
nodes 67 to 73, and so on. The input values of dea are a
function of the initial mean stress, (O'J; at the node according
to Figure 7, (O'J; being given by

(O'J; =

a. + 20',
3

=

1 + 2Ko
3
"(Z

(18)

As the thermoelastic model employed here is nonlinear (the
modulus of elasticity E depends on O'~, it is necessary to use
the finite element procedure iteratively. This was done in the
following manner: as a result of a run, a value of da 111 is
obtained at the center of each wetted marl element, a new E
value is calculated and a new run carried out. The process is
repeated until the change in E of all wetted marl elements is no
greater than 5 percent; this usually requires two or three
iterations.

NUMERICAL PROCEDURE
The models developed were used to study the effect of lateral
restraint on heave. The profile analyzed consists of marl covered by a 40-m-thick chalk layer. The chalk layer is composed
of an upper 10-m cracked (pervious) chalk and 30 m of sound
chalk, with assumed coefficients of permeability 10- 1 mm/sec
and 10-s mm/sec, respectively. A 40-mm diameter surface
wetting source and a point source are considered.
Heave calculations are made using the finite element program SAP7 made available by the Israel Electric Co. Ltd. and
developed by the Structural Mechanics Computer Laboratory,
University of Southern California. Figure 8 shows a typical
mesh. One run of the program involves calculation of the stress
increments at the centers of the elements and the displacements
at the nodes that result from wetting a particular depth of marl.
For example, advance of the wetting front 10 m into the marl

RESULTS
A preliminary estimate of the expected surface heave, based on
one-dimensional analysis (i.e., wetting extends to infinity in the
horizontal direction and the constraining effect of the chalk
because of its flexural rigidity is not considered), gave results
of the order of 750 mm. This value represents an upper limit to
the heave.
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Figure 9 shows the effect of chalk modulus of elasticity, Ee,
on the central heave for a penetration of the wetting front 40 m
into marl. The time for the wetting front to penetrate 40 m into
the marl, resulting in the heave shown in Figure 9, may be
obtained by reference to Figure 2. It is seen that for an assumed
coefficient of permeability of marl k111 10-7 mm/sec, infinite
ti.me is needed, while for k111 l<r', the heave would develop
after 20 years. In a similar way, values of central surface heaves
may be obtained at various ti.mes (i.e., for different depths of
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=
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SB

infiltration into the marl) following the start of wetting, for any
values of chalk modulus of elasticity and chalk thickness;
results of such a study are presented in an accompanying paper
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CONCLUSIONS
An approach has been developed and presented for the estimation of the surface heave to be expected at a swelling soil site.
The approach is conservative in the it assumes the availability
of an unlimited supply of water at the surface and the development of full saturation within the wetted zone.
The approach presented has been applied in the paper to the
analysis of a particular profile, but it may be used to provide a
conservative estimate of heave at any swelling soil site. It is
shown that the effect of confinement and limited extent of
surface wetting source, often neglected in standard one-dimensional analyses, may be of major significance in limiting the
heave that will develop in the field.
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